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1. Introduction
The multiple zeta value (MZV) is defined by

((a) = > ny“tny %2 on 0,

ni>ng>-->n.>0
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where a = (a1, g, ..., ) is an r-tuple of positive integers with oy > 2. The number r
is called the depth of {(a) and |a| = a1 + ag + -+ + . is called the weight of {(a).
For convenience, we write {s}* to be k repetitions of s, for example, (({s}3) = ((s, s, s),
and in particular (¢, {s}") = ((t).

Recently multiple zeta values (MZVs) and their generalizations have attracted much
attention, both in pure mathematics and theoretical physics (see [3]). A systematic study
only started in the early 1990s, although the prehistory can be traced back to Euler in
the 18th century.

A principal goal in the theoretical study of MZVs is to determine all possible algebraic
relations among them. Several explicit values are interesting and known for special index
sets (e.g. [1,2,9,10]). For example, Zagier [10] evaluated the value of ¢({2}%,3, {2}®) and
T. Arakawa and M. Kaneko (ref. [9, Theorem 1]) evaluated the value of ¢({2n}™).

Let us consider the coding of multi-indices § = (s1,...,5sk), s; are positive integers
and s; > 1, by words (that is, by monomials in non-commutative variables) over the
alphabet X = {z,y} by the rule

—1 8271

S rz=a"""yr ERRE Al

Y.

We set

((xs) == ((5)

for all admissible words (that is, beginning with = and ending with y); then the weight
(or the degree) |zg| := |§]| coincides with the total degree of the monomial zz, whereas
the length (or the depth) l(xz) := I(§) is the degree with respect to the variable y.

Let Q(X) = Q(z,y) be the Q-algebra of polynomials in two non-commutative vari-
ables which is graded by the degree (where each of the variables x and y is assumed to
be of degree 1); we identify the algebra Q(X) with the graded Q-vector space $) spanned
by the monomials in the variables z and y (see [7]).

We also introduce the graded Q-vector spaces $' = Q1P Hy and H° = Q1 P zHy,
where 1 denotes the unit (the empty word of weight 0 and length 0) of the algebra Q(X).
Then the space $! can be regarded as the subalgebra of Q(X) generated by the words
zs = %1y, whereas $° is the Q-vector space spanned by all admissible words.

Let us define the shuffle product m on $) and the stuffle product * (the harmonic
product) on $H! by the rules

lmw=wml=w, lxw=wxl=w (1)
for any word w, and

T1u W xov = 1 (U x9v) + To(T1u m@ v), (2)

zZju* 20 = zj (U * 250) + 2 (25U * v) + Zj4k(u * V) (3)
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for any words u, v, any letters x; = x or y (i = 1,2), and any generators z;, z; of the
subalgebra $H', and then extend the above rules to the whole algebra £ and the whole
subalgebra $! by linearity. Sometimes it becomes useful to consider the stuffle product
on the whole algebra $) by formally adding to the last rule the rule

) xw=wx*x2) =wr?

for any word w and any integer j > 1. We note that induction arguments enable us to
prove that each of the above products is commutative and associative. Then the map ¢
is a morphism with respect to both products m and *, and it satisfies the following

property:
C(wy mws) = ((wy)¢(we) = C(wy * wsy) for all wy,ws € H°.

Recently, Eie, Wei [5] and Lei, Guo, Ma [8] are both based on the shuffle product to
get some restricted decomposition formulas for MZVs. For example,

Proposition 1. (See Theorem 1.1 of [8].) For positive integers m, n, j, and k, we have
Cm+ 1, {17 H¢(n+1,{1}* )

- Z m—1+n1 ]2+I€—1
B m—1 k—1
0<ni1<n

J1+j2=3,4i =0
|a|=n—n1+j1+1

X C(m +n1t+a,on... y Xy Qg +1, {1}j2+k_1)
mi+n—1\[/j+t
RN e oy
0<t<k—1

mi+ma=m—1,m;>0
|Bl=mat+k—t+1

x C(m1+mn+B1, By Br—ty Be—tt1 + L, {11,

where o] = a1 +oo+- - Faj, a1 witho; > 1 and |B] = i+ Pa+ -+ Br—t+Br—t41
with B; > 1.

In this paper we derive some formulas for the stuffle product * and apply them to
obtain a corresponding decomposition formula for ¢(m, {p}")((s, {p}t), where m > 2,
s>2,p>1,n>0,and t > 0 are integers.

First, we introduce some notations which we need. Let Af denote the set of all possible
sequences containing a times p and b times 2p. For example,

A3 = {({p}*.{20}%). ({p}*. 20, p, 2p), ({P}*, {20}*, p). (p. 2p. ., 2p, D),
(. {20}, {p}?), (p, 20, {p}*, 2p), (2p, {p}*, 2p), (2p, {P}*, {20}, p),
(2p,p,2p,{p}?), {20}°, {p}")}.
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Then our main theorem can be stated as

Theorem 1. Let m > 2, s> 2, p>1,n >0, and t > 0 be integers. Then

¢(m, {p}™)¢(s, {p}")
— Z (t—i_nt__i_ 2k> [C(m, Pyl s+p,an, ..., nito-k)

1<e<n
0<k<min(t,n—~)
t4n—0—2k
acAy

¢(m, {p}", s, 01,... 7an+t7£7k):|

t+n—0—2k _
+ Z ( n—k ) |:C(37 {p}l l,m—l—p,al,. . ~7an+tflfk)

1<0<t
0<k<min(n,t—¥)
t+n—0—2k
acAy

<(87 {p}ea m,oq, ... 7an+t7€7k):|

t+n—2k
+ ( n—k )[C(m,s,ah...,anﬂk)

0<k<min(t,n)
t4n—2k
acA;T"

+ C(S7m7 1S3 IR an+t—k) + C(m +s,010,..., an-i—t—k):l . (4)

The stuffle product of two multiple zeta values of depth m and n, respectively, will
product D(m,n) numbers of MZVs, where D(m,n) is the Delannoy number. The De-
lannoy number D(m,n) (see page 81 of [4]) is defined for nonnegative integers m and n
by

1, ifm-n=0,

Dim,n) = {D(m—1,n)+D(m—1,n—1)+D(man—1)» if m-mn# 0.

()

By counting the number of MZVs in Eq. (4) produced from the stuffle product, we obtain
an interesting identity:

Theorem 2. For nonnegative integers n and t, we have
n t
D(n+1,t+1)+ D(n,t) =2 D(t,n—£)+2) D(n,t—10). (6)

(=0 £=0

2. Simple stuffle products

Let G}, denote the set of all possible words containing a times z, and b times zg,,. For
example,
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3 _5.3,2 2 2,2 2 .2
G5 = {2,235y, 2p22p2p22p, 2,232, 2p22pZp22pZp, Zp¥apZps

2 3 2 2 3 .3
ZPZQPZPZQP, ngZp,ng, ZQprZ2pZ;D7 ZszpZQPZp, ZZpr .

We use ZweGg w to indicate

E w = E WLW2 * - Wa+b-

weGE W=Wi W2 WatbEGY
wie{zpvz2p}
#{w; cwi=zp}=a

For our convenience, we let zg =1.

Lemma 1. For integers m > 0, n >0, and p > 1, we have

min(m,n)
m on m+n — 2k
Fp X Ep = Z ( m— k ) Z w- (7)

= +n—2k

Proof. We use induction on m+mn. Assume that Eq. (7) holds for s+t with s+t < m+n,
that is,

min(s,t)
s s+t—2k
2p % 2y = Z < s—k ) Z w. (8)

k=0 werH—Qk
Now applying Eq. (3), we have

m
Z;D

* Z;;l = Zp(zg)n_l * z;}) + zp(zztn * 217}_1) + ZQP(z;n_l * 217}_1)'

The sums of the degree of factors 2"~ *x 27", 2" % 2!, and 2"~ ! % 27~ are all less than

m + n. By the inductive hypothesis (8) we can rewrite the above identity as

min(m—1,n)

. tn—1-2k
s X ("IN X w

k=0 wegn1-2k
min(m,n—1)
m+n—1-2k
o) >, w
m—k
k=0 wegn1-2k

min(m—1,n—1)

D DEE (it BED SRR R

k=0 weG?+n—2—2k

Since the stuffle product * is commutative, we can assume that m > n. Firstly, if m = n,
Eq. (9) becomes
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| |
M

— 2n—1—2k:) (2n—1—2k)
w + zp w
< n-— 1 - EGiEIZk Z n-— k er;le

+22pz(22:?i2’“) >

weGEm 22k
— 2n—1—2k) <2n—2k—1>}
+ w
|:< n_l_ n_k ’UJEG;1_2k
k
n — 2k
B 5

=l rop — ok " (on — 2k
:ZPZ<:,I€) Z w+zQpZ(Zk> Z w.
k=0 w

wecin—l—ﬂc k=1

M

Since G¢ = {z,w; : wy € G¢ 1} J{z2pws : wy € G¢_,}, we have

Z w + 2oy Z :Zw.

weGﬁf1 weGy_, wely
Thus the last equation in the above identity can be calculated as

2n 2n — 2k
zg*zg:(n>2n+2p+2(n_k> p Y wiam, Y w

) — —1 L —
weGIn 2k weGan 2k

Therefore the case of m = n holds. Now we let m > n, Eq. (9) becomes

m . n " (mAn—1-2k
kzo( m_l_k) Y w

mtn—1—2k
wedy,

weka+n—1—2k
n—1
. (m;”_lik%) Y w

= +n—2-2k



K.-W. Chen / Journal of Number Theory 153 (2015) 107-116

" /m4n—2k
= Zp Z 1w+Z2pZ< m—k > Z w
weGn " k=1 weGZL_Jrln—zk
n—1
m+n—1-2k m+n—1-—2k
”"ZK m—1-k )*( m— k )} >
k=0 ’wGGZH_n_l_Zk
m+n— 2k
_ wmpz( ) Y w
weGp ! weGHn—2k
n—1
m-+n— 2k
ray (M) w
k=0 weGmn1-2k

=z > w+<m;n) gtz Y w

m—n—1
weGgm " weG™

n—1
+Z<m—|—n—2/€> 2 Z w + 29, Z w

weGZL+'rL7172k weGnL+n72k’

:<m+n> m+n+”§<m+n—2k> Y w

=1 m+n—2k
weGy

=

+ | % Z w + Z2p Z w

weGy "t weGm "

:<m+n> | Z w+z<m+n—2k> Z w

weay " wegptn=2k
n
_ m+n — 2k
= o Yo w
weG'rer«{»ank
Hence by the mathematical induction we complete the proof. O

3. Proof of Theorem 1

For our convenience, we let z, I =o.

Lemma 2. For integersn > 2, p>1, k>0, and m > 0, we have

m

znz * 2" Z 2 + zf;zn)(z]’; * z;”%).
=0

w

113
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Proof. We fix the integers n, k, and p. Then we use mathematical induction on m.
Assume that Eq. (10) holds for all integer s with s < m. The by Eq. (3), we have

znz]’; * 2, = zn(z;f *2)") + zp(znz;f * z;'“l) + zn+p(z£ * zg%l).
Since m — 1 < m, we can substitute Eq. (10) into the factor znz;f * z;”_l of the above
identity.
k m o__ k m k m—1
Znzy * 2y = 2n (2, % 2p") + Znap(zp ¥ 2,70)
m—1
-1 ¢ k —1—¢
+ zp E (2p Zntp + 2p20) (25 * 2" )
=0
_ k m k m—1
= zn(2, ¥ 25" ) + (Zntp + 2p2n) (25 * 25" )

m
+ Z(zﬁflznﬂ, + zﬁzn)(zg * zg%e)
—2

‘
m
= Z(zﬁflzn+p + zﬁzn)(z}’; * zg%e).
£=0

This conclusion completes our proof. 0O
Using the results of Lemma 1, Lemma 2, and
ZmZy * zszltj = zm (2, * zszzt)) + 2s(2mz, * z;) + Zmys(2p * zf,),
we can get the following result.

Theorem 3. Let m > 2,s>2,p>1,n>0, and t > 0 be integers. Then

t+n—4{¢—2k _
ZmZy * zsz; = Z ( )zm(zﬁ lzs+p + zf;zs)w

t—k
1<t<n
0<k<min(t,n—~)
——2k
weGLnE?

t+n—4{¢—2k _
+ Z ( )Zs(zf; Yemap + zf;zm)w

n—=k
1<¢<t
0<k<min(n,t—¥¢)
t+n—£—2k
weG),

t — 2k
+ Z ( o )(zng + ZsZm + Zmts)W. (11)

n—=k
0<k<min(¢t,n)
t+n—2k
weGy,

Note that for w € G, the map ((w) = ((a), where w = w; - Weyp, @ =
(o1,...,Qq4s), and o = p if w; = 2zp; oy = 2p if w; = 29p. There is a natural one-
to-one correspondence between G¢ and Af.
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Then we apply the map ¢ to both sides of Eq. (11). We obtain a decomposition formula
for product of two multiple zeta values ¢(m, {p}™)((s, {p}*). This is exactly the result of
Theorem 1.

4. Application to combinatorics

In combinatorics, the set G¢ can be identify as the set of lattice paths from (0,0) to
(a,b) using only steps east (1,0) (resp. p in Gf) and north (0, 1) (resp. 2p in Gf). Hence
the number of elements in Gy is (ajb).

On the other hand, the definition of the stuffle product * (see Eq. (1) and Eq. (3))
indicates that the stuffle product of two multiple zeta values of depth m and n, re-
spectively, will produce D(m,n) multiple zeta values (see Eq. (5)), where D(m,n) is a
Delannoy number.

Again, the Delannoy number D(m,n) can be viewed as the number of lattice paths
from (0,0) to (m,n) in which only east (1,0), north (0,1), and northeast (1,1) steps
are allowed. The lattice paths described here are called Delannoy paths which give an
alternative characterization of the stuffle product. A detailed discussion can be found
in [6].

By counting the number of multiple zeta values in Eq. (4) produced from the stuffle
product, we obtain the interesting Delannoy identity (6).

Proof of Theorem 2. Counting the number of multiple zeta values in Eq. (4) we have
N o — =2k (4= k
Dn+1,t+1)=2
eenen=23 s (0T

t min(n,t—~)
t+n—0—2k\[(t+n—C0—Fk
ey ()

=1 k=0
+3mi§,t> nt—2k\ /n+t—k (12)
=0 ek ' |

we have

min(zn’Q) n+q—2k\(n+q—k\
n—=k k o

k=0

min(n,q)
(n+q—2k)! (n+qg—k)!
DI e ST T F T YT

k=0
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min(n,q)

B Z n! (n+q—k)!

B (n—k)Nk! (¢—k)n!

k=0

mii'rf@ (Z) <n +:JL - k) = D(n,q).

k=0

Substituting the above identity into Eq. (12) we have

n t
D(n+1,t+1)=2Y D(t,n—0)+2Y _ D(n,t—£)+3D(n,t).
=1 =1

Hence we complete the proof. 0O
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