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In this paper, we establish a double inequality for the gamma
function, from which we deduce the following approximation
formula:

12+2:‘4
I(z+1) ~ 2z <f)l I S
e 12x3+%x—% ’
T — 00,

which is more accurate than the Burnside, Gosper, Ramanu-
jan, Windschitl, and Nemes formulas. We develop the previous
approximation formula to produce an asymptotic expansion.

© 2016 Elsevier Inc. All rights reserved.

1. Introduction

Stirling’s formula

n! ~ 27m(

g)" neN:={1,2..} (1.1)
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has many applications in statistical physics, probability theory and number theory. Ac-
tually, it was first discovered in 1733 by the French mathematician Abraham de Moivre
(1667-1754) in the form

n! ~ constant - \/n(n/e)"

when he was studying the Gaussian distribution and the central limit theorem. Af-
terwards, the Scottish mathematician James Stirling (1692-1770) found the missing
constant /27 when he was trying to give the normal approximation of the binomial
distribution.

Stirling’s series for the gamma function is given (see [1, p. 257, Eq. (6.1.40)]) by

I(z+1) ~V2mx (g)r exp <Z 2m(2mB—2nll)x2m—1> (1.2)

m=1

as x — oo, where B, (n € Ny := NU {0}) are the Bernoulli numbers defined by the
following generating function:

z > 2"
n=0

The following asymptotic formula is due to Laplace

NG 1 1 139 571
T(z+1) ~ 2 (—) 14— - __ 1.3
(1)~ Vame (2 ( T 1oz T 9882 T 518404 248832021 | ) (1)

as x — oo (see [1, p. 257, Eq. (6.1.37)]). The expression (1.3) is sometimes incorrectly
called Stirling’s series (see [19, pp. 2-3]). Stirling’s formula is in fact the first approxi-
mation to the asymptotic formula (1.3).

Inspired by (1.1), Burnside [10] found a slightly more accurate approximation than
Stirling’s formula as follows:

1\ "3
nl ~ v2r (” * 2) . (1.4)

e

A much better approximation is the following the Gosper formula [20]:

nl ~ y[2m (n+é> (g)” (1.5)

The formulas (1.4) and (1.5) have motivated a large number of research papers; see [6,
7,9,17,26-29,31-39,41-43,51,52).
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Ramanujan (see [53, p. 339] and [5, pp. 117-118]) presented the following approxima-

tion formula for the gamma function:

R 1\ /6
I(xz+1) N\/7_r(2> <8x3+4x2—|—x+%> , T — 00. (1.6)
e
The Ramanujan formula has been the subject of intense investigations and is reviewed
in [8, p. 48, Question 754], and has motivated a large number of research papers (see,
for example, [3,11,13,14,16,21-23,31,32,40,44-47.49]).
Windschitl (see [5, p. 128], [54, Eq. (42)] and [55]) presented that

z/2

z 1
Mz +1) ~V27rx (%) (x sinh E) , T — 00. (1.7)
Nemes’ formula (see [50, Corollary 4.1])
Pw+1)~vamr (2) (1+ LY N (1.8)
x ma (= 1) T — 00 .

has the same number of exact digits as (1.7) but is much simpler. The formulas (1.7) and

(1.8) are stronger than the formula (1.6). Some inequalities and asymptotic expansions

related to the Windschitl and Nemes formulas were established in [4,12,13,18,30,31,48].
In this paper, we prove that for x > 2,

N 1 w3 2117
2 (-) R L 1-— 0 ) cp@+1
e ( +12x3+274x—;> ( 5080320:1:7) (x+1)

2 53
T\T 1 v *alo 2117 1892069
<2 (—) T 1- :
e ( MY ;) ( 508032027 | 2347 10784Ox9>

which deduces the following approximation for the gamma function:

m2+ﬁ
T\ 1 210
Moreover, we show that the formula (1.9) is more accurate than the Burnside, Gosper,
Ramanujan, Windschitl, and Nemes formulas. We develop (1.9) to produce an asymptotic
expansion.

The numerical values given in this paper have been calculated via the computer pro-
gram MAPLE 13.
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2. Lemmas

The following lemmas are required in our present investigation.

Lemma 2.1. (See [2, Theorem 8].) Let n > 0 be an integer. The functions

2n

1 1 By

j=1
and

2n—+1

> e
2j(27 — 1)z2i-1

1 1
Gn(z)=—InT(z) + <x - 5) Inx —x+ 3 In(27) +
i=1

are strictly completely monotonic on (0,00). Here B, (n € Ny) are the Bernoulli num-
bers.

Remark 2.1. Lemma 2.1 can be stated that for every m € Ny, the function

R,(z)=(-1)" [InT(z) — (x— %) lnx—&-x—lnm—zm

J=1

is completely monotonic on (0, 00).

In 2006, Koumandos [24] presented a simpler proof of the complete monotonicity
property of R,,(z). In 2009, Koumandos and Pedersen [25, Theorem 2.1] strengthened
this result.

From F,,(x) > 0 and G, (x) > 0 for = > 0, we obtain that for z > 0 and n € Ny,

2n B 1 1 2n+1 B
27 2j
—=—— < InT'(x) — — =1 — =In(27) < —_
2. 353 w1 < (+-3) me s s 2. 55— 1
In particular, we have, for z > 0,
1 1 " 1 1 n 1 691
12z 36023  1260z° 1680x7  1188z°  360360x1!
1 1
<InT(z) - (x - 5) Inx+x— 51n(27r)
1 1 1 1 1 691 1

(2.1)

<— - - — :
12z 360z + 126025 1680z * 1188z 360360zt + 156213
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Lemma 2.2. Let
53 1 2117
Liz)=(2’4—)In(l14+ ——— m(1—- ——— 2.9
) (x +210> n( +12x3+%x—%)+n< 5080320:p7> (22)

and

53 1
(2 2 w1 —
Ulw) (m +210> n( M

(1 2117 n 1892069 (2.3)
nll-— . .
508032027 = 2347107 840z°

Then, for z > 1,

1 1 1 1 7601
L —_— = — 24
(z) < 12z 360x3 + 1260x°>  1680x7 i 21337344029 (24)

and

1 1 1 1 1 265

— - - . (25
12 36043 ' 126025 168027 | 118829 49787 136z (2:5)

U(zx) >

Proof. Define the function M (z) by

M@) = Lis) 1 L, L w0
T = 122 360z ' 1260z° 168027 | 2133734404° )

Direct computation yields

Lar(a) = om (1 + !
- z) = 21ln - -
T 1223 + %x — %
B N(z)
522(5 08032027 — 2117) (16823 + 48z — 7)(168x3 + 48x + 7)
L1 11 1 7601 — H(z)
x \ 1222 12024 25226 24028 2370816010 ) ’
where

N(z) = 179233689 6002 4 62 305 044 4802'° + 4308 111 3602® — 2091 257 2802°
— 7468776025 — 1195004 1602 — 25962 88823 — 170 714 88022
— 1795216z + 3630 655.

Differentiating H (z) yields

P24(SU — 1)
23708 160212(5 080 32027 — 2117)2(1682° + 48z + 7)2(16823 + 48z — 7)2

H'(z) =

Please cite this article in press as: C.-P. Chen, A more accurate approximation for the gamma function,
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with

Paq(x) = 371006 809 418 272 478 330 880 0002>* + - - -
+ 949 087 692 150 834 513 725 439 907,

where Py4(x) is a polynomial of degree 24 with non-negative integer coefficients. Hence,
we have, for z > 1,

H'(z) < 0= H(z) > Jim H(t)=0= M'(z) > 0= M(z) < Jim M(t) = 0.
Define the function V' (z) by

V(@) = Ule) 1 1, Lo, 265
=Y 122 360z° ' 1260z°  1680z7 @ 118829 49787136211 )

Direct computation yields

1 1
“V/(z) =2In <1 + )
1225 + 2y - L

x 223 + S — 5
_ T'(x)
5x2(168x3 + 48z — 7)(168z3 + 48z + 7)(2 347 107 840z° — 978 0542 + 1 892 069)
n l ( 1 _ 1 n 1 _ 1 n 1 _ 2915 > = Q(),
z \ 1222  120z% 25228 24028 = 132210 49787 136x12

where

T(x) = 82805964 595 2002 4 28 784 930 549 760212 + 1990 347 448 3202'°
— 966 160 863 3602 — 34 505 745 12027 + 1850 987 073 60025 + 54 757 340 064>
+ 1294 317,722 880x" + 22 374944 4242 4 197 847 076 5302% 4 1604 474 512z
—4172012145.

Differentiating Q(x) yields

Pog(z —1)
’ _ 28
Q (LU) T 248935 680214(2 347107 840x° — 978 0542 + 1892 069)2 (16823 + 48z + 7)2 (1683 + 48z — 7)?

with

Pog(z) = 11190 098 038 081 591 751 580 057 600 00028 - - - -
+ 78435120990 199 770 500 780 040 691 795,

where Pyg(x) is a polynomial of degree 28 with non-negative integer coefficients. Hence,
we have, for x > 1,

Please cite this article in press as: C.-P. Chen, A more accurate approximation for the gamma function,
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Q'(z) >0=Q(z) < Jim Qt)=0=V'(z) < 0= V(z) > Jim V(t) =0.
The proof of Lemma 2.2 is complete. 0O

Lemma 2.3. (See [15, Lemma 5].) Let g be a function with asymptotical expansion
(as x — 00):

x) ~ Z enx™ ", (co #0).
n=0
Then
YR
n=0
where

1 1 &
Po=—, Pi=-—3 cPoy, nxLl
Co -

3. Main results

Theorem 3.1. For x > 2,

2 53

. 1 + 3 2117

2 (f) 1 Tz +1

e ( MY s %) ( 5080320:57) <Iz+1)
2 458

v () 1+ 1 TR a7 1892069
| — 51 .
e 1203 + Ly — 508032027 ' 2347 107 8402°

1
2
(3.1)

Proof. The lower bound is obtained by considering the function f(z) defined by
f(x)zlnf‘(x)—(x——) Inz + 2 —Inv2r — L(x),

where L(x) is defined in (2.2). Using the first inequality in (2.1) and the inequality (2.4),
we have, for x > 2,

1 1 . 1 1 n 1 691
12 36023 = 1260z> 1680z7 = 1188z° 360 360x'!

fz) >

1 11 Lo, 7601
12z 36023 ' 1260z° 1680x7 = 21337344029
39879236 + 98 387 588(x — 2) + 24 596 897(z — 2)?

30512401 920211 > 0.

Please cite this article in press as: C.-P. Chen, A more accurate approximation for the gamma function,
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Table 1
Comparison among approximation formulas (3.2)—(3.4).
n cn;!nz n!;!wn n!;!gn
1 1.398 x 1074 3.417 x 1074 3.724 x 1074
10 4.088 x 10”11 6.115 x 107° 6.470 x 107°
100 4.166 x 10718 6.172 x 10714 6.527 x 10714
1000 4.167 x 1072 6.172 x 10719 6.528 x 10719

The upper bound is obtained by considering the function F'(x) defined by
1
F(z) =InT(z) — (m — 5) Inz+z—Invor—U(z),

where U(z) is defined in (2.3). Using the second inequality in (2.1) and the inequal-
ity (2.5), we have, for z > 2,

1 1 n 1 1 L 1 691 n 1
12z 360xz%  1260x° 168027 1188z  360360z'! = 156x!'3

F(z) <

(r oot o111 265
12z 36023 ' 126025 168027 ' 11882° 49787 136z!]
44090036 + 272281 076(x — 2) + 68070269 (x — 2)

2
35597 802 240213 <0

The proof of Theorem 3.1 is complete. 0O

We now give a comparison table to demonstrate the superiority of our formula

2 53

n\" 1 n"+3ip
n! ~\V2mn (—) 14+ —— =y 3.2
e ( 12n3 4+ Zn — ;) (3:2)

over Windschitl’s formula

nan 1 n/2
n! ~v2mn (E) (n sinh E) = Wy (3.3)
and Nemes’ formula
n!l ~2mn (E)n (1 + %)" = gn. (3.4)
e 12n° — 6

It is observed from Table 1 that, among approximation formulas (3.2)—(3.4), for n € N,
the formula (3.2) would be the best one.

Please cite this article in press as: C.-P. Chen, A more accurate approximation for the gamma function,
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In fact, we have, as n — oo,

mwta* (o))

(1+0()). (36)
(n b +n+310)”6(1+o(
() () (10 3
nt = vamn (1) ( m%) 1102

10

2
ny\" 1 ntaio 1
| — — - - _
nl 27m(e) <1+12n3+%n_%> <1+o(n7>>. (3.10)

.5)-(3.10), the formula (3.10) would be the

n! =

vE(S)
\/—

ot

Clearly, among approximation formulas (3
best one.
Theorem 3.2 develops (1.9) to produce an asymptotic expansion.

Theorem 3.2. The gamma function has the following asymptotic formula:

T\ T 1 w2+%
L(z+1) ~ V27w (‘) (1 + 71 2117 94049 ) ,
€ 1223 + o — 2 + 3598055 — 97020055 T
T — o0. (3.11)
Proof. Let
1 I(z+1)
A(z) = In —.
x?+ 23 21z (x/e)
Then, (3.11) can be written as
24 1 2117 94 049
—_ ~ 122+ T — = — 3.12
A 1 T T T T 5 3508048 T 97020005 (3.12)

It is easy to see that

oo k
1 1 1 53 1
- SR (22)
R AR R 1;( ) (210> g2+

It follows from (1.2) that

Please cite this article in press as: C.-P. Chen, A more accurate approximation for the gamma function,
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Iz +1 - B
0 (z+1) Z 2k .
V2rx (z/e)” P 2k(2k — 1)x2k—1

We then obtain

53 1 Bs,
-1 I J
(=1) <210) x2k+2 Z 2j j— 1)a2i—1

2k - 1 2%k 210 2+

j=1 k=1
namely,
Az) 1 1 n 1 571 . 271031
* 1223 4275 147z7 246 960z° 19015920011
107472269
_ 3.13
47194 056 000213 ( )

By using e* = Z;’O 0 57> We deduce from (3.13) that

A g L(L 1111 39397 1
12 4272 ' 28823 ' 147z% 50425 1778112026 ' 117627
1531861 300973 11693641

— — o). (314
114095520028 853493 760z° 5243784000210 * ) ( )

By Lemma 2.3, from (3.14) we deduce (3.12). The proof of Theorem 3.2 is complete. O
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