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1. Introduction and statements of the main results

In [CS04], Calegari and Stein studied certain relations between the congruences among
classical cusp forms Si (T (p)) of prime level and the integral closures of their associated
Hecke algebras. They have made a series of conjectures and established connections
between them. One of these conjectures predicts a precise formula for the index of T
in its integral closure, where T is the algebra of Hecke operators acting on Si(To(p), Z)
generated over Z,.

When Si(T'o(p)) contains no oldforms (e.g., when k = 2,4, 6, 8,10, and 14), then U, =
—pg_lwp, where w,, is the Fricke involution. Let S;" (I'o(p)) (resp., S; (I'o(p))) denote the
plus (resp., minus) eigenspace of Si(T'o(p)) with respect to wy, and let T+ := T /(U, +
ps~1) (resp., T~ := T/(Up —p%~1)) be the quotient of the Hecke algebra T. Note that
T+ (resp., T~) preserves S; (I'o(p)) (resp., S; (I'o(p))). Calegari and Stein (cf. [CS04,
Conjecture 3]) conjectured that TT and T~ are integrally closed. Equivalently, any
congruences among the Hecke eigenforms in Sy (To(p), Z,) can occur only between plus
and minus eigenforms for w,. They (cf. [CS04, Conjecture 4]) also conjectured that the
eigenvalues of the Fricke involution on f € S2(I'g(p)) and g € Si(T'o(p)) have opposite
signs if there is a mod p congruence between g and the derivative of f. In [AB07], Ahlgren
and Barcau settled this conjecture affirmatively.

Theorem 1.1. Letp > 5 be a prime. Suppose that f € So(To(p), Z,) and g € Sa(To(p), Zy)
are eigenforms for all Hecke operators and satisfy ©f = g (mod p), where p is the
mazximal ideal of Zp. Then the eigenvalues of w, for f and g have opposite signs.

Barcau and Pagol (cf. [BP11, §4]) proved that Theorem 1.1 continues to hold for level
pN with p{ N, under an assumption on the weight filtration of f.

Theorem 1.2. Let p > 5 be a prime and N > 4 be an integer such that pt N, and p be the
mazimal ideal of Z,. Let f € S2(To(pN),Z,) and g € S4(To(pN),Z,) be two newforms
and satisfy Of = g (mod p). If w(f) =p+ 1 then the eigenvalues of wl(,pN) for f and g
have opposite signs.

Our main interest lies in studying the conjectures of Calegari and Stein for Drinfeld
modular forms and various connections between them. The present article is a modest
first step in this direction where we generalize the results of [AB07] and [BP11] to Drinfeld
modular forms of any weight, any type.

1.1. Main results

Let p be an odd prime number and ¢ = p” for some r € N. Suppose F, denote the finite
field of order g. Set A := Fy[T] and K := F¢(T). Let Ko = F4((7)) be the completion of
K with respect to the infinite place oo (corresponding to %—adic valuation), and denote
by C' the completion of an algebraic closure of K.
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Throughout the article, p denotes a prime ideal of A generated by a monic irreducible
polynomial 7 := 7(T') € A of degree d and m denotes an ideal of A generated by a monic
polynomial m := m(T') € A such that (p,m) =1 (i.e., mt m).

For an ideal n of A, we define

Fo(ﬂ) = {(ig) S GLQ(A) cE 1’1}

to be a congruence subgroup of GLy(A). Let My, ;(T'o(n)) (resp., M,i,l(I‘o(n))) denote the
space of Drinfeld modular (resp., cusp) forms of weight k, type [ for T'g(n). Our first
result is the following;:

Theorem 1.3 (Theorem 4.5 in the text). Suppose that f € M,%’Z(Fo(p)) and g €
My 541(To(p)) have p-integral u-series expansions at oo with ©f = g (mod p). As-
sume that w(F) = (k—1)(¢? — 1) + k where F is as in Proposition 5.8 corresponding to
kf, and (k,p) = 1. If fiW, = of and g|W, = Bg with «, B € {£1}, then = —a.

The Ramanujan’s ©-operator, the weight filtration w(F) of F, and the Atkin-Lehner
involution W, are introduced in §2.2.1, §4.1, and §3.1 respectively. In Proposition 3.8,
we establish that for any f € M, ;(To(pm)), there exists a Drinfeld modular form F' €
M(lk—1)(qd—1)+k,z(F0(m)) such that ' = f (mod p).

In Theorem 1.3, the condition w(F) = (k — 1)(¢? — 1) + k is automatically satisfied
for Drinfeld modular forms of weight 2, type 1. More precisely, we prove

Corollary 1.4. Suppose that f € My, (To(p)) and g € M} o(To(p)) have p-integral u-series
expansions at oo with ©f = ¢g (mod p). Assume that f #0 (mod p). If fIW, = af and
g|W, = Bg with «, B € {£1}, then f = —a.

Similar to the classical case, Theorem 1.3 can be extended to the level pm, which is
described in the following theorem.

Theorem 1.5 (Theorem 5.8 in the text). Let m be an ideal of A generated by a polynomial
in A which has a prime factor of degree prime to ¢ — 1 and p t m. Suppose that f €
My (To(pm)) and g € My, o, (To(pm)) have p-integral u-series expansions at oo with
Of =g (mod p). Assume that w(F) = (k—1)(¢*—1)+k, where F is as in Proposition 5.8
corresponding to kf, and (k,p) = 1. If f\Wp(pm) = af and g|Wp(pm) = Bg with a, B €
{1}, then 8 = —a.

The (partial) Atkin-Lehner involution Wp(pm) and the weight filtration w(F) of F
are introduced in §3.1 and §5.5, respectively. We note that in proving Theorem 1.5, we
will make use of the recent work of Hattori [Hat20] for which the conditions on m are
necessary.

There is a significant difference in our approach to prove Theorem 1.3 and Theo-
rem 1.5. We use the structure of Drinfeld modular forms for GL2(A) in the proof of
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Theorem 1.3 (cf. §4). We appeal to the geometry of modular curves and use the recent
work of Hattori (cf. [Hat20]) to prove Theorem 1.5 (cf. §5).

1.2. Results for p-new forms

The space of p-new forms M ,ilp TY(To(pm)) for level pm was introduced by Bandini
and Valentino (cf. [BV20, Definition 2.14]). Now, we state Theorem 1.3 and Theorem 1.5
for p-new forms. They are natural generalizations of the results of [AB07] and [BP11].

If fe ]\4;7’1'0_“%(1“0(pm))7 then the relation f|Wp(pm) = —nl=F2(f|U,) (cf. [BV20,
Theorem 2.16]) implies that f is an eigenvector for the Wp(pm)—operator if and only if
it is an eigenvector for the Up-operator. Note that the normalization here differs from
that of [BV20]. For such a Drinfeld modular form f, the eigenvalues of f are £m*/2-1
(resp., F1) with respect to the Uy-operator (resp., the Wépm)—operator). In fact, the
above relation also implies that the eigenvalues of f with respect to the Uy-operator and
the Wp(pm)—operator have opposite signs.

Now, we rephrase our main results in terms of the Uy-operator.

Corollary 1.6. Let m C A be ideal such that either m = (1) or as in Theorem 1.5.
Suppose [ € M;:fﬁnew(lﬂo(pm)) and g € MéfilrfY(Fo(pm)) are two Drinfeld modular
forms satisfying the hypothesis of Theorem 1.5. If f and g are eigenforms for the U,-

pm)

operator, then the eigenvalues of the Wp( -operator on f and g have opposite signs.

For m = (1), we get:

Corollary 1.7. Let f € M217’f7nCW(I‘O(p)) and g € Mi’gfncw(lﬂo(p)) be two Drinfeld mod-
ular forms satisfying the hypothesis of Corollary 1./. If f and g are eigenforms for the
Up-operator, then the eigenvalues of the Wy-operator on f and g have opposite signs.

It is natural to wonder what would happen if one drops the assumption on w(F) in
Theorem 1.3 and Theorem 1.5. In §6, we will show that these theorems may not continue
to hold if we drop the assumption w(F) = (k — 1)(¢? — 1) + k.

Finally, we note that the results of [AB07], [BP11] were proved only for smaller weights
and it is unknown whether similar results hold for higher weights. However, our results

are valid for Drinfeld modular forms of any weight, any type.
1.8. An overview of the article

The article is organized as follows. In § 2, we recall some basic theory of Drinfeld
modular forms. In § 3, we introduce certain operators, study the inter-relations between
them, and state two important propositions. In § 4, we give a proof of Theorem 1.3. In
§ 5, we recall some results from [Hat20], [Hat20a] and use them to prove Theorem 1.5.

In the final section, i.e., in § 6, we show that the assumption w(F) = (k—1)(¢? — 1)+ k
in Theorem 1.3 and Theorem 1.5 is necessary.
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2. Basic theory of Drinfeld modular forms

The theory of Drinfeld modular forms was studied extensively by Goss, Gekeler, and
various other authors (cf. [Gos80], [Gos80a], [Gek88], [GRI6] for more details). In this
section, we recall certain theory of Drinfeld modular forms which are needed to prove
our results.

There is an equivalence of categories between the category of Drinfeld modules of rank
r over a complete subfield M of C containing K., and the category of M-lattices of rank
r (cf. [Gos96, Theorem 4.6.9]). Let L = 7 A C C be the A-lattice of rank 1 corresponding
to the rank 1 Drinfeld module (which is also called the Carlitz module)

pr =TX + X7, (2.1)

where T € Koo ( “+/—T) is defined up to a (¢ — 1)-th root of unity.
The Drinfeld upper half-plane 2 = C — K, has a rigid analytic structure. The group
GL2(K ) acts on Q via fractional linear transformations. Any « € KX has the unique

Voo (z)
)

expression r = Cx(% u;, where ¢, € F ¢, and veo(uz — 1) > 0 (v is the valuation

at 00).

Definition 2.1. Suppose k € N, Il € Z/(q¢ — 1)Z. Let f : @ — C be a rigid holomorphic
function. For any ~v = (Z Z) € GL2(K ), the slash operator |,y on f is defined by

det

cdetm)k/ Y+ d)F F(72). (2.2)

f

k7Y = C(liet ol (

Note that the slash operator has the following property. For i = 1,2, let k; € N,
l; € Z/(qg — D)Z and f; be a rigid holomorphic function on Q. For v € GLa(K),
by (2.2), we have

dety | &
Filkony - Folbanny = by () 2
| 1,b1 | 2,02 det’y(Cdet('y))

! dety —k
-2 — z+d)” "2 z
Cdet’y(éhdct(’y) ) (C + ) f2(7 ) (23)

det k1tko
Lot (S0 TS (0 d) i) () - g(2)
Cdet('y)

(cz+ d)_klfl (vz)

ko
2

= (f1-f2) ks thea s 4127

We now define the Drinfeld modular forms of weight k, type I for I'g(n), as follows:

Definition 2.2. A rigid holomorphic function f : 2 — C is said to be a Drinfeld modular
form of weight k, type I for T'o(n) if

(1) fleay = f, ¥y € Lo(n),



258 T. Dalal, N. Kumar / Journal of Number Theory 228 (2021) 253-275

(2) f is holomorphic at the cusps of T'g(n).

The space of Drinfeld modular forms of weight k, type [ for T'g(n) is denoted by
My, ;(To(n)). Furthermore, if f vanishes at the cusps of I'g(n), then we say f is a Drin-
feld cusp form of weight k&, type I for I'g(n) and the space of such forms is denoted by

Ml%,l (To(n)).

If k # 2 (mod ¢ — 1), then My ;(T'o(n)) = {0}. So, without loss of generality, we can
assume that k = 20 (mod ¢ — 1).

Let u(z) := %, where er(z) := 2[[osrer(1 — %) be the exponential function
attached to the lattice L. Then, each Drinfeld modular form f € M ;(I'g(n)) has a
unique u-series expansion at oo given by f = Y 72 ag(i)u’. Since (g (1)) € Ty(n) for

¢ € F, condition (1) of Definition 2.2 implies that as(i) = 0 if i # [ (mod ¢ — 1).

Hence, the u-series expansion of f at co can be written as

Z ay(i)u’.

0< 3=l mod (¢—1)

Note that any Drinfeld modular form of type > 0 is automatically a cusp form.
2.1. Ezamples

We now give some examples of Drinfeld modular forms.

Example 2.3 (/G0s80]). Let d € N. For z € Q, the function

P 1
ga(2) = (-1)™ 7 Ly Z YRRy
a,b€F [T] (az + b)?
(a,b)#(0,0)

is a Drinfeld modular form of weight ¢? — 1, type 0 for GLy(A), where 7 is the Carlitz
period, and Lg := (T?-1T)... (qu — T) is the least common multiple of all monic
polynomials of degree d. We refer to g4 as the normalized Eisenstein series of weight
g% — 1, type 0 for GLy(A).

Example 2.4 (/Gos80a]). For z € 2, the function
Az) = (T - TV " CEp_y + (T — T)7 9 (B,

is a Drinfeld cusp form of weight ¢> — 1, type 0 for GLy(A), where Ep(z) =
Z(o 0)(a,b) EA? m. The u-series expansion of A at oo is given by —u=!t 4 ...
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Example 2.5 (Poincaré series). For z € Q, define

h(z) = Z det y.u(yz)

q+1’
JemGLaa) D

where H = {(]) € GL2(A)} and v = (’Z Z) € GL3(A). Then h is a Drinfeld cusp form
of weight ¢ + 1, type 1 for GLa(A) (cf. [Gek88]). The u-series expansion of h at oo is
given by —u — ---.

Example 2.6. In [Gck88], Gekeler defined the function

B = ZT]( 2 azcirb)

a€F,[T] NbeF,[T]

a monic

which is analogous to the Eisenstein series of weight 2 over Q. The function E is not
modular, but it satisfies the following transformation rule

E(v2) = (dety) ez + d)?E(z) — ¢t~ (dety) " (cz + d) (2.4)

for v = (‘; Z) € GLy(A). In the proofs of Theorem 1.3 and Theorem 1.5, we use the

function E(z) extensively.
2.2. Congruences and ©-operator

We now define the notion of a congruence between two Drinfeld modular forms.

Definition 2.7. Let f =3_ ., as(n)u" be a formal u-series in K/[[u]]. We define

vp(f) = i%f vp(ag(n)),

where vy (af(n)) is the p-adic valuation of ay(n). We say f has a p-integral u-series
expansion if v, (f) > 0.

Definition 2.8 (Congruence). Let f = > ~jar(n)u”™ and g = > ~qag(n)u” be two
u-formal series in K[[u]]. We say that f =g (mod p) if v,(f —g) > 1.

By [Gek88, Corollary 6.12], we have g4 = 1 (mod p). A similar congruence holds for
the Eisenstein series E,_; in the classical case giving an analogy between g4 and E,_;.
Thus, one would expect that gg plays an essential role in the theory of Drinfeld modular

forms.
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2.2.1. ©-operator
For Drinfeld modular forms, there is an analogue of the Ramanujan’s ©-operator,
which is defined as

5 d

O = —U @

| =
&l

The ©-operator does not preserve modularity, but it preserves quasi-modularity. How-
ever, one can perturb the ©-operator to create an operator which preserves modularity.

Definition 2.9. [Gek88, (8.5)] For k € N and | € Z/(q — 1)Z, we define the operator
O« My (To(n)) = Miy2,41(Lo(n)) by

Ouf :=Of + kEf. (2.5)

For simplicity, we write 0 instead of 0y if the weight k is clear from the context. We
conclude this section by recalling the following congruence:

Theorem 2.10. [Vinl0, Theorem 1.1] E = —0ya_1(ga) (mod p).
3. Background material for the proofs of the main results

We begin by introducing the (partial) Atkin-Lehner involutions, the modified Drinfeld
modular form E* and the trace operators.

3.1. Atkin-Lehner involutions

Let m = (m) and n = (n) be two ideals of A, where m and n are non-constant monic
polynomials, such that m||n, i.e., m | n with (m,n/m) = 1. The following definition can
be found in [Sch96, Page 331].

Definition 3.1. The (partial) Atkin-Lehner involution WY is defined by the action of
(am b
cn dm

(EFy.

) on Mj,;(To(n)), where a,b,c,d € A are such that adm?® — ben = ¢ - m for some

The following proposition shows that the operator W,Sf) is well-defined.

sps 5 (a'm b n_ (a’"m b’ :
Proposition 3.2. Let W, = ( o d,m), and W = ( L d,,m) be two representatives for

the Atkin-Lehner involution Wn(f). Then,

Wr/nFo (n) = FO (‘I‘l) erx:

1

N

Proof. A straightforward calculation shows that W/ To(n)W/
1

W} To(n)Wy C T'g(n). Hence the result follows. O

To(n) and
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3.2. Action of Atkin-Lehner operator

Recall that p denotes a prime ideal of A generated by a monic irreducible polynomial
7w = w(T) € A of degree d. Henceforth, m C A denotes an ideal of A generated by a
monic polynomial m := m(T) € A such that (p,m) =1 (i.e., 7{m).

Since (m,m) = 1, we take Wp(pm) = (.7 7)) whereb,d € A, such that dr?—brm = 7.

An easy verification shows that Wspm).WPpm) = (0 7T)*y for some v € To(pm). This
shows that Wépm) acts as an involution on My ;(To(pm)). If f € My ;(T'o(pm)) such that
f|kylWépm) = af for a € C\{0}, then we must have a? = 1, i.e., a € {£1}.

For f € My i(To(p)), the actions of Wp(p) and Wp(pm) on f are the same. If m = (1),

then we denote Wp(p) by W, for simplicity. In order to calculate the action of Wépm) on

some class of modular forms, we need to define the Up-operator.
3.8. Uy-operator and V,-operator

For a rigid analytic function f : Q2 — C, we define:

fUy (2 Z fz“, fVe(2) = f(2).

deg(k)

3.4. Construction of E* and its properties

We know that E is not a Drinfeld modular form. The following proposition shows how
to construct a Drinfeld modular form using the function F.

Proposition 3.3. The function E*(z) := E(z) — nE|V,(2) is a Drinfeld modular form of
weight 2, type 1 for T'o(p). Moreover, we have E*|3 W, = —E*.

Proof. An easy computation using (2.4) shows that E*(vz) = (det )~ !(cz + d)*E*(2)
for any v = (’i Z) € T'y(p). Since E and E|V, are holomorphic on {2, the function E*
is also holomorphic on Q. Now, it remains to check the holomorphicity at the cusps of

Lo(p).

By [Gek01, Proposition 6.7], we see that 0 and oo are the only cusps of T'g(p). The
function E* is holomorphic at oo since E and E|V, are holomorphic at co. A straight-
forward calculation using (2.4) shows that E*(z)|2.1 ( 1o ) has a power series expansion
in w. Since the matrix ([1) 701) takes the cusp oo to the cusp 0, we conclude that E* i
holomorphic at the cusp 0. Thus E* is a Drinfeld modular form of weight 2, type 1 for
To(p). The last part can be verified easily. O

The following two properties of E* are of importance to us.
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o If f € M (To(pm)) such that f|k’le(pm) = af with a € {£1}, then we have
(E*f)|k+2,l+1Wp(pm) = (—a)E*f (cf. (2.3)). So in order to change the sign of the
eigenvalue of Wépm) on f, one can simply multiply f with E*.

e Since E(z) and E(mz) have coefficients in A (cf. [Vinl4, Proposition 3.3]), we have
the following congruence

E*=F (mod p). (3.1)
Next, we describe the action of Wspm) on Oy f.

Proposition 3.4. Suppose that f € My (To(pm)) and fl,WP™ = af with a € {+1}.
Then,

O ) r2001 W™ = (O f — KE* f). (3.2)

Proof. For z € (), we have

(O ) 2001 W™ (2)

k42 _ Tz+b
=7 2 (mmz+ dr) (k+2)(8kf)(m)
k42 wz+b mz+b mz+b
_ i dr)~(k+2) ————— ) +kE
w2 (mmz+dm) {Gf(yrmz+d7r>+ (sz+d7r)f<7rmz+dﬂ)}
7z +b k42 _ 7z+b
= (OF k2 W™ + B () o )2 (22 )
kmaf 2 2 mm 1 (pm)
_ _fmal g d2E(nz) — 1T d)) ———s
QO(f) + 2 s (e (me 4 ) Blw) = T (me ok d) s Wy

= a6(f) + knE(nz)(af)
=aO(f)+kaEf —kaEf+ krE(rz)(af) = a(Oxf —kE*f).

Here, we have used the equality (@f(z))|k+2,l+1Wspm) =a0(f) + ﬁfﬁzofd). O

3.5. Trace operators
Now, we discuss the trace operators.

Definition 3.5. For any a | n, we define the trace operator

Tr's : My (To(n)) — Mk,l(F0(§>)

by

TR = Y. Sl

vETo(M)\To ()
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We will make use of the following proposition to explicitly compute the action of the
trace operator which can be thought of as a generalization of [Vinl4, Proposition 3.8]
from level p to level pm.

Proposition 3.6. Let p, m be as before. For any f € My (T'o(pm)), we have

T (f) = f+ 7 52 (f W ™),

Proof. By definition, we have

Teh™(f) = S fear

vELo(pm)\I'o(m)

The set {(,, mjﬂ )I7 € A,deg(j) < d}, along with the identity matrix, is a complete set

of representatives for I'o(pm)\I'p(m). Using the coset representatives, we obtain

LS D DI ¥ (;z mjj—i— 1>

jeA,deg(j)<d

=f+ X f|k,l<7r7;n wbd)(% T)

jeA,deg(j)<d
PR )
—r+ X (3 T
(z+j—b
T

jeA,deg(j)<d

1 m
=f+ > W(ﬂk,sz(p )

jeA,deg(y)<d

).

To complete the proof of Proposition 3.6, we require the following lemma. Its proof is
similar to that of [Vinl4, Lemma 5.3], and hence, we omit the details.

Lemma 3.7. For a fived z € Q and a € A, the set {u(32=2)|j € A, deg(j) < d} is ezactly
the set of the reciprocal of the roots of the polynomial p,(x) — ﬁ € A((u(2)))[z] (recall
that p is the rank one Drinfeld module defined by (2.1)).

By Lemma 3.7, for a fixed z € Q and b € A, the sets {u(Z)|j € A, deg(j) < d} and

s

{u(%ﬁb)b € A,deg(j) < d} are equal. Therefore, we conclude that

1 z+j—b
T f = f+ Z W(ﬂk,lw;gpm))(T)
jE€A,deg(j)<d

1 m
=f+ s 2 W™

jeA,deg(j)<d

= f4 72 (f e WE)U,. O

2t
™

)
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3.6. Key propositions

We are now ready to state and prove the main results of this section.

Proposition 3.8. If f € M,i’l(I‘O(pm)) has p-integral u-series expansion at oo such that
f|k7lWépm) = af with o € {£1}, then there exists F € M(lk—l)(qd—1)+kl(ro(m)) with
p-integral u-series expansion at oo such that f = F (mod p).

Proof. For an integer k > 2, we define

d
9k = (9a — w4 71)/29d|qd—1,0WP)k71a

where g4 is the Eisenstein series of weight ¢? — 1, type 0 for GLy(A) (cf. Example 2.3).
Then gy € M(;—1y(qa—1),0(To(p)) and it satisfies the following congruences

gy =1 (mod p) (3.3)
and

(=1)(g%-1)
90l (k-1 (gi—1)0Wp =0 (mod p 2 71, (3.4)

(cf. [Vinl4, Page 32] for more details).

Since f € ngl(Fo(pm)) has p-integral u-series expansion at oo, we have v,(f) > 0.
The function fg( is a Drinfeld cusp form of weight (k — 1)(¢* — 1) + k, type [ for
To(pm) with p-integral u-series expansion at co. Thus, TrP™ f (k) is a Drinfeld cusp form
of weight (k —1)(g? — 1) + k, type [ for To(m).

From Proposition 3.6, we obtain

1 kt=1(e?—1)
2

T (f9k)) — fomy =7 ( g(k)‘(kfl)(qd71)+k,le(pm))|Up'

Since vy (f|Up) > vp(f) (cf. [Vinl4, Corollary 3.2]), it follows that:

Up(Trglm(fg(k)) - fg(k))

E—1D(¢¢=1)+k
>1— ( )(q2 ) 0 (909|001t 10 V3™
k—1)(¢"—1)+k
=1 ( X 2 ) + Up(f|k.,le(pm)) + 0p (900l (k= 1) (g2~ 1),0W>)
L (k=D -1 +k om)y , (E=1)(¢? 1)
(3.4) 1 9 +op(flegWp' ) + 2 TRl
k W(pm)
—§+Up(.f|k,l p )
k

>1 (since f\k,le(pm) =af and vy(f) > 0).
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We thus get

TR fgy = fggy  (mod p). (3.5)

Combining (3.3) with (3.5), we conclude that

Teh" fowy = f (mod p). (3.6)
Thus, the Drinfeld modular form F := Trh" fgu) € M(lkfl)(qdfl)Jrk’l(Fo(m)) has p-
integral u-series expansion at oo and it satisfies the conclusion of the proposition. O

Proposition 3.9. Suppose that h € M;%+271+1(F0(Pm)) has a p-integral u-series expansion

at oo and o € {£1}. Then there exists H € M(lkfl)qd%’lﬂ(l"o(m)) such that H =

aﬂh|k+27l+1W,§pm) (mod p).
Proof. Since aﬂh|k+2’l+1Wp(pm)

operator, we get that Trf,fm)(aﬁh|k+2,l+1Wépm).g(k)) € M(lk_l)qd+3yl+1(1"0(m)).

By Proposition 3.6 and (2.3), we obtain

(k) € My, 5,1 (To(pm)), by the definition of the trace

pm)

U (TeE™ (amh] 0,1 W™ g (1)) — arthlira, it W™ g i)

_ (k—=1)q%+3
= ’Up(ﬂ'l 2

o (((hlr2,001 W™ )-906) | b1y (gt 1) 4 ks 2,041 WP ™) | Up)
_(k—1)q%43
22 (M2t W™ k2t W™ (90 1) (=101 W) [ Up)
(h~(9(k) |(k—1)(qd—1),on))|Up)
_(k—1)q%43

> vy (am® 2 90 (k=1)(gi—1),0Wp) (since vy (f|Up) > vp(f) and vy (h) > 0)

= vp(am

d_y q
B g_ Ge=1)q%43
= vp(am 2

k—1)(q4—1 k—1)g k
S BV =D gy EEDEFS_ho g (3.)).
2 2 2
We thus get
Tel™ (amhliso 1 W™ ga)) = amhliyo W™ gy (mod p). (3.7)

Combining (3.3) with (3.7), we conclude that

Te{0™ (amhliz0 W™ .ga) = amhlipaia WeP™  (mod p).

Thus, the Drinfeld modular form H := Trt(]fm)(aﬂh|k+2,l+1W;§pm).g(k)) €
M(lk_l)qd+3’l+1(Fo(m)) satisfies the conclusion of the proposition. O

Remark 3.10. The above result is true for any o € K with v,(a) > 0. Throughout the
article, we work with « € {£1}, so we restrict ourselves in deviating from it.
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Now, we are ready to prove Theorem 1.3 and Theorem 1.5.
4. Proof of Theorem 1.3

Before going into the proof of Theorem 1.3, we recall the notion of weight filtration
for Drinfeld modular forms for GL2(A) and list some of its properties. Let M}, denote
the space of Drinfeld modular forms of weight &k (any type) for GLy(A).

4.1. Filtration for level 1 case

Recall that p denotes a prime ideal of A generated by a monic irreducible polynomial
7 :=m(T) of degree d. Let f be a Drinfeld modular form of weight &, type I for GLy(A)
with p-integral u-series expansion at co.

Definition 4.1. If f 0 (mod p), then we define the weight filtration w(f) of f as
w(f) := inf{ko|3f" € My, with f = ' (mod p)}.

If f=0 (mod p), then we define w(f) = —oo. Since the weight filtration of f is defined
mod p, we choose to write w(f) rather than w(f).

To discuss some properties of w(f), we recall the structure of the ring M (GLgy(A)) =
D). Mi,1(GL2(A)). By [Geks8, Theorem 5.13], we have M(GL2(A)) = Clg1, h]. In par-
ticular, every Drinfeld modular form corresponds to a unique isobaric polynomial in gy
and h over C. Let A4(X,Y) and By(X,Y) be the isobaric polynomials attached to gq
and 0(gq) respectively, i.e., Ag(g1,h) = ga and Bg(g1, h) = 0(ga)-

In [Gek88], [Vin10], the authors proved the following properties of w(f).

Theorem 4.2. Let f € My ;(GLy(A)) and f = ¢(g1,h) where ¢(X,Y) is the isobaric
polynomial attached to f. Then the following hold.

(1) Iff# 0 (mod p), then w(f) =k (mod ¢% — 1),

(2) w(f) < k if and only if Ag|¢, where U denotes the reduction of U (mod p).
(3) Aq(X,Y) shares no common factor with By(X,Y).

4.2. Proof of Theorem 1.3

Let us recall the statement of this theorem for the convenience of the reader.

Theorem 4.3. Suppose that f € My (To(p)) and g € My, 5,1 (To(p)) have p-integral
u-series expansions at 0o with O f = g (mod p). Assume that w(F) = (k—1)(¢? —1)+k
where F is as in Proposition 3.8 corresponding to kf, and (k,p) = 1. If fiW, = af and
g|Wy = Bg with o, f € {£1}, then = —a.
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Proof. We shall prove this theorem by contradiction. Suppose that 8 = a.
Since E* = E (mod p) (cf. (3.1)) and ©f = g (mod p), we have

Of =g+ kE*f (modp) (cf. (2.5)).
Hence, there exists h € Myl 5, 1(To(p)) with vy(h) > 0 such that
g—0f +kE*f =mh. (4.1)
Applying W, on both sides of (4.1), we obtain
a(g —0f) = wh|ky2,141 Wy (cf. Proposition 3.4). (4.2)
Combining this with (4.1), we get
kE* f = mh — amh|pt2,41 Wy (4.3)
and hence
EE* f = —amh|py2,141W, (mod p).

Since vy (E*) > 0 and vy (f) > 0, setting m = (1) in Proposition 3.8, there exists F' €
M} (GL2(A)) such that kf = F (mod p). Hence

(k—1)gd+1,1
E*F = —arh|g42,+1Wy  (mod p). (4.4)

By (4.4) and Proposition 3.9 with m = (1), we obtain

E*F=—H (mod p),

where H € M(lk_1)qd+3,z+1(GL2(A)) such that H = amh|gt2,+1W, (mod p).

Recalling that E* = E = —9(g4) (mod p), we get
H =09(gq)F (mod p). (4.5)

The last congruence implies that H has p-integral u-series expansion at oo. Since both
sides of (4.5) are congruent mod p, we have

w(H) = w(d(ga)F).- (4.6)
We now calculate the weight filtration w(9(gq)F).

Let ¢ be the unique isobaric polynomial attached to F. Consequently, the unique
isobaric polynomial attached to 9(gq)F is Bg¢. The weights of F' and 0(gq)F are (k —
1)(g? — 1) + k and kq? + 2, respectively. The assumption w(F) = (k — 1)(¢g? — 1) + k
implies that A, { ¢ (cf. Theorem 4.2(2)). Combining this with Theorem 4.2(3), we obtain
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Aqt Bao. (4.7)

Finally, (4.7) and Theorem 4.2(2) together yield w(d(ga)F) = kq® + 2.
Since the weight of H is (k — 1)¢? 4 3, we conclude that

w(H) < (k—1)g" +3 < kq? +2 = w(9(9a) F),
which contradicts (4.6). Therefore, we must have § = —a. O

4.3. Proof of Corollary 1./

Now, arguing as in the proof of Theorem 1.3, we get F € MqldH’l(GLg(A)) and
H e M;d+372(GL2(A)) when k = 2 and [ = 1. Since f # 0 (mod p), the congruence
w(F) = ¢+ 1 (mod ¢? — 1) implies that the possible values of w(F) are 2 or ¢% + 1.

The space M (GL2(A)) is generated by g1 and h, where g1 is of weight ¢ — 1 and h is
of weight ¢ + 1. For ¢ > 3, the weight of g1 is ¢ — 1 > 2. Therefore, there is no modular
form of weight 2. For ¢ = 3, we have M ;(GL2(A)) = {0} whenever I # 0 (mod 2) and

M3 (GLa(A)) = {0}. Thus, w(F) cannot be 2. Hence we obtain
w(F) = q% + 1.

Now, the desired result follows from Theorem 1.3.

5. Proof of Theorem 1.5

Before going into the proof of Theorem 1.5, let us introduce some notations and recall
the relevant results from [Hat20] and [Hat20a]. Using them, we shall prove an important
proposition about the weight filtration.

5.1. Geometry of the Drinfeld modular curves

Let m = (m) be as in Theorem 1.5, where m € A is a non-constant monic polynomial.
The conditions on m allow us to choose a subgroup A C (A/m)* such that the natural
inclusion F ¢ < (A/m)* gives A@F = (A/m)*.

The fine moduli scheme Y2 (m) classifies the tuples (F, A, [u]), where E is a Drinfeld
module of rank 2 over an A[l/m]-scheme S, A is a I';(m)-structure on E, and [y] is a
A-structure on E (cf. [Hat20, Page 20] for more details).

Let E2, be the universal Drinfeld module over Y (m) and w2, be the sheaf of invariant
differential forms on E2 . Let X{(m) be the compactification of Y (m). Suppose that
Ry is a flat A[1/m]-algebra which is an excellent regular domain. The invertible sheaf w2,
on Y2(m) g, extends to an invertible sheaf @4, on X{*(m)g, (cf. [{at20a, Theorem 5.3)).

Following [Hat20, Page 26], we define T'{(m) := {y € SLy(4)|y = (é T) (mod m)}.
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Definition 5.1. [Hat20, Definition 4.7] Let k be an integer and M be an A[1/m]-module.
The space of Drinfeld modular forms of level I'f(m) and weight k with coefficients in M
is defined by

My(DE(m))ar := HO (X (M) aj1/m]> @) 2" @ a1 /m) M).

Consider the map x5 : Spec(A[l/m][[z]]) — X{(m)ap m) as in [Hat20a, Theo-
rem 5.3].

Definition 5.2 (z-expansion). For any f € M (T4 (m))y, we define the 2-expansion of
[ at the oo-cusp as the unique power series foo () € A[l/m][[z]] ® a[1/m] M, satisfying
(28)*(f) = foola)(dX)=".

By [Hat20, Proposition 4.8(ii)], if foo(z) = 0, then f = 0, which we refer to as the
zr-expansion principle.

Remark 5.3. The z-expansion principle implies that we can consider a modular form not
only as a global section but also in terms of its x-expansion.

This definition of Drinfeld modular forms is compatible with the classical Drinfeld
modular forms over C, which are described in [Gek86], [Gek88]. In fact, one can show
that the z-expansion foo(x) of f at the co-cusp agrees with the u-series expansion at oo
of the associated classical Drinfeld modular form to f (cf. [Hat20, Page 26] and references
therein for more details).

By [Hat20, Proposition 4.8(ii)], for any & > 2, and any A[1/m]-module M, we have
an isomorphism

Mi(PR (W) Aft/m] @afjm) M = My (TT(m)) . (5.1)
Let A, be the completion of A at p. By (5.1), we obtain an isomorphism
My (TP (M)) A1 /m] @A1/m) Ap = My (TT(m)) 4, ,

tensoring with A/p, we obtain the following isomorphism

Mi(TF(m)) 4, ®ap/m) A/p = My(TD(0)) Af1 /m) @ a1 /m) (Ap @ a1 /m) A/P)

5.2
= My (T (m)) 4/p- 52

Let f denote the image of f € M (T8 (m))a, under the isomorphism (5.2). By [Har77,
Corollary 9.4 of Chapter III], the element f can also be treated as an element of
HO(XT (M) aps (@inlayp)®F).

Remark 5.4. For f € M(I'T(m)).,, the z-expansion of f at the oo-cusp is same as the
mod p-reduction of the wu-series expansion of f at oc.
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5.2. Weight filtration
We are now in a position to define the weight filtration for any f € My(T'{(m))a4, .
Definition 5.5. If f 0 (mod p), then we define the weight filtration w(f) of f as
w(f) = inf{ko|3 ' € My, (I (m))a, with f = f" (mod p)}. (5.3)

By f = f' (mod p), we mean that the corresponding x-expansions of f and f’ at the
oo-cusp are congruent modulo p, i.e., foo(2) = fi () (mod p). If f =0 (mod p), then

define w(f) = —o0.
By [Hat20, Theorem 4.16], we have w(f) =k (mod ¢% — 1).

In the proof of Theorem 1.5, the following proposition about the weight filtration of f
is useful. We follow the approach of Gross in [Gro90, Page 459] to prove the proposition.

Proposition 5.6. If f € M (I'{(m))a,, then w(f) < k if and only if f wvanishes at all
supersingular points of X{(m) 4.

Proof. Suppose 13(7) =k’ < k. Then there exists f’ € My (I'{(m)), such that f = f’
(mod p). Let f, ' and gy be the images of f, f/ and g4 respectively under the isomor-
phism (5.2). By line 5 in the proof of Proposition 4.22 in [Hat20] together with the
injectivity of (4.15) in [Hat20], we get that gy divides f Since g4 is a lift of the Hasse
invariant, we conclude that f~vanishes at all supersingular points of X{(m) 4 /p-
Conversely, suppose that f vanishes at all supersingular points of X (m)4 /p- Since
ga vanishes at all supersingular points exactly once and remains non-zero elsewhere
on X{£(m) 4/p, f/da defines a holomorphic global section in Mk_(qd_l)(rlA(m))A/p. Let
[ € My_(ga_1y(T$(m))4, be a lift of f/ga under (5.2). Thus f = f' (mod p) since

(9d)oo(z) =1 (mod p). This implies w(f) < k. O

Remark 5.7. Observing that T'®(m) C To(m), we get My ;(To(m)) C M (T£(m)). Since
the order of the determinant group of T'®(m) is 1, the type does not play any role
for Drinfeld modular forms of level T2 (m). In fact, for a fixed k, all Mj ;(I'{(m)) are
isomorphic (cf. [Boc, Page 49]).

5.8. Proof of Theorem 1.5

Let us recall the statement of this theorem for the convenience of the reader.

Theorem 5.8. Let m be an ideal of A generated by a polynomial in A which has a
prime factor of degree prime to ¢ — 1 and p 1 m. Suppose that f € ngl(Fo(pm)) and
g € M,%HJH(FO(pm)) have p-integral u-series expansions at oo with ©f = g (mod p).

Assume that w(F) = (k—1)(q¢% — 1) + k, where F is as in Proposition 3.8 corresponding
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to kf, and (k,p) = 1. If f|Wp(pm) = af and g|Wp(pm) = Bg with o, € {£1}, then
8 =—a.

Proof. We shall prove this theorem by contradiction. Suppose that g = «. We follow the
argument as in the proof of Theorem 4.3.
Since E* = E (mod p) (cf. (3.1)) and ©f = g (mod p), we have

Of =g+ kE*f (mod p) (cf. (2.5)).
Hence, there exists h € M, 5, (To(pm)) with vy (h) > 0, such that
g—0f +kE*f=mnh. (5.4)

"™ on both sides, we obtain

Applying Wp(
alg — Of) = Thlkt2,141 Wp(pm) (cf. Proposition 3.4). (5.5)

Combining this with (5.4), we get

kE*f = 1th — amh|g a1 W™ (5.6)

and hence
kE*f = —amh|pioi W™ (mod p). (5.7)
Since vy (E*) > 0 and vp(f) > 0, by Proposition 3.8, there exists ' € M 4, ,(T'o(m))

such that kf = F (mod p), hence
E*F = —arh|jia W™ (mod p). (5.8)
By Proposition 3.9 and (5.8), we obtain

E*F=—-H (mod p),

where H € M(lkil)qd%’lﬂ(ljo(m)) such that H = a7rh|k+2,l+1Wp(pm) (mod p).
Recalling that E* = E = —0(gq) (mod p), we get
H=0(g9q)F (mod p). (5.9)

In particular, the last congruence implies that H has p-integral u-series expansion at co.
Since both sides of (5.9) are congruent mod p, we have

w(H) = w@ga) F)- (5.10)
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Note that the weight of d(gq) F is kq? +2. We claim that w(9(gq)F) = kq?+2. By Propo-
sition 5.6, it suffices to show that 8@_)/}7' does not vanish at least at one supersingular
point of X{*(m) 4 p.

The vanishing of the function gg at all supersingular points of X (1),,, implies that
the function (‘3/(\_/gd) does not vanish at any supersingular point of X(1),4,, (cf. Theo-
rem 4.2(3)). Since all the supersingular points of X{*(m)4, lie above the supersingular

—_—

points of X (1)4/,, the function 9(gq) does not vanish at any supersingular point of
X{(m)4/p. On the other hand, since w(F) = (k — 1)(¢* — 1) + k, the function F' does
not vanish at least at one supersingular point of X{*(m)4,, (cf. Proposition 5.6). Thus

—

9(ga) - F does not vanish at least at one supersingular point of X2 (m) 4 /p» and the claim
w(0(gq)F) = kq? + 2 follows.
Since the weight of H is (k — 1)¢¢ + 3, we conclude that

w(H) < (k—1)g" +3 < kg +2 = w(@(ga)F),

which contradicts (5.10). Therefore, we must have § = —a. O

—~—

Remark 5.9. In the above argument, we have used the equality 8(gd)F = @ . F. This

follows from Remark 5.4 and the equality d(gq)F = 0(gq) - F (where X refers to the
reduction of the u-series expansion of X modulo p).

6. Counterexamples

In this section, we shall show that the assumption w(F) = (k — 1)(¢? — 1) + k is
necessary in Theorem 1.3 and Theorem 1.5.

6.1. FEigenforms for Wp(pm)

Recall that p denotes a prime ideal of A generated by a monic irreducible polynomial
m:=m(T) € A of degree d and m denotes an ideal of A generated by a monic polynomial
m = m(T) € A such that (p,m) = 1 (i.e.,, 7 ¥+ m). We now discuss the existence of
eigenforms for the Wp(pm) -operator.

For f € M} (To(m)), we have flp:(]) = */2f(xz) € M}, (To(pm)). By [Vinl4
Proposition 3.3], we get vy, (f(7z)) = vy(f|Vp) > vp(f). This implies that f|s, l( ) =0
(mod p) when f has p-integral u-series expansion at co.

Lemma 6.1. If f € M ,(To(m)), then

(1) (f+f|k,z(g(1)))|sz,§pm) F+rlea(D9).
(2) (f = Fla(ENeaWi™ = —(f = flea(T9)).
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Proof.

(f+f

wt (5 W™ = (& flra (5 DIk (7, 07
= flea (7 2 ) = Flea (50 (5 )
= Flea (VT flea (5 8)(T0)
= fla(51) £f O

Note that the eigenvectors f £ fli (g ?) are oldforms.
6.2. Prototype for a counterexample

Suppose there exists f € M, ,%)I(I‘o(m)) with p-integral u-series expansion at co such
that ©f = fE (mod p). By definition, we have f + f|k,l(g (1)) € M;yl(l"o(pm)). Clearly,

FEFa(5Y) = (mod p). (6.1)

The above congruence shows that w(F) < (k—1)(¢% — 1) 4 k, where F is as in Proposi-
tion 3.8, corresponding to f = flx(] (1))
By (6.1), we obtain

Of + flra(5 1)) =0f = FE=FE* = (f F flra(5}))E"  (mod p). (6.2)

According to Lemma 6.1 and Proposition 3.3, the modular forms f + f|k,l(g 2) and
(fF f|k71(g ?))E* have the same (resp., opposite) sign under the action of Wspm). So,
the existence of such a function f implies that the assumption on the weight filtration
of F' is necessary in Theorem 1.3 and Theorem 1.5.

6.3. Counterexamples

Here, we shall produce some Drinfeld modular forms f satisfying ©f = fE (mod p),
so that we can apply the above recipe to produce counterexamples.

o An easy computation shows that d,2_;A = 0, i.e., OA + (¢> — 1)EA = 0. Hence,
OA = AF (mod p). Taking f = A in the previous section, we conclude that the
assumption w(F) = (k — 1)(¢? — 1) + k in Theorem 1.3 is necessary.

Note that the weight of A is ¢> — 1 and the type is 0. Since ¢ > 2, ¢®> — 1 can never
be 2. So, this example does not contradict Corollary 1.4.

e Let m be as in Theorem 1.5. Consider any non-zero Drinfeld modular form g €
My, 1(To(m)) with p-integral u-series expansion at co. A straightforward calculation
shows that g7’ A € M]iq”quLl(Fo(m)) and 3(gin) =0, for i > 1. Taking f = g7 A
in the previous section, we conclude that the assumption w(F) = (k—1)(¢¢ — 1)+ k
in Theorem 1.5 is necessary.
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In [BP11], the authors have produced an example to demonstrate the necessity of the
assumption on the weight filtration in their theorem. In the function field case, we are
able to produce infinitely many examples.
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