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pl;n;o NP(f) = HP(A(s,d)).

Our method applies to compute the generic Newton polygon
of Artin—Schreier family y? — y = 2% + az® parameterized by
a for p large enough.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let § := (s1,82,...,8m,) with s < .-+ < s, being positive integers. Let A(3) be
the space of all 1-variable polynomials f(z) = >, agz® parameterized by coefficients
d=(ay,...,an) with a,, # 0. Without loss of generality we set a,, = 1. Fix a primitive
p-th root of unity (. Let f =Y ",", asx* € A(5)(Q) be a closed point, that is, @ € Q™.
Let p be a prime ideal in the number field Q(ay, . . ., a,;,) lying over p, suppose its residue
field is F, for some p-power ¢. For any k € Z>; the k-th exponential sum of f:= fmod p
in F,[z] is defined to be

Z Tre, /r, (F(2))

zeF ok

and the L function of the exponential sum of f/Fq is defined to be
L(f/Fy;T) = expz Sk (F)T* /E.

It is known that L(f/F,;T) = Z'j;ol ¢; T lies in Z[(,)[T] with ¢o = 1. The normalized
p-adic Newton polygon of L(f/F,;T) is denoted by NP(f) := NP, (L(f/F4;T)), that is,
the lower convex hull of the points (i, ordgc;) for i =0,1,...,d — 1 in the real plane R?,
where ord,c = ord, ¢/ log, q. Consider all (lower convex) Newton polygons with the same
domain as piece-wise linear functions, we define a partial order NP; < NP5 if NPy lies
over NPy. For each prime p, there exists a lower bound for all NP(f) by the Grothendieck—
Katz specialization theorem (see [Katz}) that is, there exists fo € A(5)(F,) such that
NP(f) < NP(fo) for all f in A(3)(F,). The generic Newton polygon is defined by
GNP(A(5); Fy) = NP(fo).

In this paper we shall always represent a Newton polygon by its breaking points
coordinates in R? after origin. Let
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In the literature HP(A(3")) is often called the Hodge polygon of A(3) (due to its intimate
relation to the Hodge polygon in related toric geometry), and its breaking points after

origin are (n, "(ZIU) forn=1,...,d— 1. It is known that

NP(f) < GNP(A(5);F,) < HP(A(3)) (1)

and their endpoints coincide (see [AS89]). In fact this inequality holds for more general
families of Laurent polynomials in multivariables (see for instance [AS89]). For p =
1 mod d we have all three polygons coincide, but it is not the case for other residue
classes of the prime p. In fact, GNP generally depends not only on the residue class of
p but also p itself, and from experimental data for lower degree cases one observes that
GNP has a formula for each residue families for p large enough, and we prove this in this
paper and give explicit formulas.

For § = (1,2,...,d), Wan has conjectured that a generic polynomial of degree d in
A(5)(Q) has its Newton polygon at each mod p reduction approaching to the abso-
lute lower bound HP(A(5)) as p approaches infinity (see [Wan04]). This conjecture was
proved in [Zhu03] and [Zhu04] where it is also proved that Wan’s conjecture applies
to a l-parameter family A(1,d). See also [Yan03]. In this paper we generalize a main
theorem of [Zhu03] from A(1,d) to the more general family A(s,d). Our major contri-
bution of the current paper is to provide an explicit method allowing one to compute
GNP(A(s,d),F,) for every prime p large enough. We prove in this paper the generic
Newton polygon at each prime p may be computed globally over Q instead, and for p
large enough it has a formula depending only on the residue of p mod d. Our method is
under further development for families of more parameters and for T-adic exponential
sums families [LW09].

For any ¢ in Q we use MaxPrime(c) to denote the maximal prime factor of Ng(.)/q(c)
in Q (in both numerator and denominator). Let MaxPrime(cy, ¢a,...,cn) be the maxi-
mum of MaxPrime(c;)’s for i =1,..., N.

For any 2 < r < d — 1 coprime to d, we construct a generating polynomial H, €
Q[X,1,...,X,a-1) for GNP(A(s,d),F,) in Section 2, see (8). Key result of this paper
lies in the following theorem:

Theorem 1.1. Let s < d be coprime positive integers.

Suppose H, = 22;11 hr,mk,,,nXﬁ’;’L". Let

Nsar = max(s(d —1),d + maxy, (krn), 2(d — s)max, (k.n), MaxPrimen(hnn,km))

where 1 <n < d—1. For every prime p =r mod d and p > Ny 4., the generic Newton

polygon GNP(A(s,d),F,) has its breaking points after the origin at

1_8
(nreh i)y
2d p—1 n=1,....d—1
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Conversely, suppose GNP(A(s,d),F,) has its breaking points after the origin at

((n, "(221) + (1_},%,);6""))n:1,.u,d71 for all prime p > Nggq4, then we have H, =

S0 Py X" with T1 23 Rk 7 0.

Let f = 2% + az® € A(s,d)(Q) and we write f for its reduction modulo a
prime in Q(a) over p. Suppose a # 0. Then for all prime p = r mod d and
p > max(Ns g, MaxPrime(a)) we have

NP(f) = GNP(A(s,d); F,)
and lim,_,o NP(f) = HP(A(s,d)).

If s < d are not coprime, then the statements relating to HP(A (s, d)) in Theorem 1.1
are false. However, there exists GNP(A(s,d),F,) in that case and the situation was
carried out in [BFZ08].

As a byproduct we show that the generic Newton polygon GNP(A(s,d), F,) for p =
r mod d and p is large enough has a formula. We shall also see that each of these generic
Newton polygons can be achieved by some f in F,[z].

For our family A(s,d) we construct a semi-linear Fredholm A-matrix M’ (where A
is our parameter) which represents Dwork’s Frobenius matrix over F,,. The L function
of a closed special point f € A(s,d)(F,) with ¢ = p° is determined by the Fredholm
A-matrix M/ := M’ - (M')~" - --- - (M)~ where 7 is the Frobenius map. However,
this infinite matrix is notoriously messy to compute if one ever can, and furthermore ¢
can be arbitrarily large and this changes the corresponding L-function fundamentally.
Meanwhile, the Fredholm determinant of M/ also depends on the prime p intricately.
Our method here is: we first work out complete solution set to the Frobenius problem
in 2-dimensional case (it is not yet known one can explicitly compute all such complete
solution set for higher than 2 dimensional cases, see [Ram05]). Then for p large enough
we approximate our Fredholm A-matrix by a finite one. This finite Fredholm A-matrix
can be explicitly written down, and most remarkably its p-adic order has a formula for
each residue of p mod d. We prove in this paper that the generic A-families over F,, for
p large enough are all the images of a global generic object over Q.

Our theorem has application to Artin—Schreier families. The most intensively studied
question has been the first slope for Artin—Schreier curves or families. First generic slopes
have been studied in the literature (see for instance [Blal1]). For any f = 2% + az® €
A(s,d)(Q) let X; : y? —y = f(x) mod p be the corresponding mod p reduction over
some finite field Fy. It is known that the Zeta function Zeta(Xy/F,;T) of X¢/F, in
variable T lies in Q[T] and its numerator (as the core factor) is a polynomial of degree
(d—1)(p—1). In fact it is known that

Na,)/Q(L(f/F4;T))
(1-T)(1 —qT)

Zeta(X;/F ;T =
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where the norm being defined as the product of all Galois conjugates of the polyno-
mial L(f/Fy;T) € Q[¢][T] where the Galois group Gal(Q((,)/Q) acts trivially on
the variable T'. Let the Newton polygon NP(X;/F,) of X;/F, be the ¢g-adic Newton
polygon of the numerator of Zeta(Xy/F,;T). Thus NP(f/F,) is equal to NP(X;/F,)
shrunk by a factor of p — 1 horizontally and vertically, which we denote by NP(f/F,) =
NP(X;/F,)/(p—1). Then the following geometric application is an immediate corollary
of Theorem 1.1.

Corollary 1.2. Let 2 < r < d — 1. Let H, € Q[X,1,...,X,4-1] be the generat-

ing polynomial constructed in Theorem 1.1. Suppose H, = Zi;ll Py ,]f,’;i" with

Hdil Prn,, # 0. If a # 0 then for any f = z% 4+ az® in A(s,d)(Q) and for any

n=1

prime p large enough we have % = GNP(A(s,d),F,) whose breaking points

(5 550)) L

[RRRE

after origin are

and

Jim — = = HP(A(s,d)).

This paper is organized as follows. We first have some preliminary preparation in Sec-
tion 2 and define generating polynomials H, for every 2 < r < d — 1. These polynomials
in Q[X,1,...,Xya-1] depend only on s, d and r essentially. In fact, the most technical
procedure in this paper is the construction of these global (p-free!) generating polynomi-
als that are linked to p-adic Fredholm determinant of the Frobenius for all primes p large
enough. Section 3 provides the bridge between these global polynomials H, over Q and
the p-adic local analysis, especially under the condition that p is large enough. Section 4
develops Dwork theory for our 1-parameter a-family A (s, d)(F,) for p large enough. We
prove our main result Theorem 1.1 in Section 4.

2. Frobenius problem and generating polynomials for GNP
2.1. Preliminaries

In this section we develop combinatorial and number theoretic preparations for our
main theorem. These two lemmas are elementary yet essential in the arguments of this

paper.

Lemma 2.1. Let r, d be two coprime positive integers with r < d. Let h(z) be a fized
nonzero polynomial in Q[z]. Then h(—%) # 0 if and only if for all large enough prime
p =7 mod d we have h(|5]) € Z;.
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Proof. For all prime p large enough we have h(z) € Z,[z] obviously. For such p notice
that p{ d, so we have | 5] = —% mod p and hence h(|5]) € Zj if and only if h(—5) € Z;.

If §:= h(—%) € Q" then 1t is clear that h(—%) € Zp for all p > MaxPrime(0). That
is h([5]) € Z;’; for all such p. The converse is clear. O

When h(z) lies in Z[z] we have the following lemma that yields an effective bound for p.
For any h € Qz] let h® := h/ cont(h) where cont(h) is the content of the polynomial h.

Lemma 2.2. Let r, d be two positive integers with r < d. Let h(z) € Zz].

(1) If h(—%) # 0 then dzo + 1 1 h(z0) for all integers zo > ds(M=1|p(—2)|.
(2) Suppose prime p { cont(h) and p > d. If h(—%) # 0 then h(|5]) € Zy for all p >
MaxPrime(h°(—%)); conversely, if h(|5]) € Zy for any prime p, then h(—7%) # 0.

Proof. (1) Without loss of generality we assume h(z) has its leading coefficient > 0.
Taking long division algorithm in Q[z] we have h(z) = (dz + r)g(z) + R for unique
R = h(-=%) € Q and unique g(z) € Q[z] with leading coefficient > 0. Suppose for
20 € Zso we have h(zg) = (dzo + r)C for some nonzero integer C' depending on 2 of
course. Then we have

h(—g) = (dz0 +7)(C — g(20)).

Let h(z) = 321", hiz* for h; € Z and write g(z) = 27" g;2*, then we have g,,,_1 = hyn/d
and ¢g;—1 = (h; —rg;)/d for all 1 <4 < m — 1. Hence we have d™g; € Z for all i. Rewrite
the above equation below

d%(%) = (dzo + ) (d™C — d™g(2)).

Since the left-hand-side is a fixed integer, and the factor d™C —d™g(zp) is also an integer,
we have that dzo+r < d™[h(—%)|. This says that if dzo +7 > d™|h(—75)| or equivalently
zg > d"™h(—1%)], then we have dzo + 7 { h(z).

(2) Write ¢ = cont(h). Assume that prime p = dzg+r is coprime to ¢ with zg := [p/d].
Then C' = ¢C? for some C° € Z as in Part (1) of the proof. Write g = ¢g° for ¢g° € Qlz],
we have h°(z) = (dz +1)g°(2) + h°(—%) € Z[z] implies that d™g¢°(z) € Z[z]. We have

dm he (§> =p(d"C? = 79" (x0)).

Since the left-hand-side is a fixed integer, and the factor d™C° — d"™g°(z) is also
an integer, we have that p < MaxPrime(h°(—%)). This says that if prime p >
MaxPrime(h°(—%)) then we have p { h°(|5]), i.e. p ¥ h([5]). The converse is clear
since | 5] = —% mod p for p>d. O
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Below we shall study solutions to the Frobenius problem with given two coprime
integers. We shall fix two coprime positive integers d, s with d > s. Given a positive
integer v every nonnegative integral pair (m,n) with dn 4+ sm = v is called a solution
to the Frobenius problem of (s,d) in this paper. For any nonnegative integers v with
v > ds —d— s, let 5,(d,s) := min(m 4+ n) where the minimum is taking over all
nonnegative integers m, n such that dn + sm = v. Such minimum £, (d, s) exists and is
v sm

achieved uniquely at m = (s™'v mod d) and n = § — 2.

be known in the literature but we provide its statement and proof here for the paper to

The following lemma should
be self-contained.

Lemma 2.3. Let p be a prime number. Let v = pi — j with 1 < 4,5 < d—1 and let
v>ds—d—s+1 (orp>s(d—1)). Let r = (p mod d).

(1) Then the minimum is achieved uniquely fpi—;(s,d) = mi; + ng; at

mij = (s7'(ri — j) mod d),

_pi—g sy {pJ

d d d

nij

- d d
(3) We have 0 <my; <d—1and 5| —-s+1<n; < [Z].

(4) A general solution to this Frobenius problem is

(2) We have i;(s,d) = 52 + (1 = $)my; > [E71] > |2
pt

nfj = n;; — s, mfj i=my; +dl
for some 0 < £ < L%J (The minimum f is achieved if and only if ¢ = 0.) The
sum of these solutions is

mfj + nfj = Bpi—j(s,d) + (d — s)L.

Proof. We prove our statements for general integer v > 0 first as the specialization to
v = pi — j does not alter the argument. It follows from that d > s that this minimum
of m,, + n, is uniquely achieved when m, is minimal. Let m, := (s7'v mod d) be the
least nonnegative residue mod d. It is clear that m,, is the minimal nonnegative solution
possible to the equation dn, + sm, = v. Let n,, := (v—sm,)/d. Since v > ds—d—s+1,
we have v > (d — 1)(s — 1) > my(s — 1). Thus v — sm,, > —m,, > —(d — 1). Since n, is
an integer with n, > —(d — 1)/d and hence n, > 0. Therefore, m,, n, are nonnegative
integers satisfying the equation dn, + sm, = v. The rest of the statements follow from
the definition. O

Observe from Lemma 2.3 that matrix (m;;) is bounded in each entry by d — 1, and
it varies and exhausts the residue class on each row and each column. Its value depends



H.J. Zhu / Journal of Number Theory 143 (2014) 82-101 89

on r = (p mod d). On the other hand, each n” lies in the small neighborhood of %i, and
hence it increases as p increases, but each n c<pforall1 <i,j<d-1.

2.2. Generating polynomials for GNP

Recall s < d are two coprime positive integers. The goal of this subsection is to define
the generating polynomial H, in Q[X,1,..., X, 4—1] for every residue 2 < r < d —1
exponents of whose nonzero terms give us GNP(A(5), F,). This subsection is a dry run.
The readers who seek motivation should read Section 4 first.

The case for r = 1 is known hence we will omit it entirely, in fact one can also write
H; =1 for completeness. The idea is that the generic A-determinant in the focus of our
study depends only on the residue r = (p mod d), not on p itself. There is a generating
polynomial for the generic A-family whose (nonzero) terms encode the information of
GNP(A(s,d),F,).

From now on we fix r, s with 2 < r < d—1 is coprime to d and 1 <n < d — 1. For
each 1 <7 <d—1 we define a linear function in variable z

vnate) =iz | 5. @)

For any positive integer ¢t we denote the t-th falling factorial power of Y by [Y]; :=
Y —1)--- (Y =t + 1), where Y lies in any ring containing Z. Below our Y is either
a rational number or a rational function in Q[z]. For 1 < ¢,j < d — 1 recall m;; =
(s7Y(ri — j) mod d) from Lemma 2.3 and let

ti; = EJ - w + sty (3)

Let

:= min Z My o(i)- (4)

oceS,

For any k > k., let S(k) be the set of all (o, (£ 5(;)):) in S, x Z% such that

n n
Z My o(;) + dz Ui o(iy = k-
i=1 i=1

Suppose S(k) is not empty, then for each (o, (£; 5(;)):) in S(k) we define

S d=1+(k—kp,))
+( )?Q.

H mza()+d£10(1)

=1



90 H.J. Zhu / Journal of Number Theory 143 (2014) 82-101

In fact we shall see below in Lemma 2.5 below that @,, € Z. Then we define a polynomial
in variable z:

Er,n,k(z) = Z Sgn(a)@n H[’(/)T»l(z)]t

(0,(Li,5(1))i) ES(K) i=1

(5)

io(i)

If S(k) is empty, define ETyn’k(z) = 0.
We remark that in practice it is not necessary to compute £ ,, as one can replace 6,
by

o (d—1+k)!
(M) + Cwi,a(i))!7

o =

i=1
and define Eiﬂn (z) as that in (5) accordingly as follows:
n

E;,n’k(Z) = Z sgn(0)6;, H [,(/)T>i(z)]t

(0:(£i,0(1)) i) €S (K) i=1

(6)

io(i)

The following proposition shows that this replacement only changes the function up to
a constant factor in Q. Its proof follows immediately from the very definition in (5) and
hence we omit.

Proposition 2.4. Let notation be as above. Then

-, B d—1+k! \"-
h‘r,n,k:(z) - ((d— 1 n k— k;n)') hT’,Thk(Z)'

Define

o P e (2) By i(2)
h z) = - = A . 7
r,n,k( ) COHt(hr,n,k(Z)) COIlt(h/nn)k(z)) ( )

Obviously Efnk(z) € Z[z).
Lemma 2.5. Let notation be as above. Fiz 2 <r < d—1 coprime tod and1 <n <d-—1.

(1) If (0, (ls,0(s))i) lies in S(k), let b=k —ky, >0, then {; 5y < [b/d].

(2) Then 0 <t;; <s(b+1) is an integer for all1 <i,j < d—1.

(3) We have hynk(2) € Z[z]. Furthermore, hy , ,(z) depends only on d, s, v, b and
deg(hy,, x(2)) < s(n +b/d).
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Proof. (1) Since k = 37" 1 my o) + d Y 1 li o) we have dd -7 | 4, o) < b. Hence
biogiy < [b/d]. _ o

(2) Combining the result in Part (1) it remains to show that ¢§; := [ ] — Z=15>
satisfies that 0 < t?; < s. Since m;; = (s71(ri — j) mod d) and ged(s,d) = 1 we have

sm;; = ri — j mod d. Hence w € Z and so t7; € Z. By Lemma 2.3 we have that

t9»§j+smij < (d=1)+s(d-1) < (s+1)(d-1)
K d d d

and hence ¢7; < s since ¢7; € Z. Notice that

{%sz Vzd]szri—j—(ri—jmod d) > ri—j— smyj.

This proves that | 2| > “=/2*™i That is, t§; > 0.

(3) Let b:=Fk — k':,n Write 62',0‘(2') = (d -1+ b) - (mi,g(i) + dﬂi,o(i))u then
8io(i)y = (d =1 —=mjo0)) + (b—dl; 53y) > 0

by Lemma 2.3 and Part (1) above. Hence ©,, is just the product of §; ,(;)-th falling
factorial power of (d — 1+ b)

n
(d—1+b)!
6, =
il;[l (M oy + Al o (iy)!
= H[d -1+ b]tsi,a(i)
i=1

d+b—1)(d+b—2)-(d+b—1— 3 00))

—-

s
Il
_

It is clear that this is an integer depending only on d, s, 7 and b.
On the other hand, the t; ,(;)-th falling factoring power of ¥, ;(2) is

[¥ri(2)] =i (2) (¥ri(2) = 1) -+ (Vri(2) = tipiiy + 1)

e B B el )

It lies in Z[2] of degree t; 5(;y < s(b+ 1) (by Part (2)), and coefficients are determined
by d, s, r, b. Thus by definition, hy , ;(2) € Z[2] is of degree < max, S tio) <

max, Y, 8(4; o) + 1) = s(n + b/d) by definition. O

ti o (i)
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Fix2<r<d—-1and1<n <d-—1. Let k range over integers > k;n and compute
D = Eﬁnk(—ﬁ) Let k. > k., be the least integer (if exists) such that A, x, ,, # 0.
Let X,.,, be a variable, let

IS

—1

H’I‘ = hnn,khnXkT’n' (8)

rn
n=1

Notice that H, € Q[X;1,..., Xy a-1]-

Remark 2.6. Notice that in this case the definition clearly indicates that the positive
integer k,,, is independent of p. Indeed, by Lemma 2.5 the polynomial hr n, i (z) is inde-

pendent of p, hence those k with hr n, x(—%) = 0 is independent of p.

We are able to explicitly calculate H, for all d < 5, in fact the following conjecture is
verified for all d < 5.

Conjecture 2.7. Let H, be as defined in (8) above. For every r with2 <r <d—1 and

ged(r,d) = 1, we have Hy, = Y07 by g X055 with 102 heo, . # 0.

Lemma 2.8. Fix 1 <n<d—-—1and2<r <d-—1 coprime to d. Letb:k—k’;)nzO

(1) Let mZ;J, fjJ be defined as in Lemma 2.3(4). Define

RT,mkI:( —1—|—b HH{ J
=1

Then we have tiyn i € Z; and kirpr € (ZNZ5) for prime p > d + b.
(2) Define

n
Hrmn,k = Z Sgl’l H
/ m. Lio(i )[ Lio(i )|
(0,2;,5(1))ES (k) i=1 My 50y “Tio(i) *

We have iy pn. € QNZ, for all prime p=r mod d and p > d +b. Furthermore, we

%r,n,k ( {gJ) = Rrnk * Hrnk-

Proof. (1) It is clear that k., € Z. Since n < d — 1 we have |pi/d] < p—1 and hence
[%J € Z, for all p. On the other hand, d — 1 + b < p by our hypothesis and hence
(d—1+0)! € Z5 too. Hence k., € Z;, for p > b +d.

have
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(2) We first observe that ¢, ;(|5]) = i|2| + 2] = |2 | (by writing p = |B]d + 7).
Secondly we notice that for all 4, j

p Kij _ pz fz‘j
t’b] :¢r1<{3J> —TL” = {EJ —’]’L,ij .

o (E])),., - e -

o (i) Mio(i)” i,0(i)

Thus we have

Therefore

~ n 1
fori.k < {ZD =rean >, s [
(0,0 i=1 i

L
0,4i o)) €S (K) =1y 50) Mig@)

which proves our statement.

Since n . < p by Lemma 2.3 and hence ne lis in Zy. By Lemma 2.5 we have {; 5(;) <
|2] and hence mi; = mij+dl < d—1+d|5 J <p forp > d+b and it follows m;! € Z;.
Thus ptynr € Zp for p>d+b. O

Proposition 2.9. Fiz r, n as above.

(1) Then hy i # 0 if and only thrnk( ) #0.

(2) If hrn w(L5]) € Z; for all prime p = v mod d and p > max(d, MaxPrime(h,., 1))
then hrn w(—=5) # 0. Conversely if hrn w(—=%5) # 0 for p=1r mod d and p > d then
o, w(15]) € Z5.

(3) For any prime p =r mod d and p > d + k we have hrn v(L5]) € Z5 if and only if
/Lr,n,k € Z;

(4) If hy i # 0 then k > 0 is the least such that p, n ; € Zy, for all prime p =1 mod d
and p > d + k. Conversely, if k > 0 is the least such that i,y € Zy, for all prime
p=r mod d and p > max(d + k, MaxPrime(h; ,, 1)) then we have hy p  # 0.

Proof. Part (1) follows from the definition of A, , ;. Part (2) follows from Lemma 2.2.
Part (3) follows from Lemma 2.8: since for p > d + k we have K, p € Z; and by
Lemma 2.8 fynp = Er,n,k(L%J)/ﬁr,n,k, we have that f~z,«,n7k(L§J) € Zy if and only if
Pk € Zy. It is clear that Part (4) follows from (1)-(3). O

3. Tame A-determinant
This section completely determines the p-adic order of certain finite tame A-determi-

nant, whose expansion is a polynomial in variable A (remark: this variable A parameter-
izes the coefficient a in the family of polynomials x¢ + ax®). These tame A-determinants
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will be used to approximate our Fredholm A-determinant in Section 4. They are the
bridge connecting the generating polynomials to the actually p-adic Fredholm determi-
nant in Dwork theory.

Let E,(—) be the p-adic Artin-Hasse exponential function (see [KKob84, IV.2] or see
[Sch84, Section 48]). We pick a root v of log, Ep(x) = .72, % in Q, of ord,y = 1/(p—1)
such that ¢, = E,(v) is the same primitive p-th root of unity as in the beginning and
throughout of this paper. For any integer pi — j with 1 < 4,5 < d — 1 we define a
polynomial in Q[v][4] for every ¢* € Z>

Fyimjee(A) =) = (9)

/=0 /A

where mfj, nfj are defined as in Lemma 2.3(4). Define the n-th tame A-determinant

ingo (A) = det((Fpi,ij (A)) (10)

1§i,j§n)'

It lies in Q[y][4] and its key property is provided below in the lemma. Notice that
Z,[v] = Z,[(p] is the ring of integers in Q,(7y) = Qp(¢p).

Lemma 3.1. Let 1 <n<d—1 and b € Z>g.

(1) Then P, |p/a)(A) can be written as a polynomial in Q[Ay'~d] whose terms are
monomials in Ay'~d. Furthermore, we have

(p=1)n(n+1) _s\k
Pn,l_b/d] (A) =7 2d Z Horon,k (A71 d)
kP, <k<kp ,+b

N> B (- ) (k7,40 R

for some R € Zy[v][A].
(2) If hronok,.,, # 0 then for all p=r mod d and p > max(d + k., MaxPrime(h,, k..., ))

n(n+1) + (1= 9krn
2d p—1

ord, (P, (b/a)(A)) =

Conversely, if ord, (P, 5/4)(A)) = "(g;rl) + (1_5_){6“" forp > d+k,.,, then hy i, #
0.

(3) Let a € Q* and let a be its residue reduction over p. Let @ be the Teichmiiller
lifting of a. If H, = 22;11 hr,n,h,ﬂLX?]f};" then for all prime p = r mod d and p >
max(d + maxy, (kr,,), MaxPrimey, (hy.n k,. . ), MaxPrime(a)), we have for all n

s

2d p—1

ordy (P, 5/4) (@) =
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Conversely, if ord,(P, 1p/q)(a)) = "("+1) + U= )k’ ~ for all n and all prime p >
max(d + max, (k, ), MaxPrime(a)) then H,.= anl ,«’nkann .

Proof. (1) By the formal expansion of determinant and the above identity, we have

n

Py osa)(A) =Y sen(o) [ [ Frimotiniv/a)

ocesS, i=1
n_[b/d] my, ()7/ Lu()+"ta()
=S s [
€Sy i=1 (=0 z,a(z)' i,0(1)"
£ ,o (i)
/1231 1M 0 () n Li o (i) L o (i)
= E sgn(o) E Lica Milo()y Tiel) |
H 15()'n10(i)'
o€Sy 0<l; oy <Ib/d) LLi=1 M 65y i o (i)

Notice that by Lemma 2.3 for any ¢; ;)

dZ npo + sZm S = (p—n(n +1)/2.

Write k=Y | m, l;((:)) Then

n

liowy oy _ (= Dn(n+1) s
Z zo’(z) +n zo’(z) - 2d + 1_8 k.

i=1

Then there are wy, € Z; such that

(p=1)n(n+1) _ s
Pn,\_b/dj (A) =7 2d Z :uﬁn,kAk’Y(l )k
kP nSk<kR,+b

(p=1)n(n+1) _s
+9 Z Z sgn(o)wy ARy Dk

k>ke ,+bocSk

=N (D)

ke, <k<ks,+b

S (o= 1)n(n+1)+( 2)k o R

+7
for some R € Z,[v][A].

(2) Fix n. By Proposition 2.9 our hypothesis implies k., is the least k such that
Pk, € QN Zy for p =17 mod d and p > max(d + k., MaxPrime(h;.  , . )). For all
k?n <k < kppn we have piyn k., € QN pZy, Hence ordppiynk,, > 1. Thus the p-adic
valuations are precisely as displayed by our Part (1).
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(3) Fix n. Since a # 0 we have for p > MaxPrime(a) then @ € Z7. Consider the
formula in Part (1)

. (p=D)n(n+1) ~k_ (1— )k
Py pya)(@) =~ 2 E firp @y
ke, <k<ke  +b

+ (higher ~-terms).

Then applying an analogous argument of Part (2) we conclude that k., is the least

positive integer such that h, , k., 7# 0 if and only if &, ,, is the least & such that ur,n’kﬁk €

™n

Z;; and hence it is equivalent to

n(n+1) + (1 - g)knn
2d p—1

ordy, P, p/4) (@) =
This proves our statements. O
4. Asymptotic Dwork theory for A-families

In this section we approximate Fredholm A-determinant by those tame determinants
defined in Section 3. To keep the paper short we refer the reader to [AS89, Wan93, Wan04]
for more thorough treatment of classical Dwork theorem. Let f(z) = 2% + az® be a
polynomial with a € Q and d > s > 1 are coprime integers. Namely, f(z) € A(s,d)(Q).
Let @ be the reduction mod @ of a for a prime ideal p in the number field Q(a) lying
over p. Let @ be the p-adic Teichmiiller lifting of @ in Z,. We recall the Dwork trace
formula for the L function of exponential sum of f = f(z) mod g, assuming g has residue
field F, for some p-power g. Let (, be the primitive p-th root of unity fixed from the
beginning and throughout this paper. Let v € Q, be the root of log, Ep(x) =372, xp—pL
with ord,(y) = 1/(p — 1) such that E,(y) = {, (just as in the beginning of Section 3
above). Write E,(vX) = Y72 A X" for some Ay € (QNZ,)[7]. Then we have A\, = ~*/t!
forall 0 <t <p-—1, and ordy\, > t/(p — 1) for all ¢t > 0. For any integer v > 0 let

Fi(A):= Y Au A, A™ (11)

My, My

where the sum ranges over m,, n,, € Zx>¢ such that n,d+m,s = v. For the only situation
we are studying in this paper v = pi — j with 1 < 4,7 < d — 1 we use the notation from
Lemma 2.3 that is, mp;—; = mfj and np;—; = nfj for some /.

From now on we assume p > s(d — 1) (so as to apply Lemma 2.3). Recall from (9),
for b € Z>g

[b/d] L ml 4nt
Am” ,Ym” +n”
Fpijilbya)(A) = Z me Int

/=0 /A
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Then we have

iy Z“zw‘l it
£>0
£ A Y
pi—j,[b/d] (A) + Z ui,j’ZAmij’ymijJ’_nij
0> [b/d]

for some w; ¢ € Zy[y] which is equal to ———— when ¢ < [b/d]. Let P, /q/(A) =
i3 gt
det(Fpi—j,|b/d) (A))1<ij<n for all 1 <n < d—1. We show below that P, |;/4/(A) approx-

imates P, (A) := det(Fy;_;)1<i,j<n up to b terms p-adically.

Lemma 4.1. Let H, = Zi;ll B ke Xf};" be defined in (8).

(1) We write N, :=max(s(d —1),d + maxy, (k. ), MaxPrime, (hy.n k.., )), then for all n
and for all prime p = r mod d with p > N, we have

2d p—1

ord, (P} (A)) = ordy (P, |5/a)(A)) =

kvin

Conversely, if ord, (P}, (A)) = ord, (P, [s/a)(A)) = "("+1) + 4 d) for all n and
krn

all prime p > max(s(d—1),d+max, (k. .)) then we hcwe H, = anl NP, A
(2) Let a € QF and let @ be its residue reduction over p. Let @ be the Teichmiiller
lifting of a. If H, = Zi;ll hnn,kaf,?L" then for all prime p = r mod d and p >

max(N,, MaxPrime(a)) for all 1 <n <d—1 we have

n(n+1) N (1= 5)krn
2d p—1

ord, (P4 (@) =

Conwversely, if for all1 <n < d—1 and all prime p = r mod d and p > max(s(d—1),

d + max,, (ky ), MaxPrime(a)) we have ord, (P, (a)) = n("ﬂ) + Umiben ypen the

p 1
. . . d—1 k:
generating function is of the form H, =3~ hr7n,kar,Z7‘.

Proof. (1) Let 1 <i,j < d—1. Let p > s(d — 1). Then we have for some w; ,(;).¢ € Zy
that

n o0
£ 4 £
P (4) = Z sgn(o HZUz‘,o(z‘)xAmi'”“)“/mi"’“)Jrn’*““)-
oceS, i=1£=0
Using the same computational argument as that of Lemma 3.1 we get

, IR IACES ) sgn(o)A* (1-5)k
Po(A) =~ 2 Z Z bio(iy ) bioti L

ke <hky, b (oo orest) Tlima mi ) g !

N 3 T sgn(o)wpdby -k

k>kD +b (0.4 5(:))€S(K)
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for some wy, € Z,[7]. By Lemma 2.8 we can write

(p—1)n(n+1) _ s
Pi(A) =~ 2 S e pAry Tk
0<k—ke ,<b

—1 +1
4> PR - (R R

for some R € Z,[7][A]. Since k,, is the minimal k with Er’n,k(—g) # 0 and

0 < k—kr, < b By Proposition 2.9 for p = r mod d with p > max(d +
max, (k. ), MaxPrime,, (. n k,,)) we have yi, , x € Zy and hence

+1 ]-_ﬁkrn
n(n )+( i) m

Ordp (P7IL(A)) = 2d p— 1

Comparing with Lemma 3.1

ordy (P, v/a)(4)) = =5 -

The converse direction follows by applying Proposition 2.9 again with analogous ar-
gument as that of Lemma 3.1.

(2) The proof here is analog to that of Lemma 3.1 by using Proposition 2.9 and
applying the extra condition that p > s(d — 1) on top of both directions. O

Then we prove Theorem 1.1 below by applying the p-adic Dwork theory and transform
theorem we developed in [Zhul2].

Theorem 4.2 (Theorem 1.1). Let s < d be two coprime positive integers. Let 2 < r < d—1.
Suppose H, = Zi;ll hnn)k,,,,”iji" be as defined in (8) with Hi;ll Py, 7# 0. Let

Ng qr be defined as in Theorem 1.1. Then for p = r mod d and p > Ngq, we have
GNP(A(s,d), F,) with breaking points after origin at

((n n(n2;1)+(1ﬁ)fr,n>)n_l B .

yeeey

Conversely, suppose for all prime p = r mod d and p > max(s(d—1),d+max, (kr ),
2(d — s) maxy(k;,)), GNP(A(s,d),F,) has its breaking points as above in (12), then H,
has to be of the form H, = Zi;ll hr,n,kr,an,?i”'

Given f = 2% + az® € A(s,d)(Q) with f = 2%+ az* € A(s,d)(F,). If a € Q, then
for all prime p = r mod d and p > max(N, 4 ,, MaxPrime(a)) we have

NP(f) = GNP (A(s,d), F,)
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and

li NP(f) = HP(A(s,d)).

_lim | NP(F) = HP(A(s,d)

Proof. Let a # 0. We define a twisted matrix M" = (Fj;_;) := (F];ifj'y%), notice
this is the matrix representing the Dwork operator with respect to a weighted monomial
basis. For ¢ = p© for write

(M"/F)(A) = M" - M"" - M"" o M

where 7 is the Frobenius map on Qq({,) that fixes Q,((,) that lifts the Frobenius map
x — aP over its residue field extension, and 7(A) = AP. Then Dwork theory states that

_ _ det(1 =T (M"/Fy)(a))
L(f/F,,T) = det(1 — ¢T(M"/F,)(a)) (13)

and it is of the form 1+ ChT +--- + Cy1T 1 in Z[¢,)[T).
Since ord, (F),_;(a)) > ] by its definition, we have

i—
d
p—1

ord, (Fy;_, (@) >

Q| =,

Write P? := det((M")["]), i.e., the first n by n submatrix of M”. Obviously P”(a) =
P! (@) since M" is the result of a simple change of basis for M’. Apply Lemma 4.1, we

have that for p = r mod d and p > max(N,, MaxPrime(a)) and for all 1 <n <d—1

2d p—1

ord, (P} (a)) = ordy (P, 5/ (@) =
In summary, we have

ord, P/ (a) = ord, P)(a) = 5 - (14)
Thus for p > 2(d — $)kyn, + 1 we have
i n(n+1) e nn+1)+1
Zg—TSOrdan(a)<T

i=1

This verifies that the hypothesis of the transform theorem in Section 5 of [Zhul2] is
satisfied, hence we are enabled to conclude that

d—1
NP(f) = NP, ( ) P;:<a>T”>
n=0
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and by (14) its breaking points after the origin are given by

e n(n + 1) (1 - §)kr,n
(nvord, (@) = (" 4 B2

form=1,...,d—1.

Conversely, suppose we know for such prime p = r mod d the breaking points of
GNP(A(s,d), F,) are as given. Then we may apply the transform theorem of [Zhu12] and
conclude that it is equal to NP,,(ZZ;% P!(a)T™), or in other words forall 1 <n <d-1
we have

n(n+1) N (1= 5)krn

ord, P (@) = 5d -

Then we apply Lemma 4.1 and find that H, is of the given form.
The last statement follows by taking limit since by our hypothesis k, ,, is independent
of p. O

Corollary 4.3. Let notation be as in Theorem J.2. Assume Conjecture 2.7 holds (i.e., sup-
pose H, = Zi;ll hr,n’kr’nX,li’;;" with Hi;ll Prner, #0). Let f =a%+ax® € A(s,d)(Q)
with d > s > 1 coprime. Then for all prime p > max,(Ns 4, MaxPrime(a)) we have
that

NP(f) = GNP(A(s,d); F)) (15)
and lim,_, o, NP(f) = HP(A(s,d)) if and only if a # 0.

Proof. Suppose a # 0 then the statement follows from Theorem 4.2. If @ = 0 then
f =2 and NP(f) is explicitly worked out by Stickelberger theorem (see [Wan04]). For
p =1 mod d we have NP(f) = HP(A(s,d)) but for 2 < r < d — 1 we know NP(f) lies
strictly above GNP(A(s, d), F,). Hence lim,_,o, NP(f) does not exist. 0O

For any s < d coprime integers and for any ¢ = p© (¢ € Z>1), define

GNP(A(s,d),F,) :=  inf  NP(f)
FEA(s,d)(F,)

if exists. Grothendieck—Katz specialization theorem implies that GNP(A (s, d), F,) exists.
Our proof of the main theorem implies the following statement immediately.

Corollary 4.4. Let notation be as in Theorem 1.1. Assume Conjecture 2.7 holds. For p
large enough, GNP(A(s,d),F,) exists for any p-power ¢ and we have

GNP (A(s,d), Fy) = GNP (A(s,d), F,).
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Remark 4.5. The computation of H, starts with smallest k > k7, and increases until

_ k
we find the next term with A, , , # 0. When s = 1 we have H, = Zizll hyke Xoin"

(it is shown in [Zhu03]) with Hi;ll ky, # 0. But for s > 2 it is not always true that
H, = 22;11 Bonke. f];f. In fact in the case (s,d) = (2,5) and r = 3 one can show
directly that Hj has its least degree monomial of strictly higher degree then k7, for at

least one n with 1 <n <d— 2.
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