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Abstract

We show that, for all characteristig global fieldsk and natural numbera coprime to the
order of the norp-part of the Picard group Plck) of k, there exists an abelian extensidn k
whose local degree at every prime lfis equal ton. This answers in the affirmative in this
context a question recently posed by Kisilevsky and Sonn. As a consequence, we show that,
for all n and k as above, then-torsion subgroup Br(k) of the Brauer group Bk) of k is
algebraic, answering a question of Aldjaeff and Sonn in this context.
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0. Introduction

Let k be a field andh a strictly positive integer. We denote by, Bk) the n-torsion
subgroup of the Brauer group & of k. In [AS], the authors raise the question whether
the group By (k) is algebraic, i.e. equal to the kernel (By k) of the restriction map
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Br(k) — Br(L), for an algebraic separable extensibpk. For arbitrary fieldsk, the
answer to this question is in general “No” (sp&S] for an example). However, the
guestion is still open in the case where the fikld a global field, i.e. either a number
field or a characteristip-function field with a finite constant field. 1fAS,KS], the
authors answer this question in the affirmative in certain instances Whsra number
field. In this paper, we are concerned with this question in the situation wherea
global function field. It turns out that, for a given global function fiélchnd a given
integern, the group By (k) is algebraic if there exists a Galois extensibyk of local
degree equal tm at every primev of k (see Proposition 1.5 below). Consequently, in
this paper we focus mainly on the construction of such Galois extensions, which is
an interesting problem in its own right. We use global and local class-field theoretical
methods to show that, givemandk as above, there exists an abelian Galois extension
L/k whose local degrees are all equal ioprovided thatn is coprime to the order

of the nonp part of the order of the Picard group kf(see Theorem 5.1 below). The
proof is divided into two major cases: the case whers a p-power (see Section 3)
and the case whemis coprime top (see Section 4). Our approach to the coprime-to-
case was inspired by the constructions of Kisilevsky and Sonn in the case Wwigere

a number field whose class-number is copriment¢see [KS]). The proof of thep-
power case uses methods and results which are more specific to charaqiegistial
fields.

1. Notations, definitions, and setup
1.1. Global function fields

Throughout this papep denotes a fixed prime number,;= p’ denotes a fixed power
of p, with v e N3, andF, denotes the field ofj elements. Lek be a characteristic
p global field (i.e. a finite extension of a rational fiellg(T) of variableT) of exact
field of constantsF,, meaning thatr, is contained and algebraically closed knWe
denote byJ; de group of idéles ok and by Pi€(k) the Picard group of equivalence
classes of degree 0 divisors kn In the sequel, we refer to the equivalence classes of
valuations ofk as the primes ok. They are in a canonical one-to-one correspondence
to the non-zero prime ideals of various Dedekind subring&. dfor every primev in
k, we letk, denote the completion & with respect tov. As usual, we letO,, m,, U,
and Uv(l) := 1+ m, denote the valuation ring, its maximal ideal, the group of units,
and group of principal units irt,, respectively. The grouyﬁ]él) comes endowed with
the canonical fiItratior{UISi)}i>1, whereU,fi) = 1+me, for all i > 1. The residue field
F,;(v) := O0,/my is a finite extension of,, and its degred, := [F,(v) : F,] is called
the degree ofv over F,. If =, is a uniformizer forv, then there are canonical ring
isomorphisms

Oy — Fua,llmll,  ky — Fya ((m))
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and group isomorphisms
U,/ Ut = Fro: U S Ul x Fr s O uith S b

for all i € N> 1. ConsequentIyU,fl) is a prop group and therefore a (compact) topo-
logical Z,-module. ItsZ,-module structure is described by the following proposition,
whose proof can be found ifi, Proposition 2.8, p. 25]

Proposition 1.1. As a topologicalZ ,-module Uél) is isomorphic to a product of count-
ably many copies o7 ,.

For a givenk as above and a givem € N>, we denote by, the constant field
extension of degreen of k, i.e. the field compositunt - F,» over [, inside a fixed
separable closure d€ The following is a direct consequence of class-field theory.

Lemma 1.2. (1) The extensior,, /k is unramified everywhere
(2) A prime v in k splits in a product afcd(m, d,) distinct primes ink,, /.

In what follows, P, will denote the set of primes of the global function fikd

Definition 1.3. A separable extensioh/k of k is called of finite (respectively constant,
equal ton) local degree if[L,, : k,] is finite (respectively equal ta), for all v € Py
and allw € P, such thatw divides v.

If L/k is a Galois extension then, for eache P, the local degre¢L,, : k,] does
not depend orw € P, dividing v, and will be denoted byL : k], in what follows.

1.2. Brauer groups of global function fields

In what follows, if k is an arbitrary field, we denote by & its Brauer group. For
the definitions, examples and properties of Brauer groups which are relevant in the
present context, the reader can con$8lt The Brauer group Bk) is a commutative,
torsion group, and there exists a canonical group isomorphism

Jk
H2(G(k/k), k) — Br(),

wherek denotes a separable closurekaind H (G (k/k), M) is theith Galois cohomol-
ogy group with coefficients in th& (k/k)-moduleM. If L/k is an algebraic separable
field extension, then the restriction mapesat the level of Galois-cohomology groups
induces a restriction map at the level of Brauer groups, also denoted by ,resich
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that the following diagram is commutative.

Jk
HX(G (k/k). k) —— Br(k)

\L resL l resyL (D)
jL
H2(G(L/L),L™) — Br().

The kernel of reg, is denoted by B{L/k) and it is a subgroup of Bk) called the
L/k-relative Brauer group.

Definition 1.4. A subgroupH of Br(k) is calledalgebraic if there exists a separable
algebraic extensiot./k, such thatH = Br(L/k).

For anym € Z>1, we denote by By(k) the m-torsion subgroup of Bk). In
[AS], the authors raise the question whether, given a #elthdm € Z > 1, the group
Br,, (k) is algebraic. For arbitrary fields the answer to this question is in general “No”
(see[AS] for an example). However, the question is open in the case where the field
k is a global field, i.e. either a number field or a characterigtfanction field with a
finite constant field. IMAS,KS] the authors answer this question in the affirmative in
certain instances wherk is a number field. In this paper, we are concerned with
this question in the case whekeis a global function field.

Proposition 1.5. Let k be a characteristic p global fieldet m € Z>1, and let L/k
be a Galois extensigrsuch that[L : k], = m, for all v € P,. Then we have

Br(L/k) = Bry, (k).
In particular, Br,, (k) is algebraic

Proof. We need a few standard facts about Brauer groups of global function fields.
The reader can consyB] for the proofs. IfE is a global function field, then there are
canonical group morphisms

r€SE/Ey inva

Br(E) Br(Ey) ——— Q/Z

for all w € Pr. The composition iny :=resg/,, oinvg,, is called the local invariant
map atw. For everyx € Br(E), one has iny(x) = 0, for all but finitely manyw € Pg.
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The Brauer group RIE) fits in an exact sequence

@wepE ian

0 — Br(E) P a/z—a/z-o, )

wePg

where the right-most non-trivial map sends every elemer@gf.p, Q/Z into the sum
of its components. IfE/k is a finite extension of global function fields, then for all
w € Pg andv € Py, such thatw dividesv, one has commutative diagrams

iV,
Br(k,) —— Q/Z
\L €%y /Ew \L [Ewky] (3)
invg,,

Br(g,) —— Q/Z.

These lead to the following morphism of short exact sequences:

Dyinvy,
0 —= Brk) — P,0Q/Z Q/z 0
\L res,/ e l @v(@w\leu::kv]) l (4)
Swinvy

where v runs throughP; and w runs throughPg. Now, we return to the proof of
Proposition 1.5. Leik be an element of By(k), ant letS, be the finite subset oPy
consisting of all thosew € P4, such that iny(x) # 0. Since[L : k], = m, for all
v € Pk, and S, is finite, Krasner's Lemma (sdg, Il, Section 2) implies the existence
of a finite Galois extensiorE/k, with E C L, such that(E : k], = m, for all v € S,.
Sincex € Br,, (k), the exact sequence (2) fér := k implies that iny(x) € (1/m)Z/Z,
for all v € P,. Consequently, the commutative diagram (3) implies that

iNvy, (rese(x)) = [E : k], - invy,(x) =0

for all w € Pg andv € Py sitting beloww. Consequently, the commutative diagram
(4) implies that regg(x) = 0. Therefore, we have € Br(E/k). However, (1) implies
that B(E/k) C Br(L/k). Consequently, we have an inclusion,Bt) C Br(L/k).

Now, let x € Br(L/k). The commutative diagram (1) implies that there exiBisk
finite, Galois, with £ C L, such thatx € Br(E/k). The commutative diagram (3)
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shows that
invy, (res/e(x)) =[E : k], -invy(x) =0

for all w € Pg andv € P sitting beloww. However, sincgdE : k], is a divisor of
[L : k], = m, for all v e Py, the last equality shows that

inv, (x) € (1/m)Z/Z,

for all v € Py. Now, via the exact sequence (2) fbr:= k, this implies thatv € Br,, (k),
which concludes the proof of Proposition 1.9

2. Reduction steps

Proposition 1.5 above shows that the algebraicity gf(Brfor a given global function
field k and a giverm € N> 1 is a consequence of the existence of a separable algebraic
extensionL /k with constant local degrees equalrnoThe existence of such extensions
L/k is an interesting question in its own right. The remainder of this paper focuses
mainly on this question. The following lemmas provide two reduction steps which
will turn out to be very useful in the process of constructing extensiofis of finite
constant local degrees.

Lemma 2.1. Assume thak = ¢7* - ... ¢, with £1,..., ¢, distinct primes numbers
and a1, ...,a, € N>1. If L;/k are Galois extensions such thgk; : k], = E?", for
all ve Py, and alli =1,...,r, then their compositunL := Ly -...- L, is a Galois

extension satisfyingL : k], = n, for all v € P.

Proof. This is a direct consequence of the fact that local degrees are multiplicative in
towers of fields. O

Lemma 2.1 allows us to reduce the proof of the main theorem to the case where
is a prime power.

Lemma 2.2. If k/k’ is a finite separable extension of local degrees coprime to n and
L'/k’ is a Galois extension of local degreg¢s’ : k'], = n, for all v/ € Py, then the
field compositun := L’ - k is a Galois extension of,ksuch that[L : k], = n, for all

v e Pr.

Proof. It is very clear thatL/k is Galois. Letv € P,. Let w be a prime inL,

sitting abovev, and letw’ and v’ be its restrictions ta.’ and k', respectively. Then
L, =L, -ky and therefore

(Ly k)~ [ky ki1 =1[Ly:L,1-[L, k]
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Since[Ly : kyI<[L), : k] = n, and [k, : k,] is coprime ton, the equality above
implies that[L,, : k,] =n. O

Lemma 2.2 is especially useful in the case whigrek’] is a finite Galois extension
of degree coprime to. Then, its local degrees will divide its degree and, consequently,
will be coprime ton.

3. p-Power constant local degrees
In this section we will prove the following.

Theorem 3.1. Let k be a characteristic p function field and:= p™, for somem €
Z>1. Then there exists an abelian extensidry k whose local degree§L : k], are
equal to n for all v € P.

We need several preparatory lemmas.

Lemma 3.2. Let w be a fixed prime irP,. Then there exists a finitamon-empty set
S C Pk, such thatw ¢ S and satisfying the following equivalent conditions

(1) There exists no non-trivial abelian extension of k which is unramified everywhere
and completely split at all primes € S.

(2) We have an equality;, = k* (Hues ky x [1ygs Uv)-

Proof. For any finite, non-empty se§’ € P, suchw ¢ S, if we denote byKg
the maximal abelian extension &f unramified everywhere and completely split at all
primes inS’, class-field theory shows that the extensig /k is finite and the global
Artin reciprocity map induces a group isomorphism

T/ [T e < T ve | = Gk /. (5)

ves’ veS’

Consequently, it suffices to find a sBtsatisfying property (2) in Lemma 3.2. Let
v1 € Px, v1 # w and letS1 := {v1}. Then the extensioKs, /k is finite. In fact, we
have an exact sequence of groups

der
1 3O TT vo | = dre [k < [T U | = 2/dnyz — 1,

ve Py PESVE

where J,fo) denotes the group of ideles of total degree 0 ai/aa\@ denotes the total
degree modulal,, map at the level of idéles. Since the left-most non-trivial term of
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the exact sequence above is canonically isomorphic t&®iand therefore finite, the
term in the middle is finite. Consequentlg;(Ks,/k) is also finite. For anyw ¢ S1
the isomorphism (5) forS” := §1 sends any-uniformizer n, € k¢ into the Frobenius
morphisma, associated tv in k,/k. Chebotarev’s density theorem allows us to pick
primeswvy, ..., v, in P\ {w, v1}, such thats,,, ..., g, generate the group'(Ks,/k).
Isomorphism (5) forS’ := §; shows that this is equivalent to the equality

Jklzkx Hk;XHUU s

ves vegS
where § := {v1, v2, ..., v, }. This concludes the Proof of Lemma 3.2

Proposition 3.3. Let w be a fixed prime ifP;. Let T C Py be a finite set of primes in
k, such thatw ¢ T. Let o € Z>¢. Then there exists an abelian extensidfy k, which
is totally ramified at wunramified everywhere elseompletely split at all primes v in

T, and of Galois groupG (K /k) — (Z/ pZ)™.

Proof. The casex = 0 is clear. Let us assume thate Z 1. For our fixed primew,
let Sbe a finite set of primes satisfying the conditions in Lemma 3.2.9e&=TUS.
Note thatw ¢ §’. For alli € Z>1, let Ké’,)w denote the maximal abelian extension of

k of conductor dividingw’, and completely split at all primes € §’. By class-field
theory, the global Artin reciprocity map induces a group isomorphism

W]k xv@x [ ve|=6&S, /b
ves’ vegS' U{w}

However, according to Lemma 3.2, we havg = k* (]‘[ves ky x [1ygs UU). This
implies that the left-hand side of the above isomorphism is isomorphic to

Uw/1w(Usg) - U,

where 1, : k* — k.5 is the canonical inclusion antfg is the group ofS’-units in
k*. Therefore, we obtain a group isomorphism

Un/1w(Us) - U = G(K), /k).

Since U, = [F;dw X Uli,l), the isomorphism above shows that there exists a subfield
Ly of K\ | containingk, such that

1 . ~ .
UL W) v G, o, (6)
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where Ué,l) denotes the subgroup (of finite index) bf consisting of thoses’-units

in k* which are congruent to 1 module. We will need the following lemma.

Lemma 3.4. For a multiplicative abelian group X we will denote bz, ,7(X) the
dimension of theZ/pZ-vector spaceX/X”. The following hold true

(1) lim; o0 Tkz/pz(US"/UL) = o0.
(2) For i sufficiently large we have

o
tkz/pz (UL /1, (U) - U >0

Proof of Lemma 3.4.According to Proposition 1.1, we have an isomorphism of topo-
logical Z,-modules

v L 7.

Comparing bases of open neighborhoods for the left-hand side and right-hand side of
the above isomorphism, respectively, we can conclude that foralf > 1, there exists
iy € Z>1, such that

JUEY S (L) X Zy x T x -+
This shows thaf induces a surjective group morphism
Uli)l)/Ugt) N (Z/pZ)t 5.

This implies that theZ/pZ-rank of the left-hand side is at leastwhich concludes the
proof of part (1). In order to prove part (2), let us observe that, foii,alle have an
exact sequence of groups

1 1 1 1
0P — P v — P ,wP) v — 1

w w

The function field analogue of Dirichlet's’-unit theorem implies that

1 1
tkz,pz (1w (US) <tkz,,2(UY) = cards') — 1.

In fact, since Leopoldt’s Conjecture is known to hold true in function fields (see
[K]), one can replace the<” sign above with the £” sign. The above inequality,
combined with the last exact sequence and Lemma 3.4(1), concludes the proof of
Lemma 3.4(2). O
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Now, we return to the proof of Proposition 3.3. We combine isomorphism (6) and
Lemma 3.4(2) to conclude that, forsufficiently large, there exists a field C Lg’,)w
containingk, such that

G(K/k) —>(Z/pZ)*.

The extensionK /k satisfies all the required propertied.]

Proof of Theorem 3.1.Let us fix an ordering orPy, Pr = {v1, vz, ...}. The extension
L/k will be obtained as the compositum of countably many finite abelian extensions
{K;/k}i>1, which will be constructed inductively below.

Stepl: We apply Proposition 3.3 fow :=v1, T = @, anda :=m, and letK;/k be
a fixed abelian extension d&f which is totally ramified at, unramified everywhere
else, such that

G(K1/k) —(Z/pZ)".

Step 2: Since v2 is unramified in K1/k and G(K1/k) has exponenp, the de-
composition groupG,, of vz in K1/k is cyclic isomorphic to(Z/pZ)"~72), where
m—1<y,<m. We apply Proposition 3.3 fow := vy, T = T1 := {v1}, anda := y,, and
let K2/ k be a fixed abelian extension &f which is totally ramified at,, unramified
everywhere else, completely split at all the primesTin such that

G(Ka/k) —>(Z/pZ)2.

Now, we assume that we have constructég/k, ..., K, /k, for r>2, and we de-
scribe the construction ok, 1/k.

Step(r+ 1): Let K, be the compositunKy-K2-...- K,. SinceG(K;/k) is a finite,
abelian group of exponerq, for all i <r, G(K,/k) is finite, abelian of exponenp.
Consequently, sinc&;/k is unramified atv, 1, for all i <r, and thereforelC, /k is
unramified atv,,1, the decomposition groug,, , of v,;1 in K,/k is isomorphic to
(Z)pZ)™=7r+1) | wherem — 1<y, 1 <m. We apply Proposition 3.3 fow = v,41,

T =T :={vg,...,v}, ando :=y,,,, and letK,1/k be a fixed abelian extension
of k, which is totally ramified aw,.1, unramified everywhere else, completely split at
all the primes inT,, such that

G(K,11/k) —(Z/pZ)'r+t.

We let L to be the compositum of all the fieldX;};>1 constructed above and
claim that[L : k], = n, for all v € P,. Indeed, letv = v,, for somer>1. Then
[L:k], =ey (L/k)- fu,(L/k), wheree,, (L/k) and f,, (L/k) are the ramification and
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inertia degrees of, in L/k, respectively. Sinc&;/k is unramified at,, for all i # r
(see Step i, foi £ r) and K, /k is totally ramified atv, (see Step r), we have

evr(L/k) =[K, k] = p*/,.

Since, by the definition of),, we have f,, (K,_1/k) = p"™~7), and f,, (K,/k) = 1
(as K, /k is totally ramified atv,, cf. Step r), andf,, (K;/k) =1, for alli>r + 1 (as
K;/k is completely split at,, cf. Step i, for alli >r + 1), we have an equality

fvr (L/k) == fvr (ICr_]_/k) = p(m_yr A
Consequently, we have an equality
[L N k]v = p(m_yr) . pyr — pm =n,

which concludes the proof of Theorem 3.1]

4. Constant local degrees coprime t@

For a characteristip function fieldk, we denote by, the order of its Picard group
Pic(k). In this section, we will prove the following.

Theorem 4.1. Let k be a characteristic p function field and € N>1, such that
gcd(n, p - hy) = 1. Then there exists an abelian extensidry k whose local degrees
[L : k], are equal to nfor all v € P.

Before proceeding to the proof of Theorem 4.1, we need a series of preparatory
lemmas. First, let us observe that Lemma 2.1 shows that it suffices to prove Theorem
4.1 for n equal to a power of a prime number which does not diyidédr;. Let us fix
such a prime numbef and letn := ¢, for a fixedm € N> 1. Let us fixd € N>1,
such that

q¢—1

The reader will notice right away that, for examptecould be taken to be the order of
the classg of q in (Z/nn'Z)*, wheren’ := gcd(n, g — 1). Let P, denote the set of
primes ink, whose degrees ovdi, are divisible bynd. Lemma 1.2 above shows that
Pr.na coincides with the set of primes ik which split in the constant field extension
kna/k. Chebotarev’s density theorem implies that,, has density And in P, and,
consequently, is an infinite set. Let us fix, € Pk, such that gcd’,d, ) = 1 (i.e.
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Voo IS One of the infinitely many primes i, which are inert ink;/k, according to
Lemma 1.2.) Let

Ao :={x € k|ord,(x) >0 for all v € Py \ {voo}}-

Then A is a Dedekind domain whose non-zero prime ideals are in one-to-one corre-
spondence withP; \ {v}, and its (finite) ideal class-group Pity,) fits into an exact
sequence

1 — Pi(k) - Pic(An) = Z/d, 7 — 1,

where the last non-trivial map is the degree modulo map applied to ideal-classes
of A, viewed as classes of divisors &fwhose support does not contaig,. Let
heo 1= cardPic(A~)). Thenhs, = d,_ - hr and gcdl, hoo) = 1. Let us fix an ordering
of the primes inP; (i.e. a bijection betweerP;, and Z - q),

P :={vo 1= Voo, V1, V2, V3, .. .}.

Proposition 4.2. Let w € Px 4. Then there exists a unique field extensigw), /k
with the following properties

(1) k(w),/k is cyclic of degree n
(2) k(w),/k is totally ramified at w and unramified at all € P, \ {w}.
(3) The primevs splits completely ink(w), /k.

Proof. Let k(w) be the maximal abelian extension &f of conductor dividingw,

in which v splits completely. If an extensiok(w),/k with the properties listed
above exists then, by class-field thedtyw),, € k(w). Consequently, in order to prove
Proposition 4.2 it suffices to show thafw)/k has a unique intermediate extension
k(w),/k satisfying the properties above. In fact, we will show tha&tw)/k has a
unique intermediate extension of degmeeand then show that this extension satisfies
properties 1-3 above. Lét,, denote theA-Hilbert class-field ofk, i.e. the maximal
abelian extension d&, which is unramified everywhere, in whiah, splits completely.
Class-field theory shows that we have an inclusidg C k(w) and an isomorphism
of exact sequences of groups

Uw Jk Jk
U E P [RUP T v T R R U IT, U

2 14 14

11— ]Hl

11— Glk(w)/Hoo) ———— Gk(w)/ k) —————— > G(Hoo/ k) ————> 1,
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where [T, is the product with respect to all primese P \ {vs, w}, the vertical iso-
morphisms are given by the global Artin reciprocity map, and the horizontal morphism
are the canonical inclusion and projection maps at the level of idéle classes and Galois
groups, respectively. Consequently, we have the following group isomorphisms:

Ji
k> [koso Uw x TT,, Uy ]

G(k(w)/Hoo) —> Uy /U - F — F%, [FX.

qdw

G(Huo/ k) — — Pic(Aso),

Since gcd?, hoo) =1 andw € Py 4, the isomorphisms above show that th&ylow
subgroup ofG (k(w)/k) is isomorphic to thet-Sylow subgroup ofG (k(w)/Hso) —>

[F;“,,”/[Fx, and therefore it is a cyclic group of order divisible by= ¢". This implies
right away that there exists a unique subfieldkofv) of degreen over k, namely the
maximal subfield ofk(w) which is fixed by the subgroup

Gk(w)/K)" :={g" | g € Gk(w)/k)}

of G(k(w)/k). Let us denote byk(w), this subfield. Then, we have the following
group isomorphisms:

lw,n Pw,n

Fra /(F 5" —> Uy /U —> Ji/ PRk U x U1 — Gk(w)a/k).  (7)

The first two isomorphisms above are induced by the canonical incluﬁ?lpgsg Uy
and U, C Ji, respectively, anp,, , is given by the global Artin reciprocity map.
Sincekvxoo and U,, for all v # vy, w, are contained in the kernel of the global Artin
map p,, , in (7), global class-field theory implies thatw),/k is indeed completely
split at v, and unramified away fronw. Also, the third and second isomorphisms
in (7) show thatk(w),/k is totally ramified atw. This concludes the proof of
Proposition 4.2. [J

Our next goal is to prove a reciprocity law giving an explicit description of those
primesv € Py \ {w, voo} Which split completely, respectively, stay inert in the cyclic
extensionk(w),/k, for a fixedw € Py 4. Let v denote the class of in Pic(Ax),
for v e Py \ {w, vso}. Obviously, we have@”> =1 in PiqAs). This means that there
existsx, € k*, unique up to multiplication by an element Fr; such that its divisor
div(x,) satisfies

div(xv) =heo vV — (hoodv/duoo) * Voo (8)

For eachv € P \ {w, v}, We fix anx, € k* with this property.
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Proposition 4.3 (a reciprocity law. Let w € P s and v € Py \ {w, veo}. Then the
following statements hold true

(1) The prime v splits completely iw),/k is and only if the prime w splits completely
i Kna(xy'")/ k.
(2) The prime v is inert irk(w), /k if and only if the prime w does not split completely

in k(x5 k.

Proof. We begin with the following remark.

Remark. Sinced was chosen so that| (¢¢ — 1)/(g — 1), we have an inclusiortl‘qX C
([F;‘,d)" C (k;)". Consequently, the fieldsld(x,}/") and knd(x,}/() do not depend on

7

the above choice fox, and the extensionknd(x,}/”)/k and k,,d(xﬁ/e)/k are Galois.

Also, equality (8) combined with the assumption that @d.,) = 1 shows that the
extensionsknd(x&/”)/knd andk,,d(xﬁ/z)/knd are cyclic of degreem and¢, respectively,

totally ramified at all the primes i, sitting abovev, and unramified at all primes
in k,q sitting above primes other thanand vy, (in particular, unramified atv).

Let g, € G(k(w),/k) denote the Frobenius morphism associated itothe extension
k(w),/k. Thenv splits completely ink(w),/k if and only if ¢, = 1. However, since
gcdn, hoo) = 1 and o, € G(k(w),/k) — Z/nZ, we haves, = 1 if and only if
oo = 1. Equality (8) combined with the definition of Artin’s global reciprocity map
Pw.n» Shows that via isomorphisms (7) we have

ot = oy (F0) = Ppn 0 lwn (B D), 9)

wherex, is the class i/ J k> [k U,S,l) X ]’[; U,] of the idele whoses-component
is equal tox, and the remaining components are trivial, afidis the class ofx,

in Uy,/U),. This shows thats,™ = 1 if and only if x, € Uj, or, equivalently, if
and only if x, is an n-power modulow. This happens if and only if the equation
X" — x, = 0 has at least one root modulw. However, sincend |d, and there-
fore all the ordern roots of unity are in[F;dw, the equation above has one root
modulo w if and only if the polynomialX” — x, splits into n distinct linear factors
modulo w. However, sincew splits completely ink,,/k, this happens if and only
if all the primes sitting abovew in ke split completely inknq(x/™)/kna, Which
is equivalent to the complete splitting af in knd(xi/")/knd. This concludes the
proof of (1).

In order to prove (2), let us observe that the arguments above show ikanert
in k(w),/k if and only if o' is not an{-power in G (k(w),/k). Equalities (9) show
that this happens if and only if, is not an¢-power modulow. This happens if
and only if the polynomialX’ — x, is irreducible modulow. As above, this happens
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if and only if all the primes sitting above in k,; are inert inknd(xﬂ/e)/k,,d. Since
w splits completely ink,;/k and the extensiork,,d(x,}/e)/knd is of prime degree
¢ (see the remark above), this happens if and onlyifdoes not split completely
. 1/n

in kyg(xy’ )/ k. O

Proof of Theorem 4.1.As remarked at the beginning of Section 4.1, it suffices to
construct an extensioh/k as in the statement of Theorem 4.1, for= ¢, with ¢
prime, gcd{, phy) = 1. The extension./k will be constructed as a compositum of
countably many linearly disjoint Galois extensioiis/k}; > o, with cyclic Galois groups
G(L;/k) of degreen. The construction of_; /k is done inductively and described in
detail below. In what follows, we refer to the ordering Bf fixed above the statement
of Proposition 4.2.

Step0: We let Lo := k.

Stepl: We let Ly := k(vj,), Wherev;, is a fixed prime inPy ,q.

Step2: We let Ly := k(vj,),, where jo > ji1, andvj, € P ,q4, With the following
properties.

(1) The primev;, splits completely ink(v;,),/k.
(2) The primesy; € Py, with i < ji are inert ink(v;,),/k.

Of course, before declaring Step 2 complete, we would need to prove the existence
of a primewv;, € Py ,q With properties (1) and (2) above. Proposition 4.2 implies that
a primev;, € P satisfies properties (1) and (2) above fif, firstly, it splits completely
in knq/k (which is equivalent ta;, € P 4, according to Lemma 1.2), and secondly,
it splits completely ink,,d(xﬁj/ln)/k and it does not split completely iknd(xi/e)/k,

for all i < j1. Let £, the extension of,; generated be'}fT} U {xl}l./z 11<i < Ja1}
Then, the Remark made in the proof of Proposition 4.2 shows £hak is a Galois
extension and, for ramification reasons (see the remark above) one has an isomorphism

of groups.

-1
G(L2/kna) —> Glhkna (/) kna) ¥ [T Ghna(x/)/ kna)-
i=1

Chebotarev’s density theorem applied to the finite Galois extenSigik shows that
there are infinitely many primes € P, which are completely split ink,,/k and
whose Frobenius morphism, € G(L2/k,q) is sent under the isomorphism above to
(1,01,02,...,05,-1), whereg; is a generator of (the cyclic group, see the Remark
above)G(knd(xvli/Z)/knd) for all i, 1<i < j1 — 1. Any such primev belongs toPx 4
(since it is completely split irk,;/k) and satisfies properties (1) and (2). In order to
complete Step 2, we fiy, > j1, so thatv;, is such a prime.

Now, assuming that we have constructéd := k,q, L1 := k(vj)n,..., Ly =
k(vj ), for s>2, we describe the construction éf;.
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Step(s+1): We let L1 := k(vj,)n, Wherev; ., € Py nq, With js11 > js, satisfying
the following properties.

(1) The primesvj,, ..., v;, split completely ink(v; . ,)./k.
(2) The primesy; € Py, with j,_1 <i < j; are inert ink(vj,,)a/k.

The proof of the existence of a prime;_ , with the above properties is almost
identical to our proof of the existence of, (see Step 2 above.) As above, the Cheb-
otarev’s density theorem applied to the extensirik, whereZ; is the field generated
over k,q by the set{x,}{ln, . .x,f]/s”} U {x,}/[ | js—1<i < js}, implies the existence of in-
finitely many primesv € P, which are completely split itt,;/k and whose Frobenius
morphisma, € G(Ls/knq) iS sent via the group isomorphism

s js_l
G(La/kna) = [ | Glhnaxy!™ /hna) x [ Glhna(cy/)/ kna)
=1 i=js—1+1
into (1,...,1,6,_,11....0,,_1), wherea; is a generator ot (k,q(xs! )/ kna), for all

i. We fix js41 > js, so thatv;_, is such a prime.

We let the extensioiL./k be the compositum of all the extensioffs; / k}; > o defined
above. We claim that./k satisfies the propertyL : k], = n, for all v € Py. First
of all, let us note that Proposition 4.2 implies tht/k are cyclic of degreen and
linearly disjoint. Therefore, we have group isomorphisms

G(L/k) — ]_[ G(Li/k) — ]‘[ Z/nZ. (10)

i>0 i>0

Let v € Pr. There are three distinct cases.

Case0: Assume that = vy,. Then, sincev splits completely inL;/k, for all i >1
(see Proposition 4.2(3)) andis inert in Lo/k, we have equalitie$L : k], = [Lo :
kly, = [Lo : k] = n.

Casel: Assume that = v; € Py \ {Voo, Vj;, Vjp, ...} ThenL;/k is unramified atv
for all i >0 (see Proposition 4.2(2) and Lemma 1.2) and therefgrk is unramified at
v. Consequently[L : k], equals the order ofd,) of the Frobenius morphism, of v
in L/k. Isomorphisms (10) above show that @rg) <n. On the other hand, we claim
that [L : k], >n. Indeed, we either have < ji, or there exists (a unique)>2, such
that j,_1 < i < j,. In the former case, Step 2 above shows fliat k], >[L> : k], = n,
and in the later case St&p+1) above shows thdtL : k], >[Ls+1 : k], = n. Therefore
[L: k], =n.

Case2: Assume that = v;, for somes>1. If s = 1, sincev splits completely
in Lo/k (see Lemma 1.2 and recall thate Py s in this case)yv splits completely
in L;/k, for all i>2 (see Step s, foy>2), andv is totally ramified inL1/k (see
Proposition 4.2), we have

[L:k]ly=[L1:k]y, =[L1:k]=n.
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If s>2, thenv splits completely inL;/k, for all i <s (see Lemma 1.2 for = 0 and
Step s for O< i < ), v splits completely inL;/k, for all i > s (see Step i, foi > s),
andyv is totally ramified inL,/k (Proposition 4.2(2)), we have

[L:kly=I[Ls:kly=[Ls:kl=n.

This concludes the proof of Theorem 4.1]

5. Conclusions
We conclude with the following.

Theorem 5.1. Let k be a global function field of characteristic p ande 71, such
that n is coprime tai,/p®% %) Then there exists an abelian Galois extensifrik,
such that[L : k], = n, for all v € Py.

Proof. Apply Lemma 2.1, Theorem 3.1 and Theorem 4.1

Corollary 5.2. For k and n as in Theorerb.1, the groupBr, (k) is equal toBr(L/k),
for an abelian extensior./k. In particular, Br, (k) is algebraic

Proof. Combine Theorem 5.1 with Proposition 1.5]

Remark. Finally, let us note that the hypotheses in Theorem 5.1 and Corollary 5.2 are
met for all n if iy is a p-power. In particular, they are met K is a rational function
field [, (T).
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