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0. Introduction

The Eichler-Shimura isomorphism establishes a bijection between the space of mod-
ular forms and certain cohomology groups with coefficients in a space of polynomials.
More precisely, let k& > 2 be an integer and let I' C SLy(Z) be a congruence subgroup,
then we have the following isomorphism of Hecke modules
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M, (T,C) @ Si(I',C) ~ HY (I, V(k)V), (0.1)

where V (k)Y is the dual of the C-vector space of homogeneous polynomials of degree
k — 2, My (T, C) is the space of modular forms of weight k and Si(T',C) C M(T,C) is
the subspace of cuspidal modular forms (see [6, Thm. 8.4] and [4, Thm. 6.3.4]).

This isomorphism can be interpreted in geometric terms. Indeed, a modular form of
weight &k can be interpreted as a section of certain sheaf of differential forms on the
open modular curve attached to I'. With this in mind, the Eichler—Shimura isomorphism
can be obtained comparing deRham and singular cohomology, noticing that the singular
cohomology of the open modular curve is given by the group cohomology H* (T, V (k)V).
The aim of this paper is to omit this geometric interpretation and to provide a new
group cohomological interpretation.

Let us remark that the identification (0.1) provides an integral and rational structure
to the space of modular forms, since the space of polynomials V (k) has integral and
rational models, namely, the space of polynomials with integer and rational coefficients.

The restriction of the Eichler—Shimura isomorphism to the spaces of cuspidal modular
forms is given by the morphisms

0% : Sp(T',C) — HY(T,V(k)Y),

where

YZzo YZo0

NP = [ PU-DfnarE [ PO,

20

for any zg in H the Poincaré hyperplane, v € I" and P € V (k). In fact, the morphism
defining the cuspidal part of (0.1) is given by

Sp(I,C) & Sg(I',C) — HI(F,V(]C)V)
(f1, f2) — (07 +07)(f) + (07 = 07)(f2)-
The image of OF lies in the subspaces H(T', V(k)V)* ¢ HY(T,V(k)¥) where the natural
action of w = (1) _01 normalizing I' acts by +1.

In a general setting, F' is a totally real number field of degree d, G is the multiplicative
group of a quaternion algebra A over F, and ¢ is a weight k = (k1,--- ,kq) cuspidal
automorphic form of G with level Y C G(A>°) and central character ¢ : A* /F* — C*.
We assume that 1, (z) = sign(z)i

T

ki for any archimedean place o; : F' — R. In this
scenario, by an automorphic form we mean a function on H" x G(A>) /U, where H is the
Poincaré upperplane and r is the cardinal of the set ¥ of archimedean places where A
sicoo\s Vi (k)" (see §1.2 for a precise definition of V,, (k;)), that
satisfies the usual transformation laws with respect to the weight-k;-actions of G(F).

splits, with values in )

The interesting cohomology subgroups to consider are:

Please cite this article in press as: S. Molina, Eichler—Shimura isomorphism and group cohomology on
arithmetic groups, J. Number Theory (2017), http://dx.doi.org/10.1016/j.jnt.2017.04.007




YJINTH:5756
S. Molina / Journal of Number Theory see (sses) sso—see 3
H(G(F)T AV (), C)) = D H' (T, Vu(k)Y), Ty = G(F)" Ngildg;
i=1

where V,,(k) is the tensor product of the polynomial spaces V,,(k;) (j = 1,---,d),
G(F)™ C G(F) is the subgroup of totally positive elements, {g;}i=1,....n» C G(A™) is a
set of representatives of the double coset space G(F)T\G(A>®)/U, and A(Vy(k),C)¥ =
C(G(A>®)/U,Vy(k)Y). Similarly as in the classical case, for any character ¢ : G(F)/
G(F)* — +1 we can define a morphism

0 SpU,9) — H'(G(F)*, A(Vy (k), ©))(e),

from the set Sk (U, 1) of automorphic cuspforms of weight k, level U and central character
1, to the e-isotypical component of H”(G(F)*, A(Vy(k), C)¥). Such a map is given by:

Fo= >, e1)de,

YEG(F)/G(F)*

where 9¢ € H"(G(F)*, A(Vy(k),C)) is the class of the cocycle

g17T1 g1:grTr
(G(F)")" 3 (91,92, » gr) —> / / Ps(1,-2){(¢(z, g), P¥)dz,
T1 g1 Gr—1Tr

with Py € ®'_, V., (kj), P* € Q7_, 11 Vi, (kj) and z = (21, , 2,), (11, ,77) € H'.
Our result will provide a group cohomological interpretation to the morphisms 9¢, for
any character .

Let Foo ~ R? be the product of the archimedean completions of F, let Goo be the
Lie algebra of G(Fy) and let Ko, € G(Fy) be a maximal compact subgroup. Then
the (Goo, Koo)-module generated by ¢ is isomorphic to Dy (k), the tensor product of
discrete series of weight k; at archimedean places in ¥ and polynomial spaces V,,; (k;) at
archimedean places not in 3. This implies that any ¢ € Sk (U, 1) provides an element

¢ € HY(G(F), A(Dy(k),C)");  A(Dy(k),C)" := Homg i) (Dy(k), A%),

where AY is the (G, Ko )-module of smooth admissible functions f : G(A)/U — C.
Our main result (Theorem 2.4) can be rewritten as follows:

Theorem 0.1. There exists an exact sequence of G(F)-modules
0 = A(Vy(k)(e), ) — A (k), O — A(I5(k), C) — -+ = A(Dy(k), C) — 0,

such that, up to an explicit constant, the morphism 9¢ is given by the corresponding
connection morphism
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HY(G(F), A(Dy(k),C)") — H"(G(F), A(Vy(k)(e), C)H)
~ H"(G(F)*, A(Vy(k), C))(e).

We obtain the above exact sequence from extensions of the (G,,, K,,)-modules of
discrete series D, (k;) at every place o; € X. The archimedean local nature of these
connection morphisms 9° implies that the G(A®)-representation generated by 0°¢ co-
incides with the restriction to G(A*) of 7y, the automorphic representation attached
to ¢.

The image of a cuspidal automorphic representation 74 through the morphisms 0°
is used in many papers to give a group cohomological construction of cyclotomic and
anti-cyclotomic p-adic L-functions and Stickelberger elements attached to quadratic ex-
tensions of a totally real number field (see for instance [7,5,1]). The explicit form of 9°
given in Theorem 2.4 provides the interpolation properties of these objects.

Another application is the construction of Stark—Heegner points. By means of the
connection morphisms 85i1, where (¢*,e7) is a well chosen pair of characters, one can
construct a complex torus CI&@ /A attached to a weight 2 automorphic representation
e with field of coeflicients L. It is conjectured that such complex torus coincides with the
abelian variety of GLy-type attached to my. In [3], we use the cohomological description
of 7 to construct Stark—Heegner points in the complex torus, that we conjecture to be
global points in the corresponding abelian variety. Such points are conjecturally defined
over class fields of quadratic extensions of F' and satisfy explicit reciprocity laws.

Notation. Throughout this paper, we will denote by | g1 di = fSO(2) df the Haar measure
of S1 = S0(2) such that vol(S!) = 7.

Let F' be a number field. For any place v of F', we denote by F,, its completion at
v. Given a finite set of places S of F, we denote by Fg the product of completions at
every place in S. We denote by F, the product of completions at every archimedean
place. Similarly, for any subset ¥ of archimedean places, Fio\x will be the product of
completions at every archimedean place not in ¥. We denote by A the ring of adeles of
F. For any set S of places of F, we write A% for the ring adeles outside S. Consistent
with this notation, we denote by A the ring of finite adeles of F.

1. Discrete series
1.1. Finite dimensional representations

Let A be a quaternion algebra defined over a local field F'. Let K/F be an extension
where A splits. For any natural number k € N, let Pf, ~ Symk_Q(K2) be the finite
K-vector space of homogeneous polynomials of degree k — 2. We have a well defined
action of GLy(K) on PE , given by
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((i Z) *P> (z,y) :=P<(x,y) (Z Z)) = P (az + cy, bz + dy) . (1.2)

If we fix an embedding
L:A—)A@FK’:MQ(K),

then P{ , is equipped with an action of A%.
We denote by det : A—F' the reduced norm of A, and let us consider

At ={a € A: det(a) € F?}.

We write V(k)x = PE, ® det™?" with the natural action of A*. It is clear that the
centre of A* acts trivially on V (k). Notice that, if k is even, the action of A* on V (k)
extends to a natural action of A.

1.2. Discrete series and exact sequences

Assume that F = R and A = Ma(R). Let GL2(R) be the Lie algebra of GLa(R).
For any k € Z and pu € C, we define I,(k) as the (GL2(R),SO(2))-module of smooth
admissible vectors in

{f :GLy(R)* - C: f ((“ Z) g> = sign(t1)"(t1t2)® (%) f(g)}~

Write V, (k) = V(k)c ® det?. If we assume that k > 2, we have the well defined
morphism of (GL2(R), SO(2))-modules

LiV(k) — L(2—k);  o(P) (‘C‘ 2) = (ad — be) =" P(c, d).

Moreover, we have a (GL2(R), SO(2))-invariant pairing (see [2, §2])
(L) < Ly = k) —C (fg)— [ f0)g(6)ds
SO(2)
providing the morphism of (GL2(R), SO(2))-modules
¢ Lu(k) — Vou(k)Ys (@(f), P)v = (f.e(P)r.
Composing with the natural GLy(R)*-morphism

Vou(k)Y — Vu(k);  Fr— Pp(z,y) = (F,(Yz — Xy)"?) (1.3)

Vix,y)s
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we obtain a map
@ Lu(k) — Viu(k);

Py = (G YE = X9 iy, = [ 1O sing+ o cost)2as,
Sl

Remark 1.1. Notice that we have the symmetry

(F,Pa)v = (F,(G,(Yz = X9)* vy We)
= (-1D)MGAF, (Xy = Y2)* )y, Wiy, = (“1D*(G, Pr)v,

for all F,G € V,(k)".

The kernel of ¢ is D, (k) the Discrete Series (GL2(R), O(2))-module of weight k and
central character = +— sign(z)¥|x|*. This definition implies that D, (k) lies in the following
exact sequence of (GL2(R), SO(2))-modules:

0 — D, (k) — L,(k) = V,(k) — 0. (1.4)
Since any g € GLy(R)™ can be written uniquely as g = u - 7(z,y) - £(6), where

Y2 py=1/2

6 sind
u€RT, 7(z,y) = ( 12 ) € B, k() = ( cosy S

—sin6 cos@

) € S0(2),

we have that

Lk)= @ Cfs  flu t(z,y)-60) = u'y=e.

t=k (mod 2)

The (GL2(R),SO(2))-module structure of I;(k) can be described as follows: Let L, R €
GLo(R) be the Maass differential operators defined in [2, §2.2]

| 9 9 10 o[ 0 9 10
R Y — 2i0 | .. Y -~ - Y
L=e ( Yoz Ty 2i89>’ R=e (Zyax+yay+2¢ae)'

Then, the (GL2(R),SO(2))-module I;(k) is characterized by the relations:

Rfi = (%) J+2; Lf = (%) Jt—2; (1.5)
k() fr = € fi; ufy = utfy, (1.6)

for any k(0) € SO(2) and u € RT € GLy(R) ™.
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Write 2z = « + 4y and Z = = — iy. For n € {0,1,--- |k — 2}, let us consider the
elements P, € V,(k), Py(z,y) = 2"zZk=27n Tt is clear that {P,},—o,... x—2 is a basis for
the C-vector space V,,(k). We compute that

go(f)(x,y):/f(@)((2i_1)(z—E)Sin9+2_1(z+2)0059)k_2d9

Sl
= / 227k £(0) (ze7 4 ze')24p
Sl
k-2
— 92—k “p —i(2n—k+2)0
ZO( - ) A(w0) [ 100 b
n= g1

By orthogonality, we deduce that ¢(fon—_k12) = 22*"371'(16_2) P, (x,y).

n
Since x(0) P, = e~ k*+2)% P “the morphism of C-vector spaces

k—2 _ -1
sivu) =, sm) =2 (%) e (1.7)

™ n
defines a section of ¢ as SO(2)R*-modules.

Remark 1.2. Since (1.3) is an isomorphism, we can define a non-degenerate GLy(R)T-in-
variant bilinear pairing V,, (k) x V_, (k) = C

<PF7Q> = <FaQ>V7 Fe V*,u(k)év Q € Vfﬂ(k)a

which is symmetric or antisymmetric depending on the parity of k, by Remark 1.1.
Moreover, by the definition of (1.3),

P(s,t) = (P,Qs1),  Qeu(z,y) = (ys —at)" 2.
In particular,
P(—1,i) = i* *(P, Py)) = i"%(Py, P). (1.8)
Since s is a section of ¢, we compute
(P,Q) = (2(s(P)), Q)v = (s(P), (@)1, (1.9)

for all P,Q € V,(k).
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1.8. The (GLa(R),O(2))-module of discrete series

We want to give structure of (GL2(R),O(2))-module to I,(k). Hence, we have to

define the action of w = 1 1] € 0(2) \ SO(2). That is to say, we have to define

w € End(Z,(k)) such that
(1) wfi € Cf_y; (i) w?=1; (iii) wR = Luw.

If we write wf; = A(t)f_¢, condition (ii) implies that A(¢)A(—t) = 1. Moreover, condi-
tion (iii) implies that A(t) = A(t + 2). We obtain two possible (GL2(R), O(2))-module
structures for I,(k): Letting A(t) = 1 for all ¢ = k mod 2, or letting A(t) = —1 for
all t = k mod 2. Write I,,(k)* for the (GL2(R),O(2))-module such that wf, = +f 4,
respectively.

By abuse of notation, write also V,(k) and V,(k)r (in case p € R) for the
GLa(R)-representations

Va(k) = Vi(k)e = PE,@ | det |2, Vu(k)p = PE,® | det |72 .

Remark 1.3. With this GL2(R)-module structure, the pairing (-,-) introduced in Re-
mark 1.2 is not a GLg(R)-invariant in general. In fact one can show that

(9P, Q) = sign(det g)*(P,g7' Q).

Note that, for any f € I,(k)*, we have that wf(f) = £f(—0), hence we compute
that,

owf)(z,y) = /wf(@)(xcos@—l—ysin@)k_QdH
S1
:i/f(—e)(xcosa+ysm9)k*2d9
S1

= i/f(@)(m cos 0 — ysin0)*2d0 = tw(p(f))(z,y)
Sl

This implies that the exact sequence of (GL3(R), SO(2))-modules (1.4) provides the exact
sequences of (GL2(R), O(2))-modules

0 — D, (k) = I,(k)T — V, (k) — 0, (1.10)
0 — Dy(k) <5 1,(k)™ — Viu(k)(€) — 0, (1.11)

Please cite this article in press as: S. Molina, Eichler—Shimura isomorphism and group cohomology on
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where ¢ : GL2(R) — +1 is the character given by e(g) = signdet(g), D,(k) is the
(GL2(R),0(2))-module with fixed action of w given by wf(0) = f(—6), and I is the
automorphism of (GL2(R), SO(2))-modules

I:D,(k) — D,(k): I(f:)=sign(t)f:.
Note that tol is a monomorphism of (GLa(R), O(2))-modules because I(wf) = —w(I(f)).

1.4. Matriz coefficients

Let us consider A(C) the (GL2(R),SO(2))-module of admissible C* functions f :
GLy(R)* — C. For any fo € I_,(2 — k), I claim that

Pfo * I;L(k) — A(C)v P fo (f)(goo) = <g<x>f7 f0>17 Jo € GL2(R)+7

provides a well defines morphism of (GL2(R),SO(2))-modules. Indeed, for any element
of the Lie algebra G € GLy(R),

G (1)(9se) = 5 (01000 XBUG))) o= 5 (g0 XBUGYS, Fo)1) oo
= ¢5o(Gf)(9o0)-

1.5. R-structures of discrete series

As we can see in [2, §2.2], R and L are not in GLy(R), they are Caley transformations
in GLy(C) of elements in GLy(R). In fact, GLy(R) is generated by

. 0 a . J J
R+L=-2 Sln(Q@)% +2y COS(29)8—y + 5111(29)%, Uz
. 0 , 0 J 0
i(R—L)=—2y cos(QH)% -2y Sln(29)8—y + COS(29)%, and 5"

If we define hy := fi+ f—4 € I, (k)T and g; :== i(fi — f—¢) € L, (k)*, it is easy to compute
that

k+t k—t 0
(R+L)h = <—> hiqo + <—> hi—2, %ht = —1g,

2 2
. k+t k—t
i(R—L)hy = <2> Jt+2 — <2> gi—2, why = £hy

K(0)hy = cos(t0)hy — sin(tb)ge,  wge = Fge-

Hence the R-vector space I,(k)g C I,(k)* generated by h; and g; defines a
(GL2(R),O(2))-module over R.

Please cite this article in press as: S. Molina, Eichler-Shimura isomorphism and group cohomology on
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We check that the morphisms ¢ : I,,(k) "=V, (k)c and ¢ : (k) —V,,(k)(g)c descend
to morphisms of (GL2(R), O(2))-modules over R

" Lk — Ve, @7 Lu(k)g — Vu(R)r(e).

Hence the kernel D, (k)r C D, (k) of ¢ deﬁnes a (GL2(R),0(2))-module over R, gen-
erated by hg, such that D,(k)r ®r (C = D, (k). Nevertheless, the automorphism of
(GL2(R),SO(2))-modules I : D, (k)—D, (k) does not descend to an automorphism of
(GL2(R), SO(2))-modules over R since I(h;) = —sign(t)ig;. In fact,

I(D,(K)) = iDy(k)s C D (k).

We obtain the exact sequences of (GLy(R), O(2))-modules over R

0 — D,(k)r — L,(k)f — Vu(k)g — 0, (1.12)
0 — D, (k)g <5 il (k)g — iV, (k)r() — 0. (1.13)

2. Connection morphisms

In this section, we assume that G is the multiplicative group of a quaternion algebra
that splits at the set of archimedean places .. Write r = #3.. Let us consider the C-vector
space A(C) of functions f : G(A) — C such that:

e There exists an open compact subgroup U C G(A>) such that f(gU) = f(g), for all
g € G(A).

 Under a fixed identification G(Fx) ~ GL2(R)", f |g(ry)€ C*(GL2(R)", C).

¢ Fixing Ky, a maximal compact subgroup of G(F%;) isomorphic to O(2)", we assume
that any f € A(C) is Kx-finite, namely, its right translates by elements of Ky span
a finite-dimensional vector space.

o We assume that any f € A(C) is Z-finite, where Z is the centre of the universal
enveloping algebra of G(Fy).

Write p for the action of G(A) given by right translation, then (A(C), p) defines a smooth
G(A®)-representation and a (Goo, Koo )-module, where G, is the Lie algebra of G(Fy)
and Ko, = Ky X G(Fx\x). Moreover, A(C) is also equipped with the G(F)-action:

(h-f)(g) = f(h"'g), heG(F),

where g € G(A), f € A(C). Let us fix an isomorphism G(Fx) ~ GL2(R)" that maps Ky,
to O(2)" and let V be a (Goo, Koo )-module. We define

A(V,C) := Homg__ k.. )(V; A(C)),

endowed with the natural G(F)- and G(A>)-actions.
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Remark 2.1. Note that if the (Goo, Koo)-module V' comes from a finite dimensional
G(F)-representation V',

A(V,C) = C(G(A>),Hom(V,C)) = C(G(A™), V),

where V'V is seen as a G(F')-module by means of the usual injection G(F) — G(Fy),
and the action of G(F) on C(G(A*>),VV) is given by (h  f)(9) = h(f(h™'g)).

Fixo € £, p € C and let us consider D,,(k), V,,(k) and V,,(k)(¢) as (Goo, Koo )-modules
by means of the projection G(F)—G(F,). The exact sequences (1.10) and (1.11) pro-
vide the connection morphisms

957+ H'(G(F), A(V @ D, (k),C)) — H™(G(F), A(V @ V,.(k)(e5), C)),
for any of the two characters ¢, : G(F,)/G(F,)T— £ 1.
Let Vg be a (G0, Koo )-representation over R such that V' = Vg ® C. This implies that

we have a well defined complex conjugation on V by conjugating on the second factor.
Thus, we have a complex conjugation on A(V,C), given by

AV,C) 56— de AV,C);  6(v) = 6(0).

Lemma 2.2. Assume that V = Vg ®r C for some (Goo, Koo )-module Vg over R, and let
w € R. Then, for any ¢ € H/(G(F), A(V ® D,(k),C)), we have

for any c € G(F,) \ G(F,)*.

Proof. We denote by A(V ® D, (k),C)*' ¢ A(V @ D, (k),C) the subspaces where com-
plex conjugation acts by 1, respectively. Since exact sequences (1.10) and (1.11) descend
to exact sequences (1.12) and (1.13), we obtain

0— AV @V, (k)(e,),C)F — A(V @ I,(k)*",C)*** — AV @ D,(k),C)* — 0.
Hence the connection morphism satisfies
37 (H'(G(F), A(V @ Dy(k),C)™)) C HFYG(F), AV ® V,(k)(e5),C)7*)

and the result follows. O
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2.1. Explicit computation of the connection morphisms

Let us consider the section s : V,,(k)c — I, (k) of (1.7).
We compute that

(fm,tPn)1 = /emen(— sin 6, cos )db
S1

— /i2n—k+26mi96ni96(n—k+2)i9d9 — 7.[.7;2”—]6-"-25(2” —k+2+ m)’

Sl
where §(n) is the Dirac delta. Thus, g ' P = Zi;% an(goo ) Pn, where

ik7272n L ik7272n
an(goo) = - (fr—2—2n, (950 P))1 = - (Goo [ri—2—2n, L(P))1.

Since V,,(k) is generated by {Fy,---, Py—2}, we deduce that a,, = 0 unless n € {0, - -,
k — 2}. Since matrix coefficient morphism are (G,, K, )-module morphisms by §1.4, we
can compute on the one side

Ron(9) = o (g (Rfi220), (P}
(k1) g o (Pt = (41— K)o 1 (g00),
Lotn(0) = T (gL i) (P
D) g i (Pt = (04 D (g).

On the other side, we have that s(P,) = 282 (k_Q)_lfgn,kJrg. Hence,

s n

(n<k—2)Rs(P,) = 2 (k —2

-1
71) (4 1) fonora = (k — 2 n)s(Posa),

™

(n>0) Ls(P,) = 2

™

<k; - 2) ‘1(k = 1) foni = ns(Pa_1).

Assume that ¢ € A(V @ I,,(k),C) and the action of (Gy, K,) on V is trivial. For any
f e I,(k) and v € V, we will usually denote by by (f) the expression (v @ f). We aim
to compute

hp(goc) = 0u(5(955 P))(9o0: 9), oo € G(Fy)T ~ GLy(R)™,

forallg € G(A”), P € V,(k),and v € V. Since hp(goo) = ZZ;(Q) 0 (Go0) D0 (8(Pr)) (goo, 9)s
we compute
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k—2

Rhp =" ((Ron)du(s(Pn)) + andy(Rs(Py))) =

n=0
k—2 ) b1 )
=2 (n+1=k)an_16u(s(Pn)) + o —n-200(fr)
n=0
k—3 .
+ (k=2 = n)andu(s(Pny1))
n=0
k—1 ~ ~ k—1 ~
= TQkfz (ak—200(fr) — a—10u(foui)) = ——2"2a_20u(f1),
k—2 ) )
Lhp = ((Lan)¢v(5(Pn)) + an¢v(L5(Pn))) =
n=0
k—2 ) Eo1 . k—2 )
= 3 Do aduls(B) + e aodulf )+ 3 nandu(s(Pa 1))
n=0 n=1
k-1 ~ . k-1 ~
= T2k_2 (0do(f-k) — ar—10u(fr—2)) = TZk_anqu(f,k).
Notice that R = e2"2iy(Z — ﬁ%) and L = —e=2"2iy(L — 4—2%) with 7 = 2 +iy.
Since s is a morphism of SO(2)R"-modules, hp is a function of GLa(R)T/SO(2)RT ~ H,

thus hp is a function on 7 and 7. Let us compute aah—TP and E)B}L—;’: By (1.9) and (1.8),

- P e = &, 2 )
00 (1,7) = Y L) = 5 oy, PV )
- P = S e, U

by Remark 1.3, where gzgv(fk)fl;l and év(f,k)f:é are seen as functions of GLy(R)™/
SO(2)Rt =~ H. A similar (and classical) calculation shows that ¢,(fx)f, "  and
qzv( f-r) f:,i are holomorphic and anti-holomorphic, respectively.

For any P € V,,(k), g € G(A?),v € V and ¢ € A(V ® D, (k),C) the expressions

we(P,v,g)(T) := P(1, —T)%?iffk)(ﬂ g)dr, (2.14)
0s(P,v,9)(7) = P(1, T)W(T, 9)d7, (2.15)
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define holomorphic and anti-holomorphic forms in H, respectively. Moreover, it is easy
to check that

we(P,v,9) (v '7) = wys (VP 0,v9) (1), @g(Pyu,g) (v '7) = 0y (Y P, 0,79)(7),

for any v € G(F)NG(F,)*. Assume that ¢, € H"(G(F), A(V®D,(k),C)) is represented
by the n-cocycle ¢ : G(F)" — A(V ® D,(k),C). Then 05 (cy) is represented by the
(n 4 1)-cocycle d™¢, where ¢~>( ) € A(V ® I,(k)c,C) is any preimage of ¢(v) for all
7 € G(F)™. We consider the (n+1)-cocycle 957 (¢) = d"¢ — d"b, where b(v)(g)(v@P) =
¢(7)(v @ s(P))(1, g). We compute, for all P € V,(k), v €V, y= (71, - ,7) € G(F)",
a € G(F) and g € G(A7),

95 o, N)(9) (v ® P) = a ((6 —0)(7)) (v® s(P))(1,9) +
n+1

+Z ar,)(v @ s(P))(1,9),

where ali = (Oé,"}/l, T Yi—1%e afyn) fori = 1; LD and aln—i-l = (aa71a T afyn—l)'
Since (¢ — b) (7)(v ® s(P)) = 0 by construction, we obtain

35 (e, 7)(9) (v ® P) = a (6(7)) (v @ s(P))(1,9) — a (b(n)) (v® P)(g)
= 6(p)(w@s(P))(a™a™g) — d(1)(v@s(a” ' P))(1,a"g).

Since 3(x)(v ® fi) = 6(2)(v ® fi) and $(2)(v ® F-i) = € (Vo(2) (v ® f-i), we deduce
from the above computations that, for any a € G(F) N G(F,)T,

—1.
[0 K2

957 (e, ) (9)(v @ P) = (k= 1) / Wy (@ Pv,a7tg) — eo () (@7 P v, atg)

ai

= (1 - k) /wa(b(l)(Pa'Uag) - eo(c)a)aqﬁ(l)(Pavag)'

%

Remark 2.3. We have a well defined action of G(F)/G(F)" on H"(G(F)*, M), for any
G(F)-module M, given by

C'Y(O(h o 7aT) =7 (C(,y_lalrw T 77_105T7)) ’
for v € G(F), and o; € G(F)*. The image of the restriction map
H"(G(F), M) — H"(G(F)", M)

lies in HO(G(F)/G(F)*, H"(G(F)*, M)).
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Let ¢ : AX/F* — C* be a Hecke character such that, for any archimedean place
o, F — R, 9,,(z) = sign(z)ki|z|#i. Let Dy(k) be the (Goo, Koo )-module obtained
by making the tensor product of D, (k;) at the place oy, if 0y € X, and V,;(k;) at
the place oj, if o ¢ ¥. An element of Dy(k) is fx ® P¥, where fr = ®, cx fr.)
fx; € D,,(k;) are the elements defined above, and P¥ € o, g5 Vi (ki). Let Vi (k)
be the (Goo, Koo )-module obtained by making the tensor product of V,,(k;) at all
the places o;. For any character € : G(F)/G(Foo)t ~ G(F)/G(F)t — %1, we de-
note by H"(G(F)*, A(Vy(k), C))(e) the e-isotypical component, namely, the subspace of
H"(G(F)*, A(Vy(k),C)) such that the action of G(F)/G(F)™" is given by the character.
By the above remark, the restriction map provides an isomorphism

T

H"(G(F), A(Vy(k)(e),C)) = H™(G(F) ™, AV (k), C))(e).

Using the above computations, we aim to give an explicit formula for the connection
morphism:

Theorem 2.4. Let ¢ be a weight k automorphic form of G(A) with central character 1.
Then ¢ defines an element of ¢ € H°(G(F), A(Dy(k),C)). For a choice of signs at the
places at infinity

€:G(Fy)/G(Fx)™ =~ G(F)/G(F)" — £1,

the composition of the connection morphisms d._, for o € X,

€5

dc : HY(G(F), A(Dy(k),C)) — H"(G(F), A(Vys(k)(e), C))
~ H"(G(F)*, A(Vy(k), C))(e),

can be computed as follows:
dp=1[00-k) D e,
Jj+1 YEG(F)/G(F)*
where d¢ € H"(G(F)", A(Vy(k),C)) is the class of the cocycle

gimi gi1grTr
(G(F)+)T9(917927"' 7gr)'—> / / PE(la_g)

T1 g1gr—1Tr

P(fr® P)

Gy gy O

for any P = P* ® Py € Vi(k), z= (21, , 20), (11, ,7) €H".

Proof. Let S C ¥ be a subset of archimedean places such that #S = s < r. As-
sume that ¢ = o; € £\ S and let k be its corresponding weight and p = p;. Let
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V= Qq,cs Dui (ki) © Qg coo\(m\5) Vi (ki) (€c,), where S = 5\ (SU {o}). Thus, the
composition of the connection morphisms corresponding to o; € S, provides a morphism

65 : HY(G(F), A(Dy(k),C)) — H*(G(F), A(V @ D,(k),C)).
By the previous computations, if P € V,(k), g € G(A?), v €V,

3;’83¢(a,1)(g)(v ® P) = (1 - k) /waasfb(l)(P’ U?Q) - 60(0)‘3aas¢(1) (P’ Uvg)'

%

Notice that, letting ¢ € (G(F)NG(Fs)™)\ (G(F)NG(F,)"), by means of the change
of variables T = gooi + 2 = T = cgoowi € H, where goo € GLo(R)T, we obtain that

~ B . 2059(1) (0 © fk) (9o 9)
/waas¢(1)(Pv'Uag) */P(lv T) ffk(goo) dr

ca(—1)
cad v CGooW, C
_ / (cx P)(1,—2) 50w ® fi)(cgoows cg)
fk(cgoow)
c(—1)
cac7170
= - / wcaﬁsqb(l) (C * Pa v, Cg),

where 79 = ¢(—1), but in fact, this last expression does not depend on the choice of g
because H is simply connected. Since cds¢(v) = dgp(cye™) because ¢ € G(F)NG(Fg)T,
we obtain that

057 0s¢(a,7) = (1 = k)(r(e, 7) +e(c)e ™ r(cac™ eye™)),

where r is the cocycle

re,7)(@)(w® P) = / Wooss() (P, 9):

Applying a simple induction on S we obtain the desired result. O
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