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On algebraic independence of certain multizeta values in
characteristic p

Yoshinori Mishiba*

Abstract

In this paper, we study multizeta values over function fields in characteristic p.
For each d > 2, we show that when the constant field has cardinality > 2, the field
generated by all multizeta values of depth d is of infinite transcendence degree over
the field generated by all single zeta values.

1 Introduction

1.1 Classical case

The multiple zeta values (MZVs) in characteristic 0 was defined by Euler (depth two) and
Hoffman (higher depth). For a d-tuple of positive integers n = (n1,...,nq) € (Z>1)% with
n1 > 2, it is defined by

o) = Gl i= Y e € R,

m .. m
my>->mg>1 L d

The sum wt(n) := >, n; is called the weight and dep(n) := d is called the depth of
(z(n). One of the goals of this topic is to determine all algebraic relations over Q among
the MZVs. Although many relations among MZVs are known, very few linear/algebraic
independence results on MZVs are known. For example, Euler proved that when d = 1, the
ratio (z(n)/(2my/—1)" is a rational number if and only if n > 2 is an even integer. However,
we do not know whether (z(n)/7" is a transcendental number for each odd integer n > 3.
It is conjectured that 7, (z(3),(z(5),(z(7),... are algebraically independent over Q. For
the higher depth case, Goncharov ([G]) conjectured that MZVs of different weights are
linearly independent over Q. Moreover, it is considered that this conjecture is true even
if we replace Q by Q. In characteristic 0, it is considered that to prove linear /algebraic
independence of MZVs is very difficult. In this paper, we prove algebraic independence of
certain multizeta values in the function field case.

1.2 Positive characteristic multizeta values

Let K :=TF4(f) be the rational function field over the finite field of g elements with variable
0, p the characteristic of K, Ko := Fy(0~1)) the oc-adic completion of K, K a fixed
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algebraic closure of K, Co the co-adic completion of K, and K the algebraic closure
of K in Cy. We fix a (¢ — 1)-st root of —6 and let

7= (=) ﬁ (1 - el—qi)fl € (—)TT KX

i=1

be the fundamental period of the Carlitz module. This is a generator of the kernel of the
exponential map of the Carlitz module and a function field analogue of 2mv/—1 which is
a generator of the kernel of the usual exponential map. As #[F,[0]* = ¢ — 1, we say that
an integer n is “odd” if ¢ — 1 does not divide n, and “even” if ¢ — 1 divides n.

In this paper, an inder means an element of (Zzl)d for some positive integer d > 1.
Thakur ([T1]) defined the positive characteristic multizeta values (also denoted by MZVs)
by

1
C(ﬂ) :C(nlv"'vnd) ::ZW GKOXO

for indices n = (n1,...,nq), where the sum is over all monic polynomials a; in Fy[6] such
that dega; > -+ > degay > 0. Thakur ([T2]) showed that MZVs are non-zero. Anderson
and Thakur ([AT2]) showed that the MZVs have an interpretation as periods of certain
t-motives, which are iterated extensions of the trivial t-motive by Carlitz motives. It is
clear that ((p°n) = ((n)P" for all e > 0, where we set p°n := (p°ni,...,png). Carlitz
([Ca]) showed that ((n)/7" € K* if and only if n > 1 is an “even” integer. This is an
analogue of the relations of the special zeta values at even integers. Yu ([Y]) proved that
((n)/7™ ¢ K for each “odd” integer n > 1. Moreover, Chang and Yu ([CY]) proved that
the elements 7,((n1),...,((nq) are algebraically independent over K if n; is “odd” for
each ¢ and n;/n; is not an integral power of p for each i # j. Chang, Papanikolas and
Yu ([CPY]) also showed the algebraic independence of MZVs when the constant field Fy
varies. Several results on the higher depth case were also proved. Chang ([Ch2]) showed
that MZVs of different weights are linearly independent over K. In [M1], we proved that
7, ((n) and ¢(n,n) are algebraically independent over K if 2n is “odd”. In this paper, we
prove the following theorem:

Theorem 1.1. Letd > 1 be a positive integer, and let ny,...,ng > 1 be d distinct positive
integers. If n; is not divisible by ¢ — 1 for each i and n;/n; is not an integral power of p
for each i # j, then the the following 1 + @ elements
%’ C(nl)v C(n2)7 C(’I’Lg), C(n4)7 """"" ) C(nd)v
C(n1,n2), ((n2,n3), ((nz,na), ...... s C(ng—1,m4),
C(nla n2, n3)7 C(nQa ns, 714), ey C(nd—Qa nd—1, nd),
C(TLl,TLQ, cee 7nd—1)7 C(nQa n3,..., nd)7
C(nh na,... 7nd)

are algebraically independent over K.

Theorem 1.1 provides many MZVs which are algebraically independent over K. The
next theorem gives a positive answer to the function field analogue of a question in [Andr,
p. 231].



Theorem 1.2. For each positive integer d > 1, we set K4 to be the field generated by the
MZVs of depth 1 or d over K. When q # 2, we have

tr.degy, Kq = oo
for each d > 2.

Proof. Since q # 2, the set Z>1 \ ((¢ — 1)Z>1 U pZ>1) is an infinite set. We denote the

elements of this set by n1,n9,ns,.... Hence we have K1 = K(7,((n1),{(n2),{(n3),...).
By Theorem 1.1, the elements ((n1,...,74), ((Ngs1,- - n24), C(N2dgs1, - - -, N3d), - - . are al-
gebraically independent over K. O

Remark 1.3. (1) Similarly, we can prove that for any integers dq,ds,ds, -+ > 2, there
exist indices n,ny,ng,... such that dep(n;) = d; for each j and ((n,),((ny),((n3),- -
are algebraically independent over Kj.

(2) When ¢ = 2, Chang ([Ch2]) showed that either ((1,2) or ((2,1) is transcendental
over K. However we do not know whether there exist infinitely many MZVs which are
algebraically independent over K; when ¢ = 2.

(3) In [M2], we obtained a generalization of Theorem 1.1. However its proof is too
complicated, and to prove Theorem 1.2, we do not need such generalization.

By Theorem 1.1, we may obtain some lower bounds of the dimension of the vector space
over K (or K) spanned by the MZVs of fixed weight. We do not pursue this problem in this
paper and content ourselves with stating the following lower bound of the transcendental
degree of the field generated by the MZVs of bounded weights, which is easily obtained
from Theorem 1.1:

Corollary 1.4. Letw > 1 be a positive integer. If there exist positive integers dy, . ..,d, >
1 and an “odd” positive integer ng; > 1 for each 1 <@ <1 and1 < j < d; such that nij/ni/j/
is not an integral power of p for each (i,7) # (i',7") and >_;jnij < w for each i, then we
have

tr.deg K (7, ((n)| wt(n) <w) > 1+ Z W
i1

1.3 Carlitz multiple polylogarithms
In [Ch2], Chang defined the Carlitz multiple polylogarithms (CMPLs) by

q't q'd
Z .. Z
Liy(21,..., 24) = —1 d -
il>_§d20 (0 —69) - (0 — 00 ) - (6 — §9) - (O — g74))na
n;q
for indices n. It converges if |2;|o < |0]& " for each i, where | — | is an co-adic valuation

on Co. The weight and depth of (values of) CMPLs are also defined to be wt(n) and
dep(n). In [AT1], Anderson and Thakur showed that ((n) is described as a K-linear
combination of the values of CMPLs of weight n and depth one at rational points for
each n > 1. Moreover, in [Ch2], Chang showed that for each index n with wt(n) = w
and dep(n) = d, ((n) is described as a K-linear combination of the values of CMPLs of
weight w and depth d at rational points. He also proved that CMPLs take non-zero values



when z; # 0 for each i. We are interested in the algebraic independence of their values at
algebraic points over K.

Let n > 1 be a positive integer, and let aj,...,a, € K™ be algebraic points such
ng

that |ajle < |0]&" for each j. Papanikolas ([P]), Chang and Yu ([CY]) proved that
if 7 Lip(a1),...,Lin(a,) are linearly independent over K, then they are algebraically

independent over K. Let ni,...,ng > 1 be positive integers such that n;/n; is not

an integral power of p for each i # j. For each i, let aj1,..., a4, € K™ be algebraic
nig
points such that |aj|e < []& ' for each j. Chang and Yu ([CY]) also proved that if
7", Lip, (041), . .., Liy, (a4, ) are linearly independent over K for each ¢, then the elements
of {7} U{Li,, (i;)|i,j} are algebraically independent over K. As in the case of the MZVs,
several results on the higher depth case were also proved. Chang ([Ch2]) showed that
values of Carlitz multiple polylogarithms at algebraic points of different weights are linearly
independent over K. In [M1], we proved that 7, Li,(a) and Li (@, @) are algebraically
ng

independent over K if 2n is “odd” and a € K* with |a|s < |8]&. In this paper, we
prove the following theorem:

Theorem 1.5. Let d > 1 be a positive integer, and let ny,...,ng > 1 be d distinct positive
n;q

integers. For each i, we take a rational point a; € K* such that |ailee < 01357, If ny is
not divisible by ¢ — 1 for each i and n;/nj is not an integral power of p for each i # j,
then the cardinality of the set {7} U {Lin,ny . (@os g1, op)[1 <€ <k < d} is

1+ @ and all elements of this set are algebraically independent over K.

1.4 Outline of this paper

In Section 2, we define notations which are used in this paper. In Section 3, at first
we review the (pre-)t-motives which were originally defined by Anderson ([Ande]). We
explain the way how we obtain periods from pre-t-motives following the work of Anderson
and Thakur ([AT1], [AT2]). Then we recall Papanikolas’ theory ([P]) which states that
the transcendental degree of the field generated by periods in question over a base field
coincides with the dimension of the “motivic Galois group” of a pre-t-motive. As an
example (see Example 3.4), we see that MZVs and CMPLs at algebraic points appear as
periods of some pre-t-motives. The primary tools of proving the main results are to apply
Papanikolas’ theory. In Section 4, we give proofs of Theorems 1.1 and 1.5. These are
simultaneously proved as corollaries of Theorem 4.3. This theorem is proved by using the
arguments of Section 3. In Appendix A, we give a proof of Theorem 4.2 which states a
criterion of the algebraic independence of “depth one elements”. This gives a generalization
of the main result of [CY].

During the past submission of the present paper to another journal, which takes almost
2 years, a generalization of Theorem 1.1 has been given in [M2]. However, the original
ideas are rooted in the present paper when dealing with algebraic independence question
of MZV’s, and some techniques are applied to tackle the more complicated situation in
[M2].



2 Notations

We continue to use the notations of the previous section. Let ¢ be a variable independent
of 0. Let T := {f € Cx[t]|f converges on |t|oc < 1} be the Tate algebra and L the
fractional field of T. We set

E:= {Z a;t’ € (Coo[[t]]’hm V]ailoo =0, [Koo(ag,ar,...): Ko] < oo}.
1—00

For any integer n € Z and any formal Laurent series f =), ait' € Coo((t)), let
O = e
i

be the n-fold twist of f, and set o(f) := f(-Y. The fields L and K (t) are stable under
the operation f + f(™ and we have L7=! = F,(t) where (—)7=! is the o-fixed part.

Definition 2.1. Let d > 1 be a positive integer. We set
Li=A{(i,j) €21 <j<i<d+1}.

We define a depth of (i,7) € I by dep(4,j) := i — j and a total order on I; by setting
(i,7) < (k,£) if either dep(7, j) = dep(k, ¢) and j < £ (hence i < k), or dep(i, j) < dep(k, ).
The order on I; is illustrated as the following diagram:

depth 1
depth 2
depth 3
depth 4

For each (7, j) € I and a d-tuple of symbol y = (y1,...,¥a4), we set

Y. = (yjayj+17"'7yi*1)'

Yij
Note that the MZV ((n1,...,nq) appears as a period of a t-motive of dimension d + 1
(Example 3.4). Moreover, the MZV ((n;,...,n;—1) for (i,j) € I; appears as an (i,j)-th
component of a matrix of periods of that t-motive.
We set

o) = (-0 ] (1- ) e Tl

i=1

which is an element of E. Since €2 has a simple zero at 97 for each i = 1,2,..., it is
transcendental over K (t). It satisfies the equation

Q=Y = (1 - 0)Q

and we have



We set Dy :=1 and D; := H;;t(@qi —07) for i > 1. For each integer n > 0 with the
g-expansion n =Y. n;q" (0 < n; < q), the Carlitz factorial is defined by

Tyt = [[ DI
7

Let n = (n1,...,nq) be an index and u = (uy, ..., uq) € (K[t])? a d-tuple of polynomials.

niq
For a polynomial u = 3 a;t/ € K[t], we set [u]oo := max;|ajleo. When Ju;oo < [6]&"
for each i, we set

(i1
o Uy
bunlt) = ZO (= 09) - (E = )2 ) oo (£ — 09) - (£ = )7 )ma

)yl

€ Koo[t],

which converges on |t|o < |0|% and satisfies the equation

) L
(1) _ d L 4o wm
u,n (t _ 9)n1+~~~+nd,1 Ug1:q1 (t A 9)n1+~~+nd ’

niq

where we set Ly, n,, = Lpg := 1. When u = a € K with |ailoo < [0|&" for each

i, we have L,y () = Liy(a). Anderson and Thakur ([AT1], [AT2]) showed that there
ng

exists a polynomial H,_; € F,[f,t] for each n > 1 such that |H,—1]s < 0| and
LH(Q)Q(H) =TI, I, (n) where H(n) := (Hp,—1,. .., Hyy—1).

3 Review of pre-t-motives

In this section, we review the notions of pre-t-motives and Papanikolas’ theory for pre-
t-motives. For more details, see [P]. A pre-t-motive is an étale p-module over (K (t),0);
this means a finite-dimensional K (¢)-vector space M equipped with a o-semilinear bijective
map ¢: M — M. A morphism of pre-t-motives is a K (t)-linear map which is compatible
with the ¢’s. A tensor product of two pre-t-motives are defined naturally. For any pre-t-
motive M, the Betti realization of M is defined by

)

MB o (]L O M)U@cp:l
) K(t)

where (—)®%=! is the o ® p-fixed part. A pre-t-motive M is called rigid analytically
trivial if the natural injection L Qr, 1) M B L %) M is an isomorphism. The category
of rigid analytically trivial pre-t-motives forms a neutral Tannakian category over Fg(t)
with fiber functor M +— M. For any such M, we denote by G the fundamental group
of the Tannakian subcategory generated by M with respect to the Betti realization. By
definition, Gps is an F(t)-subgroup scheme of GL(M?). Thus for each F,(t)-algebra R,
G (R) is a subgroup of GL(R @, 1y M?).

Let ® € GL.(K(t)) be a matrix. We consider the system of Frobenius difference
equations

oD = pw (1)



with solution entries of ¥ = (V;;) in L. The matrix ® defines the pre-t-motive Mg :=
K(t)" with
(1, .. @) = (x(_l), ce xg_l))q).

The pre-t-motive Mg is rigid analytically trivial if and only if the system of Frobenius
difference equations (1) has a solution matrix ¥ in GL, (L), and in this case ¥~'m forms
an F,(t)-basis of (Mg)?, where m € Mat,1(Mg) is the standard basis of Me = K(t)"
on which the action of ¢ is represented by ®. Such matrix W is called a rigid analytic
trivialization of ®, and the values W;;(#) of its components at ¢ = 6 (if they converge) are
called periods of Mg. For such ¥, we set U= \Iffllllg € GL,(L DR L), where Wy (resp.
W3) is the matrix in GL;(L @z, L) such that (¥1);; = Ui @ 1 (resp. (¥2)i; = 1® ¥yy).
Let X = (Xj;) be the r x r matrix of independent variables X;; and Fy(¢)[X, 1/ det X]
the localization of the polynomial ring over F,(¢) with r? variables X11, X2, ..., X, with
respect to the polynomial det X. Thus it is the coordinate ring of GL, /g, (). We define an
[F,(t)-algebra homomorphism vy by

vy Fq(t)[X, l/det X] — L ®f(t) L; Xij — \iij

and set
Gry = Spec(F, (1) X, 1/ det X/ ker ) C GLy e, )

Let R be an Fy(t)-algebra. Since ¥~ m forms an R-basis of R ®p, (Mg)B, each element
of this space is written as f - W~'m for f € R". Then we have a well-defined map given by

Gy(R) = Gy (R); g (- U 'm — fg' - &7 lm). (2)

Theorem 3.1 ([P, Theorems 4.3.1, 4.5.10, 5.2.2]). Let ® and ¥ be matrices satisfying
(1), and let Gpr, and Gy be as above.
(1) The scheme Gy is a smooth subgroup scheme of GL,/r,t) and the above map

Gy — G, is an isomorphism of group schemes over Fy(t).
(2) Let K(t)(V) be the field generated by the entries of ¥ over K(t). Then we have

dim Gy = tr.degg K(t)(P).

(3) Assume that ® € Mat,(K[t]), ¥ € GL,.(T) N Mat,.(E), and det ® = c(t — 6)? for
some ¢ € K and d > 0. Let K(U(0)) be the field generated by the entries of U(0) over
K. Then we have

tr.degg ;) K(t)(V) = tr.degz K(¥(0)).

Remark 3.2. The result (3) in Theorem 3.1 is rooted in the deep result in [ABP], which is
addressed as ABP-criterion. However, the restriction of the condition on det ® originated
from Anderson t-motives but such restriction indeed can be relaxed (see [Chl]). But for
our purpose, the above is sufficient and so we do not state the refined version given in

[Ch1].

Example 3.3. The Carlitz pre-t-motive C' is the pre-t-motive defined by the 1 x 1-matrix
[t —6]. Since QY = (t — 0)Q, the Carlitz pre-t-motive is rigid analytically trivial. Since
Q is transcendental over K (t), we have dim Gig; = 1, and thus G¢ = Gl = G-



Example 3.4. Let n = (n1,...,nq) be an index and u = (u1,...,uq) € ( [t])? be a
d-tuple of polynomials such that |u;]c < \9|§% for each i. We consider (d + 1) x (d+ 1)-
matrices
[ (t— gyt 0 0 e 07
ug_l)(t — g)mttna (t — G)nz+-+na 0 e 0
b= 0 uéﬁl)(t — Q)2 ttna :
: (t—0) 0
I 0 e 0 u\V(E=—6ma 1]
and
[ Qute 0 0 y 0]
Quitetnar, Qra+-tna 0 . 0
- Qn1+"'+ndL231’231 an+-~—&-nd[@32’232 .. o,
: : Qnd
_in+m+ndLﬂd+1,1@d+1,1 Qnz—im-mdLﬂd+1,2ﬂd+1,2 QndLﬂdH,dvﬂdH,d .

where the notations n;; and u,; are defined in Definition 2.1. These satisfy the Frobenius
difference equations (1). Hence ¥ is a rigid analytic trivialization of ®. Let M be the

pre-t-motive defined by ®. By Theorem 3.1, we have an isomorphism Gy — G and

tr.degr K (7, Lgij@“(ﬁﬂ(i,]’) € I;) = dim Gy.
niq
Thus when v = H(n) (resp. u = « € K" with |iloo < |0]&" for each i), the multizeta
values ((n;;) (resp. the Carlitz multiple polylogarithms Lip, (a;;)) appear as periods of
the pre-t-motive M. By the definition of Gy, we also have the inclusion

g1t tnd

Lo qn2tna

Gy C
Tdq1,1 e Tap1,d 1

We can calculate U explicitly as

i 1—s

Ui =@ @MY Y (<) Y L Ly @ QTN

s=j r=0 s=10<t1<-
L1 <ip=1

for each (i, ) € I3, where we write Ly := Ly, n,,-

4 Algebraic independence

In this section, we prove Theorems 1.1 and 1.5. For square matrices A and B, we denote
by A @ B the diagonal block matrix made of A and B. We use the letters a and x;;’s as
coordinate variables of algebraic groups. In our proofs, our purpose is to show that the



dimension of the algebraic group in question is as maximal as possible, and so we always
work on the Fg(t)-valued points without studying the reduced/non-reduced structures,
where [Fy(t) is a fixed algebraic closure of [Fy(t). So for an algebraic group G over Fy(t),
when it is clear from the contents, without confusion we still denote by G the F(t)-valued
points of G.

Before starting the proof of Theorems 1.1 and 1.5, we state several algebraic indepen-
dence results concerning the case of depth one. Papanikolas, Chang and Yu proved the
following theorem which states a criterion of the algebraic independence of MZVs and
CMPLs at algebraic points of gqepth one. Note that they discussed only the case where

uj = a; € Fn with |aj|0 < [0]& T, but their arguments work also for any u; € K|[t] with
sl < 101"

Theorem 4.1 ([P, Theorem 6.3.2], [CY, Theorem 3.1]). Letn > 1 be a positive integer and
ui, ..., uy € K[t] polynomials with |u;j]e < |9|g% for each j. If T, Ly, n(0), ..., Ly, n(0)

are linearly independent over K, then they are algebraically independent over K.

Thus 7 and ¢((n) (or Li,(«)) are algebraically independent over K for each “odd”
nq

integer n > 1 and a € K* with |a|s < |0]5", because 7" € Ko, and ¢(n), Liy(a) € KX
for such n and a.

Theorem 4.2. Let ni,...,nqg > 1 be positive integers such that n;/n; is not an integral
power of p for each i # j. For each i, we take polynomials w1, ..., u;y, € K[t] with
n;q

luijloo < [01&T for j =1,...,ri If 7%, Lupy s (0), ..., Lu,,,n;(0) are linearly independent
over K for each i, then the 1+ 25:1 r; elements {7, Ly, n,(0)|1 <i<d, 1<j <} are
algebraically independent over K.

This is almost proved in [CY]. For the sake of completeness, we give a proof of it in
Appendix A.

The next theorem is the main result in this paper. Clearly, Theorems 1.1 and 1.5
follow from Theorems 4.1, 4.2 and 4.3. Recall that I; is the set defined in Definition 2.1.
The notations n;; and w;; are also defined there.

Theorem 4.3. Let n = (ny,...,nq) be an index and u = (uy,...,uq) € (K[t]))¢ a d-

niq
tuple of polynomials such that |uleo < |05 " for each i. If @, Luyn, (0), - - Lugn, (0) are
algebraically independent over K, then we have

d(d+1)

tr.degz K (7, L 5

O)[(i,7) € Ig) =1+ #Ig =1+

U551 5

To prove Theorems 4.2 and 4.3, we use the following lemma. This lemma is clear, but
very useful.

Lemma 4.4. Let V C G," be an algebraic subgroup of dimension zero. Let my,...,m, € Z
be mon-zero integers. Assume that V is stable under the G, -action on G," defined by

a(xy,...,zp) = (a™x1,...,a"x,) (a € Gy, (x;) € G,").

Then V(Fq(t)) is trivial.



Proof of Theorem 4.3. In this proof, (i, j) and (k, ¢) are always assumed to be elements of
the totally ordered set I;. Let ® and ¥ be the (d+1) x (d+1)-matrices defined in Example
3.4. These satisfy the Frobenius difference equations (1). For (k,¢) € I;, we define
(dep(k, £)+1) x (dep(k, £) + 1)-matrices ®[k, ¢] = (P[k,£];;) and W[k, ] = (V[k, £];;) which
are sub-matrices of ® and ¥, where ®[k, (];; = ®;j1p—1 jy¢—1 and Y[k, l];; = Vi1 j1o-1.
In particular, the lower left corner of ®[k, ¢] (resp. U[k,{]) is the (k, £)-th entry of ® (resp.
¥). The following is the illustration of the relative positions of the matrices:

~— O (resp. V)

D[k, €] (resp. Uk, 1))

Let Mk, /] be the pre-t-motive defined by ®[k,¢] and G(k,£) the fundamental group of
the pre-t-motive
M(k,0) :==C @ &b M]i, j,
dep(z,j)>dep(k,¢)—1
(1.5) < (k,0)
where C' is the Carlitz pre-t-motive (see Example 3.3). The closed circles in the following
illustration is the range in which (4, j) runs over in the above direct sum:

® e O

(k?g) ]

'o\{ooooQ'

O O e O

We identify G(k, ¢) with the algebraic group defined by [Q] @ @(i)j) Ui, j] as in Theorem
3.1. Then we have the inclusion

it
Tirt s qritiTetna
41,
G(k,t) C { [a] ® b ,
dep(i,j)>dep(k,0)—1 ' ,
(i.) < (k,0) Tij Tigoq aMittnd

for each (k, ¢). Note that some different entries/coordinates of different block matrices may
be the same and denoted by same letters; this means that for (i,7), (¢,5') and r,7’, s, s’
with 1 <s<r <dep(i,j)+1land 1 <s <¢' <dep(?,j)+1,if (r+j—1,s+j—1)=
(r'+j'=1,8"+ 5 — 1), then the (r, s)-th entry of the (i, j)-th component matrix and the
(r',s")-th entry of the (i, j')-th component matrix are the same and they are denoted by

Trqj—1,s4j—1. In fact, since ¥ is a lower triangular matrix, the (r,s)-th entry of W[i, j]
is equal to the (r 4+ j — 1,5 + j — 1)-th entry of ¥ (for the explicit description of ¥, see
Example 3.4). Thus if (r+j—1,s+j—1)= (" +j — 1,5 +j — 1), then the (r, s)-th

entry of W[i,j] and the (1, s')-th entry of W[i’, j/] coincide. Therefore the corresponding
positions in the algebraic group G(k,¢) are the same.

10



By Theorem 3.1, it suffices to show that the above inclusion is actually an equality for
each (k, ). We prove this by induction on (k,¢) € I; via the total order “<”.

By the assumption, this is true for (2,1) < (k,¢) < (d + 1,d), these are the depth one
cases. Let (k,¢) > (3,1) (this means dep(k,¥) > 2) and assume that the inclusion is an
equality for (k’,¢") the greatest element of {(i,j) € I4|(¢,7) < (k,¢)}, which means that
(K 0)=(k—-1,4—-1)if ¢ #1 and (K,0') = (d+ 1,d+ 3 — k) if £ = 1. By definition,
M(K',0') is a subobject of M(k,¢) and C is a subobject of M(k,¢) and M(k',¢'). By
Tannakian duality, we have surjections v¢: G(k,t) — G(K, '), ©: G(k,{) — G,, and
' G(K',0') = G,,, where we identify G with G,,,. These are projection maps. More
precisely, m and 7’/ map the matrices of the above forms to a and 1 maps to the same
matrices with the (k, £)-th component matrices removed. These follow from the description
of the map (2). The arguments are as same as in [P, §6.2.2], [CY, §4.3] and [CPY, Remark
2.3.2]. We set V := Kernm and V' := Kern’ to be the unipotent radicals of G(k,¥) and
G(K',0"). Then we have the following diagram

1—>V—>G(k 0) "> Gy ——>1

b

IHV’HG(k’ ) s Gy — 1

which is commutative and whose rows are exact.

It is clear that |y is surjective. Since V is non-commutative, the G(k,¢)-action
AX =A'XAonV (X €V, Ac G(k,!)) depends not only on 7(A) but also on the
other entries of A. Note that the coordinate variable xy, of G(k,¢) is the only coordinate
variable which does not appear as a coordinate variable of G(k,¢'). Thus we know that
dimG(K,¢') < dim G(k,¢) < dim G(k',¢') 4+ 1. This also follows from Theorem 3.1 (2). It
suffices to show that the second inequality is an equality.

Now, assume that dim G(k,¢) = dimG(k’,¢'). Then dimKer(¢)|yy) = 0. It is clear
that Ker(¢|y) is a normal subgroup of G(k,f) and A.xy, = w(A)™T T-17,, for each
e € Ker(¢]y) and A € G(k, L), where we identify Ker(¢|y) C G, by means of the
coordinate zy,. By Lemma 4.4 we have that Ker(y|y) is trivial. We take any elements

1
Tjp1y 1
X=[1]o D o eV
dep(i,j)>dep(k,0)—1 | R
(1,4)< (kL) Tij o Tii—1 1

and

A=[1] & b 0

dep(i,j)=dep(k,£)—1

B eV,
depli)=dep(kd) |, ) 0 .

Gij @iyl 1
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where we can take any z;; € Fy(t) (resp. any a;; € Fy(t)) for each (i,7) € Iz such that
(i,7) # (k,0) (resp. dep(i,j) > dep(k,f) — 1 and (i,5) < (k,¥£)) by the assumption on
(K',¢") and the surjectivity of 1|;,. Then X '(A71X A) is equal to

1
1] @ S -
dep(i,j)=dep(k,()—1 1
- 1 |
1
o D
dep(i,j)=dep(k,£) 0
(4,5)<(k,0)
| Fi—1,j%ii—1 — Qi j4+1T5+41,5 1 J

Now we take a;; = 0 for (k —¢,1) < (i,7) < (k,£+ 1) and ag g1 = 1. Then we see that
X1 A71XA) € Ker(¢|yv) = {0} and so we have zp41 0 = 0. Since (£ + 1,¢) # (k,£), this
is a contradiction. Therefore we have dim G(k, () = dim G(K',¢') + 1. O

Appendix A

In this appendix, we prove Theorem 4.2. In [CY], they treated some special case, but their
nia
proof works also for any n; not divisible by p and any w;; € K[t] with |uj]ec < 0]
By a slight modification of their proof, we can weaken the condition on n;’s as in our
statement. Note that when wu;; € K or u;j = H,,—1, we can reduce Theorem 4.2 to the
case where n; is not divisible by p, and we do not need the following proof in such cases.
As in Section 4, for an algebraic group G over Fy(t), when it is clear from the contents,

without confusion we still denote by G the [F,()-valued points of G.

Proof of Theorem 4.2. We set I := {(i,7) € Z*|1 < i <d, 1 < j < r;}. In this proof,
(i,7) and (k,£) are always assumed to be elements of I. We define an order on I by the
lexicographic order; this means (z,j) < (k,£) if and only if i = k and j < ¢, or i < k. For
(k,0) € I, we define 2 x 2-matrices

t—0)m 0

Pk, (] == [ (1) and Uk, 0] = {

Qe 0
ulg (-0 1 O Ly, 1]

Ukl

Then they satisfy the Frobenius difference equations W[k, |1 = ®[k, ][k, ¢]. Let
Mk, ?] be the pre-t-motive defined by ®[k, (] and G(k,¢) (resp. Gy(¢)) the fundamen-
tal group of the pre-t-motive

Mk, t):=Co @ Mli,j] |(resp. Mi(t) :=C &P Mlk,j]
(2,0)<(k,0) Jj<t

We identify G(k,¥) (resp. Gj(f)) with the algebraic group defined by [Q] @ D ;) Vi, ]
(resp. [Q] & @, V[k, j]) as in Theorem 3.1. Then we have the inclusion (resp. equality)

a 0 a™ 0
. J resp. Gr(¢) = [a] @ @ |:33kj 1]

j<t

G(k,0) C { [a] ® {
(4,5)< (kL)
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for each (k, ). By Theorem 3.1, it suffices to show that the above inclusion is actually an
equality for each (k, ). We prove this by induction on (k,¢) € I via the total order “<”.

By the assumption, this is true for (1,1) < (k,¢) < (1,r1). Let (k,¢) > (2,1) and
assume that the inclusion is an equality for (£, ¢') the greatest element of {(4, j) € I|(i,j) <
(k,0)}. Thus (K, 0) = (k4 —1)if £ # 1 and (K, ¢) = (k — 1,7,—1) if £ = 1. By
definition, M (k',¢') and My (¢) are subobjects of M (k,¢) and C' is a subobject of M (k, /),
M (K',¢") and My (¢). By the Tannakian duality, we have surjections 1: G(k, () = G(K', '),
Ui Gk, ) = Gr(0), m: G(k,0) = Gy, ' G(K',0') = Gy, and 7”1 G(0) — Gy, where
we identify G¢ with G,,. The projections 7, #’ and 7" map the matrices of the above
forms to a and ¢ (resp. ) maps to the same matrices with the (k,£)-th component
matrices (resp. all (4,7)-th component matrices (i # k)) removed. We set V' := Kerm,
V' :=Kern’ and V" := Ker " to be the unipotent radicals of G(k,£), G(k',¢') and G(¢).
Then we have the following diagram

1 V" G(l) > Gy ——1

e o

1—>V—>G(k 0) "> Gy — 1

[ |

1—>V’—>G(k’ o) —>G —1

which is commutative and whose rows are exact.

It is clear that |y is surjective. Note that the coordinate variable xg, of G(k,¥) is
the only coordinate variable which does not appear as a coordinate variable of G(k',¢').
Thus we know that dim G(K/,¢') < dim G(k,¢) < dim G(k',¢') + 1. This also follows from
Theorem 3.1 (2). It suffices to show that the second inequality is an equality.

Now, assume that dim G(k,¢) = dim G(k’,¢"). Then dimKer(¢)|y) = 0. We identify
V C Il j<te Gar V! =Tl j)<(.0) Ga and V" = [];2,Ga by means of the coordinates
z;j. The Gy,-action on V' (resp. V', resp. V") defined by a.X :=a~'Xa, where a € G(k, ()
(resp. G(K', '), resp. Gi({)) is a lift of a € Gy, is described as z;; — a"iz;; on each
coordinate. By Lemma 4.4 we have Ker(¢|y) = 1. Thus the morphism 1|y is bijective
(but not necessary an isomorphism of varieties) and we have the surjective map

Yrly o q/;|;1; Vi< vV V"

For each (i, j) # (k, {), we set V;; (resp. V};) to be the subvariety of V' (resp. V') defined
by w1 = 0 for each (7',5") # (i,7), (k,£). Then 9|y, : Vi — V;'J = Gy, is a bijective G,,-
homomorphism. Thus we have dimV;; = 1. Hence the algebraic set! Vij is defined by
a separable polynomial of the form xzz — > o bnx” for some e,m > 0 and b, € F,(t)
(See [Co, Corollary 1.8]). Now we take i # k and assume that the G,,-homomorphism
¢k|VU o 1/)|‘7$ is non-zero. Then we can take b,, # 0 and we have (), bn(a”ixij)pn)p_e =
a™ (>, bnmf;)pfe for each a € G,,. By comparing the coefficients of mgnie, we have
n;p
we have x|y (V] (G 1)) = V", whence a contradiction since dim V" = £. O

M~€¢ = ny, which is a contradiction. Thus we conclude that T/Jk|vi]- o@b\‘_/j = 0. Therefore

"More precisely, the smooth algebraic group (Vi; @ Fy(t))rea is defined by such polynomial.
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