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Abstract

Let [x] be the integral part of x. Let p > 5 be a prime. In the paper we mainly determine
4 -1 —1 ok —1 gk .
ZECPZ/I] ka (mod p?), ([’;7/4]) (mod p3), Zle 27 (mod p3) and Zf:l i—z (mod p?) in terms of Euler
and Bernoulli numbers. For example, we have

[p/4]
1 ol 14 )
Y 3=(CDT BEy3—4Esp a)+ 5 pBp3 (mod p?),

x=1

where E}, is the nth Euler number and B, is the nth Bernoulli number.
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1. Introduction

The Bernoulli numbers {B,} and Bernoulli polynomials {B, (x)} are defined by

n—1 n
Bo=1, Z(Z)BFO (n>2) and Bn<x>=2<’;)3kx"—k (n>0).

k=0 k=0
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The Euler numbers {E,} and Euler polynomials {E, (x)} are defined by

o "
e2’+1 Z <|t|<—) and

xt 0 M
C=D En)— (it <),
n=0 '

which are equivalent to (see [MOS])

n
2n
Eo=1, Ey-1=0, Z(zr)&r:o (n=>1)

r=0

and

1 n
En(0)= o Z( )(2x D" "E,.

281

Let [x] be the integral part of x. For a given prime p let Z, denote the set of rational p-
integers (those rational numbers whose denominator is not divisible by p). For a € Z, with
a # 0 (mod p), as usual we define the Fermat quotient g, (a) = (a” ~1' —1)/p. In the paper we
establish some congruences involving Bernoulli and Euler numbers. In particular, in Z, we have

P P
4<l<<2

jd -1 P
(- (p[ﬂ] ) =1+ 3pg, ) + p*(3¢p(2° — (=1)'T E,3)  (mod p),
)

> Lol o —pq @2+~ p2g (2)3——1723 (mod p?)
k- 4'? P 277 192 ’
1<k<p
41k+p
p—1 5k
2 7
=2 - 55p ’Byp—3 (mod p?),
k=1
p—1 ok

2 7
= —q,(2)* + p(gqp(2)3 + nga) (mod p?),

=

=1

where p is a prime greater than 5.

1 2 1 3 3
Y c=a0-p < 4p @ + (=)' (Bzp_s — 2E, 3>)+3p 4p@°  (mod p?),

In addition to the above notation, we also use throughout this paper the following notation:
Z—the set of integers, N—the set of positive integers, {x}—the fractional part of x, ¢(n)—

Euler’s totient function.
2. Basic lemmas

We begin with a useful identity involving Bernoulli polynomials.
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Lemma 2.1. Let p,m e Nand k,r € Z with k > 0. Then

o e IR

d m)

X=

In the case m = 1 Lemma 2.1 is well known. See [MOS,IR]. Lemma 2.1 was established
by the author in 1991. A proof is given in [S4], and a generalization was published by author’s
brother Z.W. Sun [Su]. From [S2, Lemma 2.3] and [IR, Proposition 15.2.4, p. 238] we have

Lemma 2.2. Suppose that k, p e Nwith p > 1. If x,y € Z,, then pBy(x) € Z, and (By(x) —
Bi(»))/k € Zp. If p is an odd prime such that p — 11k, then By(x)/k € Z,,.

Lemma 2.3. (See [MOS].) Let x and y be variables and n € N. Then

(1) Boyy1=0.

(ii) Bu(1—x)=(—=1)"B,(x).
(iii) Ba(x +y) =Y 0o () Buer (0)x".
(iv) Eno1(x) = 2(B,(3H) — B, (%)).

Lemma 2.4. (See [MOS,GS].) Let n € N. Then

| 3 2 _92n 1 2 3 -3
By, Z = By, Z :4TB2"’ By, g = By, g = 2.32n Bon

1 3 (2_22n)(3_32n)
By, 6 = By, g = 2.6 Byy,.

and

Lemma 2.5. For any nonnegative integer n we have

_42n+1 Bont1 (%)

E>, =
2n 1

Proof. It is well known that E,, = 2% Ezn(%). Thus applying Lemma 2.3 we see that

1 22n+1 3 1
Exp=2""Ezpi1-1 <5) =22 Tl (an+1 (Z) — Bony1 (Z))
24n+1 1 1 24n+2 1
= e+ 1 <—an+1 <Z> - an+1 (Z)) = —Zn—_l_lenH <Z)

This proves the lemma. O

From [S3, Corollary 3.1 and Theorem 4.2] we have:
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Lemma 2.6. Let p be an odd prime, x € Z, and k,b € N with p — 1{b. Then

Bi(p-n+p(x) _ Bp(x)
kp—D+b b

(mod p) forb>2

and

Bi(p—1)+5(x) :kBprb(X) B

Bb(X) (
Kp—D+b - p—1+b b

k—1) mod pz) forb > 2.

Lemma 2.7. Let p > 3 be a prime, r € Z and k,m e Nwithk < p —3 and p tm. Then

By k1 (5D = By i1 (D)
xk mk(p(p3) —k+1)

kp ([ Bap2k({=ED _2Bp—1—k({r;1p})
mk+1 2p—2—k p—1-k

k(k 4 1) p? r—p 5
st ([E]) ot

Proof. From Lemmas 2.1, 2.3(iii) and Euler’s theorem we see that

p—1 1 p—1
— = Z PPk
xk
x=1 x=0
x=r (mod m) x=r (mod m)

B me(P)—k 5 p (r—p . ,
= o) — k1 \Cer=knt T T ) T Berh ket 5
3y_ .
IR S R R r—p
e -kt £ j mi P

0

(2]

3 B,y k1 {SED = Bypsy a1 ({SD r—
zm(p(p )—k{ o(p’)—k+1 m p(p)—k+1\Uy + pB(p(p3)—k<{ p})

p(p) —k+1 m m

o(p>)—k p? r—p
B\

e(PH)—k+1 3 3 3
(p7) —k -
+ p—-((pp >p-Bw<p3)k+1j<{r p})} (mod p?).

i — mi
s Jj j—1 m
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Ask<p— 3wehavep—1j((p(p3) k— 2andsoB¢(p 7P})EZ by Lemma 2.2. For

-3
j >4 wehave p/—3/j =0 (mod p). Thus £— =B, ks1- /({r —L}) e Z, for j > 3. Hence, by
the above we obtain

1 _
K pz 1 Byt 455D = Bypy e ) p r—p
m — = + —B ( 3)—k
xk e(p3)—k+1 m P m

x=1
x=r (mod m)

p(p>)—k p? r—p 3
+ " WBw(ﬁ)—k—l p (mod )4 )

From Lemma 2.6 we see that

By k155D By np-n+p2c 055D Bpa ik (52D

— = d
o) k-1 P Dp-Dtp-2-k  p_2_k mo4P
and
B r=p B r=p
ek U= D _ P=D(p=1+p—1—k {7 D
e(p?) —k P> -Dp—-D+p—-1—k
B2 k({52 By 1k ({5E)
=N e T S (ed ),

Thus

- K+l -
Bw(p3)—k—1<{rmp}) K+2 Bp2- k({rmp}> (mod p)

r—p B2k ({52 By 1k ({5E)

and

Now putting all the above together we obtain the result. O
Lemma 2.8. Let p be an odd prime, a € Zy, a #0 (mod p), n e Nand p >n+ 1. Then

a(ﬂ(p )1

- _l)q ! -1 K n
—Z qp(@)® (mod p").

Proof. As p>n+1>2 we see that p*~!/s! e Zp and p*~1/s!=0 (mod p) for s > 2. Thus,

n—1

") —1 (14 pgp@)” ~ 1 1”Z PN

n = . n - ( )pqu(a)A
p p I §
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pnfl s—1
=gpla) + Z;(p”_l — 1) -~~(p”_l -5+ 1) . ps! qp(a)’
pn—l ps—l
=gpa) + §<—1><—2>-~-<—s+ D gp@)’

n—1

= (=5t ,
— Z ( ) pAflqp(Cl)b (mod pn)
s=1

N

As p >n + 1 we see that p* "1 /s € Z) for s > n+ 1. Thus for s > n + 1 we have

(_1)s—1 , ps—n—l
N

Py =1t “gp@)?*-p"=0 (mod p").

Now putting the above together we obtain the result. O

Lemma 2.9. Let p be an odd prime and k € {0, 1, ..., p — 1}. Then

k 2 k 2k
(PN, LA e
(_1)< k )_1 pZi+2{<Zi) : i2}

Proof. For k =0, 1, 2 it is easy to verify the result. Now assume k > 3. Clearly

(p—l)_(p—l)(p—2)~--(p—k)
k) k!
Z (=D (=2)---(=k)

(=i)(= (=D

1
’ 1<i<j<I<k

k
Y (—D((_—iiz;;)(—k) by Db H_l)k,d}
i=1

1 1 K
E(—])k(—p3 > ﬁ—i-pz > E—pzl—,—i-l) (mod p*).
i=1

I<i<j<i<k 1<i<j<k

Observe that

and
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1\’ 1 LI 1
)= T gime T gy y ey
We then have

and

1<i<j<I<k
Now putting all the above together we obtain the result. O

We remark that the congruence for (p ;1) (mod p?) was given by Lehmer in [L, p. 360].

(m=3,4,6) and Y17/ 1

3. Congruences for } ., _, rml
~ 9

mlxpk

Theorem 3.1. Let p > 3 be a prime. Then

1 ) p?
0) £ =590) - —pqp<3> + - p 2q,3)° - 813,,73 (mod p?).
k=p o 3)
p—1 2
1 3 3 1 p
ii —=2¢,2) = =pgpy*+ - p*qp(2° — =B, d p3).
(ii) 2 290 = P47+ P74y (2’ = 155 (mod p°)
k=p (mod 4)
Pl 1 1 1
) L =30+ 10,0 - p(gqp@f + gqp(3>2>
k=pk(Tn10d 6)

1 1
+P2< qp(2)° + 6]p(3)3—@3 > (modp3).

Proof. Note that B,(0) = B, and Bj,+1 =0 for n € N. Taking k =1 and r = p in Lemma 2.7
we see that if m € N and p tm, then

L Bpgp-1y = Bpp-ndih  p? 3
2 = mp*(p —1) "3t (modp)
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As By,(x) = By, (1 — x), for m = 3,4,6 we have an({%}) = an(%). Since poz(p_l) =

p — 1 (mod p3) by [S2, Corollary 4.1], using Lemmas 2.4, 2.8 and Euler’s theorem we see
that

1 2(p—
Byt = Bpp-1n(3) _ (1 3 ”) By

p*(p—1) 2.30%w=D ) p2(p—1)
3 3P°(=D 1 pB,y, 3 3PP-D_
" 9.3p%p-1) . p3 . p—1 2 p3

3 1 1
=3 (qp@) = 5pap3)°+ gpqu@f) (mod p?).

Similarly, we have

1 2(p—
By = Bpip-1(@) _ (1 _ 22 ”) Bp2p1y

p*(p—1) 4rt=n- Jp2(p—1)
2P’ (p= 12 2P°(P=D 1 pBo, 2P (=1 _q
= . . =3.-
4p*(p—1) p3 p—1 PE

1 1
—3<qp(2) qu(2)2+ 3P qp(2)> (mod p?)

and
1
Bp2p—1) = Bp2(p-1)(5)
p2(p—1)
20 2(p
=(1- Q=20 =3 =37 =)\ B,y
2. 6% (p—1) P (p—1
3 @P (P=D _ 1)3P (=D _ 1) £ 4P (P=D _ 1) 33377 (=D _ ) B,
- 2.6P° (=D . p3 p—1
2P (p=D _1 3 3pip-D _q
=2- Z.
p3 + 2 [)3

1 2 3 3 2 3
=2{ 4, = 7p4p>)° + p 72" )+ 32,3 - pqp<3> + p p(3)* ) (mod p?).
Now combining all the above we obtain the result. O

Corollary 3.1. Let p > 3 be a prime. Then

1
=-4q,(2) - —pqp(Z) t45

P2 - LB, 5 (mod p).

192
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Proof. Using [S3, Remark 5.3] we know that

p—1 1 p—1 1

E — 4+ E _

k=1 k k=1 k
k=—p (mod 4) k=p (mod 4)

1
—Z =qp@ — pqp(2>2+ pqp<2>3—ﬁp23 (mod p?).

2{/{
Thus applying Theorem 3.1(ii) we deduce the result. 0O

Remark 3.1. Let m € {3, 4, 6}. In 1938 E. Lehmer [L] obtained the congruences for

(mod p?).

- 1 2 nal PRCI B
g £ =39 @+ 50,0 + (39, - 10,0)

7
+p (——qp(2) + = 61;:(3)3 324Bp—3> (mod p?).

Proof. Clearly

p=t pt 4
2 1 2 1 4 1
Pl %2 P
k=1 k=1 k=1
k=—p (mod 3) 2k=p+3 (mod 6) k=p+3 (mod 6)
p—1 1 p—1 1
~( £ ;- T )
k=1 k=1
k=p (mod 3) k=p (mod 6)

Thus appealing to Theorem 3.1 we obtain the result. O
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Theorem 3.2. Let p > 3 be a prime. Then

1 3 p=
Y =300+ p(iqp(zﬂ (D) By — 2E,,3>)

l<k<%

7
- p’ (qp )+ EB”‘3) (mod p?)

and

2

P L
4<k<2

| =

1 p= 1
=q,(2) — P(EQp(2)2 + (—1)Tl (E2p—4 — 2Ep_3)) + gpqu(Z)3 (mod p3).

Proof. Taking k =1,r =0 and m =4 in Lemma 2.7 we find

pZ_E 1_BeponUZFD=Bepoy  p (sz_au%’}) _ZB,,_2<{‘TI’}>>
x 4p2(p—1) 16 2p-3 p—2

x=1
4|x

Gl 2]) e

As B, (3) = (=1)"B, () we then have

-1
)3 1 :4192 1 By (p—1)(3) = Bpp-y) LB Byp-3(3) zBp—2(%)
k zlx_ pip—1 4\ 2p-3 p—2

P
I<k<g )Zl\x

2
P 1 3
— EBP_?,(Z) (modp )
From the proof of Theorem 3.1 we know that

1
Bpap—1) = Bprp-1)(3)
pX(p—1)

3
=34, — 5p4p@° + p’qp@°*  (mod p?).
By Lemmas 2.5 and 2.6 we have

Bap-3@) _ _p2Br2@)
2p—3 p—2

Epp_g=—42"3 =E,—3 (mod p). 3.1)

Observe that a*P~1 = (1 + pqp(a))’ =14 spgp,(a) (mod p?) fora, s € Z with p fa. We then
have

1
=1-2pq,4) (mod pz) and — = 11— pgp,4) (mod pz).

42p=-2 4p
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Hence

_1(Bp3@)  Bpa(y)
2p—3 p—2

4
Erp—a Ep_3
=252 ~ 2 = (1= 204, ($) Ezps = 2(1 = pa, (D) Ep—s

=Eyp-4—2Ep_3—2pqp(4)(Ezp—4 — Ep_3)
=Eyp 4—2E, 3 (mod pz).

On the other hand, by Lemma 2.4 we have

1y 2-2r73 32 —4.2071
BP—3 Z = 4.17773317_3 = TBP_S = 283p_3 (mod p)

Thus combining the above we obtain

1 3 2 2 3 p-1
E = —3qp(2) + qup(Z) —p°qp(2)” +(=1) 7 p(Ezp-a —2E,_3)
1<k<?
P2
— E . 28Bp_3 (mod p3)

From [S3, Theorem 5.2] we know that

2 7
=24y + gy’ = 30’4’ = S p*Bp3  (mod p?).

| =

n
=~
A

(SIS

Observe that

x| =
| =
| =

p

2
<k<

~

4 1<k<

-
[N
S
/AN
~
A
]

We then obtain the remaining result. O

P

Remark 3.2. For any prime p > 3, the congruence Z,E“: ]1 % = —3¢,(2) (mod p) was first estab-
lished by Lerch (see [D]), and a simple proof concerning the formula for > Ak (;{’) was given by
the author in [S1].

Corollary 3.3. Let p > 3 be a prime. Then

1 3 -1
Y =30+ 5pap@’ — (~1)'T pE,s (mod p7)

1<k<%
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and

1 1 5 p=t 2
Y 1=9@ =50+ ()T pEps (mod p?).

VA J4
4<k<2

Lemma 3.1. Let p > 5 be aprime,r € Z, k,m €N, ptmand 1 <k < p — 3. Then

<

-1 |
k
m _
>
x=1
x=r (mod m)

_ Bypork () = Bap (52D Bps()) — By (152D
- 2p—1—k p—k

kp r—p
B ({50]) )

Proof. From Lemma 2.6 we see that if x € Z, then

Bap—2—k(x) _ Bp-1-k(x)
2p—2—k  p—-1—k

(mod p)

and

Boipdy—kr1) _ Bpr-nip-n+p-k )
(P —k+1  (p>*=D(p-D+p—k
Bap-i- B,
= (7 - 2P - P -
2p—1—k —k
_ Byp1-k(¥) By—i(x)
2p—1—k T p—k

(mod p?).

This together with Lemma 2.7 gives the result. O

Putting r = 0, p in Lemma 3.1 and noting that By,11 =0 (n > 1) we deduce the following
result.

Theorem 3.3. Let p > 5 be a prime, k,m €N, pfmand 1 <k < p — 3. Then

1

=
|

1

xk

S»
I M

x=1
x=p (mod m)

Bop_ 1k ({£)—Bop_1-k _ zBp—k({%})—Bp—k (mod pz) ifZJ(k

_ 2p—1—k p—k
| Bk (2D By ({£) k .
2p2p]—lf—k -2 Ppk—k + i Bp-1-k (mod p?) if 2| k.

and
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Bop—1-k—Bap_ 1k ({FED _ 23p—k*3p—k({_7p})

2p—1—k p—k

k - .
“%":” 1| admBro1k (5P (mod pB)  if21k,

x5 T By kUZED  AByk (52D

x=1 o 2

k — .

+W%Bp717k({7p}) (mod p?) if2 k.

Corollary 3.4. Let p > 5 be a prime and k € {3,5, ..., p — 4}. Then

[p/3] 1 3k _3
) Z 3 = —TBpfk (mod p),
x=1
) [p/4] 1 92%k—1 _ok=1 _ 1
(ii) = —TBH (mod p),
x=1
i K1 _ @ -nE-n-2, mod »)
111 _x_k = — 2k pfk mo P,
x=1
. 1 @F-npEk-2k-1
(iv) > <= o By— (mod p),
%<x<%

) =——————B,  (modp).

3 1 2% _ok_3k4g
xk 2k
<X <

Byt = BpkU72)  Bpi(Gp) = Bp—i
p—k a p—k

(mod p).

Now applying Lemma 2.4 we deduce (i)—(iii). (iv) follows from (ii) and (iii), and (v) follows
from (i) and (ii). O

Theorem 3.4. Let p > 5 be a prime and k € {3,5, ..., p — 4}. Then

-l k—1
. 1 3 -1/ Byp_1-k By 2
— = -2 d ,
@ XX_; Xk T 23kl (2p—l—k b—r) (medr)
X=p (E10d3)
p—1 2%k—1 _ ~k—1
.. I 2 =27 =1/ Bp_1-k By 2
= -2 d p°),
(ii) L ok <2p— - p—k) (mod p*)
x=p (mod 4)
p-l k k
I @-D@E*=D—=2( Bap-1-& By 2
— = -2 d .
(i) P 2.6k <2p—l—k bk (mod p7)

x=1
x=p (mod 6)
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Proof. Let m € {3,4,6}. As By, (1 — x) = By, (x), we see that an({%}) = an(%). Hence,
applying Theorem 3.3 we have

1

=
|

1 sz—l—k(%) — Bop-1k Bp—k(%) — Bp—1
xk 2p—1—k p—k

5»
™

(mod p?). (3.2)

1

x=
x=p (mod m)

By Lemma 2.4 we have By,(3) — By = 3(317%" — 3)By,. Note that 32727 =2. 3177 — |
(mod p?). By the above we obtain

= xk 2 2p—1—k 2 p—k
x=p (mod 3)

:3k(2.31—17—1)—3 ‘ Byp_1-& _(3k+1—17_3)M

2 2p—1—k p—k

:3k+1_,,< Bop—1-k Bp—k> B 3k 43 Bk +319;;—k

2p—1—k p—k 2 2p—1—-k T p—k

_ 3k Bap—1-k  Bpik _3k+3. Bap—1-k +3Bpfk
ST \2p—-1—-k p—k 2 2p—-1—-k "~ p—k

3F—3 By, B (3k _3) By

2 2p—1—k p—k

(mod p?).

This proves (i). Now we consider (ii). From Lemma 2.4 we know that By, (JT) — By, =174 —

272" _ 1)By,. Observe that 2°(P~D = (1 + pqp(2))* =1+ spgp(2) (mod ). Using (3.2) we
see that

L B
4k L (p2%k=1=4(p=1) _ pk=1=2(p—1) _ 1) _P2p=l=k
); Xk ( )2p —-1-k
x=p (mod 4)

. 2(22k—1—2(p—1) —ok=1=(p—=1) _ 1)@
p—k

— - B ——
= (227 (1 - 4pq,(2)) = 2071 (1 - 2pg, @) - 1)2pzf—1l_kk

B,
=227 (1= 2pg,p ) = 257 (1 = pg,(2) - 1) pp_];;

Bop 1k By i
— (2k _22k+1)qp(2)p p _p
2p—1—k p—k

+ (22k—1 _ k=1 _ 1) Bap—1-k 2(22k—1 _ k=1 _ 1)@

2p—1—k p—k

_ (221 kel 1)(2§2f1]_kk 3 2;%_;) (mod p?).
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This proves (ii). Finally we consider (iii). As an(%) = %(21—2n _ 1)(31—2n — 1)Bay, by (3.2)
we have

p—1

1
6" ; =
¥=p (mod 6)
_ L2 _ k=2(p—1) _ 1\~ Bap—1-k
_2((2 1)(3 1) 2)—2p—1—k

—(p— —(p— B,k
_ ((pk—(p—1 _ k—(p=1) _ 1\ _ P
(@ € 0 -2)

! By, 1—

= {2 (1 =2pgy@) - 1) (3*(1 —2pg,(3)) - 1) - z}zpzf—]l_kk
B,_

—{2*(1 = pgp @) = 1)(3*(1 = pgp(3) —1) — 2}pp_l]<<
_(2=DE D=2 k (~k Bap—1-k
- < 2 -2 (3 - l)pr(z) -3 (2 — l)pqp(3)>m

B,_
() 1) 2 )y - ) 2

_ Q=B —1)—2( By 14 —ZB‘"_k
2 2p—1-k p—k

k (3k k (ok Byp—1—k By
~EE - Ne®+Ie _1)qp(3))p<2p—l—k N p—k>

Q=@ —1)=2( Bap-i1-« Bp_i ,
) 5 —l—k_2 % (modp).
p p

This proves (iii) and hence the theorem is proved. O
Corollary 3.5. Let p > 5 be a prime and k € {3,5, ..., p — 4}. Then

2 =

x
x=p (mod 3)

<

3kl
2k - 3k-1

By (mod p),

Pl 2kl k=1
2 F= T gom Brx (modp),
=1

x=
x=p (mod 4)

~
L

1 Q—nEk-1-2
W K6 By (mod p).

™

x=1
x=p (mod 6)
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Corollary 3.6. Let p > 5 be a prime and k € {3,5, ...
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, p—4}. Then
2%=1 3. 2k=l 4 1/ By, B,
_ + 2p=i=k 5 Dp=k (modpz).
22k 2p—1—k p—k

Proof. From [S3, Theorems 5.1 and 5.2] we see that

o2 1 P8P 2k —2/ Bk By 5
kT LT ok =T Y Ty o) (med s
x=1 x=1 x=1 p p
2tx
Thus
Pl P 1 2k—2/ Btk By
p—1—= P— 2
— — = -2 mod .
XZ_; * T L FTTxH (2p—l—k p—k> (mod p7)
x=p (mod 4) x=—p (mod 4)

Now applying Theorem 3

Theorem 3.5. Let p > 5 be a prime and k € {2,4, ...

2

.4 we deduce the result. O

, p —S}. Then

22l k-1
(=D 74" QEp—1-k — E2p—2-k)

a=
1§x<%

2k—2(2k+1 _ l)k 2

Tpo_1_k (modp )
and

1
Z = (1) 7 A QE, 1 — Expap)
P P

Proof. As B,(3) = (—1)

[p/4]

3 xikz(—l)”?(

x=1

From Lemmas 2.4 and 2.

B k(zkAJ __l)(2k+1 -1
2(k+1)

PBp_1-k (mod pz).

"Bn(‘]—‘), putting m = 4 in Theorem 3.3 we see that

Bap—1-k(3) B Bp—i(3) n
2p—1—k p—k

5 we have

kp 1
4(k+1)B”“"‘<Z> (mod 7).

295
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1
BZp—l—k(z) 4k YEsp—aik
2p—1—k 420D

Bpi(z)  4E, k_
p—k 4pr-1

=—4""1(1-2pq,@)Ezp—2— (mod p?),

—41(1 — pgp@))Ep—1—x  (mod p?),

1\ 2-2r17k
B,,_l_k(1> =~ Brik =252 —1)B,_1_x (mod p).

As Byp_1-1(5)/2p — 1 —k) = Bp_(3)/(p — k) (mod p), we see that Eop_o = Ep_i_
(mod p) and so

[p/4]
1 p=
Z P =(— T( —4*= N1 =2pgp@)Ezpr—i —2(1 — pgp®)Ep—i—i}

kp k (Ak+1
-25(2 —1)B,_1—
+4(k+1) ( )plk

2k—2(2k+1 — Dk

1 PBp—1-k (mod pz).

= () T4 QE, i — Eapri) +

By [S3, Corollary 5.2(a)], we have

1 k@I -1 5
=X e d p?).
T= g DBk (mo )

D
1<x<%

Note that

1 1 1
Y a- T s Tk

P P P P
F<x<5 I<x<3 I<x<f

By the above we obtain the remaining result. 0O
Corollary 3.7. (Lehmer [L, (20)].) Let p > 5 be a prime and k € {2,4, ..., p —5}. Then

(p/4] 1
> g=CnT T4E, g (mod p).

x=1
Corollary 3.8. Let p > 5 be a prime. Then

p/4]
1 p=t 14 )
Y =T BEps—4Ep )+ 5 pBys (mod p?).

=
—
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Theorem 3.6. Let p > 5 be a prime and k € {3,5, ..., p — 4}. Then

Z Lk _ (221 k1 1)<2 BIH/Z _ 232p11kk>
l§x<£.x p p

— (—1)%41‘_1ka,,_2_;( (mod p2)

and

1
2 &

<x<

_(221(71 _ 3.9kl —H) zBp—k _ Bap—1-k
p—k 2p—1—k

b
s

(=)' T4 UpE, 5 (mod p?).

Proof. As Bn(%) =(—D" Bn(%), putting m = 4 in Theorem 3.3 we see that

Z 1 Byp-1-k — sz—l—k(%) B 2Bp—k - Bp—k(i)
xk 2p—1—k p—k

D
1<x<%

k P 1
+ e f_ D . (—1);131,_1_;((3) (mod pz).

According to Lemmas 2.4 and 2.5 we have

1 _ _ 1 2n+1
By, — an(1> = (1 4272 2l 4")an and By, (4_1) = —WEZn-

Thus,

1
2

1§x<§

= (1 4 pk=1=2(p=1) _ 22k—1—4(p_1))M

2p—1-k
—2(1 4261 22k7172(p71))m
p—k
kp Pl R
A G e G Lol V2l DI I SN
Tk (=D ( (p ) Ep—2—k

Bap-1-
= (1421 (1-2pg,(2) =271 (1 - 4pq,,(2)))—2p2f 11 _"k

Bp—i
p—k

)as
2

1
+ (=17 4 kpE, 54

—2(1+ 2511 = pgp(2) = 2% (1 = 2pg,, (2)))

— (1 +2k—1 _ 22k—1) szflfk _ 2BP7k
2p—1—k p—k
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By 1k B, & prl o
+ (22k+1 _Zk)qp(z)p(zpfl—k — p”_k> +(=1)7 4k 1kap_2_k

_ _ Bop—1-k Bp_k Pl
= (1427 2% 1)(2pf1—k_2pp_k>+(_1)p2 #7UpEpay (mod p?).

From [S3, Theorem 5.2(b)] we have

1 By« Bop—1-k
)3 x_kz(zk_z)<zp1’_k_2pfl_k> (mod p2).

1<x< g
Now combining the above we deduce the result. 0O

Theorem 3.7. Let p > 5 be a prime. Then

1 1 p—1
Z % =—q,(2) + p(iqp(z)2 + (_1)12 (6E,—3 — 3E2p4)>
1
- gpz(qp(z)3 +14B,_3) (mod p°)
and
1 3 ) el
> 2 =300 = p( 5097+ (=1)'T (63 —3E2p)
3Tp<k<])

59
+ p2<qp(2)3 + EBP3> (mod p?).

Proof. It is clear that

1<k<f %Tp<k<,, 1<k<?2 1<k<%
_ p+k p+k
- Z kpz—k3= Z —i3
1<k<4 1<k<4
2 1 1 3
== ) mp ) 5 (modp?)
I<k<g 1<k<%

By Corollaries 3.4 and 3.8 we have

1
Z 5= —9B,_3 (mod p)

1<k<?
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299
and
1 14 5
Y m=enT T QEp— Ezp-4)+ 5 pBps (mod p?).
I<k<4
Thus
1 1
rRgpy *
1<k<4 P k<

5 p=1 14
E—P(—%%a)—P404)2@Ep3—Em4%+§ﬁBrs

—4-1'T

13
T QEp3— Expi)p+ S P*Bp-3 (mod p).

Hence applying Theorem 3.2 we obtain

13
3 =A-D)T QEys— Eape P+
¥<k<p

=

p Bp 3+3q,(2)

7
( q;)(z)z - ( 1) (ZEp 3= E2p 4)) +p (C]p(Z)3 123P3)
3
=3q,(2) — ( ap(2)7 + (- H'T (6E 3= 3E2p—4)>
+p? (6117(2)3 + ?zB ) (mod p?).

From [L, p. 353] or [S3, Theorem 5.1(a)] we have

1 1
Z EE_gszp_3 (mod p3).

1<k<p

By [S3, Theorem 5.2(c)],

| 2 7
Y =2 @+ gy = P70y = 5 p* By (mod p?).
1<k<1—2J
Thus
> o= 1
; k k k
B<k< I1<k<p I<k<%
=2q,(2) -

2 1
Pay(2)* + 510261,7(2)3 + Zp23p73 (mod p?).
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Observing that

Y e X X

3 ; p 3 k
% Tp g<k<p % <k<p
and applying the above we obtain the remaining result. O

Corollary 3.9. Let p > 5 be a prime. Then

2

x| =

3

S

1 p=1
~4p@) + 3452 +3(=D'T pE,—3  (mod p?)

SIS}
|

and

1 3 n—1
Y =302~ 5pap@? =3(-D'T pEpy (mod p?).

3Tp<k<p

Theorem 3.8. Let p > 5 be a prime. Then

P - 1 p—1
(=pte! (” ] ) =1+3pgp2) + p*(3¢p(2° = (=17 Ep—3) (mod p°)
4

and

p - 1 P—
(—Dle! (” 2] ) = 143pg,@ + p*(3¢p(° — (=)'T QEp3 — Ezp_s)
4

p—1 5
+p’ (qp(2>3 —3(-1)'"T q,Ep 3+ ZBP—3> (mod p*).
Proof. From Theorem 3.2 we have
p/4] 3 -
Z 7= —3q,(2) + 1!7(561[7(2)2 + (=172 (Ezpa— 2Ep—3)>
i=1
2 3, ! 3
-9 +EBP73 (modp )
By Corollaries 3.3 and 3.8 we have
(/4] 3 -
Y =30+ 5pgp@7 = (=1)T pEps (mod p?)
i=1

and
[p/4]

p=1 14 2
2 =(=1) 72 @Ey,_3—4Ey,_4)+ ?po_3 (mod p )
i=1



Z.-H. Sun / Journal of Number Theory 128 (2008) 280-312 301

From this we deduce
p/4] [p/4 1
(Z ) Z 5 =9, = (- 1)'7 8E)_3 —4E2p_4)
i=1 i=1

3 14 2
~94p(2)° +6(~1)"T ¢, (2)Ep_3 - 3 Br-3)  (mod p?).

By Corollary 3.4 we have 21[1;/14] l% =—9B,_3 (mod p). Thus,

(p/414 3 (p/a1 4\ /lp/4 (P41
(&) ()& a) ks

i=1 i=1 i=1 i=1
= (=34,) = 3(=3¢,(2) - 4(—1)"T E, 3 +2(~9B,_3)

9 p=
= 6(—5971)(2)3 + 6(_1)TICIp(2)Ep—3 - 3Bp—3> (mod p).

Now putting all the above together with Lemma 2.9 and the fact E;, 4 = E;, 3 (mod p) yields
the result. O

Remark 3.3. The congruence (— 1)[ ]( ) =1+ 3pgp(2) (mod p?) was known to Lehmer.
See [L, (51)].
For any prime p > 3 we recall the Legendre symbol

<p)_{1 if p=1 (mod 3),
3) | -1 if p=2 (mod3).
Theorem 3.9. Let p be a prime greater than 5. Then

3

@ YL L(2)Bp-2(}) (mod p).
Giy YR/ —2qp<2)— 24,3) + p(@p(2% + 29,3 — L (5)Bp—2(2) (mod p?).
Gii) Y01 —%qp(3)+%pqp(3>2— 2(2)B,_2(1) (mod p?).

k—1
(v) Y =9y 13|k+ &= 15(5)Bp-2(5) (mod p?).
(v) We have

P —1 3
(—Dle! ("[ﬁ] ) =1+ p(qum + Eqp(?»)) + pz(qp@)2 +3¢,(2)q,(3)
6

3 1 1
+ §q17(3)2 - g(%)B,,q(g)) (mod p?)
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and

121 1 3 s Pr(p 1 3
(=D <[ ])—1+2pqp(3)+ p’ap,(3)* — 60( )Bp 2(6> (mod p°).

Proof. Taking k =2 and m = 3, 6 in Theorem 3.3 and using Lemma 2.6 we see that

/61 -P 1
1 Byo({5) By, 2(3) 1 1
i ‘(?)% = 5(?)317—2(5) (mod )

1

~?

k

and

[p/3] 1
1 B, »(3 1 1
Y =5 =-(5) 52 =5()m(s) et

By Raabe’s theorem (cf. [S2, Lemma 2.2]) we have B,,_z(%) + Bl,_z(% + %) =21-(r—2)
B,_>(3). Thus

1 1 2 1 1
B,,_z(g> = 23—1’3,,_2(5) - Bp_z<§) =27+ 1)3,,_2(3) = 53,,_2<§) (mod p).

Hence (i) holds.
Suppose m € {3, 6}. Taking k =1, r =0 and m = 3, 6 in Lemma 2.7 and using Lemma 2.6
we see that

@(p?) m p—2

p—1 —-p —p
- 1 ByopyU5 D —Byppyy  p Bp2(i57)
=m Y _= )

k=1 x=1
x=0 (mod m)

B 2)— B By2(,
- <p<p3>(m)3 ¢<P3>+£(£)L(m) (mod p?).
o(p?) m\3/) p=2

From the proof of Theorem 3.1 we have

By = Bopn o) _ [ 3903) = 3p4p(3)*  (mod p?) ifm=3,
o(p?) 2q,(2) — pqp(2* +3¢,(3) — 2 pgp(3)*  (mod p?) ifm =6.

Hence (ii) and (iii) follow from the above and the fact Bp_z(%) = %Bp_z(%) (mod p).
Now we consider (iv). Since

1 — (=11 2 1 1
Y — =2 =2 ; m ) 5=0 (mdp)
1<k<2 1<k<2 1<k<4 1<k<S
2|k

by [S3, Corollary 5.2], using (i) we see that
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-zi-T

k
2p 1<k<% §<k<ZTP

(T X o)

P 14
3<k<2

(2 () i

k<

wis

1

N

P~1L — 0 (mod p?) (cf. [L,S3]) and using (iii) and Theorem

On the other hand, noting that ),
3.1(i) we see that

k=1 k=1
3lk+p k=0 (mod 3) k=p (mod
z _
B 1 [3] 1 P 1 1
3k=1k k=1 k
k=p (mod 3)
1/ 3 3 p(p 1 1 1 2
=——(-2¢,®+>pg,3D*— =S )B,2( =) ) - (29,3) — -pg,(3
3< qu()+4pqp() 30<3) » 2<6>> <2qp() 4pqp()
p(p 1 2
=—\|=|By-2| = d .
90<3> ’ 2(6) (mod 77)
Thus (iv) is true. Finally we consider (v). By Lemma 2.9, for m = 3, 6 we have
(2] (2] 2 (2]
pfp—1 "1 PP (1 "L 3
(_1)[m]( )El—p -+ = -] =) = mod p
g) =it T (B) “ ) o)

Thus appealing to (i)—(iii) we obtain

-1 [p]<p—l)
RN

6
3 3 1
1- p(—qu@) — 503 + p(qp<2>2 + que)z) - %(g)Bp_z<6))

(5 () e

2 2
p 3
+ 7(<_2‘Ip(2) - 5%7(3))

and
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pyfp—1 3 3 p(p 1
(—1>[3]< (2] )E 1 —p(—iqp(3>+1pqp(3>2—3—0(§>Bp_z(g>>
2003 S| 1
5 ((300) ~5(5)2(5)) )

This yields (v) and hence the theorem is proved. O

Remark 3.4. Let p > 5 be a prime. The congruences

(p/314 3 [p/6] 3
Z £ =543 (mod p), ; £ =724y = 34,(3)  (mod p),
w3 (P— 1) _ 3 2
(—1) ([ /3]) =1+3pgp(3) (mod p?).
1 3
(—1lp/el ( /6])El+2P‘Ip(2)+§P‘Ip(3) (mod p2)

were known to Lehmer [L], and the congruence

[p/3] 1 1 [p/6]
==z Z — (mod p)
k=1 k 3 k=1 k

is due to Schwindt (cf. [R,L]). In [S1], using the formulas for Zk —r (mod 3) ( ) the author proved
that

Corollary 3.10. Let p > 5 be a prime. Then

) 6l [p/6]
(i) X:][(P/1 k+ ZP/

.. 3] 3
(11) ZI[(p/l i 4+ L Z[P/]
(iii) We have

—1 —10
( ”([%1) O

27 5 27 ;
——9+P<2qp(2) Clp(3))+17 (qp(Z) +3q,(2)q,(3) — —qp(3) (mod p°).

~24,(2) = 34, (3) + p(@p(2)* + 34,(3)*) (mod p?).
—34,(3) + 2 pg,p(3)? (mod p?).

Nl'_‘ Nl’_‘
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Corollary 3.11. Let p > 5 be a prime. Then
(—Dk! I_ptd
2 1<k< k=1
I<k< 3M+;
(i) Y sy L e+ g, (mod p?)
X K 2‘]17 4P‘Ip P )
1<h<2 I<k<k
(=D! 1 2 2
(iif) > =2 =44y +2pgp(2)°  (mod p°),
1<k< 2 §<k<%
(iv) 1 1_ 2,9 2 2
32 15 X =@ - 503 +p(-20p7 + 19,37 (mod p?).
1§k<g g<k<£
p—1 2k p—1 2k
4. Congruencesfor } ;_, 7-and } ;_, %
Let p > 3 be a prime. For n € N let
p—1 ok
Gn (x) = k_”
k=1
Then G, (x) € Zp[x]. In [Gl] Glaisher showed that
p=l ok
G1(2)=Z?E—2qp(2) (mod p). (4.1)
k=1
In 2004 Granville [Gr] proved the following Skula’s conjecture:
p—1 ok
G2 =) 15=-9p2" (modp). 4.2)
k=1

In the section we determine G1(2) (mod p3) and G»(2) (mod p?).

Lemma 4.1. Let p be an odd prime. In Z,[x] we have

—1 p—1
1{1+x-1DP—xP L (a-xf-1
Galr) =~ (D Pty P

p p k

k=1
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Proof. From Lemma 2.9 we know that

k
—1 1
(—1)k<pk )E 1 —pZ; (modpz)
s=1

Since f ' ldt = settlng y =1 —xt we see that

r=1

1

[

Orl

1—x

”i 1! (p) ,
_— X
r r

1)r1<)r’]dt_ (l—xt)p—l—( xt)p

—t

1

_ (y—l)P iy_k :
- Al

! ])P 1—x p
O -1 k—1
- — E d
Y ! 1/<(y : k:ly ) ’

—X

k=1 p k=1 k k=1
x4 -1 A —nf—1
— . -

Now combining the above

we obtain the result. O

Lemma 4.2. Let p > 3 be a prime. Then

'
Gz(z)——qp(z)2+p(z =Y —+3 qp<2>3 3) (mod p?).

Proof. From [S3, Remark

| —( Pk R

=23

=1 k=1
2tk

=~

S
r=2 s=1

5.3] we know that

1 2 1
L =2a,2) = pgp(2)* + gpqu(2)3 — EPZB (mod p?).

Thus putting x =2 in Lemma 4.1 and applying the above gives the result. O
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Lemma 4.3. Let p > 3 be a prime and n € N. Then
npGur1 () = (=1)"xPG,(1/%) = Gu(x)  (mod p?).

Proof. Clearly we have

-1 p—1 p—1
1 p p k k
XPG”(_) = lx o Z xjﬂ = n - n—1
x i A e V2 9 el G L S A
p—l —1 k
5 Gt Z (k + np)x
e T O R =

= (=1)"("pGrs1(x) + Gu(x))  (mod p?).
This yields the result. O

Theorem 4.1. Let p > 3 be a prime. Then

2 7
@) > =" = 5By (mod p?).
k=1
=1 ok
2 2 7
(ii) = —qp(2)* + p<§qp(2)3 + ngg) (mod p?).
k=1
p—1 1
(iif) > — T =@~ _qp(z)z (mod p?).
k=1
= T
(iv) ; T =597 (mod p).

Proof. Suppose x € Z,, and x # 0 (mod p). From Lemma 4.1 we see that

L(xP+ (1 —x)P =1 ZAxk— (= Dk
WP Go(lfx) = - (A=) +3° 1 = Ik
p p P k

p—1 P r— 1

+pZ ) Zs modp

307

4.3)
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we see that

Thus

p k

XP—(x—1)P —1 PAxp—xpk(x — 1)k)
+
k=1

xPGy(1/x) = l(
p

+p2)]z221 modp

Hence applying Lemmas 4.1 and 4.3 we see that

2pG3(x) =xPGa(1/x) — Ga(x)

2P —(x = DHP = 1) <xp —xP R —DF (1 -—x)F-— 1)
= +
p{ P 1; k k

Therefore,

Gty = 12 { 2P — (x — HP — 1)
P p
p—1 1
+ E — 1+ A=)k —xPhx = 1)")} (mod p). (4.4)
k=1

Taking x =2 we find

pl p—1 k p—1
1 1+( 1)
-+ —2°F E k 2"} (mod p).

1
G3(2) = {46117(2) +(2
r? k=1 k=1

It is well known that Zf;ll % =0 (mod p?) (cf. [L, p- 353]). From [S3, Theorem 5.2(c)] we also
know that

p—1 k b=
1 —|—( 1y 1 2 7
=2 =2+ 4, = 30%0y2° = S0 Bps (mod p?).
k=1 k=1

Thus
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1 2 s 7,
G32)=— 29,(2) + pg,p(2)° —3P e 3P By 3—2° Zk " (mod p). (4.5)

P
As

Pl sp—k p=1 2k — k(2 +kp +k2) k(2 kp + k)

=p*G3(2) + pG2(2) + G1(2) (mod p?), (4.6)
by (4.5) we have
P*G3(2) =24,(2) + pgp(2)* — %pqu@f - %sz
+p*G3(2) + pG2(2) + G1(2)  (mod p?).

Namely,

2 7
pG2(2) =—G1(2) — 29,(2) — pqp(2)* + gpqu@ﬁ Esz (mod p*). (4.7

According to Lemma 4.1 we have

1 plk p—1 p—l( l)rr711
Gz(—l)E;(—ZQp(Z) Z -i—Z ) p 5 Z; (modpz).

k=1

1 1 1
—3 =-2B,_3 (mod p) and % = —gp By,_3 (mod p3)
k=1
Thus applying (4.3) we see that
p-1 p=1 o
p—l( Drril:l 22: = 7 | p-2k-1,
r2 s (2k)? s (p — 2k)? s

\
I
o
Il
~
Il

- =
©
Il
=
Il
©
I

and hence

p—1 5k

2k
S HOEDY T §sz1’ 3> + 43,, 3 (mod p?).
k=1

Gry(—1)=—

|-
S
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On the other hand, using [S3, Corollaries 5.1 and 5.2] we have

p—1 r  p-1 p—1 = -
(—1) 2 1 1 1

k=1 k=1 k=1
2/k
1 223=1) 2 1 2
=-.-~"  »B,3—=-pB, 3=—-pB,_ d p?).
22(2+1)Pp3 3Pp3 2Pp3(mol7)
Hence
p=1 5 2 2
2k
24, =Y. =3P Bp3t %Bp,g = pGa(~1) = %Bp,3 (mod p?).
k=1
This yields
p—1 ok
Gi(2) = Z—z— qp(2) — 23,, 3 (mod p?).

k=1

So (i) holds. Substituting this into (4.7) gives

7 2
pG2(2) = —pg,(2)* + gp2B,,_3 +=p%qp(2°  (mod p?).

3

That is,
2 2 3 7 2
G22)==4p("+ p| 342 + £Bp-3 (mod p?).

Thus (ii) is true. By (4.6) we have

p_l 2177](

> ——=-rG:2)=Gi(2) (mod P?).
k=1

From the above we know that
G1(2)=-2¢,(2) (mod p?) and G2(2)=—g,(2)* (mod p).

Thus

”i‘ 1 —Gi1(2) = pGa(2) _ 2q,(2) + pgp(2)?

.ok =
P k-2 2r 2(1 + pgp(2))

(q,, @+ 24, (2)2> (1= P2, ) =4, — £4,* (mod p?).
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This proves (iii). From Lemma 4.3 we have
2pG3(2) =27Go(1/2) — G2(2)  (mod p?).

Thus,

1\ _ 6@ _ —4p(2)?
This proves (iv) and hence the theorem is proved. O

Corollary 4.1. Let p > 3 be a prime. Then

Pl ok

qp(2)=— Z ~—  (mod p?).

Remark 4.1. Let p > 3 be a prime. By [DS, (5)] and [S3, Corollary 5.2(b)] we have

e T B e U
Gy2)=) 53=—31? +Ezj—3;—§q,,(2> — 55 Br-3 (mod p).
k=1 j=1

This together with (4.5) and Corollary 3.1 yields

—1
X _ 49 +304p(2)* = 507452 — 5P’ Bp-3
ok =
k-2 1+ pgp(2)
2 3 7 2
=q,(2) - pqp(Z) +3 p 245(2) ~15? By
p—1 1
=4 p (mod p?)
k=1
4lk+p

By the proof of Theorem 4.1, we also have

”i 1 _G<1> pG3(2) + G2(2)/2
e =923 2

k=1 2
1 , 7 1 , 2 , 7
=(1-pg,(2) —3Pap@” = 5 PBp-3+ 5 —ap@D" + 3p4p2) + cpBp-s

1 7 5
=__‘117(2) +3 P‘Ip(z) + —pBy—3 (mod p°).

24
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