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Notations. By Greek letters we denote real numbers and by small Latin letters — integers. However,
the letter p, with or without subscripts, is reserved for primes. By € we denote an arbitrarily small
positive number, not the same in different appearances. N is a sufficiently large odd integer and
L =logN. We denote by J the set of all subintervals of the interval [1, N] and if J{, J» € J then
J = (J1, J2) is the corresponding ordered pair. Respectively k = (kq, k) is two-dimensional vector
with integer components ki, ky and, in particular, 1 = (1, 1). We write (mq,...,my) for the greatest
common factor of myq, ..., my. As usual 7 (k) is the number of positive divisors of k; r(k) is the number
of solutions of the equation m% + m% =k in integers mj; @(k) is the Euler function; £2(k) is the
number of the prime factors of k, counted with the multiplicity; y (k) is the non-principal character
modulo 4 and L(s, x) is the corresponding Dirichlet’s L-function. We mark by [0 an end of a proof, or
its absence.

1. Introduction and statement of the result
In 1937 Vinogradov [13] considered the sum

I®Ny= > (logp1)(log p2)(log p3)
p1+p2+p3=N
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and proved that

I®(N) = N26(3)(N)+O(N2£ h, (1)

where A > 0 is an arbitrarily large constant and

1 1
Oy =TT(1+ —— ) TT(1- —1—). 2
ST H( +<p—1>3)n< (p—1)2> 2

PN pIN

It is expected that a similar formula holds true for the sum

IP(Ny=">" (logp1)(log py),

p1+p2=N

but this has not been proved so far. However, using Vinogradov’'s method, one may establish that
1@ (n) is close to n&® (n) for almost all n < N. Here 6© (n) is given by

cor(n) for2|n,

S m) =
) {O for 24n,

where

0—2]'[( 1)2) A(k)—]'[— (3)

p>2 plk
p>2

More precisely (see, for example, Vaughan [12, Chapter 2]), for any constant A > 0 we have

> 1P m) —n&® m)| « N2L7A. (4)
n<N

Another classical achievement in prime number theory is the solution of the Hardy-Littlewood
problem, concerning the representation of large integers as a sum of two squares and a prime. It was
solved by Linnik [6] and related problems have been studied by Linnik, Hooley and other mathemati-
cians (see Hooley [4, Chapter 5]). In particular, one can show that

Y orp-1n=aNc[] (1 + L”ﬁ) + 0 (NL™ (log £)°), (5)
byt o>2 p(p—1)
where
6 _! 1elo 2 =0.0029 (6)
0—2 2 gz=0U.

A sharper estimate for the remainder term in (5) was established by Bredihin [1].
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In the present paper we prove a theorem which, in some sense, is a combination of (1) and (5).
Define

R(IN)= Y r(p1—Dr(p2 — 1)(log p1)(log p2)(log p3) (7)
p1+p2+p3=N

and

2p2 +px(p) —6p +3x(p)>

SrN) =7’V ] <1+x(p) p2(p2 —3p+3)

PIN(N—1)(N-2)

2p> +px(p) —4p+2x(p)>
1
" ﬂ( TR e -2

4p? —px(p) — 6p +3x(p)>
<1 (HX(p) p?(p? —3p+3)

pIN=1
2p2 —p?x(p)+px(p) —6p + 3x(p)>

1+ , 8

x p];L( X () 2257 = 3p 1 3) (8)

where G®)(N) is given by (2).

Theorem 1. We have the following asymptotic formula

1
R(N) = 51\126R(N) + 0(N?L™%(log £)"), 9)
where 6 is the constant defined by (6).

It is clear that if 21N then 1 « Ggr(N) « 1, so the main term in (9) dominates the remainder
term provided that N is a sufficiently large odd integer.

Theorem 1 is related to a recent result of the author, which may be considered as a combination
of (4) and (5). In the paper [11] the sum

> r(p1 —1)(logp1)(log p)
pP1+p2=n

was studied and it was proved that the expected asymptotic formula for it holds true for almost all
even integers n < N. A similar problem was earlier considered by Matomadki [7].

The method used for the proof of Theorem 1 can also be applied for finding asymptotic formulas
for the sums

Y r(p1—DT(p2 — 1)(log p1)(log p2)(log p3)
p1+p2+p3=N

and

3" w1 - Dtz - D(log pr)(log p2)(log p3).
p1+p2+p3=N
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It would be interesting to consider the ternary Goldbach equation with weights of the above type
attached to all of the variables. We would be in a position to attack this problem if we had more
information about the number of solutions of the ternary equation with all prime variables lying in
independent arithmetic progressions with large moduli. However, the best result of this type available
in the literature at present, which is due to the author [10] and improves a theorem of K. Halupc-
zok [3], is not strong enough for our aims.

2. Some lemmas
First we consider the Goldbach binary problem with one prime variable lying in a given interval

and belonging to an arithmetic progression. Suppose that n < N, let k and [ be integers with (k,I) =1
and let J € J. We denote

D= > (ogpi)ogpa); (10)
p1+p2=n
p1=I (mod k)
p1e]
cor(nk) if(k,n—D)=1and2|n,
&) (m = i . (11)
’ 0 otherwise;
@m, = Y 1 (12)
my+my=n
mej
(‘5(2)(11)
A, =120, ) — XL @@, ). (13)
k.l k,l ga(k)

If J =[1, N] then we write for simplicity 115,21) (n), ®@m) (=n—1) and A,((ZI) (n).

Our first lemma is a generalization of (4) and states that Al((zl) (n, J) is small on average with respect
to k and n and uniformly for [ and J. More precisely, we have

Lemma 1. For any constant A > 0 there exists B = B(A) > 0 such that

E ) 2 AA
o TeF oA Dl < NP LA
k<V/NLB ’ n<N

This lemma is very similar to results of Mikawa [8] and Laporta [5]. These authors study the
equation p; — p =n and without the condition p; € J. However, inspecting the arguments presented
in [5], the reader will readily see that the proof of Lemma 1 can be obtained is the same manner. O

Next we consider Goldbach’s ternary problem with two primes from arithmetic progressions and
belonging to given intervals. Suppose that k = (k1,k) and 1= (l1,l,) are two-dimensional vectors
with integer components and let J = (J1, J2) be a pair of intervals J1, J» € J. We denote

TGN = > (logpi)(logps)(log p3).
p1+p2+p3=N
pi=l; (mod k;)
pi€li, i=1,2
ePNp= Y 1 (14)

mq+my+m3=N
mie];, i=1,2
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Using the notations of K. Halupczok [3], we define Gs: (N) in the following way. Consider the sets
of primes '

A={p: ptkika, p | N}

B={p: ptkikaN};

C={p: plki, ptka, pIN—=lL}U{p: plka, ptki, pIN—L};
D={p: plki, ptka, p{N—=lL}U{p: plkz, ptki, ptN —L};
E={p:plki, plka, pIN—lh =D}

F={p: plki, plka, ptN -l —1Ip}.

If £ # 0 then we assume that
Sl (N) =0. (15)

If £ =0 then we put

3 Ny __ 1 _ b
san= T] (1 (p—l)z)l_[<l+(p—1)3) [ <1+p 1) (16)

peAUD peB peCUF

We also define

S NP (N, ])
3) _ 3 _ ki ’
BUND = BG(N.D = = o= (17)

If J1=J2=1[1,N] then we write for simplicity I\’} (N), ®®(N) (= N2/2+ 0(N)) and AL} (N).

The next lemma is analogous to Lemma 1 and states that A(3)(N J) is small on average with
respect to k and uniformly for 1 and J. More precisely, we have

Lemma 2. For any constant A > 0 there exists C = C(A) > 0 such that

3 3 max max\M“ (N.D| < N*L7A.
1 JieJ
K SVNL—C ky <N L—C k 1)2 1'12

This statement is slightly more general than a theorem from author’s recent paper [10], which
improves a result of K. Halupczok [3]. There are no conditions p; € J; in the theorems of [10] and [3],
but the reader can easily verify that the methods developed in these articles imply also the validity
of Lemma 2. O

In several occasions we will need the following simple

Lemma 3. Suppose that j € {1, —1} and let m, k, I, n be natural numbers. Then the quantities G4m 1+1m(")

and 6¢ . 4m @1+ jm) (n) do not depend on j.
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The proof follows directly from the definitions of 6,221) (n) and 61((3:(n). We leave the easy verifica-
tion to the reader. O ’

The next two lemmas are due to C. Hooley and play an essential role in the proof of (5), as well
as in the solutions of other related problems.

Lemma 4. For any constant w > 0 we have

2

p<N

> x(d)‘ < NL(log )’,
dp—1
VNL™® <d<+/NL®

where 0y is defined by (6). The constant in the Vinogradov symbol depends only on w.

Lemma 5. For any constant @ > 0 we have

2

p<N

2
< NL£ Y log L)',

> x(d)

d|p—1
VNL™® <d<+/NL?

where the constant in the Vinogradov symbol depends on w.

The proofs of very similar results (with w = 48 and with the condition d | N — p rather than
d|p — 1) are available in [4, Chapter 5]. The reader will easily see that the methods used there yield
also the validity of Lemmas 4 and 5. O

The next lemma is analogous to another result of Hooley from [4, Chapter 5].

Lemma 6. Let n be an integer satisfying 1 <n < N. Suppose that w > 0 is a constant and let P = P, (N) be
the set of primes p < N such that p — 1 has a divisor lying between ~/NL£~¢ and ~/NL®. Then we have

> 1< NL7 0 (log £)°, (18)

p1+p2=n
p1€P

where 0y is defined by (6). The constant in the Vinogradov symbol depends only on w.

Proof. We proceed as in [4, Chapter 5, Section 7]. Denote the sum in the left side of (18) by X and
let Dy =+/NL®, D, =+/NL®. Suppose that « is a real number satisfying 1 <« < 3/2. We have

r< > 1+ > 1=%+ X, (19)
pP1+p2=n p1+p2=n
(p1—1)<Lalog L R(p1—1D>alog L
P1€P

say.
Consider first X;. We have

21 < Z Z 1= Z Z 1.

p1+p2=n dlp1—1 p1+p2=n md=p1—1
R(p1—-DH<alogL Dy<d<D, Di<d<D;
2(md)y<alog L
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Obviously, the inequality £2(md) < g implies the validity of at least one of the inequalities §2(m) < %ﬁ
and 2(d) < %ﬂ. Hence

> oo+ Y > 1=xV 4 2@, (20)

pi1+p2=n  md=p;—1 p1t+p2=n md=p1—1
D1<d<D2 D1<d<D2
)< alog£ 2m)< otlog[l

say. Consider Z‘la). The conditions imposed in its definition imply m < D, and clearly

P« > > 14+NL 0= x® ¢ NLTO, 21)
p1+p2=n md=p;—1
DL 0<m<D,
Q(m)g%alogﬁ

say. Obviously Ela) < 21(3) and from this inequality, (20) and (21) we find
3 —-10
1<+ N (22)

To estimate 21(3) we change the order of summation and find

3
sP= Y . (23)
D1£’10<m<D2
Q(m)g%alog[)

where Ap(n) is the number of primes p < n satisfying p =1 (mod m) and such that n — p is a
prime too. We apply Theorem 2.4 of Halberstam and Richert [2] (with x=y=n,k=m, =1, g=1,
a1 =—1, by =n) and find

1N\N' m n/m
Am 1—— — L log £
m< pl;[n( p) p(m) log?(n/m) < “(log £)°.

We substitute this upper bound for Ap(n) in (23) and then proceed precisely as in [4, Chapter 5,
Section 7] to find

1
2 < NL7(log £)? > —< NLY@/23(log £)3, (24)
D1£71%<m<D,
2m)< G logL

where

y(c)=c—clogc. (25)

From (22) and (24) we get

X1 < NLY@2D=3(log £)3. (26)
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Consider now X,. We have

< 3 1+ > 1=xP+5? (27)
p1+p2=n m<N
alog L<2(p1—1)<10log L £2(m)>10log L

say. It is shown in [4, Chapter 5, Section 7] that
P« NL, (28)

1
Consider 22(1). Denote by Ry the set of integers m < N composed only of primes < N20lgZ
Applying the method of [4, Chapter 5, Section 7] we get

1
SEENED SR ED S
p1+p2=n p1+p2=n
alog L<R2(p1—1) 2(p1—1)<10log L
P1—1¢RN p1—1€RN
= 3 1+ 0(N)
pP1t+p2=n

alog L<R2(p1—1)
p1—1¢Ry

=2+ 0(VN), (29)

1
say. If p1 — 1 ¢ Ry then there exists a prime q > N200sZ such that p; — 1 =qr for some positive

1
integer r < N'"20EZ . On the other hand, from the condition £2(p1 — 1) > «log L it follows that
2(r) > alog £ — 1. Therefore

<Y am, (30)

1
r<N' " 20708
@)>alog L-1

where »(n) is the number of primes g < N/r such that rq+ 1 and —rq+n — 1 are primes too. We
apply again Theorem 2.4 of [2] (with x=y=N/r,k=1,g=2,a1=r,aa=-1r,b1=1,by=n—-1,

E = —r3n) to find
1\"" Ny
I1 <1 - —) P (31)
pin—1 p log®(N/r)

NG
x(n) K n(l - E) .

pIE

where p(p) is the number of solutions of the congruence (aym + b1)(azm + b2) =0 (mod p). It is
easy to verify that

forp|r, pln—1,

forp|r, ptn—1,
e forpfr, pIn—2, 52

N = O s

forptr, ptn—2.
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From (31) and (32) it follows that

N
\ ———(log £)*.
() < rlogB(N/r)(og )

1
We substitute this upper bound for »,(n) in (30) and then we notice that the inequality r < N1~ o0gz
implies log(N/r) > L(log £)~'. We find

=P «N£73ogo)® Y

r<N
@)>alog L-1

.
Now we estimate the sum over r in the way proposed in [4, Chapter 5, Section 7] to get
5P < NLV @3 (l0g £)°, (33)
where y(c) is defined by (25). Using (27), (28), (29) and (33) we obtain
Ty K NLY @O 3(log )8, (34)
From (19), (26) and (34) it follows that
T LN(LV @D 4 £7 @) (log £)°.

We choose o from the condition y(«/2) = y(«), which gives o = e/2. This completes the proof of
the lemma. O

3. Proof of Theorem 1
Beginning. We put
D= \/Ng—B(lO)—C(]O)—l! (35)

where B(A) and C(A) are specified respectively in Lemma 1 and Lemma 2. Obviously

r(m) =4 x(d)=4(r1(m) +ra(m) +r3(m)), (36)
dim
where
nm=Y x@d, nm= Y xd, nm= Y x@d. (37)
ddgb D<3TN/D d;mD

Hence using (7) and (36) we get

R(N)=16 > Rij(N), (38)

1< j<3
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where
Rij(Ny= > ri(p1 — Drj(pa — 1)(log p1)(log p)(log p3). (39)
p1tp2+p3=N
We shall prove that the main term in (9) comes from Rq 1(N) and the other sums R; j(N) contribute
only to the remainder term. Because of the symmetry we have to consider only the expressions

R; j(N) with i < j.

The evaluation of Ry, 1(N). Using (14), (17), (37) and (39) we get

Ria(N)= Y x(@)x@)Ig (N) =R} (N)+ R} 1 (N), (40)
di,d<D
where
/ X(d)x(d2) @3 3)
= Y S s P (NN,
i <D @(d1)edz)
LN =Y xd)xd)AF)(N).
d1,do <D
From (35) and Lemma 2 it follows that
R} {(N) < N271. (41)
Consider R’H(N). It is clear that
11N = 11\121“(N)+ O(N'9), (42)
where
d d
F(N) = Z X(d1) x (d2) (3)( N). (43)
. BD @(d)e(d)

It remains to establish an asymptotic formula for I"(N). The calculations are long and complicated,
but rather routine and straightforward. We point out only the main steps and leave the details to the
reader.

Using (15), (16) and (43) we find

=Y %0 X(d) S fna®, (44)

<0 ¥ (t,d,tNg—DZ)zl
where
woe T gt) L0 gt L0sS)
pfdN pelt1ULh pIN—1

pld
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f = X© L - L - L o
f”"’()_%n<+<p—1>3) [1 <—(p_1)z) [ (+p—1>

ptdN peU1UU, pld,t,N—1)
plt plt
< |] (1 —¥> I1 <1+L> (46)
(p—1)2 p—1
pfd(N—1) pelisUlUy
plt plt

and
Ur={p: pIN, ptd}, Uy={p: ptN—1, p|dj},
Us={p:pIN—1, ptd}, Us={p:ptN-2, p|d}.

First we evaluate the sum over t in (44). From (46) it follows that

fn.a(® < (log £)%t " loglog(10t) (47)
with absolute constant in the Vinogradov symbol. Hence the corresponding Dirichlet series

Frna@®= Y frna®t™®

t=1
(t.d,N—2)=1

is absolutely convergent in Re(s) > 0. Clearly fy 4(t) is multiplicative with respect to t and applying
Euler’s identity we find

oo
Frna® =[] Tna@.s). Tna®.9=1+) fva(p)p~".
ptd,N-2) I=1

From (46) we establish that

Tna(@.$)=(1—=x@p* ) 1+ x@p > "YnaD),

where
(p—3)(p*—3p+3)~" ifptdN(N—1)(N-2),
2(p-2)7" ifpld, ptN(N—1)(N—2),
(p—1! ifptd, p|N,
Yna(p)=1{2(p—2)"" ifp|d, p|N, (48)
p-3)(p*—3p+3)7" ifptd, p|N—1,
(p—1! ifpld, p|N-1,
(p—3)(p*—3p+3)~' ifptd p|N-2.

Hence we get

Fna®)=Ls+1,x) [] (1—x@p™") [] (+xmp~ 'Yna@). (49
pld,N=2) ptd,N-2)
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From this formula it follows that Fy 4(s) has an analytic continuation to Re(s) > —1. Using (48) and
the simplest bound for L(s + 1, x) we get

1
Fna(s) < N°T'V®  for Re(s) > -2

Im(s)| < T. (50)

We apply the version of Perron’s formula given at Tenenbaum [9, Chapter I1.2] and also (47) to
find

x+iT
1 DS >, N2D* loglog(10t)
)= — Fna(s)—ds+ O ,
t<ED fna® =5 / N.a($)— (;tl+x(1 +T|log2))

(t,d,N=2)=1 x—iT

where » =1/100, T = N3/, It is easy to verify that the remainder term above is O(N~1/190) and
applying the residue theorem we see that the main term is equal to

—1/2—iT  —1/2+iT x+T s
1 D

Fn,4(0) + —( / + / + / )FN,d(s)—ds.
2mi S

x—iT — —1/2—iT —1/2+iT

From (50) it follows that the contribution from the above integrals is 0 (N~1/199), Hence

Y. fna®=Fya©+O0(NT19). (51)
t<D
(t,d,N—2)=1
Obviously, using (49) we get
T (p) (p)
Fna(©0) = I (1 - XT) [ <1 + XTYN,d(p)) (52)
pI@.N=-2) ptd.N=2)

We use (44), (45), (48), (51) and (52) to find a new expression for I"(N) and after some calcula-
tions we obtain

I'(N)= %6(3)(N)E(N) > gn(d) + O (N°T1/190), (53)
d<D

where &) (N) is defined by (2),

o XPP-3) _X®)_
E(N) = H <1+p(p2—3p+3)>pHN(]+p(P_1)>

ptN(N—1)

X(p)2p —3) )
1+ =—=——, 54
Xpl;[1< p(p*>=3p+3) G4
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and

x(d 1+ 248 14 228
(d) | | p(p )3 p(p y
) 14 X@)p=3) [ 1- 1 a+

pid p(p?—3p+3) PI.N) TEY

PIN(N=1)(N-2)

A+ 55 + 5525

-1
p(p—1

<1l <1 i 1>3> [1 14 X@)Ep-3)

o PI@.N=1) p(p?—3p+3)

PIN

1 1— X
-—— T
<11 <1 (P—1)2> [1 14 XP®=3) °
pie PI@N=2) =T p(p?-3p+3)
ptN—1

It is clear that gy (d) is multiplicative with respect to d and satisfies

3,
gn(d) <« (loglog(10d))°d~!
where the constant in Vinogradov’s symbol is absolute. Hence the Dirichlet series
o0
GN(s) =Y gn(d)yd™®
d=1
is absolutely convergent in Re(s) > 0 and applying the Euler identity we get
o0
Gns) =] [Hnp.9). Hn(p.s)=1+> an(p)p~"
p I=1

From (55) and (56) we find

Hy(p.s)= (1= xmp~* D" (14 x(p~* " Kn(p)),

where
2
P +px(P)—3p+3x(P) : _ _
p3-3p?+3p+px (D)—3x(P) ifptN(N - DN -2),
2
pe+px(P)—2p+2x(p) :
p3-3p2+px (p)+2p—2x (p) ifp|N.
Kn(p) = )
2p“=3p—px(P)+3x(p) lfp | N—1
p3-3p?+3p+2px (p)—-3x(p) ’
2 2
p*=p*X(®)=3p+px(M+3X(P) _
p3=3p2+3p+px(P)—3x(P) ifp [N —2.
This gives

G =L+ 1,0 [[(1+x@p~ " Kn(p)).
p

451

(55)

(56)

(57)
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We see that Gy (s) has an analytic continuation to Re(s) > —1 and
er1/6 1
Gn(s) KNTV/® for Re(s) > —=, [Im(s)| < T

Applying Perron’s formula and proceeding as above we find

Z Gn(d) =Gn(0) + o(Nfl/wO) _T 1‘[(1 + %KN(P)) (N—1/100).

4
d<D p

Using (53), (54), (57) and (58) we find
I'(N)= 11—66R(N) + O (Ne71/100),

where Gr(N) is defined by (8). We leave the calculations to the reader.
From (40), (41), (42) and (59) we get

1
Ri1(N) = 2o N*Gr(N) + O (N?L7Y).
The estimation of Ry >(N). Using (10), (13), (37) and (39) we write

Ria(N)= > (ogp)ra(p—1) Y x @IS} (N = p) = R} 5(N) + R} 5(N),
2<p<N d<D

where

2N = )" (logp)rz(p—l)ZX()ngi(N pN—p—1),

2<p<N ng (d)
Ri,(N) =Y (ogpra(p—1) Y x( @A (N - p).
2<p<N d<D

From (37), (63) and Cauchy’s inequality we find

Ri, M| <2 > tp—1 > |AG (N =—p)|

2<p<N d<D
<Ly T Y [aAG o)
n<N d<D
1/2 1/2
< £< S 2m)|a) (n)!) (Z > ad) (n)!)
n<Nd<D n<Nd<D
= LUu'2y12,

(58)

(59)

(60)

(61)

(62)

(63)

(64)

say. We use the trivial bound A<2 (n) « £2Nd~! and the well-known elementary inequality

anx 72(n) <« xlog> x and we find

U <« N%.5.

(65)
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To estimate V we apply (35) and Lemma 1 and we get

V « N2.710, (66)

From (64), (65) and (66) it follows that

R} ,(N) < N>~ (67)

Consider now R’u(N). Using (3), (11), (12) and (62) we write it in the form

3 X (D) (d)

Ry ,(N)=co Z (logp)r2(p — DN — p — DA(N — p) m

2<p<N d<D
(d,N—=p—1)=1

It is not difficult to find an asymptotic formula for the sum over d. However such a formula is already
established in Section 3.2 of [11] and it implies that ) ; < log £. Therefore, using also (3), we find

R} ,(N) < NL(log £)* ) |r2(p — 1)

p<N
It remains to apply (37) and Lemma 4 and we get
R 5(N) < N2L£~%(log £)’. (68)
From (61), (67) and (68) we obtain
R12(N) < N2£~%(log £)’. (69)

The estimation of Ry 3(N). We use (14), (37) and (39) to write

1
Risy= Y dogpniogpnlogps) Y. x@ Y x(pz )

m
p1+p2+p3=N d|p1—1 m|py—1
d<D pzil}N/D
_ ~13)
= > XD D XD amy 114 jmy (N {1 N, ),
d<D j==1
m<D
2lm

where |, =[1+4+mN/D, N]. From (17) we get

R1,3(N) =R} 5(N) + R} 5(N), (70)

where
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, X (@ N, ([1, N1, Jm)) L ()
RisM= 2, (d)p(4m) 2 DS gam. 1.1jm (N 7y
m<b =
2lm
Ris(N) = 37 x@ D XD AG gy 114 jy (N {11 N]. Jim).
d<D j=+1
m<D
2lm

From (35) and Lemma 2 we find

R} 5(N) < N2£71 (72)

Consider R/m(N). According to Lemma 3 the expression 623,)4777)!(

Therefore from (71) it follows that

114 jm (N does not depend on j.

R’1’3(N) =0. (73)
Using (70), (72) and (73) we obtain
R13(N) < N2£71. (74)

The estimation of R >(N). Let P be the set of primes, specified in Lemma 6 (with w = B(10) +
C(10) + 1). Using (35), (37), (39) and the inequality uv < u? + v we get

2 2
Roa(N) < £ ) > x(d)' =y Y x@ >
p1+p2+p3=N" d|p1—1 pi<N' d|p1-1 p2+p3=N—p1

p2€P D<d<N/D D<d<N/D p2€P

We estimate the sum over p,, p3 using Lemma 6 and we find
2
Ry 2(N) K NL'?*(log0)® Y| > x(@)| .
p<N' d|p-1
D<d<N/D
Then we apply Lemma 5 and obtain
R22(N) < N2£~ 2% (log £)'3. (75)

The estimation of R 3(N). Using (10), (37) and (39) we write R 3(N) in the form

-1
Rp3(Ny= > (logpi)dogpa)(logpa)ra(pi—1) Y x(”z )

p1+p2+p3=N m|py—1 m
P2 SN/D
= > dogp2(p =1 Y > XDl 1 imN =P, Jm),

2<p<N m<D j==+1
2|lm



D.I Tolev / Journal of Number Theory 130 (2010) 439-457 455
where ]|, =[1+4mN/D, N]. Having in mind (13) we write
R23(N) = Ry 5(N) + R 5(N), (76)

where

¢(2) N - 9 m .
Ry = 3 dogpnp—1 Y TR P In) smo 6@ n_p), (77)

2<p<N m<D (p(4m) j==%1
2|m
53(N)= > (ogpra(p—1) Y > x(DAG 4 im(N=D. Jm). (78)
2<p<N m<D j=+1
2lm

Consider first R/2_3(N). From Lemma 3 we know that &2

4m,1+jm(N — p) does not depend on j.
Hence using (77) we get

R 5(N) =0. (79)

Consider now R;B(N). From (37), (78) and Cauchy’s inequality we find

R3sN) <KL Y tp=1 Y Y |AD o (N=p. Jm)|

2<p<N m<D j=%1
2im
<LY T Y Y Al i Im)]
n<N m<D j=%1
2lm
< LUV, (80)
where
Ur=)"22m > D |Ap i m@ Il Vi=30 3 DA @ I
n<N m<D j==+1 n<N m<D j=%1
2|m 2lm

We use the trivial bound A® « £2Nm~! and the inequality Y, ., 7%(n) < xlog> x to find

Uq < N2.5. (81)
We estimate V using (35) and Lemma 1 and we get
Vi< N2L710, (82)

Using (80), (81) and (82) we obtain

R3 5(N) < N2£71 (83)



456 D.I. Tolev / Journal of Number Theory 130 (2010) 439-457
Now taking into account (76), (79) and (83) we find

R23(N) < N2£71. (84)

The estimation of R3 3(N). We use (14), (37) and (39) to write

-1
R3sN)= Y (ogp(ogpnlogps) 3. x(p ]m]> 3

p1+p2+p3=N m11|P1*] m21\P2*1
S 2N/D S ZN/D

— i 13
- Z Z X(]l)X(12)1(4m1,4m2),(]+j1m1,1+j2m2>(N’-lm)’

my,my<D ji==%1
2|my, 2|my jp==+1

where Jm = (Jmy, Jmy)s Jm, =[1+myN/D,N], v=1,2. We write

R33(N) = Ry 5(N) + R§ 5(N), (85)

where

D3 (N, Jm) ) L3
/3,3(N): E @ (4my) e (4m;) E X(]1)X(]2)6(4m],4m2),(1+j1m1,1+j2m2)(N)’ (86)
my,my<D j1==%1

2|my, 2|my Ja==1

) )
RisN=" 37 3 XUDXU2 A, amy. (14m; 14ms) (N Jm)-

my,my<D ji==%1
2|mq, 2jmy jo=+1

According to Lemma 3, the expression &© in (86) does not depend of j, and therefore

R4 5(N) =0. (87)

On the other hand, using (35) and Lemma 2 we get

RS 5(N) < N2£71. (88)

From (85), (87) and (88) it follows that

R33(N) K N2c71. (89)

The end of the proof. The asymptotic formula (9) is a consequence of (38), (39), (60), (69), (74),
(75), (84) and (89). The theorem is proved. O
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