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Abstract

Let ¢ be a nonzero real number and let o be a Salem number. We show that the difference between the
largest and smallest limit points of the fractional parts of the numbers @, when n runs through the set of
positive rational integers, can be bounded below by a positive constant depending only on « if and only if
the algebraic integer o — 1 is a unit.
© 2005 Elsevier Inc. All rights reserved.
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1. Introduction

The problem of studying the distribution mod 1 of the powers of a fixed real number « greater
than 1, has been of interest for some time. In his monograph [4], R. Salem considered the case of
certain special real numbers «. For instance, he showed that if « is a Pisot number then o mod 1
tends to zero, whereas if « is a Salem number then the sequence " mod 1 is dense in the unit
interval. Recall that a Pisot (respectively a Salem) number is a real algebraic integer greater
than 1 whose other conjugates are of modulus less than 1 (respectively are of modulus at most 1
and with a conjugate of modulus 1). Throughout, when we speak about a conjugate, the minimal
polynomial or the degree of an algebraic number we mean over the field of the rationals Q.

A slightly finer problem concerns studying the distribution of the fractional parts {a"} of the
numbers ", where ¢ is a fixed real number and where n runs through the set of non-negative
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rational integers N. Recall that {¢«"} is the difference ¢a” — [¢a”] and [¢a"] is the greatest
rational integer less than or equal to ¢« . In a recent paper [1], A. Dubickas has shown that if «
is algebraic and ¢ is not in the field Q(«) when « is either a Pisot or a Salem number, then the
distance A(¢, o) between the largest limit point of the sequence ({{«"}), cN and the smallest one
satisfies

A(é‘?a)>—s (1)
o

where L(«) is the sum of the absolute values of the coefficients of the minimal polynomial
of . The aim of this paper is to show when « is a Salem number, ¢ € Q(«) and ¢ # 0, that
inequality (1) remains true only if ¢ — 1 is a unit:

Theorem. Let a be a Salem number and let ¢ be a nonzero element of the field Q(«). Then,

i) A, a)>0;

(ii) if ¢ is an algebraic integer, then A(¢, @) = 1;
(i) if ¢ — 1 is a unit, then AL, ) > ﬁ;
(iv) ifa — 1 is not a unit, then inf; A(, o) =0.

We prove this theorem in Section 3. In the next one we show some auxiliary results. As usual
we denote the ring of rational integers, the field of complex numbers and the ring of polynomials
with rational integer coefficients by Z, C and Z[ X], respectively.

It is worth noting that the case ¢ = 1 of the theorem (ii) is a corollary of the much stronger
result of R. Salem: the sequence ({¢a”"}),en is dense in the unit interval. Using the same argu-
ment as in [4, p. 33], it is easy to check that the sequence ({{«"}),cN is dense in the unit interval
when ¢ € Z and ¢ # 0. However, we shall show in Remark 1 that for any Salem number « there
is a nonzero integer ¢ of the field Q(«) and a subinterval I; of the unit interval such that the
sequence ({Za"}),en has no limit point in /;; moreover, the number ¢ can be chosen so that the
length of the interval I, is close to 1.

2. Some lemmas

Lemma 0. If « is a Salem number of degree d, then d is even, d > 4 and % is the only conjugate
of « with modulus less than 1 (all the other conjugates are of modulus 1).

Proof. The proof follows immediately from the definition of Salem numbers. O

Lemma 1. [3] Let oy be an algebraic number with conjugates oy, oy, ...,0q, where d > 2.
Assume that for some N € N, some subset {i1, io,...,ir} of {1,2,...,d}with1 <k <d—1, and
some Ai\, Aiy, ..., A, € Cwe have

D ki €Q

1<j<k
for all rational integers n > N. Then,

iy = hiy == Ay, =0.
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Lemma 2. Let ¢ > 0 and let a1, an, ...,0q—2 be the conjugates with modulus 1 of a Salem
number o labelled so that ay; = a3 forall j €{1,2,..., ‘—2i — 1}. Then,

(i) for any subset {n1,m2,...,na-2} of C, where ny; = n2;—1 and |n2;| =1 for all j €
{1,2,..., % — 1}, there is n € N arbitrarily large such that

ot = me| <&

forallke{1,2,...,d —2};
(ii) there exists a nonzero element R € Z[ X] of degree at most d — 1 satisfying

|R(ak)| <e
forallke{l,2,...,d —2}, and
R(1)=1 mod (P(l)),
where P is the minimal polynomial of «.
Proof. (i) By Lemma 0 the conjugates of « can be labelled as in Lemma 2. Let a; = emo
a3 =™ oy 3 =e™%3 (where i = —1) be the conjugates of « in the upper half plane.
By a result of Pisot [4, p. 32], the numbers 1, 0y, 63, ..., 6,_3 are linearly independent over Q.

It follows by Kronecker’s theorem [4, Appendix 8] that there are n € N arbitrarily large and
D1, D3, ..., Pd—3 € Z such that

¢.
”9j—71+17j

<,
2w

where nj = ¢'™% and j € {1,3,...,d — 3}; thus

|a2_n _ 77j| — ‘ei2n719j _ eiﬂqb_,' <g
J
forall j €{1,3,...,d — 3} and by complex conjugation we obtain the result.
(ii) By the same argument as above and with the same notation, there are p1, p3, ..., pi—3 € Z

and n € N such that for all j € {1,3,...,d — 3} we have

9j r
nd; —\ - —pj|<ézm—
2[P(D)] 2[P(Dm
where r =minjeq12,.. ¢—2) la; — 1. It follows that
‘ajl_+2n\P(l)l _ 1‘ _ ‘ei(1+2n\P(l)|)n0j _ ei2n|P(1)|pj’ <er
and so by complex conjugation we obtain for all j € {1,2,...,d — 2} that |C(«;)| < er, where

C(x) =x2"PDF _1 e 71X).



182 T. Zaimi / Journal of Number Theory 120 (2006) 179-191

Let R be the remainder of the Euclidean division of the polynomial

C(xi g e 20PQ]
P

by the monic polynomial P. Then, R € Z[X], R is of degree at mostd — 1, R(1) = 1 mod (P (1))
and

0< ’R(ozj)’ = ‘ C((iji ’ <e

aj
forall j €{1,2,...,d —2},since > L and |[R(@)| = |9 £0. O
The following result is a corollary of [1, Lemma 1].

Lemma 3. [1] If P(x) = agx? +ag_1x¥ '+ .- +ap=ay [Ti<i<a® — ) is the minimal
polynomial of an algebraic number, then the linear system

> Xief =g, (n=0,1,....d-1),

1<i<d
where qo, 41, ..., qqd—1 are fixed in Q, has a unique solution (X, X3, ..., Xq), where
2 0<k<d—1 9kPr k1
Xl === = = aa ,
P’(ay) P Z !

k+1<I<d
X; =0;(X1), o; is the embedding of Q(«) into C sending a1 to aj andi €{1,2,...,d}.

Lemmad. Let oy, ay, ..., aq be the roots of a polynomial P with coefficients in C, where a; # o
forall1 <i<j<d. If P(1)#0, then

Olil _ 1
Z (1—a)P'(a;) P(1)

1<i<d
forall j€{0,1,...,d —1}.

Proof. From the known equalities [5, p. 56]

k

1 1 o
2 A—anPian Py ™ 2 Pl

1<i<d 1<i<d

where k € {0, 1,...,d — 2}, we have when j € {1,2,...,d — 1}

l—ai./ _ Ollk _ all‘ —0
Z (1 —a)P' () Z Z Pl(o;) Z Z Pl(a;)

1<i<d 1<i<d 0k j—1 0k j-11<i<d
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and

J al —1 1 1

al
Z N S S = ,
1Geg Mm@ Py = (A—e)Ples) &= (1 —ai)P(ei)  P(1)

O

LemmaS5. Let P(x) =x% +ag_1x9 1+ . 4aqp= ngigd(x — «;) be the minimal polynomial

of an algebraic integer and let (X1, X2, ..., Xg) be the solution of the linear system

S
Z X,-af‘:tn—}—m n=0,1,....d—1),
1<i<d

where s, to, t1, ...,tq—1 € Z. Then, the sequence (t,),cN defined by
tn+d = —(Ad—1Ip+d—1 + Aa—2tyya—2 + - - +aoty + )

satisfies

n S
Z Xio; Zln-f‘m

1<i<d
and t, € Z for alln € N.
Proof. We use induction on n. By hypothesis Lemma 5 is true forn € {0, 1, ...,d — 1}. Assume
n+j ¢ .
that for some n € N we have Zlgigd Xio; 7 =tyyj+ % forall j €{0,1,...,d — 1}. Then,
. A L Zogjgdflaj
) a,< 3 X! ) = X s EOY
0<j<d—1 1<i<d 0<j<d—1
and so
s s
— X't = Aityri+8§— ——=—tyig — ——,
2 Xie 2 ajins) Py~ " P
1<i<d 0<j<d—1
since
n+j j d
> o ¥ oxe™)= ¥ xar( X ad)= ¥ xel(a) ©
0<j<d—1 1<i<d 1<i<d 0<j<d—1 1<i<d
Lemma 6. Let (ag, ay, ..., aq) be a finite sequence of rational integers, where ag = ag = 1, and

let R € Z[ X] of degree at most d — 1. Then, R can be written

Rx)=1—1— l‘()( Z alxl_l> +x-=1 Z 178 Z alxl_(k+l),

1<i<d 1I<k<d—1  k+1<I<d

for some ty,t1,...,tq—1 € Z, if and only if R(1) =1 mod (Zoglgd ap).
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Proof. It is clear that if R has the form as in Lemma 6, then R(1) =1 — tO(Zoglgd ay), since
ap=1, and so R(1) =1 mod (Zogzg 4 a1). Conversely, a simple induction shows that if R €
Z[X] of degree at most d — 1, then there are by, by, ..., bs—1 € Z such that

R(x) = Z by Z alxlf(kJrl)—i-bd_l.

0<k<d—2  k+2<I<d
Now, for k € {0, 1, ...,d — 2} set
kvt =to+bo+ by + -+ + by,

where f is the rational integer defined by the equality R(1) =1 —1y Zog i<d di- Then, t34+1 € Z,

tey1 —tx =by forall k € {0, 1, ...,d — 2} and the polynomial R can be written in this case
R = Y (ri—n) Y, ax" Dy,
0<k<d—2 k+2<I<d
where
bg—1=1 —to< Z al) - Z (F+1 — ) Z a=1-1— Z ThQk41-
0<i<d 0<k<d—-2 k+2<I<d 0<k<d—1
Hence,

R(x):1_<t0+ Z tk“k+1>+ Z (Tk+1 — 1) Z axt oD

0<k<d—1 0<k<d—2 k+2<I<d
and the result follows by a simple computation. 0O
3. Proof of the theorem

Let

P(x)=ag+aix + - +agx? = l_[ (x — ;)
1<i<d

be the minimal polynomial of a Salem number o = «;. Then, by Lemma 0, é is a conjugate,
say ap, of @ and ag = a4y = 1. Let ¢ be a nonzero element of the field Q(«), n € N, y, = {¢a”}
and x, = [¢a"]. Then, from the equality

aoga” +al€a;1+1 4. +ad§.an+d =0,

we have

ap(Xy + yu) +a1(xpt1 + Yug1) + - -+ ad(Xptd + Ynta) =0
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and the real number
Spn =aoYn +a1Yn+1+ -+ aqYntd (2)
satisfies
Sp = —aAoXp — A1 Xp+1 — *** — AdXn+d;

thus s, € Z. Let u = limsup y, and A = liminfy,. Then, for any ¢ > 0 there is N € N such that
for all » > N we have

A—e< < ute,
and so by (2) we obtain
(x—z-:)(Zai) +(u+s)<2ai) <sn < (u+s)<2ai) +(x—e>(2ai).
a;>0 a; <0 a;>0 a; <0

It follows when sequence (s;),cN takes infinitely many times at least two distinct values that

(M_)\+28)L(05)Z(H_)\+25)<Zai)+()»—/L—28)<Zai) >1

a;>0 a; <0

and so

1
A({,a):u—k>m>0.

Assume now that there are N € N and s € Z such that s,, = s for all n > N. Then, by (2) we have
ao(Ynt1 — Yn) +a1(Yng2 — Ynt1) + -+ +ad(Ynt14d — Ynta) =0

and the characteristic equation of the linearly recurrent sequence (¥,41 — Yn)n>n is P(x) =0.
Hence, there are d complex numbers y1, 2, ..., Y4 such that

Yntl = Yn = V10 + y20y + -+ vaoy
for all n > N. Moreover, we have y; =0, since |y,+1 — y»| < 1, and so
Yntl = Yn = Y20y + y303 + - + Yaoy. 3)

Let ¢ =¢, &2, ..., &g be the conjugates of ¢, where ¢; = 0;(¢) and o; is the embedding of Q(«)
into C sending « to «;, and let

= q1a] + S0ty 4 -+ Laay.
Then, z, € Q,

Yn =20 — Xn — (L2005 + 5305 + -+ + Laatly)
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and so for n > N we have

Y1 = Yn = @ng1 — Xng1) — (@n — Xp) — S22 — Doy — -+ = Lg(ag — Dy
It follows by the equality (3) that
(2 + 0202 = D)ah 4+ + (va + Caleg — D)af = 2n41 — X1 —Zn + %2 €Q
and so by Lemma 1 we obtain z,,11 — x,4+1 = 2z, — X,,. Consequently, there is ¢ € Q such that
yn =c — ({20 + &304 + -+ + Laat)), 4)
for all » > N. Now, we claim that
m=c+1&l+ 8] + -+ 1Zal 5
and
A=c—18l— 18l —--- =gl (6)
Indeed, for any ¢ > O there is M € N, such that |§2ag| < ¢ for all n > M. Since, relation (4)
implies |y, —c| < [o205 |+ 183+ 14|+ - - +1¢q] whenn > N, we see that for all n > max(N, M)
we have

|yn —cl <&+ 18]+ 184l +- -+ [Zal-

Sou<c+ 1431+ 18l +---+ 1%zl and A > ¢ — 83| — [8a| — - - - — |¢q]. Conversely, Lemma 2(i)
asserts that there are infinitely many n € N such that

|cia + 51| <&,
respectively such that
|cial — 16l <&

for all i € {3,4,...,d}. Let & = gof + |g| (respectively &; = gl — [¢i]), where i €
{3,4,...,d}. Then, by (4) we have when n > max(N, M)

Yn=cH 181+ + 18l = (S205 + &3+ +ea)
and
Yn >+ 183+ + [8al — (d — De,
respectively

yn=c—183] = =1Ll — (L20h + €3+ -+ £4)
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and
Yo <c—|g3| = =1Ll + (d — De,

as the real number (a5 + &3+ - + &g = ¢ + [53] + - - - + |Sal — yn (vespectively Lol + &3 +
oot eg=c—|¢3| — - — |Lq] — yn) satisfies |§2a§’ 4+ &34+ ---+¢e4] <(d—1)e. Hence, u >
c+ 18+ 84l + - - - + |gq] (respectively A < ¢ — |§3] — - -+ — |¢q]) and that proves the claim.

It follows immediately by (5) and (6) that 0 < ¢ < 1, since u < 1, 0 < A and ¢ # 0. Further-
more, we have in this case that o« — 1 is not a unit, because if |P(1)| = 1, then by relations (2)
and (4), we obtain ¢ = Pfl) and ¢ € Z; so the proof of the theorem (iii) is now complete. Note

also by (5) and (6) that

A, @) =2(183] + 124l + -+ + 12al) (7
and so the theorem (i) is true.
To prove the theorem (iv), we have to show that for any ¢ > 0 there is ¢ € Q(«) and ¢ #0

satisfying the two conditions:

(C1) There are s € Z and N € N such that apx, + a1xp+1 + - - - + agxp4q = —s, foralln > N.
(C2) Ifi €{3,4,...,d}, then |0;(¢)] < ¢ (and we conclude by (7)).

First, consider the linear system

1
Z X,-af’:t,,—m n=0,1,....d — 1), (8)
1<i<d
where g, t1,...,t5—1 € Z. Then, by Lemma 3 we know that this system has a unique solution

X(to, t1, ..., ta—1) = (X1, X2, ..., Xq), where

> o<k<d—1 B 2 o<k<a—1 tBr

X (10,11, .. tg—1) = — ,
(to, 1y d—1) PP (@) P@)
B = Z aj! =&+
k+1<I<d

and X; = o0;(Xy) foralli € {1,2,...,d}. Note also that X (19, t, ..., t7—1) # 0, since ty € Z and
P(1) < -2 (P(1) < —2because P(1) <0 and @ — 1 is not a unit). Moreover, by Lemma 4 we
have

1
X©,0,...,.00=————.
(@ —1)P' ()
It follows that

1 2_0<k<d—1tieBr
(@ — 1P () P'(a)

X(to, t1, ..., tq—1) =



188 T. Zaimi / Journal of Number Theory 120 (2006) 179-191

and so
L+ (= 1) Y ochgca—r teBr
X(to,t1,..., tq—1) = —— . ©)
(¢ = 1P ()
Now, we claim that if for some #g, t1,...,t;5—1 € Z system (8) has a solution (X1, X», ..., X4)
satisfying Z3<i<d | Xi| < ﬁ’ then the condition (C1) holds with ¢ = X and s = —1. Indeed,
if (¢ =2¢1,8¢,...,¢q) is a solution of (8), then Lemma 5 shows that for all n € N we have
> o=t b (10)
At} n P(l) ’

1<i<d

where t, € Z and t,4q + ag—1ty+qa—1 + - - - + aot, = 1. Moreover, the equality ¢a” = x,, + y,
together with relation (10), yield

[t — x| <

|§2|
n + P(l)’ > G

3<id

and so |t, — x,| < 1 for n large, since P(1) < =2, |y, + P%])l 1+ ﬁ and if Z3<i<d 1¢i] <
P(l) then there is N € N such that } 3, <, 1¢i| + bl . _W for all n > N. Hence, there is
N € N, such thatif n > N, then 1, = x,,, and so

Xpntd + @d—1Xnyd—1+ - +apxp =1 (=-1)

for all n > N. Consequently, it suffices to show that for any 0 < ¢ < m, there are

to, 11, ...,t4—1 € Z such that the corresponding solution of (8) satisfies (C2). In fact, we will
show that for any ¢ > 0, in particular, when

minje34,..ay[(; — DP'(a;)]
(d—-2)|P(1)]

e <
there are 1y, 11, ..., ty—1 € Z such that

<é&

'1+((Xj -1 Z 1o (Br)

0<k<<d—1

for all j € {3,4,...,d}, and we will conclude by (9). Indeed, we know by Lemma 2(ii) that for
any ¢ > 0 there is R € Z[X] of degree at most d — 1 satisfying

|R(ej)| <e (11)

forall j € {3,4,...,d}. Moreover, we have R(1) =1 mod (P (1)) and so by Lemma 6, there are
to, 1, ..., tq—1 € Z such that

R(x)=1—t0—t0< Z aix’ )+(x—1) Z Z !~ D

1<I<d 1<k<d—1 k+l<l<d
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It follows by the equality fp = — 1 that

Ray=1—-to—tofo+@—1) Y ap=l+@—-1) Y up

1<k<d—-1 0<hk<<d—1

and so

Rap=1+(@j—1) Y nojB.

0<k<d—1

The last relation together with inequality (11) yield the result and this ends the proof of the
theorem (iv).

To prove the theorem (ii), we have to show that O and 1 are limit points of the sequence
({¢a"}), when ¢ is an integer of the field Q(«). With the same notation (although the proof is
independent of the one above), we have z, = {1af + Ll + -+ + {go) € Z, and

Yn=2n —Xn — (4-20‘; +§3Ol§’ + -+ ;d“s)~

Letaz =€, a5 =e'®, ... ag_| =% (where i> = —1) be the conjugates of « in the upper
half plane and let {3 = p3e'?3, &5 = pse'?s, ..., Ly—1 = pa—1€'%4-1 be the corresponding conju-
gates of ¢. Then,
Yn=2n—Xn— 005 =2 Y paj_icos(nfrj 1 +¢j1). (12)
2€j<d/2

Now, let 6 be a real number satisfying 0 < § < min{%, 2p3}. Then, by the same argument as in
the proof of Lemma 2(i) we have that for any ¢ > 0 there is n € N arbitrarily large such that

203 cos(nfs + ¢3) + 8| <&,
respectively such that
|2p3 cos(nbz + ¢3) — 8| <e,
and
|2pj cos(nd; + ¢;)| <&

forall j €{5,7,...,d — 1}. It follows by (12) that there are infinitely many n such that
d
|yn = (zn — x0) — 8] < =&,
2
respectively such that
d
|yn — (zn — x0) + 8] < 28

as |§2a§’| < ¢ when n is sufficiently large. Thus, we have for these n’s, when ¢ < %5,
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d d
O<8—58<yn—(zn—xn)<8+§8<28<1,
(zn —xn) <yn < (@zn—2xy) +1

and so z, — x, = 0, respectively

d d
—1<—28<—8—§5<yn—(zn—x,,)<—8+58<0,
(zn —xn) =1 < yn <(zn — xn)

and so z, — x, = 1. Consequently, there are infinitely many » such that |y, — §| < %8 (respec-

tively such that |y, — (1 — )| < %8) and the number § (respectively 1 — §) is a limit point of the
sequence (y,,). Finally, we obtain the result by letting § tend to 0.

Remark 1. Let o be a Salem number. Then, for any 0 < ¢ < 1 there is an integer ¢ of the field
Q(or) and a subinterval I; of the unit interval with length & such that the sequence ({¢«"}) has
no limit point in I;. We prove this result only when the degree d of « is 4 (the proof is similar
for the case where d > 4). With the notation of the proof of the theorem (ii), where ¢ = p, p is
a Pisot number satisfying Q(p) = Q(« + é), and ¢ is a rational integer such that the conjugate,
say ¢’, of ¢ in the unit interval satisfies ¢’ < % (tr=1¢,0 =3 =104 = p3 and ¢3 = 0), we have
by (12)

Yn =2n — Xn — Loy — 2¢" cos(n63).

Since, there is N € N such that [¢a| < ¢’ when n > N', we see (by the last equality) that

1
b’n — (zn _xn)| <3¢ < 3

(@n—xp) =1 <yp<(zy—2xp)+1

and so z, —x, =0 or 1 for all n > N’. Consequently, there is no limit point of the sequence (y,)
between the positive numbers 3¢” and 1 —3¢’, because if z, —x, = 0, then y,, < 3¢’ (respectively
ifz, —x,=1,then 1 —y, <3¢ and y, > 1 —3¢’). Letting 7 tend to infinity we obtain the result,
as in this case ¢’ tends to 0.

Remark 2. With the hypothesis and the notation of the theorem (iv) and its proof, we have
infr-0 A(¢, @) =0. Indeed, if { <0 and ¢a" =x;; + yn, then {—=¢a"} =0o0r {—¢a"} =1 — y,,
and so there is N € N such that for all n > N we have {—¢a"} =1 —y, (if there are n and k € N
with {—¢a"} = {—¢ak} =0, then ¥ " = ¢ € Q, # =¢,¢>=1and |a| = 1). It follows that

limsup{—¢a"}=1— A, liminf{—¢a"} =1 — pwand A(—¢, ) = AL, «).

Remark 3. By the same arguments and with the same notation, we obtain when « is a Pisot

number and ¢ € Q(«) that A(Z, ) =0o0r AL, ) > ﬁ Note also by [4, Theorem 1, p. 3], that

we have the better result: A(¢, ) =0 or 1, when ¢ is an integer of Q(«). Recently [2], Dubickas
showed that when « is Pisot number there is a positive number ¢ satisfying A(¢, o) = 0 if and
only if « =2, or « — 1 is not a unit, or « is a strong Pisot number (assume that the conjugates o,
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a2, ..., 04 of the Pisot number « of degree d > 2 are labelled so that |z > |a3| = -+ 2 |ag].
Then, « is said to be a strong Pisot number if oy > 0).

Remark 4. It has been proved in [6] (using Salem’s construction [4, p. 30]) that any rational
integer greater than 1 is a limit of a sequence of Salem numbers («;,), where the algebraic integers
o, — 1 are units for all n.
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