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on co-minimality, subgroups, approximate subgroups and
asymptotic approximate subgroups of G.
© 2020 Elsevier Inc. All rights reserved.

1. Introduction

Let (G,-) be a group and let A, B be non-empty subsets of G with A- B = G. Then
the set A is said to be a left complement of B in G (respectively, B is a right complement
of A in G) and the pair (4, B) is said to be a complement pair in G. A left (resp. right)
complement A of some non-empty subset B of G is said to be minimal if A-B = G
(respectively B+ A = G) and (A \ {a}) - B # G (respectively B - (A \ {a}) # G) for
each a € A. A complement pair in which at least one subset is minimal will be called a
minimal pair.

In the case of abelian groups, a left complement of a subset is also a right complement
to that subset and vice versa, and these are also known as additive complements. Also,
any non-empty subset A is always a part of some complement pair (for instance, consider
the pair (4, G)).

Additive complements have been studied since a long time in the context of repre-
sentations of the integers, e.g., they appear in the works of Erdés, Hanani, Lorentz and
others. See [Lorb4], [Erd54], [Erd57] etc. A famous conjecture of Erdés—Turan [ET41] on
additive bases states that given any (asymptotic) additive base 3 of the natural numbers,
of order h,? the number of representations of a positive integer n, as a function of n,
must tend to co. Another important direction of research in this area is the study of
sum-free sets, e.g., [GRO5], [Tral8] etc. The notion of minimal additive complements is
due to Nathanson, who introduced it in [Nat11] in the course of his study of natural
arithmetic analogues of the metric concept of nets in the setting of the integers and also
groups in general. Henceforth, by a complement we shall mean a complement in the
sense introduced above. If we need to use a set-theoretic complement, we shall explicitly
state it.

The situation becomes interesting when we ask whether a given subset admits a
minimal complement or not (posed by Nathanson in [Nat11]), and also the dual question
that whether a given subset could be a minimal complement to some subset in a group
or not. In this article, our aim is to study these questions. The question of determining
whether a subset is a minimal complement has also been studied by Alon, Kravitz and
Larson in their recent work [AKL20].

2 A subset 8 is called an (asymptotic) additive basis of order h for some positive integer h if every
sufficiently large positive integer n can be written as the sum of at most h elements of 3.
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1.1. Statement of results
‘We show that,

Theorem A. Any non-empty finite subset of a free abelian group of rank > 1 (not neces-
sarily of finite rank) is a minimal complement to some subset.

In fact, one can go beyond and study tightness property of a set and its minimal
complement. For this, we introduce the notion of co-minimal pairs.

Definition 1.1 (Co-minimal pair). Let A, B C G be two non-empty subsets. Then the
pair (A, B) is defined to be a co-minimal pair if A is a left minimal complement of B
and B is a right minimal complement of A.

Thus, a co-minimal pair is a complement pair in which both the subsets are minimal.
The existence of co-minimal pairs is a stronger notion to the existence of a minimal
complement. In this context, we show that

Theorem B. Any non-empty finite subset of an arbitrary free abelian group of rank > 1
is a part of some co-minimal pair. Moreover, if S is a two element subset of a group G,
then (S, R),(L,S) are co-minimal pairs for some subsets L, R of G.

It should be emphasised that the dual question of whether a given subset is a minimal
complement to some subset is often harder to answer than determining the existence
(or lack thereof) of minimal complements to subsets. For instance, in the case of a finite
group G, it is easy to see that any subset A has a minimal complement. However, it
is not clear (and in fact false in general), whether it is a minimal complement to some
subset. This is made precise in the following theorem which states that the large subsets
of a group cannot be a minimal complement to some subset and in particular cannot
belong to a co-minimal pair.

Theorem C. Let G be a group containing at least 3k+1 elements for some integer k > 1.
Then no subset of G having exactly k elements in its set-theoretic complement in G can

be a minimal complement to some subset in G. Consequently, if X is a proper subset of
a finite group G such that X is a part of a co-minimal pair, then

2 1
X< =G|+ =
X] < Z1G] + 5
holds.

Thus, for large, finite subsets, the property of being a minimal complement does not
hold inside finite groups in contrast with the situation in the free abelian groups (and in
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particular Z) cf. Theorem A. The above Theorem C also has consequences in the case
of infinite groups. See Corollary 2.9.

Since this work appeared, the state of the art has changed somewhat. Very recently,
Alon, Kravitz and Larson have shown that Theorem A holds in any infinite abelian group
[AKT.20, Theorem 2]. Together with Theorem 2.5, this also ensures that the first part of
Theorem B can be extended to any infinite abelian group (discussed by the authors in a
private communication with Noga Alon). Theorem C has been shown independently by
them in the context of finite abelian groups. Following Theorem C, it is natural to ask
questions about the cardinalities of the minimal complements in a given group, we refer
to Question 1.

In section 3, we study several properties of co-minimal pairs. Next, in section 4 we
turn our attention to infinite subsets A, B C G forming co-minimal pairs. For this, the
notion of spiked subsets (see Definition 4.2 and also section 4) is useful. If G1,Go are
subgroups of an abelian group G such that the multiplication map G; x Go — G defined
by (g1,92) — g192 is an isomorphism, then it turns out that the subsets of G of the form
B x G5 with B C G are a part of a co-minimal pair in G if and only if B is a part of
co-minimal pair in G; (see Lemma 4.1). More generally, the following analogue of this
statement also holds for spiked subsets.

Theorem D. Let G1, Gy denote two subgroups of an abelian group G. Let X be a (u, p)-
bounded spiked subset of G with respect to G1,G2 and with base B. If u admits a -
moderation, then X is a part of a co-minimal pair in G1Gy of the form (X, M,) where
M, is the graph of the restriction of a moderation v of u to some subset M of Gy if and
only if X is equal to BGs and B is a part of a co-minimal pair in Gy.

Roughly speaking, the above theorem classifies all the spiked subsets which can be a
part of a co-minimal pair of certain form.

On the other hand, if we take A = N¢ in G = Z%, then A does not admit a minimal
complement and is also not a minimal complement to any set in G. Thus it is in a
sense the other extreme to being a part of a co-minimal pair. This observation can be
generalised to the following result.

Theorem E. No unbounded, generalised arithmetic progressions, in free abelian groups
can belong to a minimal pair.

This is detailed in Theorem 5.3. The above leads to a discussion on co-minimality
and infinite approximate subgroups and asymptotically approximate subgroups. See sec-
tion 5.

Finally, in the section on concluding remarks and further questions (see section 6),
we look at self-complements® in arbitrary abelian groups and remark that a set A is a

3 A non-empty set A is called a self-complement if A - A = G. If, in addition, A is minimal, then it is
called a minimal self-complement.
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minimal self-complement if and only if A is a self-complement and it does not contain
any non-trivial 3-term arithmetic progression. We finish by stating several open questions
and further directions of research.

2. Finite subsets and co-minimal pairs

We begin the section by noting that the set of all co-minimal pairs is a strict subset
of the set of all minimal pairs.

Lemma 2.1. There exists a non-empty subset A C Z such that A admits a minimal
complement, but A is not a minimal complement to any set. Thus, A belongs to a minimal
pair, but does not belong to a co-minimal pair.

Proof. Consider the subset A =2Z U {1} C Z. Then
inf A= —o0 and sup A = +co.

By a result of Chen—Yang [CY12, Theorem 1], the set A admits a minimal complement in
Z. However, A itself cannot be a part of a co-minimal pair. For this, we show a stronger
statement that A cannot be a minimal complement to any set in Z. Otherwise, suppose
A is a minimal complement to B for some subset B of Z. If all the elements of B have the
same parity, then replacing B by B + 1 if necessary, we may assume that B is a subset
of 27 (see Lemma 2.2 why this doesn’t change the existence of minimal complements).
Since A + B is equal to Z, it follows that B is equal to 2Z. However, 2Z U {1} is not a
minimal complement to 27Z since the proper subset {0,1} of 2Z U {1} is a complement
to 2Z. Let us assume that B contains two elements of different parity. Let B, (resp.
B,) denote the subset of B consisting of the even (resp. odd) elements of B. Note that
27 + B, and 27 + B, are subsets of A + B and

27 C 27 + B, and 1+ 27 C 27 + B,.
Thus,
Z=272J(1+2Z)C (2Z+ B.)U(2Z + B,) =2Z + (B. U B,).

This implies that the subset 2Z of A is a complement to B, U B, = B. Hence A is not a
minimal complement to B. Consequently, A cannot be a part of a co-minimal pair. 0O

Further, the co-minimal pairs are preserved under translations.

Lemma 2.2. If (A, B) is a co-minimal pair in a group G, then (g - A, B - h) forms a
co-minimal pair for any two elements g, h of G.
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Proof. It follows since multiplication by an element g from the left induces a bijection
from G to G and multiplication by an element h from the right also induces a bijec-
tion. O

Next, we will proceed to prove Theorems A, B.

Proposition 2.3. Given a non-empty finite subset S of Z™ for n > 2, there exists an
automorphism ¢ of the group Z™ such that the image of the set ¢(S) under the projection
map

1 Z" — 7 (onto the first coordinate)
contains exactly #S elements.

Proof. We show it by induction. The base case is for n = 2. Suppose S is a non-empty
finite subset of Z2. We claim that for some positive integer m, the image of the set ,,(5)
under the projection map

71 : Z2 — 7 (onto the first coordinate)

contains #S5 elements where ¢,, denotes the automorphism of Z2? defined by

(1 m
Pm=10 1)

Otherwise, there exist infinitely many positive integers m; < mg < mg < --- and two
distinct elements s,t in S such that

m1(Pm, (5)) = m1(Pm, () for any i > 1. (1)
Let s (resp. t) be equal to (a1, as) (resp. (b1,bs)). So for any integer ¢ > 1, we obtain
a1 + m;az = by + m;bs.

Note that as # by (otherwise a; = by and hence s = t). Thus the equality in Equation
(1) cannot hold for infinitely many positive integers m;. So the image of the set ¢,,(.5)
under the projection map

711 : Z? — Z (onto the first coordinate)

contains #5 elements for some positive integer m, i.e., the Proposition holds for n = 2.

Suppose the Proposition also holds for n = r for some positive integer r > 2. Let S
be a non-empty finite subset of Z"T'. We claim that for some positive integer m, the
image of the set ¢, (S) under the projection map
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7 : Z" — Z" (onto the first r-coordinates)

contains #S5 elements where ¢,, denotes the automorphism of Z"t! defined by

1 0 0 m
0 1 0 m
Pm =
0 0 1 m
00 0 1 (r4+1)x(r+1)
Otherwise, there exist infinitely many positive integers m; < mg < mg < --- and two
distinct elements s,t in S such that
T(Pm,; (s)) = w(pm, (t)) for any i > 1. (2)
Let s (resp. t) be equal to (a1, a2, - ,ar+1) (resp. (b1, -+ ,br41)). So for any integer

1> 1and 1 </¢<r, weobtain
ag +miary1 = by +mbryq.

Note that a,11 # bry1 (otherwise ap = by for 1 < ¢ < r and hence s = t). Thus the
above equality in Equation (2) cannot hold for infinitely many positive integers m;. So
the image of the set ¢,,(S) under the projection map

7 : Z"t — 7" (onto the first r-coordinates)

contains #.S elements for some positive integer m. By the induction hypothesis, there
exists an element A € GL,(Z) such that the image of 7(¢;,(S5)) under A contains
#7(om(S)) = #S elements.

Let A denote the automorphism of Z™t! = Z" x Z which acts by A on the first factor
Z" and acts trivially on the second factor Z. Then the image of (4 o ¢,,)(S) under the
projection map

7 :Z" "t — 7 (onto the first coordinate)
contains exactly #S elements. Hence the Proposition follows. 0O
Note that Proposition 2.3 also holds for n = 1.

Lemma 2.4. Let S be a nonempty finite subset of an abelian group G. Suppose Gy is a
group, and w : G — G is a surjective group homomorphism such that w(S) contains #S
elements. Then S is a minimal complement to some subset of G if the subset w(S) of Gy
is a minimal complement to some subset W of G;.
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Proof. Note that S is a complement to 7 ~!(W). Since 7(S) is a minimal complement to
W and the image of S under 7 : G — (G contains #.5S elements, the set S is a minimal
complement to 7~ 1(W). O

Proof of Theorem A. Let S be a nonempty finite subset of a free abelian group G of
positive rank. If G has finite rank, then we identify G with Z™ with n = rkG. When n
is equal to one, the result follows from [Kwo19, Theorem 9]. Moreover, when n > 2, by
Proposition 2.3, there exists an automorphism ¢ of G = Z™ such that the image of ¢(.5)
under the projection map

7 Z"™ — Z (onto the first coordinate)

contains exactly #S elements. Note that 7(¢(5)) contains #p(S) elements and by
[Kwol9, Theorem 9], the subset 7(¢(S)) of Z is a minimal complement to some subset
of Z. Hence by Lemma 2.4, ¢(S) is a minimal complement to some subset W of Z",
and hence S is a minimal complement to ¢ ~!(W). Consequently, any non-empty finite
subset of any free abelian group of rank > 1 is a minimal complement to some subset.

Moreover, when G has infinite rank, i.e., when G is isomorphic to the direct product
Z! for an infinite set I, it follows that for some finite subset J of I, the image of S under
the projection map 7 : Z — Z” (obtained by restricting the elements of Z! (considered
as the group of all functions from I to Z) to J) contains exactly #S elements. Indeed,
if for each pair (s,t) with s,t € S, choose an element is; € I such that s, take different
values at is¢, then J can be taken to be

J={ist](s,t) €S xS, st}

By the conclusion of the previous paragraph, it follows that 7(S) is a minimal com-
plement to some subset of Z“. Hence by Lemma 2.4, it follows that S is a minimal
complement to some subset of G. This completes the proof of Theorem A. O

Now, we turn our attention to co-minimal pairs (cf. Definition 1.1) which measures
the tightness property of a set and its complement. To show Theorem B, we need a result
from a prior work.

Theorem 2.5 (/BS20b, Theorem 1]). Let G be an arbitrary group with S a nonempty
finite subset of G. Then every complement of S in G contains a minimal complement
to S.

This implies that a non-empty finite set S C G belongs to some minimal pair. Using
the above Theorem 2.5 and Theorem A, we shall show that it also belongs to a co-minimal
pair when G is a free abelian group. This will establish Theorem B.
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Proof of Theorem B. Let A be a non-empty finite subset of a free abelian group G of
positive rank. By Theorem A, A is a minimal complement to some subset B of G. By
Theorem 2.5, any complement C of a non-empty finite subset W of a group contains a
minimal complement to W. Consequently, B contains a minimal complement B’ of A.
Since A+ B’ = G, A is a minimal complement to B and B contains B’, it follows that
A is a minimal complement to B’. Hence (A4, B’) is a co-minimal pair.

Let S = {g, h} be a two-element subset of a group G. Then S is a minimal complement
to G\ {g~'h}. Indeed,

9-(G\{g'h}) =G\ {h}
and
heG\{hg™'h} = (G- )\ {hg~"h} = h- (G\ {g~"h}),

which implies that S is a minimal left complement to G \ {g~'h}. By [BS20b, Theorem
1], G\ {g~*h} contains a minimal right complement to S. Hence (S, R) is a co-minimal
pair for some subset R of G.

Note that the proof of [BS20b, Theorem 1] can be suitably adapted to prove that for
a non-empty finite subset S of a group G, every left complement to .S contains a minimal
left complement to S. Using this result and an argument similar to the above, it follows
that (L, S) is a co-minimal pair for some subset L of G. O

Remark 2.6. Let G be a finitely generated abelian group isomorphic to the direct product
of its torsion part Giors and a free abelian group F'. If A is a non-empty finite subset of
G such that it is contained in a single coset of F' in GG, then Lemma 2.2 combined with
Theorems A, B imply that A is a minimal complement to some subset of G and it is a
part of some co-minimal pair in G.

Proof of Theorem C. Let g1, -, gi be elements of G and assume that G\ {g1,- -, gx}
is a minimal complement to some non-empty subset S of G. Replacing the set S by
one of its right translates, we may assume that S contains e. Since (G\ {g1, - ,gx}) - €
does not contain any one of g1, -+ , g, it follows that for each 1 < ¢ < k, there exists
h; € G\{g1," - ,9r} and s; € S\ {e} such that g; = h;s;. Let s be an element of
S other than e. Since G contains at least 3k + 1 elements, it follows that there exists
an element g € G such that ¢ ¢ {g1,--- ,9x} U ({91, , 9} - s) U{h1, -+, hx}. Since
g ¢ {g, - ,9x} - s and s # e, it follows that g € (G \ {g,91, " ,9r}) - s. For any
1 < i <k, the elements h; lie in G\{g, 91, - , gr} and hence g; € (G\{g, 91, - ,9x})-S.
Since e € S, it follows that G\ {g,91, - , gk} is a complement to S. This implies that
G\ {91, - ,9gx} is not a minimal complement to S.
Let X be a proper subset of G containing at least §|G| + % elements. Note that

1 |G-1

3 3

2
G- 1X] < I6] - 5161 -
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which shows that G contains at least 3(|G| — |X|) + 1 elements. Hence X is not a part
of a co-minimal pair. O

Remark 2.7. We contrast Theorem C with Theorem A. In the case of free abelian groups
of rank > 1, a nonempty finite set is always a minimal complement to some subset while
this is no longer the case for finite groups. It will be interesting to characterise the groups
in which given any nonempty finite subset, it is always a minimal complement to some
subset. By Theorem A, any free abelian group of rank > 1 has this property. Moreover,
by [AKL20, Theorem 2], any infinite abelian group possesses this property. Note that
by Theorem 2.5, the direct question of Nathanson [Natll, Problem 12], i.e., whether
any nonempty finite subset admits a minimal complement or not, has an answer in the
affirmative in any group. This emphasises the fact that the dual question is harder to
answer even in the fairly simpler case of finite subsets.

Further, in finite groups, the following question is natural.

Question 1.

(1) For each n > 1, determine the set S° such that for any k € S°, some subset of
size k of Z/nZ is a part of a co-minimal pair.

(2) For each n > 1, determine the set ASY® such that for any k € AY°, any subset of
size k of Z/nZ is a part of a co-minimal pair.

(3) For eachn > 1, determine the set S2® such that for any k € S2P

n >’

any abelian group
of order n contains a subset of size k which is a part of a co-minimal pair.

(4) For each n > 1, determine the set A2P such that for any k € A2P, any subset of size
k of any abelian group of order n is a part of a co-minimal pair.

(5) For each n > 1, determine the set S,, such that for any k € S,,, any group of order
n contains a subset of size k which is a part of a co-minimal pair.

(6) For each n > 1, determine the set A, such that for any k € A,,, any subset of size

k of any group of order n is a part of a co-minimal pair.

Remark 2.8. By Theorem C, the maximum of each of the above sets (excluding n) is
< %n—l—% (for n > 2). Very recently, some parts of the above question have been answered
by some of the results of Alon, Kravitz and Larson. They established that the sizes of the
minimal complements in Z/nZ are exactly 1,2, | L%"J ,n [AKL20, p. 5]. This answers
the first part of Question 1. Their results also improve the understanding of the sets in
the second, third and fourth part of the above question [AKL20, Theorems 1, 3, Sections
2, 3, 4].

Moreover, Theorem C has interesting implications in the case of infinite groups.
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Corollary 2.9. Let G be an infinite group. Let A be a subset of G such that G\ A is a
nonempty finite set, i.e., the set-theoretic complement of A in G is nonempty and finite.
Then A cannot be a minimal complement to any set in G.

Proof. Since G is an infinite group and G\ A is a nonempty finite set, it follows that G
contains at least 3k + 1 elements with &k := |G \ A| > 1. Thus by Theorem C, the set A
cannot be a minimal complement to any set in G. O

One can contrast the above result with [BS20a, Theorem A(2)], which states that any
subset A of an infinite group G which has finite set-theoretic complement in G admits a
minimal complement.

Moving on to infinite groups, Theorem B gives us co-minimal pairs (A, B) with A a
non-empty finite set and B an infinite set. It is natural to ask about the existence of
infinite co-minimal pairs, i.e., infinite subsets A, B forming a co-minimal pair. This is
open in general, but certain well-behaved sets can be easily seen to form such pairs.

Lemma 2.10. Let A, B be two infinite subgroups of an abelian G such that A X B is iso-
morphic to G (under the product of inclusion maps), then (A, B), (B, A) are co-minimal
pairs.

Proof. The proof is immediate. 0O

To have more examples of co-minimal pairs in Z™, note that if M is a nonzero idem-
potent element of GL,,(Z) other than the identity, then the subsets

A =%ker M, B =ker(I, — M)

of Z™ form a co-minimal pair. There are examples of co-minimal pairs which are not of
this form. For instance, if H is a subgroup of a group G and {gx}xea is a set of distinct
left coset representatives of H in G, then

({gr}aea, H)

is a co-minimal pair. More involved constructions of infinite co-minimal pairs in certain
abelian groups are provided in section 4.

3. Some properties of co-minimal pairs

In this section, we state several important properties of co-minimal pairs. The first
property is that their existence depends on the subgroup in which they are embed-
ded, ie., if A C H C G, with H being a subgroup of a group G, it is possible

that A is a part of a co-minimal pair in G but not in H. This is in contrast with
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the property of existence of minimal complements which was independent of the sub-
groups in which the given subset is embedded, cf. [BS19, Theorem A]. As an example,
({e™/2 1,e7™/2} {1,e™/* e~™/2 ¢~™/41) is a co-minimal pair in the group pg of eigth
roots of unity in C. But {e™/2,1,e~™"/2} is not a part of co-minimal pair in the group
g of fourth roots of unity in C. Thus, the obvious analogue of [BS19, Theorem A] does
not hold in the context of co-minimal pairs.

Lemma 3.1. Let X be a nonempty subset of a group G. If X contains a left (resp. right)
translate of itself as a proper subset, i.e., X' C S where X' = gX (resp. X' = Xg)
for some g € G, then (X,Y) (resp. (Y, X)) is not a co-minimal paz’r for any nonempty
subset Y of G. Consequently, for an element x € G, the set {x,x2 23,---} is a part of
a co-minimal pair if and only if x is of finite order.

Proof. Suppose X contains a left translate of itself as a proper subset, i.e., X’ C S where
X’ = gX for some g € G. For any nonempty subset Y of G satisfying X - Y = G, it
follows that X' -Y = ¢gX - Y = gG = G. Thus X is not a left minimal complement to
any nonempty subset Y of G. Hence (X,Y) is not a co-minimal pair for any nonempty
subset Y of G. Similarly, it follows that if X contains a right translate of itself as a proper
subset, i.e., X’ C S where X' = Xg for some g € G, then (Y, X) is not co-minimal pair
for any nonempty subset Y of G. The first statement follows.

If the order of x is infinite, then the set {x, 2, 23, - - - } contains a translate of itself as a
proper subset since z - {z, 2%, 2%,---} C {z, 2?23 } and hence the set {z,22,23,---}
is not a part of a co-minimal pair. Thus, the set {x x?, 23, } is a part of a co-minimal

pair only if the order of x is finite. Assume that the order of x is finite. Let H denote the

subgroup of G generated by x. Note that the set {z, 22, 23, ---} is equal to H. Let R de-

note a subset of G consisting of distinct left coset representatlves of Hin G. Then (R, H),
e., (R,{z,2%,23,---}) is a co-minimal pair. This proves the second statement. O

Finally, we show that co-minimal pairs are preserved under arbitrary cartesian prod-
ucts.

Proposition 3.2. Let T be a non-empty indexing set and (A;, B;),i € 1 be co-minimal

pairs in groups Gi,i € 1. Then ([ [,y Ais [[;er Bi) s a co-minimal pair in G =[],y Gi

Proof. To avoid confusion, just for the proof of this proposition, we denote complement
pairs and co-minimal pairs both using [, ] instead of the usual (, ). Let A =[]
and B =1]

zE]I
se1 Bi- For i € I, let [A;, B;] be co-minimal pairs in the groups G;. Then

Now [T,cr A, [T;e1 Bi € [1;c1 Gi- It is clear that

(T4 - qIB) =118y =1] G

i€l i€l i€l i€l
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Thus [J[,cp As, [;er Bil, i-e., [A, B] is a complement pair in [], .y G;.

To show that it is a co-minimal pair, let us remove an element b = Hje]I b; from
B and look at the set B\ {b}. We show that B\ {b} is not a complement to A in
G, ie, A-(B\ {b}) € G. For each i € I, since B; is a minimal complement to A;,
da; € A;,g9; € G; such that the only way of representing g; in A; - B; is a;b;. It is
clear that [[,cy 9 ¢ Ilier 4i - (B \ {b}) because [];.y g; can only be represented in
(ILier A¢)-(I;cr Bi) as [ ;g @ibi- Thus [ ],y B; is a minimal complement to [ [,y 4;. An
exactly similar argument shows that [],.; A; is also a minimal complement to [], .y B;.
This shows that [[ [,y Ai, [[;c1 Bi] or [A, B] forms a co-minimal pair in [[,.; Gi. O

4. Spiked subsets and co-minimality

The above construction of co-minimal pairs was in the context of cartesian product
of groups. Suppose G1, G2 are subgroups of an abelian group G such that the map

G1 x G2 — G defined by (g1, 92) — 9192

is an isomorphism. We identify the group G with G; x G2 via this isomorphism. The
subsets of G of the form B x B’, more specifically, the subsets of G of the form B x G4
are one of the simplest subsets of G.

Lemma 4.1. The subsets of G of the form B x G with B C Gy are a part of a co-minimal
pair in G if and only if B is a part of co-minimal pair in G1.

Proof. Suppose B x G4 is a part of a co-minimal pair (B X G3,S) in G. Denote the
projection map G — G by 7. Note that the image 7(S) is a minimal complement to B.
Since B x G5 is a minimal complement to S, it follows that B is a minimal complement
to m(S). So (B, w(S)) is a co-minimal pair.

Suppose (B, M) is a co-minimal pair for some subset M of Gy. Then (B x Gy, M x{0})
is a co-minimal pair. O

The subsets of G of the form B x G are examples of a more general class of subsets,
called ‘spiked subsets’ as introduced in [BS19]. For the sake of completeness, we recall
its definition. A subset X of Z**! is called a spiked subset if

BxZCXC(BxZ)| | (Uezns ({2} x (~o0,u(x))))

holds for some nonempty subset B of Z¥ and some function u : Z*¥ — Z. The set B is
called the base of X. We will say that such a set X is a u-bounded spiked subset with
base B. By [BS19, Lemma 4.5], any function u : Z* — Z admits a moderation v, i.e., a
function v : Z*¥ — Z such that for each zg € Z¥, the function

x = u(z) +v(xg — )
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defined on ZF is bounded above. It turns out that any (or some) u-bounded spiked subset
with base B admits a minimal complement in Z**+! if and only if the base B admits a
minimal complement in Z* (see [BS19, Theorems 4.6, 5.6]).

More generally, for an abelian group G as above with subgroups G1, G2 such that Gs
is free and the multiplication map from

G1XG2—)g

is injective, the notion of ‘spiked subsets’ can be extended (cf. [BS19, Definitions 5.1,
5.2]).

Definition 4.2. A subset X of an abelian group G is said to be a (u, ¢)-bounded spiked
subset with respect to subgroups Gy, Gy of G if

(1) Gs is a finitely generated free abelian group of positive rank,
(2) the homomorphism G x Ga — G defined by (g1, 92) — g1g2 is injective,

and there exists a function u : G; — Go and an isomorphism ¢ : G5 = Z'¥&2 such that

BGy C X C BGs|_| < Ll o (Wl (Zfﬁi(gl)))»

91€G1\B

holds for some non-empty subset B of G;. The set B is called the base of X.

The notion of moderation extends to such a context (cf. [BS19, Definition 5.3]). More-
over, when (3 is finitely generated, it follows that u admits a p-moderation v : G; = G»
(cf. [BS19, Proposition 5.4]). Note that a (u, ¢)-bounded spiked subset of G with respect
to G1,G> is a subset of G1G2, and the graph of the restriction of some p-moderation of
u to some subset of GGy is also a subset of G1G5. It turns out that such a graph could
be a minimal complement to a spiked subset in the group G1Gs. Indeed, if G is finitely
generated, then a (u, ¢)-bounded spiked subset of G with respect to G, G2 having base
B, admits the graph of the restriction of some p-moderation of u to some subset of G as
a minimal complement in G1G> if and only if the base B admits a minimal complement
in G1 (see [BS19, Theorem 5.6]).

The following result states that an appropriate formulation of Lemma 4.1 also holds
for spiked subsets, and thereby classifies all the spiked subsets which can be a part of a
co-minimal pair of certain form.

Theorem 4.3. Let Gy, Gy denote two subgroups of an abelian group G. Let X be a (u, @)-
bounded spiked subset of G with respect to G1,Go and with base B. If uw admits a -
moderation, then X is a part of a co-minimal pair in G1Gy of the form (X, M,) where
M, is the graph of the restriction of a moderation v of u to some subset M of Gy if and
only if X is equal to BGs and B is a part of a co-minimal pair in G1.
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Proof of Theorem 4.3. Assume that there exists a p-moderation v of u such that (X, M,)
is co-minimal pair in G1G5 where M, denotes the graph of the restriction of v to some
subset M of GG1. Since M, is a minimal complement to X, it follows that M is a minimal
complement to B. By [BS19, Theorem 5.6], M, is a minimal complement to BG3 in
G1Gs. Since (X, M,) is a co-minimal pair in G1 G2, we conclude that X cannot be larger
than BG5. Hence X is equal to BG5. If B is not a minimal complement to M, then
BG5 is not a minimal complement to M,,. Since (X, M,) is a co-minimal pair in G1G5,
it follows that B is a minimal complement to M, i.e., B is a part of a co-minimal pair
in Gl.

Suppose B is a part of a co-minimal pair (B, M) in G;. Let v denote a p-moderation
of u. Then the graph M, of the restriction of v to M is a minimal complement to BG»
by [BS19, Theorem 5.6]. If BG5 were not a minimal complement to M,,, then the set

(BG2) \ {b+1}

would be a complement to M for some elements b € B and ¢t € G5. Since B is a minimal
complement to M, it follows that M contains an element m such that b + m does not
belong to (B\ {b}) + M. This implies that

((BG2) \ {b+1}) + M,
does not contain the element
b+m+t+v(m)
of G1G5. Consequently, BG5 is a minimal complement to M,. O

5. Semilinear sets, approximate subgroups and non co-minimality

We conclude the discussion on co-minimal pairs by mentioning subsets which are in
a sense the other extreme of being part of a co-minimal pair, i.e., they do not belong to
any minimal pair. In other words, they are not a minimal complement to any subset and
also no subset can be a minimal complement to one of these sets. For this we recall the
well-defined notion of an arithmetic progression in an abelian group.

Definition 5.1 (Arithmetic progressions). A subset X of an abelian group (G, +) is an
unbounded arithmetic progression in G if there exist @ € G and b € G \ {e} such that

X =P(a,b) :=={a+nb|n € Zxp}.

A subset Y of G is a bounded arithmetic progression if there exist a,b € G and m € Z>g
such that

Y =P,(a,b) :={a+nblnel0,mNZ}.
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More generally, we will use the following objects.

Definition 5.2 (Generalised arithmetic progressions). An infinite subset X of an abelian
group (G,+) is an unbounded generalised arithmetic progression of dimension d with
respect to by, -+ ,bg € G if there exists an element a € G such that X is equal to

{a+n1by + -+ -+ ngbg| n; runs over F;}

for some subsets Fi,---,F; of Z where each F; is either an unbounded arithmetic
progression in Z or a finite set. A subset Y of G is a bounded generalised arithmetic
progression of dimension d if there exist a,by,--- ,by € G and m € Z>q such that

Y =Pn . omy(a b1, bg) :=={a+nibi + - +ngbg|n; € [0,m;]NZ,1<i<d}

A generalised arithmetic progression is also known as a linear set. A finite union of
unbounded linear sets is called a semilinear set.

Theorem 5.3. Let G be a free abelian group and A be a non-empty subset of G. The
following are true

(1) If A = Py(a,b) or in general if A = P, ... my(a,b1,--+ ,bq), then A is always a
minimal complement to some subset of G and also A has a minimal complement.

(2) If A= P(a,b), or more generally, if A is an unbounded generalised arithmetic pro-
gression of dimension d with respect to by,--- ,bqg € G and by,--- by generate a free
subgroup of G of rank d, then A is meither a minimal complement to any subset of
G, nor does it have a minimal complement in G.

(3) If G = Z', A = P(a,b)! where 1 is some indexing set and P(a,b) C Z, then A
is neither a minimal complement to any subset of G, nor does it have a minimal
complement in G.

Thus the subsets in (2) and (3) above, can never belong to a minimal pair.

Proof. (1) Note that A is a non-empty finite subset in G. It follows from Theorem A
that A is a minimal complement to some subset and from Theorem 2.5 that A admits a
minimal complement.

(2) Suppose A is an unbounded generalised arithmetic progression of dimension d
with respect to b1,--- ,bg € G and by, -- - , by generate a subgroup of G of rank d. Then

A={a+niby + -+ ngbg|n; runs over F;}

for some element a € GG and some subsets Fi,--- , Fy of Z where each F; is either an
unbounded arithmetic progression in Z or a finite set. Reordering the elements by, - -, by
(if necessary), we assume that Fi,--- , F, are unbounded arithmetic progressions in Z
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with 1 < e < d and the remaining F;’s are finite. Replacing a by a suitable element of G,
we can assume that the initial term of each of Fy,--- , F, is equal to zero. Let b}, - b,
denote nonzero elements of Z such that F; is equal to Z>ob} for 1 < i < e. Note that
A+b)by is a proper subset of A and hence A is not a minimal complement to any subset
of G.

It remains to show that A does not have a minimal complement in G. Replacing A
by a translate of A (if necessary), we can assume a = 0. By [BS19, Theorem 2.3], it is
enough to show that A does not admit a minimal complement in the subgroup

<b/1b17 e 7b:3be7 be+17 e 7bd>'
Hence, the elements,
b/1b17 e 7b/eb€7 be+1; T ;bd

could be identified with ey, --- ,eq and A could be thought of as a subset of Z%. If e is
equal to d, then A is equal to the subset Z%o of Z%. By [BS20b, Corollary 3.2(2)], the
set A does not admit a minimal complement in Z¢. Suppose e is less than d. Let

7 Z% — 7° and my : 2% — 74¢

denote the projections onto the first e coordinates and onto the last d — e coordinates
respectively. Suppose Fei1, -+, Fy are contained in the intervals [pe+1, Get1], -+ s [Pds 4d)
respectively. Let us assume that B C Z¢ is a minimal complement of A. For each

V€ [~qey1, —Pet1] X -+ X [—qa, —pa]

such that the set B N7, *(v) is non-empty, choose an element
(Toys oy 20,) € T(B N7yt (v)).

Since B is a minimal complement to A, it follows that the set 7 (B N7y *(v)) does not

contain any point whose é-coordinate is less than or equal to x,, — 1 for each 1 <7 <ee.

Since (—1,---,—1, 0,---,0 ) belongs to Z¢ = B + A, it follows that the set Bﬁw;l(v)
—_—————— ———

e-times (d—e)-times

is non-empty for some

V€ [~qey1, —Pes1] X -+ X [=qd, —pal-
For each 1 < i < e, define

—1).

Ti = min (X,
VE[—Get1,—Pet1] X X[—qa,—pal, BN ' (v)#£0
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Note that (z1,---,2, 0,---,0 ) does not belong to B+ A = Z%. Hence A does not
——
(d—e)-times

admit any minimal complement.

(3) Let f € Z! denote the constant function which takes the value b. Then A + f is
a proper subset of A and hence A cannot be a minimal complement to some subset of
ZY. Let us assume that b is positive and a is equal to 0. Suppose A admits a minimal
complement B in ZI. Let {c;}ie1 denote an element of B. Since B is a complement to
A and B + A contains {¢; — 1};¢1, it follows that B contains an element {d;};c1 with
d; < ¢; — 1 for all i € I. Note that B\ {{c;}scr} is also a complement to A. Hence A
does not admit any minimal complement in ZI. O

As a corollary, we deduce the following fact.

Corollary 5.4. There exist semilinear sets A such that A is neither a minimal complement
to any subset of G, nor does it have a minimal complement in G.

Proof. Take A to be one of the sets described in (2) of Theorem 5.3. O

The above Theorem 5.3 and Corollary 5.4 shed light on subtle differences in existence
and inexistence of minimal complements in general abelian groups. We have seen that
a proper subgroup H in any group G is always a minimal complement to any of its
coset class and it also admits a minimal complement. However, the fact does not remain
necessarily true when we pass to subsets which are close to being subgroups. Let us recall
the notion of an approximate subgroup.

Definition 5.5 (K -approzimate subgroup). Let G be a group and K > 1 be some param-
eter. A finite set A C G is called a K-approximate group if

(1) identity of G, e € A,
(2) it is symmetric, i.e., if a € A then a™! € A,
(3) there is a symmetric subset X lying in A - A with |X| < K such that A- A C X - A.

The formal definition of an approximate subgroup was introduced by Tao in [Tao08].
Informally, these sorts of subsets have been studied since the time of Freiman [Fre64].
Nathanson considered a more general notion of an approximate group. For him, the set
A need not be finite, nor symmetric, nor contain the identity.

Definition 5.6 ((r,1)-approzimate group [Nat18]). Let r,l € N with r > 2. A non-empty
subset A C G is an (r,l)-approximate group if there exists a set X C G such that

|X|<land A" C X - A.
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Any finite approximate subgroup always belongs to a minimal pair (by [BS20b, Theo-
rem 1]), while inside free abelian groups they always belong to some co-minimal pair by
Theorem B. When we pass to infinite approximate subgroups (in the sense of Nathanson),
this is not necessarily the case. By (2) of Theorem 5.3, there exist unbounded linear sets
which can never belong to a minimal pair while Corollary 5.4 concludes the same about
semilinear sets. Unbounded linear sets are however examples of approximate subgroups
in the sense of Definition 5.6.

We mention briefly that in the same paper [Nat18], Nathanson introduced the notion
of an asymptotic approximate group, which is a subset A C G such that every sufficiently
large power of A is an (r,l)-approximate group.

Definition 5.7 (Asymptotic (r,l)-approximate group). Let r,l € N, with r > 2. A subset
A of a group (G, ) is an asymptotic (r,[)-approximate group if there exists a threshold
ho € N such that for each natural number o > hg, there exists a subset X, of G satisfying

|X,| <land A" C X, - AP,

(1) Nathanson in [Nat18] showed that any finite subset in an abelian group is an asymp-
totic (r,1)-approximate group for some r,l € N.

(2) In [BM19], it was shown that unbounded linear sets and also semilinear sets are
asymptotic (r,l)-approximate groups for some r,l € N.

In the first case, the sets belong to co-minimal pairs while in the second case, as a
consequence of Corollary 5.4, they do not necessarily belong to even minimal pairs, let
alone co-minimal pairs. Thus, in general, it is also not true that asymptotic approximate
groups will be part of some co-minimal pair.

6. Concluding remarks and further questions

The above discussion motivates one to consider co-minimal pairs with A = B, i.e.,
non-empty subsets A of an abelian group G with A+ A = G and A+A\{a} C G,Va € A.
These types of sets have also been considered by Kwon in the context of G = Z (minimal
self-complements). He showed that a set A has such properties if and only if A avoids
3-term arithmetic progressions and A + A = Z, and he gave a construction of one such
set in Z. We remark that this holds in the context of an arbitrary abelian group (with
the natural notion of an arithmetic progression in these groups, see Definition 5.1). The
proof is a natural extension of the proof of Kwon for G = Z (see [Kwol9, Theorem 10])
and hence omitted.

Proposition 6.1. Let G be an abelian group. Then for a subset A of G, (A, A) is a co-
minimal pair if and only if A+ A = G and A avoids non-trivial 3-term arithmetic
Progressions.
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However, the construction of such sets in groups other than Z is an issue. Further,
even in Z, one can ask about the existence of infinite co-minimal pairs, i.e., infinite sets
A, B with A # B, such that (A, B) is a co-minimal pair. In the following, we state a list
of the open questions concerning co-minimal pairs for further research.

Question 2. Do there exist infinite subsets A, B of Z such that (A, B) is a co-minimal
pair and B is not a translate of A? For instance, what about infinite co-minimal pairs
with at least one of A or B bounded on one side? What about the case when A or B
contains 3-term arithmetic progressions?

Question 3. What is the behaviour of minimal complement with respect to sets which
are close to being a subgroup (but is not actually a subgroup)? For instance, does there
exist infinite approximate subgroup or infinite asymptotic (r,1) approzimate subgroup in
a group G, which can be a minimal complement to some subset? Does the answer depend
on specific values of r,1?

The following question was posed by Laurent Bartholdi during a talk of the first
author at THP, Paris.

Question 4. Given any infinite, symmetric subset in a group G or even in Z (d > 2),
what can we say about the existence of its minimal complement?

We recall that for d = 1, i.e., G = Z, the existence of a minimal complement of any
infinite, symmetric subset is guaranteed by a result of Chen—Yang [CY12, Theorem 1].
Questions 2 and 4 can be combined to ask:

Question 5. Do there exist infinite subsets A, B C Z, which form a co-minimal pair and
at least one of them is symmetric?
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