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Abstract

It is proved that the function YðzÞ ¼
P

kX0
zR0þR1þ?þRk

ð1�zR0 Þð1�zR1 Þ?ð1�zRk Þ; which can be expressed as a

certain continued fraction, takes algebraically independent values at any distinct nonzero

algebraic numbers inside the unit circle if the sequence fRkgkX0 is the generalized Fibonacci

numbers.
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1. Introduction

Let fFkgkX0 be the sequence of the Fibonacci numbers defined by

F0 ¼ 1; F1 ¼ 2; Fkþ2 ¼ Fkþ1 þ Fk ðkX0Þ:

Beresin, Levine, and Lubell [1] proved that ifY
kX0

ð1 � zFkÞ ¼
X
kX0

eðkÞzk;
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then eðkÞ ¼ 0 or 71 for any kX0: Tamura [7] generalized this result by proving the
following theorem: Let fRkgkX0 be a linear recurrence of positive integers satisfying

Rkþn ¼ Rkþn�1 þ?þ Rk ðkX0Þ

with nX2 and let

PðzÞ ¼
Y
kX0

ð1 � zRkÞ ¼
X
kX0

eðkÞzk:

Then, if n is even, feðkÞ j kX0g is a finite set; if in addition Rk ¼ 2k ð0pkpn � 1Þ;
eðkÞ ¼ 0 or 71 for any kX0: He also showed that Pðg�1Þ is irrational for any integer
g with jgjX2: In the same paper, he studied a Lambert-type series

YðzÞ ¼
X
kX0

zR0þR1þ?þRk

ð1 � zR0Þð1 � zR1Þ?ð1 � zRkÞ

and proved, using its continued fraction expansion

YðzÞ ¼ zR0

1 � zR0 þ �zR1 ð1�zR0 Þ

1þ �zR2 ð1�zR1 Þ
1þ

&

þ�zRn ð1�zRn�1 Þ
1þ

&

;

that Yðg�1Þ is irrational for any integer gX2: It is conjectured in [7] that PðaÞ and
YðaÞ are transcendental for any algebraic number a with 0ojajo1: We note that the
transcendency of PðaÞ; and even the algebraic independence of the values of PðzÞ at
distinct algebraic numbers, can be deduced from Theorem 5 in [9]: Let a1;y; ar be
algebraic numbers with 0ojaijo1 ð1piprÞ such that none of ai=aj ð1piojprÞ is a

root of unity. Then PðaiÞ ð1piprÞ are algebraically independent. In this paper we
prove the algebraic independency of the values at algebraic numbers of YðzÞ defined
by a linear recurrence which is more general than fRkgkX0: Such values can be

reduced to those of Mahler functions of several variables, which satisfies a more
general type of functional equation than that discussed in [9], so that we need new
techniques in this paper to treat these functions.

Let fakgkX0 be a linear recurrence of positive integers satisfying

akþn ¼ c1akþn�1 þ?þ cnak ðkX0Þ; ð1Þ

where c1;y; cn are nonnegative integers with cna0: For any kX0; let Nk be the
greatest common divisor of n consecutive terms ak; akþ1;y; akþn�1: We define a
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polynomial associated with (1) by

FðXÞ ¼ X n � c1X n�1 �?� cn: ð2Þ

Theorem. Let fakgkX0 be a linear recurrence satisfying (1). Suppose that fakgkX0 is

not a geometric progression. Assume that Fð71Þa0 and the ratio of any pair of

distinct roots of FðXÞ is not a root of unity. Define

f ðzÞ ¼
X
kX0

za0þa1þ?þak

ð1 � za0Þð1 � za1Þ?ð1 � zakÞ

¼ za0

1 � za0 þ �za1ð1 � za0Þ

1 þ �za2ð1 � za1Þ
1þ

&

þ�zanð1 � zan�1Þ
1þ

&

: ð3Þ

Let a1;y; ar be algebraic numbers with 0ojaijo1 ð1piprÞ: Then f ða1Þ;y; f ðarÞ are

algebraically dependent if and only if there exist some kX0 and distinct i; j ð1pi; jprÞ
such that aNk

i ¼ aNk

j :

Remark 1. Theorem with r ¼ 1 implies that f ðaÞ and so in particular YðaÞ is

transcendental, since the characteristic polynomial X n � ðX n�1 þ?þ 1Þ of
fRkgkX0 is irreducible over Q and its roots r1;y; rn satisfy r1414
maxfjr2j;y; jrnjg (cf. Lemma 10 in [6]) and so, by Remark 1 in [8], none of
ri=rj ðiajÞ is a root of unity, which means that Theorem can be applied to YðzÞ:
Thus, both of the Tamura’s problems mentioned above has been completely settled.

As a corollary of Theorem, we find a new class of functions each of which takes
algebraically independent values at any given distinct algebraic numbers different
from zero.

Corollary. Let fakgkX0 be as in Theorem. Suppose in addition that Nk ¼
g:c:d:ðak; akþ1;y; akþn�1Þ ¼ 1 for any kX0: Let f ðzÞ be the function of the variable

z defined by (3) and let a1;y; ar be algebraic numbers with 0ojaijo1 ð1piprÞ: Then

f ða1Þ;y; f ðarÞ are algebraically independent if a1;y; ar are distinct.

Remark 2. The condition that Nk ¼ 1 for any kX0 is satisfied if cn ¼ 1 in (1)
and g:c:d:ða0;y; an�1Þ ¼ 1: For instance, the linear recurrence fRkgkX0 defined

above satisfies this condition if g:c:d:ðR0;y;Rn�1Þ ¼ 1:
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Example. If g:c:d:ðR0;y;Rn�1Þ ¼ 1; then Yða1Þ;y;YðarÞ are algebraically inde-
pendent for any distinct algebraic numbers a1;y; ar with 0ojaijo1 ð1piprÞ by the
corollary with Remarks 1 and 2.

2. Lemmas

Let Fðz1;y; znÞ and F ½½z1;y; zn

 denote the field of rational functions and the
ring of formal power series in variables z1;y; zn with coefficients in a field F ;
respectively, and F� the multiplicative group of nonzero elements of F : Let O ¼ ðoijÞ
be an n � n matrix with nonnegative integer entries. Then the maximum r of the
absolute values of the eigenvalues of O is itself an eigenvalue (cf. [2, Theorem 3, p.
66]). If z ¼ ðz1;y; znÞ is a point of Cn with C the set of complex numbers, we define
a transformation O : Cn-Cn by

Oz ¼
Yn

j¼1

z
o1j

j ;y;
Yn

j¼1

z
onj

j

 !
: ð4Þ

We suppose that O and an algebraic point a ¼ ða1;y; anÞ; where ai are nonzero
algebraic numbers, have the following four properties:

(I) O is nonsingular and none of its eigenvalues is a root of unity, so that in
particular r41:

(II) Every entry of the matrix Ok is OðrkÞ as k tends to infinity.
(III) If we put Oka ¼ ðaðkÞ1 ;y; aðkÞn Þ; then

log jaðkÞi jp� crk ð1pipnÞ

for all sufficiently large k; where c is a positive constant.
(IV) For any nonzero f ðzÞAC ½½z1;y; zn

 which converges in some neighborhood of

the origin, there are infinitely many positive integers k such that f ðOkaÞa0:

We note that property (II) is satisfied if every eigenvalue of O of absolute value r is
a simple root of the minimal polynomial of O:

Lemma 1 (Tanaka [8, Lemma 4, Proof of Theorem 2]). Suppose that Fð71Þa0 and

the ratio of any pair of distinct roots of FðX Þ is not a root of unity, where FðX Þ is the

polynomial defined by (2). Let

O ¼

c1 1 0 y 0

c2 0 1 & ^

^ ^ & & 0

^ ^ & 1

cn 0 y y 0

0
BBBBBB@

1
CCCCCCA ð5Þ
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and let b1;y; bs be multiplicatively independent algebraic numbers with

0ojbjjo1 ð1pjpsÞ: Let p be a positive integer and put

O0 ¼ diagðOp;y;Op|fflfflfflfflfflffl{zfflfflfflfflfflffl}
s

Þ:

Then the matrix O0 and the point

b ¼ ð1;y; 1|fflfflffl{zfflfflffl}
n�1

; b1;yy; 1;y; 1|fflfflffl{zfflfflffl}
n�1

; bsÞ

have properties (I)–(IV).

Lemma 2 (Kubota [3], see also Nishioka [5]). Let K be an algebraic number field.

Suppose that f1ðzÞ;y; fmðzÞAK ½½z1;y; zn

 converge in an n-polydisc U around the

origin and satisfy the functional equations

fiðOzÞ ¼ aiðzÞfiðzÞ þ biðzÞ ð1pipmÞ;

where aiðzÞ; biðzÞAKðz1;y; znÞ and aið0Þ is defined and nonzero. Assume that the n � n

matrix O and a point aAU whose components are nonzero algebraic numbers have

properties (I)–(IV) and that aiðzÞ are defined and nonzero at Oka for all kX0: If

f1ðzÞ;y; fmðzÞ are algebraically independent over Kðz1;y; znÞ; then f1ðaÞ;y; fmðaÞ
are algebraically independent.

Lemma 2 is essentially due to Kubota [3] and improved by Nishioka [5].
In what follows, C denotes a field of characteristic 0. Let L ¼ Cðz1;y; znÞ and let

M be the quotient field of C½½z1;y; zn

: Let O be an n � n matrix with nonnegative
integer entries having property (I). We define an endomorphism t : M-M by

f tðzÞ ¼ f ðOzÞ ðf ðzÞAMÞ

and a subgroup H of L� by

H ¼ fgtg�1 j gAL�g:

Lemma 3 (Kubota [3], see also Nishioka [5]). Let fiAM ði ¼ 1;y;mÞ satisfy

f t
i ¼ aifi þ bi;

where aiAL�; biAL ð1pipmÞ: Suppose that ai; bi ð1pipmÞ have the following

properties:

(i) For any i ð1pipmÞ; there is no element g of L satisfying

gt ¼ aig þ cbi; cAC�:
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(ii) For any distinct i; j ð1pi; jpmÞ; aia
�1
j eH:

Then the functions fi ð1pipmÞ are algebraically independent over L:

We adopt the usual vector notation, that is, if I ¼ ði1;y; inÞANn
0 with N0 the set

of nonnegative integers, we write zI ¼ zi1
1 ?zin

n : We denote by C½z1;y; zn
 the ring of

polynomials in variables z1;y; zn with coefficients in C:

Lemma 4 (Nishioka [5]). If A;BAC½z1;y; zn
 are coprime, then ðAt;BtÞ ¼ zI ; where

IANn
0:

Lemma 5 (Tanaka [9]). Let O be an n � n matrix with nonnegative integer entries

which has property (I). Let RðzÞ be a nonzero polynomial in C½z1;y; zn
: If RðOzÞ
divides RðzÞzI ; where IANn

0; then RðzÞ is a monomial in z1;y; zn:

Lemma 6. Let PðzÞ be a nonconstant polynomial in z ¼ ðz1;y; znÞ with nX2: Let O be

an n � n matrix with positive integer entries which has property (I). Then

degz PðOzÞ4degz PðzÞ:

Proof. Let czJ be a term of PðzÞ for which degz PðzÞ ¼ Jt1 holds, where 1 ¼
ð1;y; 1ÞANn

0: Then czJO is a term of PðOzÞ and so

degz PðOzÞXJOt1XnJt14Jt1:

This completes the proof of the lemma. &

Let fakgkX0 be a linear recurrence satisfying (1) and define a monomial

PðzÞ ¼ zan�1

1 ?za0
n ; ð6Þ

which is denoted similarly to (4) by

PðzÞ ¼ ðan�1;y; a0Þz: ð7Þ

Let O be the matrix defined by (5). It follows from (1), (4), and (7) that

PðOkzÞ ¼ z
akþn�1

1 ?zak
n ðkX0Þ:

Lemma 7 (Tanaka [9]). Suppose that fakgkX0 is not a geometric progression. Assume

that Fð71Þa0 and the ratio of any pair of distinct roots of FðX Þ is not a root of unity.

Let %C be an algebraically closed field of characteristic 0. Suppose that GðzÞ is an

element of the quotient field of %C½½z1;y; zn

 satisfying the functional equation of the
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form

GðzÞ ¼
Ypþq�1

k¼q

QkðPðOkzÞÞ
 !

GðOpzÞ;

where O is defined by (5), p40; qX0 are integers, and QkðXÞA %CðX Þ ðqpkpp þ
q � 1Þ are defined and nonzero at X ¼ 0: If GðzÞA %Cðz1;y; znÞ; then GðzÞA %C and

QkðX ÞA %C� ðqpkpp þ q � 1Þ:

3. Proof of Theorem

Proof of Theorem. First, we prove that if a
Nk0

i1
¼ a

Nk0

i2
for some k0X0 and distinct

i1; i2 ð1pi1; i2prÞ; then f ðai1Þ and f ðai2Þ are algebraically dependent. We see by (1)

that Nk0
divides ak for any kXk0: Hence, if a

Nk0

i1
¼ a

Nk0

i2
; then aak

i1
¼ aak

i2
for any kXk0;

so that

Yk0�1

k¼0

1 � aak

i1

aak

i1

f ðai1Þ �
Xk0�1

k¼0

Yk

l¼0

aal

i1

1 � aal

i1

 !

¼
X
kXk0

Yk

l¼k0

aal

i1

1 � aal

i1

¼
X
kXk0

Yk

l¼k0

aal

i2

1 � aal

i2

¼
Yk0�1

k¼0

1 � aak

i2

aak

i2

f ðai2Þ �
Xk0�1

k¼0

Yk

l¼0

aal

i2

1 � aal

i2

 !
;

which means that f ðai1Þ and f ðai2Þ are algebraically dependent.
Next we prove that if f ða1Þ;y; f ðarÞ are algebraically dependent, then there exist

some kX0 and distinct i1; i2 ð1pi1; i2prÞ such that aNk

i1
¼ aNk

i2
: Suppose that

f ða1Þ;y; f ðarÞ are algebraically dependent. There exist multiplicatively independent
algebraic numbers b1;y; bs with 0ojbjjo1ð1pjpsÞ such that

ai ¼ zi

Ys

j¼1

beij

j ð1piprÞ; ð8Þ

where z1;y; zr are roots of unity and eij ð1pipr; 1pjpsÞ are nonnegative integers

(cf. [4,5]). Take a positive integer N such that zN
i ¼ 1 for any i ð1piprÞ: We can

choose a positive integer p and a sufficiently large integer q such that akþp 

ak ðmod NÞ for any kXq: Let yjl ð1pjps; 1plpnÞ be variables and let yj ¼
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ðyj1;y; yjnÞ ð1pjpsÞ; y ¼ ðy1;y; ysÞ: Define

giðyÞ ¼
X
kXq

Yk

l¼q

zal

i

Qs
j¼1 PðOlyjÞ

eij

1 � zal

i

Qs
j¼1 PðOlyjÞ

eij
ð1piprÞ;

where PðzÞ and O are defined by (6) and (5), respectively. Letting

b ¼ ð1;y; 1|fflfflffl{zfflfflffl}
n�1

; b1;yy; 1;y; 1|fflfflffl{zfflfflffl}
n�1

; bsÞ;

we see that

giðbÞ ¼
X
kXq

Yk

l¼q

aal

i

1 � aal

i

and so

f ðaiÞ ¼
Yq�1

k¼0

aak

i

1 � aak

i

 !
giðbÞ þ

Xq�1

k¼0

Yk

l¼0

aal

i

1 � aal

i

:

Hence the values giðbÞ ð1piprÞ are algebraically dependent. Let

O0 ¼ diag ðOp;y;OpÞ|fflfflfflfflfflfflffl{zfflfflfflfflfflfflffl}
s

;

where p is replaced by its multiple such that all the entries of Op are positive. (We can
choose such a p: For the proof see [8].) Then each giðyÞ satisfies the functional
equation

giðyÞ ¼
Ypþq�1

k¼q

zak

i

Qs
j¼1 PðOkyjÞ

eij

1 � zak

i

Qs
j¼1 PðOkyjÞ

eij

 !
giðO0yÞ

þ
Xpþq�1

k¼q

Yk

l¼q

zal

i

Qs
j¼1 PðOlyjÞ

eij

1 � zal

i

Qs
j¼1 PðOlyjÞ

eij
;

where O0y ¼ ðOpy1;y;OpysÞ: Let D ¼ jdetðO� IÞj; where I is the identity matrix.
Then D is a positive integer, since Fð1Þa0; where FðXÞ is the polynomial

defined by (2). Let y0
jl ¼ y

1=D
jl ð1pjps; 1plpnÞ; y0

j ¼ ðy0
j1;y; y0

jnÞ ð1pjpsÞ;
and y0 ¼ ðy0

1;y; y0
sÞ: Noting that

Qs
j¼1 PððO� IÞ�1OqyjÞ

eij ¼
Qs

j¼1 PðDðO� IÞ�1

Oqy0
jÞ

eijA %Qðy0Þ; we define

hiðy0Þ ¼
Ys

j¼1

PððO� IÞ�1OqyjÞ
eij

 !
giðyÞ � Riðy0Þ

¼
Ys

j¼1

PðDðO� IÞ�1Oqy0
jÞ

eij

 !
giðy0Þ � Riðy0Þ ð1piprÞ;
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where

giðy0Þ ¼
X
kXq

Yk

l¼q

zal

i

Qs
j¼1 PðOly0

jÞ
Deij

1 � zal

i

Qs
j¼1 PðOly0

jÞ
Deij

A %Q½½y0

;

Riðy0Þ ¼
Ys

j¼1

PðDðO� IÞ�1Oqy0
jÞ

eij

 !Xk1

k¼q

Yk

l¼q

zal

i

Qs
j¼1 PðOly0

jÞ
Deij

1 � zal

i

Qs
j¼1 PðOly0

jÞ
Deij

A %Qðy0Þ;

and k1 is such a large integer that hiðy0ÞA %Q½½y0

 ð1piprÞ: Then each hiðy0Þ satisfies
the functional equation

hiðy0Þ ¼
Ypþq�1

k¼q

zak

i

1 � zak

i

Qs
j¼1 PðOky0

jÞ
Deij

 !
hiðO0y0Þ

þ
Ys

j¼1

PðDðO� IÞ�1Oqy0
jÞ

eij

 ! Xpþq�1

k¼q

Yk

l¼q

zal

i

Qs
j¼1 PðOly0

jÞ
Deij

1 � zal

i

Qs
j¼1 PðOly0

jÞ
Deij

þ
Ypþq�1

k¼q

zak

i

1 � zak

i

Qs
j¼1 PðOky0

jÞ
Deij

 !
RiðO0y0Þ � Riðy0Þ;

where O0y0 ¼ ðOpy0
1;y;Opy0

sÞ: Since giðbÞ ð1piprÞ are algebraically dependent, so

are hiðb0Þ ð1piprÞ; where

b0 ¼ ð1;y; 1|fflfflffl{zfflfflffl}
n�1

; b1=D
1 ;yy; 1;y; 1|fflfflffl{zfflfflffl}

n�1

;b1=D
s Þ:

By Lemma 1, the matrix O0 and b0 have properties (I)–(IV). Then the functions

hiðy0Þ ð1piprÞ are algebraically dependent over %Qðy0Þ by Lemma 2. Hence

giðyÞ ð1piprÞ are algebraically dependent over %Qðy0Þ and so they are algebraically

dependent over %QðyÞ: Therefore by Lemma 3, at least one of the following two cases
arises:

(i) For some i ð1piprÞ; there exist an algebraic number ca0 and FðyÞA %QðyÞ
such that

FðyÞ ¼
Ypþq�1

k¼q

zak

i

Qs
j¼1 PðOkyjÞ

eij

1 � zak

i

Qs
j¼1 PðOkyjÞ

eij

 !
FðO0yÞ

þ c
Xpþq�1

k¼q

Yk

l¼q

zal

i

Qs
j¼1 PðOlyjÞ

eij

1 � zal

i

Qs
j¼1 PðOlyjÞ

eij
: ð9Þ

(ii) For some distinct i1; i2 ð1pi1; i2prÞ; there exists GðyÞA %QðyÞ\f0g such that

GðyÞ ¼
Ypþq�1

k¼q

zak

i1

Qs
j¼1 PðOkyjÞ

ei1 j ð1 � zak

i2

Qs
j¼1 PðOkyjÞ

ei2 j Þ
zak

i2

Qs
j¼1 PðOkyjÞ

ei2 j ð1 � zak

i1

Qs
j¼1 PðOkyjÞ

ei1 j Þ

 !
GðO0yÞ: ð10Þ
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Let M be a positive integer and let

yj ¼ ðyj1;y; yjnÞ ¼ ðzM j

1 ;y; zM j

n Þ ð1pjpsÞ;

where M is so large that the following two properties are both satisfied:

(a) If ðei1;y; eisÞaðei01;y; ei0sÞ; then
Ps

j¼1 eijM
ja
Ps

j¼1ei0jM
j:

(b) F �ðzÞ ¼ FðzM
1 ;y; zM

n ;y; zMs

1 ;y; zMs

n ÞA %Qðz1;y; znÞ;

G�ðzÞ ¼ GðzM
1 ;y; zM

n ;y; zMs

1 ;y; zMs

n ÞA %Qðz1;y; znÞ\f0g:

Then by (9) and (10), at least one of the following two functional equations holds:

F�ðzÞ ¼
Ypþq�1

k¼q

zak

i PðOkzÞEi

1 � zak

i PðOkzÞEi

 !
F �ðOpzÞ þ c

Xpþq�1

k¼q

Yk

l¼q

zal

i PðOlzÞEi

1 � zal

i PðOlzÞEi
; ð11Þ

G�ðzÞ ¼
Ypþq�1

k¼q

zak

i1
PðOkzÞEi1 ð1 � zak

i2
PðOkzÞEi2 Þ

zak

i2
PðOkzÞEi2 ð1 � zak

i1
PðOkzÞEi1 Þ

 !
G�ðOpzÞ; ð12Þ

where Ei ¼
Ps

j¼1 eijM
j for any i ð1piprÞ:

Suppose that (11) holds. Letting F �ðzÞ ¼ AðzÞ=BðzÞ; where AðzÞ and BðzÞ are

coprime polynomials in %Q½z1;y; zn
; we have

AðzÞBðOpzÞ
Ypþq�1

k¼q

ð1 � zak

i PðOkzÞEiÞ

¼ AðOpzÞBðzÞ
Ypþq�1

k¼q

zak

i PðOkzÞEi

þ cBðzÞBðOpzÞ
Xpþq�1

k¼q

Yk

l¼q

zal

i PðOlzÞEi
Ypþq�1

m¼kþ1

ð1 � zam

i PðOmzÞEiÞ ð13Þ

by (11). We can put ðAðOpzÞ; BðOpzÞÞ ¼ zI ; where IANn
0; by Lemma 4. Then BðOpzÞ

divides BðzÞzI
Qpþq�1

k¼q PðOkzÞEi : Therefore BðzÞ is a monomial in z1;y; zn by

Lemmas 1 and 5. If q is sufficiently large, the right-hand side of (13) is divided by
z1?znBðOpzÞ and thus AðzÞ is divided by z1?zn: Since AðzÞ and BðzÞ are coprime,

BðzÞA %Q�: If AðzÞe %Q; then degz AðOpzÞ4degz AðzÞ by Lemma 6, which is a

contradiction by comparing the total degrees of both sides of (13). Hence AðzÞA %Q:
Letting z1 ¼ ? ¼ zn ¼ 0 in (13), we get AðzÞ ¼ 0: Dividing both sides of (13) by

PðOqzÞEi and then letting z1 ¼ ? ¼ zn ¼ 0; we see that c ¼ 0; a contradiction.
Therefore (12) must hold.
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Then by Lemma 7 we see that

zak

i1
X Ei1 ð1 � zak

i2
X Ei2 Þ

zak

i2
X Ei2 ð1 � zak

i1
X Ei1 Þ

¼ gkA %Q�

for any k ðqpkpp þ q � 1Þ; where X is a variable. Hence Ei1 ¼ Ei2 ; gk ¼ 1 and

zak

i1
¼ zak

i2
ðqpkpp þ q � 1Þ: Therefore ðei11;y; ei1sÞ ¼ ðei21;y; ei2sÞ by the property

(a), and zak

i1
¼ zak

i2
ðkXqÞ since akþp 
 ak ðmod NÞ for any kXq: Hence aak

i1
¼

aak

i2
ðqpkpq þ n � 1Þ by (8) and so aNq

i1
¼ aNq

i2
: This completes the proof of the

theorem.
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