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1. Introduction and main results

Let A be an Abelian variety defined over an arbitrary global field k. By famous
Mordell-Weil Theorem, the set A(k) of k-rational points on A is a finitely generated
abelain group [6]. In other words, one has A(k) = A(k)tors ® Z" where A(k)tors is a
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finite subgroup of A(k) called the torsion subgroup, and r is a non-negative number
called the (Mordell-Weil) rank of A over k and denoted by rk(A(k)). It is a mysterious
quantity associated to an Abelian variety. Finding Abelian varieties with large ranks is
one of the most challenging problems in Arithmetic and Diophantine geometry.

For example, when A is an elliptic curve defined over k = Q, it is a folklore conjecture
that the rank can be arbitrary large [12]. This conjecture should now be regarded as
being in serious doubt by the results of J. Park and et al., in [10]. In short, they predict
that the number of elliptic curves over Q with rank > 21 is finite. However, in 2006,
Elkies presented an elliptic curve over Q with 28 independent generators. In the case of
the quadratic number fields, Najman showed that there exists an elliptic curve of rank
at least 30 over k = Q(v/—3). To see the equation of these curves and more information
on the high rank elliptic curves over rational numbers and quadratic number fields, we
refer the reader to [3].

In contrast, for any prime p, there are known explicit elliptic curves over k = F,(t)
with arbitrary large rank [13,14]. In the case k = C(t), it has been proved that for a very
general elliptic curve E over k with height d > 3 and every finite rational extension k&’
of k the Mordell-Weil group E(k’) is a trivial group, see [15].

In this paper, we generalize the main result of Hazama in [5] to arbitrary cyclic
s-covers of irreducible quasi-projective varieties for any integer s > 2. We fix a global
field k of characteristic 0 or a prime number p > 2 not dividing s that contains an s-th
root of unity denoted by (. Let us denote by A[s](k) the subgroup of k-rational s-division
points of A. Assume that there exists an automorphism o € Aut(A) of order s. Given the
irreducible quasi-projective varieties V and V' with function fields K and K', respectively,
we denote Prym variety of the cyclic s-cover = : V' — V by Prym,, Jvs all defined over
k. See Section 2 for the definition and some of the properties of Prym,, ). Let G = ()
be the order s cyclic Galois group of the extension X'|K. Denote by A, the twist of A
with the extension K'|K, equivalently by the 1-cocycle a = (a,) € Z(G, Aut(A)) given
by aiq = id and a.,; = o’ for each v/ € G, see [2,4] for more on Twist Theory. Then, we
have the following theorem which is the main result of this article.

Theorem 1.1. Notation being as above, assume that there exists a k-rational point v}, €
V'(k). Then, as an isomorphism of Abelian groups, we have:

Aa(K) = Homy(Prymyy y,, A) @ Als] (k).

Moreover, if Prymy, jy, is k-isogenous to A" x B for some positive integer n and an
Abelian variety B over k, where dim(B) = 0 or dim(B) > dim(A) with no irreducible
component k-isogenous to A, then rk(Aq.(K)) > n - rk(Endy(A)).

For any curve C, let J(C) be the Jacobian variety of C and denote by J(C)[s](k) its
subgroup of k-rational and s-division points. As an application of the above Theorem, for
given integers s > 2 and 1 < r < n, we consider the cyclic s-cover 7 : C,, — V,, where
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C,, is the product of n copies of the curve Cs  given by the affine equation y* = f(z),
where f(z) € k[z] of degree r and non-zero discriminate, and V,, is the quotient of C,,
by a certain cyclic subgroup of Aut(C,,) of order s, see Section 5. Let CS 7 be the twist
of Cs 5 by the cyclic extension L|K, where K = k(V,,) and L = k(C,,). We have the
following result.

Theorem 1.2. With the above notations and assuming that there exists some k-rational
point ¢ € Cq f(k), we have

J(C3 1) (K) = (Bndy(J(Cs 5))" @ T(Co,p)[s)(R),
as an isomorphism of Abelian groups; and hence,
rh(J(CS ;) (K)) > n - rh(Endy(J (Cs.5)))-

The structure of this paper is as follows. In Section 2, we investigate some of the
properties of Prym varieties of the cyclic covers of quasi-projective varieties. In Section 3,
we recall the main result of Hazama from [5] that we are going to extend in this paper.
Finally, we prove Theorems 1.1 and 1.2 in Sections 4 and 5, respectively.

2. Prym varieties of the cyclic covers

The notion of Prym variety was introduced by Mumford in [9] and has been extensively
studied for double covers of curves in [1]. It has been generalized to the double covers of
irreducible quasi-projective varieties in [5]. Here, we generalize this notion to the case of
cyclic s-covers of varieties.

Definition 2.1. For an integer s > 2, the Prym variety of the cyclic s-cover 7 : V' — V of
irreducible quasi-projective varieties over k is defined by the quotient Abelian variety

Alb(V')
Im(id+7+---+75°71)’

Prymvl/v =

where Alb(V’) is Albanese variety and 4 is the automorphism of Alb()’) induced by an
order s automorphism v € Aut(V’) defined over k.

We note that if both of the varieties V and V' are curves, then this definition is

compatible with the one given in [8], according to the following lemma.

Lemma 2.2. Given an integer s > 2, let m : V' — V be a cyclic s-cover of irreducible
quasi-projective varieties, both as well as 7 defined over k. Suppose that v € Aut(V') is
an autormorphism of order s defined over k. Denote by 4 the automorphism of Alb(V')
induced by . Then there is a k-isogeny of Abelian varieties,
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Prymy, py ~ ker(id + 5 +--- +3°71 - A(V') — Alb(V"))°,

o

where (x)° means the connected component of its origin.

Proof. Let A = Alb(V’) and define m = dim A, my := dimker(id — v¥)°, and mq :=
dimker(id + v + -+ +*~1)°. Then, m = mj + ma by considering the induced action
on the tangent space of A at the origin. We have v(P) = P for all P € ker(id — v)° N
ker(id + v+ -+ 7*71)°, 50 0 = (id + v+ -+ +7°"1)(P) = sP which implies that
ker(id — v)° Nker(id + v + -+ +~571)° C A[s]. This shows the k-isogeny,

A~y ker(id — v)° x ker(id + + -+ 1)°.
Moreover, we note that Im(id +~ + --- +~v°~1) C ker(id — +)° and
m —mgy = dimIm(id + v+ - - + "1 = dim ker(id — 7)° = m;.
Therefore, Im(id + v + - - - +v°~1) = ker(id — 7)° that gives the desired result. O

Here, we describe a general method to construct new s-cover using the given ones.
Then, we determine the relation between their Prym Varieties. We will use this result in
the proof of Theorem 1.2.

For i = 1,2, let m; : V — V; be s-covers of irreducible quasi-projective varieties, all
defined over k. Assume that there exists some k-rational simple point v, € V/. Denote
by G; the cyclic Galois group of the corresponding function field extensions. Then, the
covering m X ma : Vi X V5 — V; X V, has Galois group Gy X Gy = Z/sZ x Z/sZ.
Suppose that W is its intermediate cover V; x Vi /G, where G is the group generated
by v = (71,72) € Aut(V] x Vi). Let 4 = (31,72) be the order s automorphism in
Aut(Alb(V]) x Alb(V4)) corresponding to v where 4; is an automorphism of Alb(V))
induced by v; € Aut(V}) of order s > 2 for ¢ = 1,2. Then there exists a k-rational
isomorphism

¢ = Alb(V]) x Alb(V5) — Alb(V; x V5)
given by ¢ = ¢ + ¢ where ¢; : Alb(V!) — Alb(V}) x Alb(V}) is induced by the
inclusion map ¢; : V! — Vi x Vi defined by ¢1(v) = (v,v}) and ¢2(v) = (v}, v). By this
isomorphism, we have ker(u) ~, ker(u1) xker(juz2), where p := id+7+- - -+7°~! and p; =
id+;+- - -+7: ! for i = 1, 2. This implies that ker(z)° ~ ker(u1)°xker(us2)°. Therefore,
applying Lemma 2.2 and putting everything together, we conclude the following result.

Proposition 2.3. As a k-rational isogeny of Abelian varieties, we have

Prymy: vy jw ~k Prymy X Prymy, y, .
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3. The result of Hazama

In [4,5], using the twist theory [2,4], Hazama gives an explicit method for construction
of Abelian varieties with large rank over function fields. In [16], Wang extended the result
of [4] to cyclic covers of the projective line with prime degrees. Inspired by Hazama’s
result, in [17], Yamagishi reduced the problem of identifying the elliptic curves of rank
1 < n < 7 with given z-coordinate of generators to the problem of finding rational
points on certain varieties. By providing a parametrization for the rational points on
those varieties, she obtained all of the elliptic curves of rank 1 < n < 7 defined over a
field of characteristic different from two.

Here, we briefly recall the main result of Hazama from [5]. Let A be an Abelian variety
over k with characteristic different from two. Suppose that m: 1V’ — V is a double cover
with Prym variety Prym,, ,, of irreducible quasi-projective varieties V and V' defined
over k. Let K and K’ be the function fields of V and V', respectively, and G be the
Galois group of the extension K'|IC. Denote by A, the twist of A by the extension K'|/C,
equivalently by the 1-cocycle a = (a,) € Z1(G, Aut(A)) given by a;q = id and a, = —id.

Theorem 3.1. With the above notations, assume that there exists a k-rational simple
point vy € V'. Then we have an isomorphism of Abelian groups,

Aa(K) = Homy(Prymyy y,, A) @ A[2](K).

Moreover, if Prymy, ), is k-isogenous with E" x B for some positive integer n, where
E is an elliptic curve over k and B is an Abelian variety with no simple component
k-isogenous to &, then rk(Ay(K)) = n - rk(Endy(E)).

We refer the reader to Theorem 2.2 and Corollary 2.3 in [5] to see the proof.
4. Proof of Theorem 1.1

Suppose that the natural map iy : V' — Alb(V’) sends v, to the origin of Alb(V’) so
that 4y is defined over k. Then, using Theorem 4 of Chapter II in [7], we have A(K') =
{k-rational maps V' — A} = Homy(Alb(V’), A) & A(k), where P € A(K') corresponds
to the pair (A, @) € Homy(Alb(V'), A) & A(k) such that P(v") = A(iy: (v")) + @ for each
v’ € V'. This implies that the action of 4/ € G is given by v/(\, Q) = (A0 7/,Q) for
j=0,---,5—1, where ¥ is the automorphism of the Albanese variety Alb()’) induced
by v € Aut(V’). Since v* = id and hence 7° = id, so

A (K) =2 {P € AKK'): by Y (P) =P, ¥y € G},
by applying Proposition 1.1 in [4]. This implies that (A, Q) € Aq(K) if and only if

W(AQ) = (A 039,Q) = (Ao 7°79,Q) = 7* (A, Q). Thus (A, Q) € A, (K) if and only if
A annihilates Im(id + 5 + - - - + ') and Q € A[s](k). Therefore,
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Aq(K) = Homy (Prymyy /y,, A) © Als] (k).

Furthermore, if we assume that Prym,, ), is k-isogenous with A" x BB for some positive
integer n and some Abelian variety B defined over k such that dim(B) = 0 or dim(B) >
dim(.A) with no irreducible component k-isogenous to A, then

Aq(K) 2 Homy (Prymy, s, A) @ Als] (k)
> Homy, (A" x B, A) @ Als|(k)
> Homy, (A", A) @ Homy (B, A) @ Als] (k)
> (Endy,(A))" @ Homy, (B, A) @ Als] (k).

Therefore, as Z-modules, we have rk(A,(K)) > n - rk(Endy(.A)).
5. The proof of Theorem 1.2

Given the integers s > 2 and 1 < r < n, fix a polynomial f(x) € k[x] of degree
r and non-zero discriminant. Consider the curve Cs ; : y* = f(z) with a rational point
¢ € Cs (k) that admits an order s automorphism ¢ : (z,y) — (z,(-y). Foreach 1 <1i < n,
let CS} be a copy of Cs ¢ defined by the affine equation y{ = f(x;) and denote by ¢; the
corresponding automorphism for each of these curves. Define C,, := []"_, Ciz} which can
be expressed by the simultaneous equations yi = f(z;) for i =1,--- ,n. Let G = () be
the order s cyclic subgroup of Aut(C,,), where v := (i1, ,i,), and define V,, := C,,/G.
If we assume that L is the function field of C,,, i.e., L = k(x1,22, "+, Tn,Y1,Y2,* s Yn)
where x1, s, - ,x, are independent transcendental variables and each y; defines a de-
gree s extension by the equation yi — f(z;) = 0, then K = k(V,,) the function field of
V,, is equal to the set of all G-invariant elements of L, i.e.,

K = LG = k((El, e 7xn7yf71y27 e ﬂyiily'nfl)-
Since (y; 'wir1)® = f(21)* ' f(2iy1) holds for i = 1,--- ,n — 1, so by defining z; :=

yi 'y;11 the variety V,, can be expressed by 25 = f(z1)* ' f(x;41) fori=1,--- ,n— 1.
Hence L|K is a cyclic extension of degree s determined by y; = f(z1), i.e.,

L= K(yl) = k(:rlv" CyTpy Ryt 7Zn71)(y1)~

Define Cif to be the twist of Cs s by the extension L|K. In a similar way as Corollary 3.1
in [4], one can see that Cf’f is defined by the affine equation f(x1)z® = f(x). It is also

easy to check that Cf  contains the following K-rational points:

Py = (z1,1) and P; := (2441, 2/ f(x1)) for (1 <i<n-—1). (1)
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Remark 5.1. The construction of C,, and V,, generalizes that given by Yamagishi in [17],
which is used to characterize the elliptic curves of rank < 7 with a given set of algebraic
numbers as z-coordinates of the generators of their Mordell-Weil group.

By the fact that the Albanese and Jacobian varieties of curves coincide and applying
Lemma 2.2 to V' = Ci?f =Cs,5 and V = P!, we have

gt

P i =
rymc_i,)f/nm Im(id + 7+ - +571)

~ ker (id+ I+ 4+ Zs_l)O.
Since 0 = id — i* = (id — 1)(id + T+ --- + *~ 1) and id # I, we have
O 44 ) € B~ BT, )

which implies that Prym /B = J(C‘(f}) foreachi=1,--- ,n. Applying Proposition 2.3,
s, f e

one can get an k-isogeny of Abelian varieties

Prymeg v, ~k HPrymcg}/Pl = J(Cs,p)". (2)
i=1 '
Let us denote by @Q; the image of P; (i = 1,---,n) given by (1) under the canonical

embedding of nyf into J(Cf’f). Define a = (a,) € Z'(G,Aut(J(Cs,¢)) by a;q = id and
ay; = 7 where v/ € G and 7 : J(Cs,y) — J(Cs,s) is the automorphism induced by
t:Csy — Cs 5. Denote by J(Cs,f)q the twist of J(Cs ¢) with the 1-cocycle a = (ay).
Then J(Cs 1) = J(Cg’f) by the lemma on page 172 in [4]. Applying Theorem 1.1 with
V' =C,,V=V,,and A= J(Cs ), we have

J(C?f)(K) = Homy (Pl"ymcn/vn, J(Cs,1)) @ J(Cs,5)[s](K)
= Homy (J(Cs, 7)™, J (Cs,p)) @ J(Cs,1)[s] (k)
= (Endy(J(Cs.1)))" @ J(Cs.1)]s] (k).

Thus, as Z-modules, we have
rk(J(CS ) (K) = n - k(Endy (J (Cs,p)))-

Tracing back the above isomorphisms shows that the points @1, -, @, belong to the
set of independent generators of J (Cf #)E).
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