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In 1956, Jeśmanowicz conjectured that the exponential
Diophantine equation (m2 −n2)x +(2mn)y = (m2 +n2)z has
only the positive integer solution (x, y, z) = (2, 2, 2), where m
and n are positive integers with m > n, gcd(m,n) = 1 and
m �≡ n (mod 2). We show that if n = 2, then Jeśmanowicz’
conjecture is true. This is the first result that if n = 2, then
the conjecture is true without any assumption on m.

© 2014 Elsevier Inc. All rights reserved.

1. Introduction

Let a, b and c be positive integers satisfying a2+b2 = c2. Such a triple (a, b, c) is called
a Pythagorean triple. If a, b and c are relatively prime, this triple is called primitive. It
is well-known that a primitive Pythagorean triple (a, b, c) can be parameterized by

a = m2 − n2, b = 2mn, c = m2 + n2,

E-mail address: terai@ashitech.ac.jp.
http://dx.doi.org/10.1016/j.jnt.2014.02.009
0022-314X/© 2014 Elsevier Inc. All rights reserved.

http://dx.doi.org/10.1016/j.jnt.2014.02.009
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:terai@ashitech.ac.jp
http://dx.doi.org/10.1016/j.jnt.2014.02.009
http://crossmark.crossref.org/dialog/?doi=10.1016/j.jnt.2014.02.009&domain=pdf


N. Terai / Journal of Number Theory 141 (2014) 316–323 317
where m and n are positive integers with m > n, gcd(m,n) = 1 and m �≡ n (mod 2). In
this paper, we consider the exponential Diophantine equation

(
m2 − n2)x + (2mn)y =

(
m2 + n2)z (1)

in positive integers x, y, z. In 1956, Sierpiński [S1] showed that the equation

3x + 4y = 5z

has only the positive integer solution (x, y, z) = (2, 2, 2). (Cf. Sierpiński [S2].) Jeśmanow-
icz [J] proved that the only positive integer solution of each of the equations

5x + 12y = 13z, 7x + 24y = 25z, 9x + 40y = 41z, 11x + 60y = 61z

is given by (x, y, z) = (2, 2, 2), and proposed the following:

Conjecture 1. Eq. (1) has only the positive integer solution (x, y, z) = (2, 2, 2).

This is one of famous unsolved problems in the field of exponential Diophantine equa-
tions. Conjecture 1 has been verified to be true in many special cases.

After the work of Jeśmanowicz, in 1959, Lu [Lu] first verified that if n = 1, then
Conjecture 1 is true without any assumption on m. Dem’janenko [De] improved earlier
results by establishing that if m − n = 1, then Conjecture 1 is true. Using elementary
methods, Le [Le] showed that if mn ≡ 2 (mod 4) and m2 + n2 is a power of a prime,
then Conjecture 1 is true. Guo–Le [GL] applied the theory of linear forms in two loga-
rithms to prove that if n = 3, m ≡ 2 (mod 4) and m > 6000, then Conjecture 1 is true.
Takakuwa [Ta] extended the result of Guo–Le [GL] by proving that if n = 3, 7, 11, 15 and
m ≡ 2 (mod 4), then Conjecture 1 is true. Cao [C] also showed that if m ≡ 5 (mod 8)
and n ≡ 2 (mod 8), then Conjecture 1 is true. Moreover, Miyazaki [M3] has recently gen-
eralized both results of Lu [Lu] and Dem’janenko [De] by proving that if a ≡ ±1 (mod b)
or c ≡ 1 (mod b), then Conjecture 1 is true. (For other known results, see [DC,FM,M1].)
Note that all results above have restrictions on m for given n > 1.

The purpose of this paper is to show that if n = 2, then Conjecture 1 is true without
any assumption on m:

Theorem 1. Suppose that n = 2. Then Eq. (1) has only the positive integer solution
(x, y, z) = (2, 2, 2).

The proof of Theorem 1 is given as follows. When y > 1, we show Theorem 1 by
combining elementary methods with a result due to Miyazaki [M2], which is derived by
appealing to several results (cf. [BS,Da,DM]) on generalized Fermat equations. When
y = 1, Eq. (1) becomes a Pillai equation, which can be solved by applying a lower bound
for linear forms in two logarithms due to Laurent [La]. It is worth noting that the proof
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of Conjecture 1 for the case n = 1 is elementary, while our proof for the case n = 2 is
based on deep results on generalized Fermat equations via sophisticated arguments in
the theory of elliptic curves and modular forms.

2. Preliminaries

The following result due to Miyazaki [M2, Theorem 1.5] plays an important role in
the proof of Theorem 1.

Proposition 1. (See Miyazaki [M2].) Let x, y, z be a solution of (1). Assume that x and
z are even. Then x/2 and z/2 are odd.

In order to obtain an upper bound for a solution of Pillai’s equation cz − ax = b in
Section 3, we need a lower bound for linear forms in two logarithms. Now we introduce
some notation. Let α1 and α2 be real algebraic numbers with |α1| � 1 and |α2| � 1. We
consider the linear form

Λ = b2 logα2 − b1 logα1,

where b1 and b2 are positive integers. As usual, the logarithmic height of an algebraic
number α of degree n is defined as

h(α) = 1
n

(
log |a0| +

n∑
j=1

log max
{
1,
∣∣α(j)∣∣}),

where a0 is the leading coefficient of the minimal polynomial of α (over Z) and
(α(j))1�j�n are the conjugates of α. Let A1 and A2 be real numbers greater than 1
with

logAi � max
{
h(αi),

|logαi|
D

,
1
D

}
,

for i ∈ {1, 2}, where D is the degree of the number field Q (α1, α2) over Q. Define

b′ = b1
D logA2

+ b2
D logA1

.

We choose to use a result due to Laurent [La, Corollary 2] with m = 10 and C2 = 25.2.

Proposition 2. (See Laurent [La].) Let Λ be given as above, with α1 > 1 and α2 > 1.
Suppose that α1 and α2 are multiplicatively independent. Then

log |Λ| � −25.2D4
(

max
{

log b′ + 0.38, 10
D

})2

logA1 logA2.
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3. Proof of Theorem 1

Let (x, y, z) be a solution of (1). The proof of Theorem 1 is divided into two cases:
y > 1 and y = 1.

3.1. The case y > 1

Lemma 1. Suppose that y > 1. Then:

(i) x and z are even.
(ii) If m �≡ 1 (mod 8), then y is even.

Proof. (i) In view of y > 1, taking (1) modulo 8 implies that 5x ≡ 5z (mod 8). Thus, we
see that x ≡ z (mod 2).

Suppose that m ≡ 1 (mod 4). Then we have

(
4m

m2 − 4

)
= 1,

(
m2 + 4
m2 − 4

)
=

(
2

m2 − 4

)
= −1,

where (∗∗ ) denotes the Jacobi symbol. From (1), we see that z is even, so x is even.
Suppose that m ≡ 3 (mod 4). Then taking (1) modulo m implies that (−4)x ≡

4z (mod m). Since (−1
m ) = −1 from m ≡ 3 (mod 4), we see that x is even, so z is even.

(ii) It is easy to see that ( 4m
m+2 ) = −1 or ( 4m

m−2 ) = −1 if and only if m �≡ 1 (mod 8).
Since z is even from (i), we see that y is even. �

Now put x = 2X and z = 2Z, where X and Z are positive integers. From (1), we
define even positive integers A and B as follows:

(4m)y = AB, (2)

where

A =
(
m2 + 4

)Z +
(
m2 − 4

)X
, B =

(
m2 + 4

)Z −
(
m2 − 4

)X
.

It is easy to see that gcd(A,B) = 2, A ≡ 2 (mod 4) and B ≡ 0 (mod 4). We therefore
obtain

(
m2 + 4

)Z +
(
m2 − 4

)X = 2my
1,

(
m2 + 4

)Z −
(
m2 − 4

)X = 22y−1my
2, (3)

where m1 and m2 are odd with m = m1m2. Adding these yields

my
1 + 22y−2my

2 =
(
m2 + 4

)Z
. (4)
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In order to show Theorem 1 with y > 1, it suffices to show that Eq. (4) has only the
solution (y, Z) = (2, 1).

Lemma 2. Suppose that y > 1. Then:

(i) If y = 2, then Z = X = 1.
(ii) If y � 3, then Z is even.

Proof. (i) From (2), we have

(4m)2 �
((
m2 + 4

)Z +
(
m2 − 4

)X)
· 23,

so Z = X = 1.
(ii) Since y � 3, taking (4) modulo 8 implies that

my
1 ≡ 5Z (mod 8).

If m1 �≡ 5 (mod 8), then Z is even. If m �≡ 1 (mod 8), then Z is even, since y is even
from Lemma 1(ii). Hence we may suppose that

m1 ≡ 5 (mod 8) and m ≡ 1 (mod 8).

But we show that this case does not occur. When m1 ≡ 5 (mod 8), we see that y ≡
Z (mod 2). Note that

(
m2 + 4
m + 2

)
=

(
2

m + 2

)
=

(
m1

m + 2

)
= −1,

since m ≡ 1 (mod 8), m1 ≡ 5 (mod 8) and m1|m. The first equation in (3) leads
to (m2 + 4)Z ≡ 2my

1 (mod m + 2) and so (−1)Z = (−1)y+1, which contradicts y ≡
Z (mod 2). �

We are now in a position to show Theorem 1 with y > 1. In view of Lemmas 1, 2, we
may suppose that y � 3 and Z is even. But this contradicts Proposition 1. �
3.2. The case y = 1

Our theorem is reduced to solving Pillai’s equation

cz − ax = b (5)

where a = m2 − 4, b = 4m and c = m2 + 4. It is clear that z > 1.
We first want to obtain an upper bound for x.
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Lemma 3. x < 2521 log c.

Proof. From (5), we now consider the following linear form in two logarithms:

Λ = z log c− x log a (> 0).

Using the inequality log(1 + t) < t for t > 0, we have

0 < Λ = log
(
cz

ax

)
= log

(
1 + b

ax

)
<

b

ax
.

Hence we obtain

logΛ < log b− x log a. (6)

On the other hand, we use Proposition 2 to obtain a lower bound for Λ. It follows
from Proposition 2 that

logΛ � −25.2
(
max

{
log b′ + 0.38, 10

})2(log a)(log c), (7)

where b′ = x
log c + z

log a .
We note that ax+1 > cz. Indeed,

ax+1 − cz = a
(
cz − b

)
− cz = (a− 1)cz − ab

�
(
m2 − 5

)(
m2 + 4

)2 − (
m2 − 4

)
(4m) > 0.

Hence b′ < 2x+1
log c .

Put M = x
log c . Combining (6) and (7) leads to

x log a < log b + 25.2
(

max
{

log
(

2M + 1
log c

)
+ 0.38, 10

})2

(log a)(log c),

so

M < 1 + 25.2
(

max
{

log
(

2M + 1
2

)
+ 0.38, 10

})2

,

since log c = log(m2 + 4) � log 13 > 2 and b < c. We therefore obtain M < 2521. This
completes the proof of Lemma 3. �

We next want to obtain a lower bound for x.

Lemma 4. x > m2−4 log c.
8



322 N. Terai / Journal of Number Theory 141 (2014) 316–323
Proof. From (5), we see that x > z. Indeed,

(
m2 + 4

)z =
(
m2 − 4

)x + 4m <
(
m2 + 4

)x
for x > 1.

Now consider another linear form in two logarithms:

Λ0 = log c− log a (> 0).

Then

xΛ0 − Λ = x(log c− log a) − (z log c− x log a) = (x− z) log c � log c.

See Bennett [B, pp. 901–902] and Terai [Te, pp. 21–22] for a “gap principle” for two
solutions of Pillai’s equation. Note that

Λ0 <
8

m2 − 4 .

Indeed,

Λ0 = log
(
c

a

)
= log

(
m2 + 4
m2 − 4

)
= log

(
1 + 8

m2 − 4

)
<

8
m2 − 4 .

Hence we obtain

x � log c
Λ0

+ Λ

Λ0
>

log c
Λ0

>
m2 − 4

8 log c.

This completes the proof of Lemma 4. �
We are now in a position to show Theorem 1 with y = 1. It follows from Lemmas 3, 4

that

m2 − 4 < 2521 · 8.

Consequently we obtain m � 141. Recall the result of Cao [C], as stated in Introduction,
that if m ≡ 5 (mod 8) and n ≡ 2 (mod 8), then Conjecture 1 is true. We may thus
suppose that m �≡ 5 (mod 8), since n = 2 in our case. Finally, we checked by Magma
that in the range 3 � m � 141 with m ≡ 1, 3, 7 (mod 8), Eq. (5) has no solutions x, z

with z < x < 2521 log(m2 + 4). This completes the proof of Theorem 1. �
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