Journal of Number Theory 129 (2009) 499-550

Contents lists available at ScienceDirect L
Journal of Number Theory
www.elsevier.com/locate/jnt
Quartic, octic residues and Lucas sequences
Zhi-Hong Sun'!
Department of Mathematics, Huaiyin Teachers College, Huaian, Jiangsu 223001, PR China
ARTICLE INFO ABSTRACT
Atticle history: Let p=1 (mod 4) be a prime and a,b € Z with a + b # p.
Received 31 December 2006 Suppose p = x> + (a®> 4+ b%)y? for some integers x and y. In
Available online 11 December 2008 the paper we develop the calculation technique of quartic Jacobi
Communicated by David Goss b \/—b
symbols and use it to determine (—-—— VYT (mod p). As
MSC: applications we obtain the congruences for Up-1 modulo p and

primary 11A15

4
secondary 11A07, 11B39, 11E25 the criteria for p | Up 1 (if p=1 (mod 8)), where {U,} is the

Lucas sequence given by Up=0,U;=1and Upy1 =bU, +k2Un 1

Keywords: (n 1) We also pose many conjectures concerning U 1y m It or
Lucas sequence 5 (mod p).
Congruence

Quartic Jacobi symbol © 2008 Elsevier Inc. All rights reserved.

1. Introduction

Let Z and N be the sets of integers and positive integers respectively, i = +/—1 and Z[i] =
{a+bi|a,beZ}. For a,b € Z, a+ bi is called primary if b=0 (mod 2) and a=1—b (mod 4).
When 7 or —m is primary in Z[i] and « € Z[i], one can define the quartic Jacobi symbol (%)4 as
in [S4]. For the properties of the quartic Jacobi symbol one may consult [S6, (2.1)-(2.8)].

For any positive odd number m and a € Z let (%) be the (quadratic) Jacobi symbol. (We also as-
sume (%) = 1.) For our convenience we also define (f—m) = (%). Then for any two odd numbers m and

n with m > 0 or n > 0 we have the following general quadratic reciprocity law: (%) =(-1) i (%).
For b, c € Z the Lucas sequences {Uy(b,c)} and {V(b, )} are defined by

Uo(b,c)=0,  Uj(b,0)=1,
Unt1(b,©) =bUn(b, ¢) — cUn-1(b,c) (m=>1) (11)
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and
Vob,c)=2,  Vy(b,c)=b,
Viy1(b,¢) =bVy(b,c) —cVy_1(b,c) (n=1). (1.2)

Let d = b% — 4c. It is well known that for n € N,

L[ (btv/dy" b—d\"
Un(b,0) = ﬁ{(T) - (%)} ifd#o,

(1.3)
n(5yn-1 ifd=0
and
b+d\"  (b—Vd\"
Vn(b,c)=< ) +( ) ) (1.4)
2 2

From [S3, Lemma 6.1(b)] we know that if p > 3 is a prime such that p { bcd, then

p|Un(b,c) < Va(b,c)=2c" (mod p). (1.5)

Let F, =Up(1,—1) and L, = V,,(1, —1). {F,} and {L,} are called the Fibonacci sequence and Lucas
sequence respectively.

Let b,k € Z and (b,k) =1, where (b, k) is the greatest common divisor of b and k. Let p=1
(mod 4) be a prime such that p = x% 4+ (b% + 4k2)y? or x* + (b%/4 + k?)y? (x, y € Z) according as
24b or 2|b. In the paper we develop the calculation technique of quartic Jacobi symbols and use it

to determine (H— Vb22+4k2)p4;] (mod p). As applications we obtain the congruences for U ,_1 (b, —k?)
4
and V p-1 (b, —k?) modulo p and the criteria for p | U p-1 (b, —k?) (if p=1 (mod 8)). These results are
7z 8
concerned with congruences for (b + 4k2)[§] (mod p), where [-] is the greatest integer function. As
examples, we have the following three results.

If p=1,9 (mod 40) is a prime and hence p = C? + 2D? = x*> 4+ 5y% with C,D,x,y € Z,
C=1 (mod 4), x=2%, y=2Pyg and xg = yo =1 (mod 4), in Section 6 we prove that

EL 0 (mod p) if 2¢x,
= iZ(%)% (mod p) if 2|x and x=+C, £3C (mod 5)

p—1 =
7

and

C.3C (mod 5)  if p=1.9 (mod 80),
Fpi <= 2fxand x= 17
PIFo fx and x {—c, —3C (mod 5) if p = 41,49 (mod 80). (17)

If p=3 (mod 8) is a prime and p = x*> 4+ 2y? with x, y € Z, in Section 3 we show that

Upn 2.~ =(p~ (-1)*F)/2 (mod p). (1.8)

This confirms a conjecture in [S5].

Let p=1,9 (mod 40) be a prime and hence p = C2+42D? = x% +10y? with C, D, x, y € Z. Suppose
C=x=1 (mod 4), y=2Pyq and yo =1 (mod 4). In Section 8 we show that if x==4C, +3C (mod 5),
then

+(-1)T F5(%) (mod p)  if4]y,

1 (1.9)
F(-1) 7 ()10 (mod p) if4|y—2.

(3+\/E)”4'15{
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For m € Z with m = 2%mg(2 1 mg) we say that 2% || m and mg is the odd part of m. Let p=1
(mod 4) be a prime and p = c? 4 d*(c,d € Z) with c=1 (mod 4). Suppose a € Z and p {a. In the
paper we pose a lot of conjectures on al?/8! (mod p) (in particular for a = 3,5, 7,13, 17, 37). For
example, if p=1 (mod 8), b is odd and p = x% + (b +4)y% #b% +4 (x, y € Z), then we have good
evidence to conjecture that

(2c + bd)/x

b%>+4 is an octic residue (mod =
(mod p) b+ 2i

) = (=)' His(y)i, (1.10)
4

where d, x, y are chosen so that the odd parts of d, x, y are of the form 4k + 1 and §(y) =1 or —1
according as 8 | y or not.

If p=1,9 (mod 20) is a prime and p = c? +d? = x> + 5y with c,d,x,y € Z, c=1 (mod 4) and
all the odd parts of d, x, y are of the form 4k + 1, we conjecture that

j:(—l)%a(y) (mod p) if p=1 (mod 8) and x = +c (mod 5),
d d .

+(-1)48(y)¢ (mod p) if p=1 (mod 8) and x = +d (mod 5),

j:S(x)‘z—i' (mod p) if p=5 (mod 8) and x = +c (mod 5),

FS(x)% (mod p) if p=5 (mod 8) and x=+d (mod 5).

(1.11)

From [SS] we know that p | Fp-1 if and only if 4 | xy. If 41 xy and (1.11) is true, we can show that
Py

22}/ .

—1)a = f2

hl_{( )42 (mod p) if2]x, (112)
py

= 2 ‘
=¥ (mod p) if 2] y.

Let p=1 (mod 4) be a prime, b € Z, p # b%+4, % +1 and p = x%+ (b2 +4)y? or X2+ (b2 /4+1)y?
(x,y € Z) according as 2tb or 2 | b. In Section 9 we state some conjectures concerning U ,-1 (b, —1)
4

and Vp-1(b,—1) (mod p) and illustrate that those conjectures are concerned with certain congru-
4

ences for (b% + 4)[%] (mod p). For instance, we conjecture that if 4 | y, then
Vi (b,—1)=2(—1)i*% (mod p). (113)
)

2. The quartic Jacobi symbol and quartic residuacity

a+tb—1

Suppose a,b €7, 2ta and 2 | b. Then clearly (—1) 2
the following properties from [S6, (2.1), (2.3), (2.7)].

(a + bi) is primary. Thus we may deduce

Proposition 2.1. Let a,b € Z with 2 {a and 2 | b. Then

EY = a0 oz _ (L)t ja-cn by
a+bi/,

and

TN 3 @n-1-b2)a
a+bi/,

—1
(DT @-b-/4 jrg|p,

a-1
(=D 7 b-a-1_ g
4

i if2 | b.
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Proposition 2.2. Leta,b € Z with 2 ta and 2 | b. Then

— a=1
! =(-1)? and 2 =D 75
a+bi), a+bi/,

Proposition 2.3. Let a, b, c,d € Z with 2tac,2 | band 2 | d. Ifa + bi and c + di are relatively prime elements
of Z[i), then we have the following general law of quartic reciprocity:

a—l—bl‘ :(_])%‘%Jr%ﬁgq c+d1. .
c+di/, a+bi/,

In particular, if 4 | b, we have

if c =1 (mod 4), we have

Proof. As a=c=1 (mod 2) and b =d =0 (mod 2), we see that (—1)““571 (a + bi) and
c+d—1 . . . . . . .
(=1) "2 (c + di) are primary. Hence applying Proposition 2.2 and the general quartic reciprocity

law for primary elements (see [IR, Theorem 2, p. 123]) we obtain

. a+b—1 . a+b—1
(a+b1> _((71) p (a+b1)> ( -1 ) 2
c+di)y \(—1)"5 (c+di)/a\c+di /)y
=(-1) Biis SFSYEite s ((_1):3:: 4 +di)> (—1)3- %
(=1)"2z (a+bi)/4
b d c+d—1 .
(o) S e <—(_” ’ ;f‘Ldl)) (et
a+ bi 4

b.d b ctd—1 [(C+di d_at+b—1
= (=122 -(=1)Z 2 (=12 =z .
=D =D <a+bi>4 (=1

This yields the result. O

Proposition 2.4. (See [E], [S1, Proposition 1], [S4, Lemma 2.1].) Let m € N and a,b € Z with 2 m and
(m,a? +b%) =1. Then
a+bi\? _(a*+D?
m ), \ m )

Proposition 2.5. (See [S7, Lemma 4.3].) Let a, b € Z with 2 {a and 2 | b. For any integer x with (x, a®> +b%) =1

we have
x2 _ X
a+bi), \a2+b2)
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Proposition 2.6. (See [S7, Remark 4.4].) Leta, b, c,d € Zwith2{c,2 | d, (c,d) =1 and (a® +b?, > +d?) = 1.

Then
a+ bi 2_ ac + bd
c+di), \c2+d2)

For an odd prime q let Fq =Z/qZ be the ring of residue classes modulo q and

Q(q) ={oo} U {x|xe Fq, x* #—1}.
For x, y € Q(q), in [S4] the author introduced the operation

xy —1

Xxy=
Y x+y

(X*%x00=00%X=2X)

and proved that Q (q) is a cyclic group of order q — _71).

For a given odd prime p let Z, denote the set of those rational numbers whose denominator is
not divisible by p. Following [S4] we define

i
Qr(p)={1<)kezp, (‘T“) =ir} for r=0,1,2,3.
4

Combining [S4, Theorem 2.2] with [S4, Theorem 3.2] (or [S4, Corollary 3.2]) we have the following
rational quartic reciprocity law. See also Paul Pollack’s talk [P].

Theorem 2.1 (Rational quartic reciprocity law). Let p and q be distinct odd primes. Suppose p =1 (mod 4)
and p = a® +b%(a, b € Z) with 2 | b. Then

(=1) i q is a quartic residue modulo p
= % is a fourth power in Q (q)

a s*—6s2+1
Ezw (mod q) forsomes € Z.

< q|b or
Theorem 2.2. Let p and q be distinct odd primes. Suppose p =1 (mod 4) and p = a? + b%(a, b € Z) with
a=1(mod4) and qtb. Let ¢* = (—1)"7 q and k € Z with ()3 = i. Then

(q*)% =— (mod p)

a
b
a  k(x*—6x2+1)+4x3 —4x

b~ k(4x3 —4x)— x4 +6x2 + 1)

(mod q) forsomexeZ.

Moreover, if q # £1, +9 (mod 40), we may take

1 ifg = +£5 (mod 16),
—1 ifg==3 (mod 16),
2 ifg= 7 (mod 40),
—2 ifg =417 (mod 40).

k=
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Proof. From [S4, Theorem 2.2] we see that

oy B2L b\* a
g E(E) (mod p) <= EeQ3(q).

As (b/a)> =a/b (mod p) and —k € Q3(q), from the above and [S4, Corollaries 3.2 and 3.3] we see
that

-1 a
(@)'" =7 (mod p)
a a —kko—1
< —-=—-k (modq) or —=——— (modq) for some kge Qo(q)
b b ko — k
a a  k(x*—6x2+1)/(4x3 —4x) +1
—=—k d - = d fi Z
— P (mod q) or b k= (P —6x2+ 1)(4%3 — 4%) (mod q) for some x €
a  k(x*—6x24+1)+4x3 —4x
= - = d f Z.
b k(4x3 —4x) — (x* +6x2 +1) (mod ¢) for some x €

A ']
If g = +5 (mod 16), by Proposition 2.1 we have (%)4 =i 2 4-D/4 —j If g=+3 (mod 16), by

Proposition 2.1 we have (=Lt), = (1),(1t), = (—1)@-D/8{(=D 2 a=D/4 — If g = £7 (mod 40),
q q q
by Propositions 2.1-2.3 we have

<ﬂ) _(;l) (,]+21) _(71+2i>

q 4_ q /4 q 4_ q 4
(4 (2% \ _;
=D <—1+2i>4_ (—1+2i)4_"

If g=+17 (mod 40), we have

(=)=,

-

This completes the proof. O

Theorem 2.3. (See [S7, Corollary 4.6(i)].) Let p = 1 (mod 4) be a prime and m € N with 4Ym and p { m.
Suppose p = x* + my? for some integers x and y. Then

(—=1)"7 (%) (mod p) ifm =3 (mod 4),

b | Gi) (mod p) ifm=1 (mod 8),
M= (=) 1(2) (mod p) ifm =5 (mod 8),
(—sz{lﬂTJ%(mL/z)(modp) ifm =2 (mod 4).



Z-H. Sun / Journal of Number Theory 129 (2009) 499-550 505
3. Congruences for U(p_(_%)m(z, —1) and V(p_(%))/4(2, —1) (mod p)
It is clear that
1—J—_1-J—_=}1(¢—_1—1)(¢—_2—1+J—_1)2. (3.1)
As (v/—1—1)2 = -2/—1, for n € N we have

—2n/_ i /5 —1\2n ;
(1_\/__1.\/__2),1:{2 (—2/"D)2 (V=2 =1+ /=1) if2n, (32)

272/ — 1) (=24 D)"T (V=2 — 1+ /=D if 2¢n.

Theorem 3.1. Suppose that p = 1 (mod 8) is a prime and hence p = c2 +d? = x2 +2y2 forsomec,d, x, y € Z.
Suppose ¢ =x =1 (mod 4). Then

-1 — —
<1+g>"7 {(—D"a””@(modp) if41y -2,
%y (~D'5 i modp)  if4ly.

Proof. Taking n = pT_l in (3.2) we find

(1—V=1-V=2)'7 =27 5 (/DT (V2 -1+ VD7

Set t = g. As t? = —1 (mod p) and (x/y)* = —2 (mod p), by the above we have

p—1 p—1
X 4 _ _ X 2
(1—t—) Ez’ﬂz—‘(—t)‘%<——1+t) (mod p). (33)
y y
X_14i
Suppose (< 5 L )4 =i". From [S4, Theorem 2.3] we have
S N
(%) =t" (mod p).
X1t
y
As
Sel4t G140 (G -1407 (mod p)
= = mod p),
X _1_ X_1)2 _¢2 Y
ro1-t G-17-t 2%
we see that

p—1
2 4 _ _
(% -1 -I—t) = (_25> =275 (mod p).

In view of (3.3) we have
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As p=x*>+2y?>=1 (mod 8) we have 2|y and (x — y)® + y?> = p — 2xy. Suppose y = 28yg with
21 yo. Applying Propositions 2.1-2.3 we have

()= (%), = ) = ()
x—y+yi), \x—y+yi/,
(), G (=)
X—y+yi X—y+yi),\x—y+yi/,
=i %%(ﬁﬂ)(x_y_l'_yi) .(_1)y02;1%(x4—y+yi)
X 4 Yo 4
:,-—%<,s+1>(—y+yl> (UMz(i)
X Yo /4

. .\ —1
:(_1)y0771'%i—%(ﬂ+1) 1-i _( 1)71-%'—*(ﬁ+1) 1+i
X X 4

1
— (- ])71 Yyt )R if y=0,6 (mod 8),
—iF if y=2,4 (mod 8).

Combining the above we obtain

p-1 .
(1 ~ t_x) T _ {t%—% mod p) if y=0,6 (mod 8),
y 55 425 = % T (mod p) if y =2, 4 (mod 8).
As p = x* 4 2y2 we have ng1+yT2 and so
x— x2— 2 x x=1 x— 2 x— 2
tpT—Tl =t R :tTl Blel _ (_1)(Tl>2tyT
21 2 12 2 N _

)T T =1 T T =) 0¥ (mod p).

Thus

1-(=0¥ " =1 (mod p) if y=0 (mod 8),
p1 ( tX)T _ ] —=(=t)=t (mod p) if y=2 (mod 8),

—(—t)*=—1 (mod p) if y=4 (mod 8),
1-(—t)=—t (mod p) if y=6 (mod 8).

Note that t = % = —5 (mod p). We then obtain the result. O

Corollary 3.1. Let p = 1 (mod 8) be a prime and p = x* + 2y? for some integers x and y. Then 1 + /2 is a
quartic residue of p ifand only if p =2y + 1 (mod 16).

Proof. From Theorem 3.1 we see that
142 isa quartic residue (mod p)
e 14V =1 (mod p) < 4|y and (=1)F+1 =1
< p=2y+1 (mod 16).

So the result follows. O
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Remark 3.1. Using the cyclotomic numbers of order 4, in 1974 E. Lehmer [L2] proved a result equiv-
alent to Corollary 3.1. If p=1 (mod 16) is a prime and p = a? + 64b? = ¢ + 128d% for some
a,b,c,d € Z, in [L2] Lehmer also showed that 1 + /2 is an octic residue (mod p) if and only if
b=d (mod 2) by using the cyclotomic numbers of order 8.

Theorem 3.2. Let p = 3 (mod 8) be a prime and hence p = x*> + 2y? for some x,y € Z. Suppose
x=y (mod 4). Then
P+l
x .\ * 11—1 x
(1771) =—(— 1) —— - — (mod p).
y 2y
Proof. Clearly 2 {xy and we may assume x=y =1 (mod 4). Note that (x/y)?> = —2 (mod p) and

p

257 =1 (mod p). Taking n=(p+1)/4 in (3.2) we find

PTH
Z‘Ijzj(i—l)(—Zi)%;s(%—l—H)

/N
I
|
< | =
~
=
.z:.‘t
I

PTH
25511 —iy(—i) 55 (%—H—i) (mod p).

X_14i
Suppose (< 5 H )4 =i". By [S4, Theorem 2.3] we have

p+1

X Pl p+
( —2; )4 (——1—1)4 .
X _ )2 X
(y 140 y 141

1
~
=i
)
a
=
A

Hence
pTH a4
(% ~1 +i) Ei*'(—z : 5) = (—1)"%3“2"%1*"%3:'4; (mod p)

and so

= _
(1—51') =2" A i) (=) T (—1)'F R
y
p—3

1-i
=X (mod p).
2 y
As y + (y —x)i is primary and y% + (y — x)? = p — 2xy, applying Propositions 2.1-2.3 we have
(5, (=), ()57
p 4 p 4 DP/a4 p 4
2 2
:“M%G_L_J:{_Jif)
Y+ —xi/, y+—xi/,
:_< 2 ) <y+(y—x)i) (y+(y—x)i>
Y+ —xi/, X 4 y 4
) (5 o () (4
X Ja\Y /4 X J4\Y/4

1-y x—=1 ,x—1 ) x—1
-

=—(-DTIT 0T = ()T T =i
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Hence
pil . :
y 2 y 2 y
As p =x~ + 2y~ we see that X28_1+5'{Tl and so
—. X— X27 2* X— X— X 2*
e
2_ —
= () TR e
Thus
X —i P
(1——1’) = (-1)"F 2 (mod p)
y 2 y

This is the result. O

Theorem 3.3. Suppose that p =1 (mod 8) is a prime and p = x* + 2y? with x, y € Z and x =1 (mod 4).
Then

Upi(2,—1) = {( 1) T y(modp) ifd|ly -2,
1 0 (mod p) ifd|y
and
0 d if 4 2,
Vot { (mod p) 41y -
7 2-1)% +i (mod p) if4]y.

Proof. Suppose p = c2 + d?, where c,d € Z and c =1 (mod 4). Observe that 2 | y. From Theorem 3.1

we have
p—1
14 cx\ ¢
dy

From (1.3) and (1.4) we have

{:I:( D%+ 4 (mod p) if4]y -2,
(—1)T+Z (mod p) if4]y.

1
Un2,— 1) = —={(1+v2)" = (1= v2)" 34
( )Zﬁ{(+f) ( " (3.4)
and
Va2, =) =1+vV2)"+(1—-v2)". (3.5)

Observe that (cx/(dy))> =2 (mod p). We then have

Upr @2 -1)= 1CXqulcx%
¥(’_)=2cx/(dy>{( +E> _<_@) }

1 E
I/ @) s

(_
= 3 |
ey (- 1% i — (=1)"5 +¥) =0 (mod p) if4)y

A y24 .
-2(=1) 7+ = (modp) ifd|y—2,



Z.-H. Sun / Journal of Number Theory 129 (2009) 499-550 509

and
p—1 p—1
vp_,l(z,—l)z(wrz) ! +<1—C—X) !
7 dy dy
O(modp) ifda|y—2,
{2( i CaRE (mod p) if4]y.

This proves the theorem. O

Theorem 3.4. Let p =1 (mod 8) be a prime. Then p | U,-1(2,—1) if and only if p is represented
8
by x> +128y2.

Proof. Since p=1 (mod 8) we 1<now that p = x%>+2y? for some integers x and y. We also have 2 | y
and (—l)ps =(— 1) +y‘l =(— 1) (= 1)2 Thus applying (1.5) and Theorem 3.3 we see that

PlUp:1@2.~1) = va_l(z,—UEz(—U? (mod p)

+Y p—1

e 4]y and 2(-D)F+H =2-1)"F  (mod p)

<— 8]y.
This yields the result. O

Remark 3.2. Let p =1 (mod 8) be a prime. From Theorem 3.3 we know that p | Up-1(2, —1) if
4

and only if p =x*> 4+ 2y%(x, y € Z) with 4| y. This is a known result. See [L2] and [S2]. When

p=1 (mod 16), Theorem 3.4 was known to E. Lehmer [L2]. In [L2] Lehmer also showed that if

p=1 (mod 32) is a prime, then p | U,-1(2,—1) if and only if p =a? + 64b% = c? + 128d*> with
16

a,b,c,deZ and 2 |b—d.

Theorem 3.5. Let p = 3 (mod 8) be a prime and hence p = x*> + 2y? for some x,y € Z. Suppose
x=y (mod 4). Then

y2-1
(=1 ®
Upsa @ —1) = % (mod p)
and
1X
pT(z -H=—(- 1) ) (mod p).
Proof. From Theorem 3.2 we have
pt1
x.\ 4 Q 1 —1
(1 — }1> =—(-1) -y (mod p).

Taking conjugates on both sides we obtain

p+1

4 2 ‘1 y
(”i") =— " X (mod p).
y 2
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Thus, applying (3.4), (3.5) and the fact (%i)2 =2 (mod p) we see that

X :
2-;1 2 y
2_ 2
)% p-(-DF
=— = (mod p)
2
and
VLH(Z,—I)E(I—i-ii) +(1—fz)

i y y
— l)sz_l 1+i x Y11—i x
o 2 2y
=—(-1 — (mod p)

This proves the theorem. O

Remark 33 For a prime p = x> + 2y = 3 (mod 8), the congruence Up+1 2,-1) =

(p — (— 1) )/2 (mod p) was conjectured by the author in [S5]. When p is an odd prime, the
congruences for Up+1(2,—1) and V41 (2, —1) (mod p) were given by the author in [S2,55,57].
2 2

4. Congruences for (—b — a+/— ) (mod p)

Theorem 4.1. Let p = 1 (mod 4) be a prime and p = ¢*> + d*> withc =1 (mod 4) and 2 | d. Leta,b € Z, 2 | q,

(a,b) =1 and p ta® + b. Suppose (alfig,d)zl =ik, Then

<_b_ac>p4 {( 1)"7% (c/d)* (mod p) ifd|a,

d (=17 G+ (c/d) T (mod p) if2la.
Proof. As c/d = —i (mod c + di), we see that
-1 o=t (—b+ai\ ab-1d [ c+di
(—b—ac/d) " = (=b+ai)’s =( S )4_( 1% 2(—b+ai)4

ab-1 ¢ [ bc -+ bdi b\
=(-1)"7 : :
—b+ai J4)\-b+ai/,

_ (_Uu—g-lg ((ac—i—bd?i) ‘ (_l)b%l_
4

N

—b +ai

—b4ai\"!
b 4

a—b-1.d { ac + bd —1,1-(= 1)% b1
=(-1 2 s -z
()22(_b+ai)<> (-1)2

N
/N
S|~
N——
- |
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a -1
=(_1)afz;1%+b%1%i14721)2 ac—{—b.d
b+ai /,

a
b _ _(—12
agl'g+blu,1(l) .k

= (1)
=(-1)

a=b—-1,
2

Since p = (c +di)(c — di) we obtain

p=1
(—b—a%) 7 E(_1)a—l2>—1,%_‘_b%.%(C/d)k—(l—(—l)i)/z (mod p).

This yields the result. O

Corollary 4.1. Let p =1 (mod 4) be a prime and p = c* + d® withc =1 (mod 4) and 2 | d. Leta,b € Z, 2 | b,
(a,b) =1 and p ta® + b2. Suppose (24=b<), = ik Then

“a+bi
( C>p4] ={(_1)‘P£1'g(c/d)p4_1"‘ (mod p) if41b,

—b— aa a-1,d p—1
(-7 @tV (c/d) = *1 (mod p) if2|lb.

Proof. As (“j_‘lff)4 = (“g;lff );1 =i~k substituting a, b, k by —b, a, —k in Theorem 4.1 we have

-1

e e1d g ,
(—a+b£> 4 E{H)Z 2/ (mod p) if 4,
d 1) T E (/)1 (mod p) if 2| b.

Observe that

p-1 p—1
(fbfa2> ’ E(c/d)%<—a+b2> ! (mod p).

By the above we obtain the result. O

Corollary 4.2. Let p = 1 (mod 4) be a prime and p # 5. Suppose p = c + d? with c =1 (mod 4) and 2 | d.
Then

1 2(: %_ +1 (mod p) if2c+d==2 (mod 5),
% 1 £§ (mod p) if2c+d =4 (mod 5).

Proof. Putting b=1 and a =2 in Theorem 4.1 we see that

p—1

2 +d I
( et ) — i implies (-1—25) =(c/d*" (mod p).
4

1+2i d
As

2C—|—d) _ [ £ if2c+d =42 (mod 5),
14+2i ), |71 if2c+d=+4 (mod 5),

we deduce the result. O
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Putting b = —3 and a = —2 in Theorem 4.1 we deduce the following result.

Corollary 4.3. Let p = 1 (mod 4) be a prime and p # 13. Suppose p = c? + d? withc =1 (mod 4) and 2 | d.
Then

N ”*11_ +1 (mod p) if2c +3d = +2, £5, +6 (mod 13),
T2y | £S (mod p) if2c +3d = +1, +3,£9 (mod 13).

Putting b =4 and a =1 in Corollary 4.1 and noting that (—l)p%1 = (—1)% we deduce the following
result.

Corollary 4.4. Let p = 1 (mod 4) be a prime and p # 17. Suppose p = c? 4+ d? withc =1 (mod 4) and 2 | d.
Then

(c/d)’ T (mod p)  ifd — 4c = =+1,+4 (mod 17),
( c ) En —(c/d)"%1 (mod p) ifd — 4c = +2, +8 (mod 17),
(c/d) (mod p) ifd — 4c = +6, +7 (mod 17),
—(c/d)T (mod p) ifd —4c=43,+5 (mod 17).

Theorem 4.2. Let p = 1 (mod 4) be aprime and p = c2 4+ d? withc =1 (mod 4) and 2 | d. Suppose a, b € Z,

2tab,4|a+b, (a, b)_land(%u—l Then
e

(—=b—ac/d)"T = (—1)T 5+ (d/o) (- 1) (c=d)—1-d?)/4+(1—(=1) & )24k (mod p).
Proof. As c/d=—i (mod c+di) and b —ai = —(1 +i)(% CH'bl) we see that
bt 1 (b—di 1 14i b 4 atbj
b d) 7T =(b - T =
(b+ac/d) b ~ap) <c+di> (c+d1>4<c+dl> ( c+di 4
d
:(_1)%,'((—1)2(c—d)—l—dz)/‘1 —_ Tlg( If+dal+b> (mod ¢ +di).

2

As

( c+di )_( b >_1<"Tc+“2—bdi>
P i) ety
b4

( 1)(:1 b)j2—1 (a+b)/2(T #i)q((%d— #C)i)
a-b 4 %-ﬁ-ﬂi 4

a a+b
— (D7 “_Xbl“_(_n%b)/z(de_ Tbc>
a— a+b;
Tt/
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putting the above together with the fact i =d/c (mod c + di) we obtain

p1 18 (—d)—1-d?)/4
c\ 7 d/d (=12 (c—d) )/ i
(b—l—a—) E(—1)7<E> (=17

Nl

d
a+b
4

rwen £d\ D T 24k
x (=1)7 5% (E) (mod c + di).

This congruence is also true when ¢ + di is replaced by p = c? + d?. As (—1)¥ = (—1)%, the result
follows. O

5. Evaluation of (%)4

Theorem 5.1. Let p = 1 (mod 4) be a positive integer and p = x*> + (a% + b?)y? with a,b,x,y € Z,
(p,axy) =1,a=2"ag (2{ap), x=2%q, y =28 yo and xo = yo = 1 (mod 4). Suppose 2{a or 2{b.

(i) If2|a,2tband 2|y, then

— ap+1 :
(5 () () i)y,

)4 N (_1)%+r+1(xzbyi)4(ﬁ)4 if8ly—4
4

x—ay +byi
p 0
p1 i )
D (), (52 sy

(ii) If2taand 2 | b, then

<X—ay+byi) :{(X+fyi)4(ﬁ)4 if21y,
p 4 l_%(%bylh(faibih if21y.

(iii) If 2} ab, then

(—D T () (X, ifdta—band2 ]y,

(—D*F i (M) (%), if4la—band2 ]y,

(x—ay+byi> _ a b ab
- yo.x=1 i .
p 4 | (=Diia (X+fy')4(b2;":b7”i 4 if4ta—band4|y,

"

(_1)%1,7# (x+byi)4( le)A} ifdla—band4|y.

a

(iv) If2 | a and 2 t by, then

pb? a2 % by—. .
(=15 T =D 2 2( 5’(](]"’)41(%)4 if2)|laand8|p—1,
) p=20-b2 py i x ;
(x—ay+by1) NS (—ﬂo )a(52) if2laand8|p —5,
p - p=b? 18X hy— .
4 (—)"s D yao"‘)‘l(ﬁ)4 if4laand8|p—1,
p—dag—b? _ b+1 by—xi .
(-1 s b yaOXl)4(ﬁ)4 if4)laand 8 |p —>5.
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Proof. We first assume 2 | by. As (x —ay)? + (by)> = p —2axy and (p, 2axy) = 1, we see that 2{x—ay
and so

(x—ay—i—byi)
p 4

P [ x—ay)? + (by)* + 2axy
x—ay+byi/, x—ay +byi 4

2axy 3 21+r+(¥+ﬁa0xoy0
x—ay+byi),  \ x—ay+byi /,
I ey (R
dp 4
" (x—ay+byi) (x—ay—i—byl)
X0 4 4
— (=) Fi 0 Y et X"'by’) (y(_a"'bi)) (i)
4 X0 4\Y0/4

(
(%)),

= 18 TE Yt

It is easily seen that

x—a—1
(—1)7-3iCD 7 403 f 2 pand 21y,
—1) % i D Y (et _ (—1) " bj(=1)br i£2 y,
(_1)b(r+l) 1f4|| y,
1 if8)y
and
(=atsi)4 if 2fa,2|band 2|y,
a—1
2 - (—1) 2 b .
(=atpi)a = (armi)a (mag)a =1 ) 2%(=5)s if2ta, 2|band 21y,
. . : 2_4 ]
(‘““”) (D)), = DT (55), if2]a,2fband 2|y,
X0 4 NP =y x-1 .
(B (T, =i C= ezl if 2tab, 4ta—b and 2y,
i(1+i ath achi _x1 .
(l(xﬂ))4( = )4:' 4 (%j%ih if 2{ab, 4la—b and 2] y.

xz—
When a §é b (mod 2) and 2| y, we have p = x% + (a® + b?)y? = x*> + y% (mod 16) and so (-5 =
p— 1 y
(=1

(i)-(iii).
Let us consider (iv). Assume 2tby. Then y =1 (mod 4). As p=1 (mod 4) we have 2 |a and 2 | x.

Since p =x2 + (a% + b%)y? =x% +a% + 1 (mod 8) we see that (—1)¥ =(=1)7". Thus

(—1)[§]. We also note that 2 {ab implies 2 | y. Now combining the above we deduce
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Xx—ay+byi i by — (x — ay)i p—1 p
— =\ — | =D\
p 4 P/4 p 4 by — (x — ay)i
¢ 1)% 2axy - 2r+°‘+1aoxoy
- by — (x —ay)i /, by — (x —ay)i /,
:(_1);74;1( 2 )r+ot+1 .(_])¥<%(by—(x—ay)i>
by —(x—ay)i ), ap 4
X(lw—(X—ay)i) <by—(><—ay)i>
X0 4 y 4
= (it o $y-3 )(r+a+1).(_1)$‘xz;”<by_)d>
ap 4
N (by+ayi) (—xi)
Xo 4\ Y /a4
:(_1)134;1+u02—1)<2;ai(7.1)b7%(r+a+l)<by—Xi) <b+al) (i)
do 4 X0 4\Y /4

:(—1)¥+%+“°{”%<—1>b7%<r+«x+1>(_by"“') ( X0 )

ag b+ai/,
_ 1) +ﬂ0+1'p4;]i(7.1)‘%%(r+a+l) by — xi 27 %
ap  J4\b+ai/,

— (- ])y8—1+ao+y 4711'(_1)[%1(%(”“"'1)_%0‘) by — xi X .
ag J4\b+ai/,

Observe that

(@ +62)y?—(@@+b?) pox®—a? b2
8

fata
DT =D =)

IJ*bZ a .
(-1 8 "2 if p=1 (mod 8),
12

-1"s

if p=5 (mod 8).
By the above we obtain

b+1
2

(x—ay—i—byi) B (- 1)——0— FHF et (1) 2 Ja (byaoxz) (ﬁ) if8]p—1,
4

b (-1

p+4ag—b ( 1 2 (ax X(r+a+l)__a)(by Xl) (b_) if8|p—5.

This yields (iv) and hence the theorem is proved. O
6. Congruences for U p_1 (b, —k?) and V p_1 (b, —k?) (mod p) when 2{b
4 4

For two numbers a and b it is easily seen that

(=b —ai) -

b—iv—a?—b2 («/—az — b2 —a+bi)2
2 B 2 '

This is the starting point for our purpose in the section.
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Lemma 6.1. Let p = 1 (mod 4) be a prime and t> = —1 (mod p) (t € Z). Suppose a,b,s € Z,
s? = —a®> — b% (mod p) and p {a® + b?. If (3=&t2 “+b')4 =1i", then

(s—a+ bt)p%1 (—2113)‘7771 t

:{(zm =T " (modp)  if8|p—1,
—2a)%F (—=a® — b))’ st" (mod p) if8|p — 5.

Proof. If p | b, then s = +at (mod p). Observing that 2% = (—1)% (mod p) and t2 = —1 (mod p)
we deduce the result. Now assume p{b. From [S4, Theorem 2.3] we know that for k € Z, with
k?+1%0 (mod p),

k+t

21
—_— =t d
K — t) (mod p)

ke Qr(p) <= (
= k+0'7T = (K +1)P4;]tr (mod p). (6.2)

Now suppose (%ﬁbin =i". That is, ;% € Q(p). Note that

(s —a)? s?+a?+b?>—2as _ 2as
b2 + 1= b2 = 7b72 (mOd p)

Taking k = 3¢ in (6.2) we then have

ﬂ—H N _2as Ttr (mod p)
b b2 P

That is,

(s—a+ bt)pz =(— 2as) T (mod p).
As s2 = —a? — b% (mod p) we deduce the remaining result. O

Theorem 6.1. Let p = 1 (mod 4) be a prime and p = ¢ + d? withc,d € Z and c =1 (mod 4). Let a, b € Z,
2|a, (a,b) =1and a =2"ag(2 { ag). Assume p = x> + (a®> + b?)y*> with x, y € Z, x = 2%xq, y = 2Py and

X0 = yo =1 (mod 4). Suppose (=22 by') ((“;Lfg)/x) ="

(i) If2 |y, then

(- 1) (d/c)“( ) (a +b2)'% b5 (mod p) if2laand2 || y,
(b—cx/(dy))pTl ent <d/c>" 195 (a +b1) 5 <mod P if2laand4|y,
2 (—1)" @0 (g ) (@ +b%)"% (modp) if4laand2 ]y,

(- 1)(T+1)4(d/c)"( )i (@ +b%) 5 (mod p) if4laand 4] y.
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(ii) If2ty, then

—(=1)" ks *(@®+ %) (mod p)
zf2||aand2||x
(—1) " T (@ +b%)"5 (mod p)
-1
(b—cx/(dy))pT: 1f2||aand4|x
2 -1)° 2 (d/o)" (9" @ + 52’5 (mod p)
1f4|aancl4|x
a0 12)2 — (b+2)2
(1) S @D T a7 @ + )5 (mod p)
if4|aand2 | x.

Proof. Suppose (agj:g;j)zl =i* and (”by’) (b+al)4 =i™. Then (Xagy')4 (b1-i{21)4 =i™™ and so k™M =",

As (c/d)?> = —1 (mod p) and (x/y)?> = —a® — b* (mod p), by (6.1) we have

X

c b—%i %—a+b§ 2
(—b—aa> > =< > ) (mod p).

Thus
p—1 p—1 p—1
b—cx/dy)\ * _ ——a+b = c\~ T
(f) = (—2 ) (—b —aa> (mod p). (6.3)
By Theorem 4.1 we have
_p-1
(_b_ag) E E{( 1)’”—1'4(c/d)—’< (mod p)  if4]a, 64
d (—1)"7 D (c/d) ¥ (mod p) if 2 a.

If 2|y, by Theorem 5.1(i) we have

(%—a-f-bl) _(x_ay+byl) B (— 1)L_5 M'br+m 1f2|| y,
p 4 p 4 | (i rreng if4]y.

Hence appealing to Lemma 6.1 we obtain

(i_a—kbf)pz 0 e @ +b2) *X (mod p) if2]y,
Y ‘ (—D)DE /" 20) 7 @ +b2)F (mod p)  if4]y.

Combining this with (6.3), (6.4) and the fact (c/d)™* = (d/c)* ™ = (d/c)" (mod p) yields (i).
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Now assume 21 y. As (24 "')4(b+m)4—(05)4("+’m)4(b+m)4 (- 1) i™ by Theorem 5.1(iv) wi
have

_p2 a2-1 bt1
(—1)%+¥+0Ti(*” 2 4+m if2|qand 8|p—1,

. a —]
(;““’l) _(x—ay+byi) B (—1)7p2 P S ym if2)aand8|p—5,
- - a1
P 4 P N N e if4|aand 8|p—1,
p—dag—b? a2-1 b+1

(-1) 8 T 5 iV 2 r+m ifa|gand 8|p—5.

Applying Lemma 6.1 we see that

b1
2

b2 | at .
e (2a) B (—a? — b2 (c/dy- D 2 §m
if2||aand8|p—1
p=2a-b% 1
1 —(=1) "3 X(C/d)m
o
5 .
(i—a+b§> _ 1f2||aand8|p 5

(— 1) +(r+l)“ %t (2a) ( a _b2 (C/d)m
1f4|aar1d8|p—l.
" 21 _ b1
—(— 1)p dag—b OT(Za)pT](—az—bz)p X(C/d)( 1) Z r+m
if4|aand 8| p —5.

As (=1)% = (=1)5*% and (c/d)™* = (d/c)*™ = (d/c)" (mod p), combining the above with (6.3)
and (6.4) yields (ii). So the theorem is proved. O

Corollary 6.1. Let p = 1 (mod 4) be a prime and p = c> +d? withc,d € Zand c =1 (mod 4). Letb € Z, 21b
and p =x% + (b2 +4)y? withx, y € Z, x =2%xg, y = 2Py and xo = yo = 1 (mod 4). Then

)T B2 +as 2 (modp) if2 |y and (PGH0%), =41,

FD'T (b2+4>—°’x (mod p) if2 || y and (50%), = +i,
(- (b2+4)*d (mod p)  if4|yand (5502%), =41,
poan i | 1) T (02 +4)" (modp)  if4|yand (2 — 4
(T> T 1) (b2 +4)" (modp)  if2 || xand (D) — 41,
F(= 1) = (b2 +4)"5 ¢ (mod p)  if2 | xand (CGEEx), = i,

+(—1) 5 (b2+4)*dx (mod p) if4|xand (25H50%), = +1,

D 2 44k X (mod p) if4|xand (250%), = +i.
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Corollary 6.2. Let p = 1,9 (mod 20) be a prime and hence p = c? + d? = x* + 5y2 for some ¢, d, x, y € Z.
Suppose ¢ = 1 (mod 4), x = 2%xg, y = 28 yo and xg = yo = 1 (mod 4). Then

5% (mod p) if4]|y and x = ¢ (mod 5),
orif2 || x and x = Fd (mod 5),

j:5p8;1§ (mod p) if4|yand x=Fd (mod 5),
—% N orif2 || x and x = ¢ (mod 5),

( ) +5"5° % (mod p)  if2 ||y and x ==d (mod 5),
orif4|xandx = Fc (mod 5),

+5%° g—; (mod p) if2 | y and x = Fc (mod 5),
orifd|xand x = +d (mod 5).

Proof. Since (%) =1, it is well known that 5| cd (see [S4, Theorem 2.2 and Example 2.1]). Clearly
5| c if and only if x=+d (mod 5), and 5 | d if and only if x = +c (mod 5). Thus

((Zc+d)/x> 3 (3 +2) =41 if x==+d (mod 5), (65)
1+2i ), | (£%),=%i if x==c (mod 5). '
Now taking b =1 in Corollary 6.1 and then applying (6.5) we obtain the result. O
Observe that
m _[#£1 ifm=4£1,43,£9 (mod 13), (656)
3+2i), |+ ifm=7F2,7F5 76 (mod 13). '

Putting b =3 in Theorem 6.1 we obtain:

Corollary 6.3. Let p = 1,9, 17, 25, 29, 49 (mod 52) be a prime and hence p = ¢ + d? = x* + 13y? for some
c,d,x,y € Z.Suppose c = 1 (mod 4), x = 2%xq, y = 28 yo and xg = yo = 1 (mod 4). Then

+13% (modp)  if4|yand 2434 — 49 45, 46 (mod 13),
orif2 || xand 23 = +£1, £3, £9 (mod 13),

113’%@ (mod p) if4|yand 234 = £1,£3, £9 (mod 13),
( _ CX)”T orif2 || xand 23 = %2, %5, 6 (mod 13),

. 2c+3d __

+135%° 2 X (mod p) if2 | yand 234 = 41,43, £9 (mod 13),
orif4|xand 234 = £2, £5, 6 (mod 13),

+13%° ;L; (mod p) if2 |y and 234 = 2, 5, 76 (mod 13),
orif4|xand 23¢ = £1, £3, F9 (mod 13).

Theorem 6.2. Let p = 1 (mod 4) be a prime and p = c? + d? with c,d € Z and c = 1 (mod 4). Let
b,keZ, 21tb, (b,k) =1 and 2k = 2"k (2 { ko). Assume p = x> + (b*> + 4k?)y? with x, y € Z, x = 2%Xxo,

y=2Pygand xo = yo =1 (mod 4). Suppose (*; 2 by' )4((2"51%)/}‘) ="
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(i) If 21k, then

() + (- 12 (d/o kT (b2 + 4k%) "5 (mod p)

(()*1)( 1) (d/C)"yk (b2+4/<2) * (mod p)

Upi (b, —k*) =

! ((—)+1)(—1
(( )~ D=1

and

b2 + 4Ky (mod D)

(d/c)”k (b2 + 4k (mod )

(%) =)= 'z (d/c)""kpl (b% +4k2) 5 (modp)

(& ky 41y (=)' (d/c)” Uss (b2+4k2) (mod
Vi (b, —k*) =

(( )+ D=1 (d/c)” "Xk B (b2 + 4k2) 5

(ii) If2 | k, then

1 (b, =k%)

L
4
A+ EN= D (/o) (0% + 4k) 5 (mod p)
()= 1D(= 1)EDE /ey 2" (b2 4 4k2) "5 (mod p)

(kg+2)%—(b+2)2

—(1+(§))(—1)7S @1+ 7 P (02 1 )

Zk—x

() = DDV

(b2 + 4k (mod

and
2
Vit (b, k)

- 1% d/oy "”k a <b2+4k2) *5* (mod p)
A+ &)= DD d/ek T (b2 + 4k2) "5 (mod p)

(kg+2)%—(b+2)2

a —(5))(—1) 8 (d/ onth 7 “‘k (b2 + 4k T

2k—x

A+ NEDDT o

+4k2)%5 (mod p)

Proof. Set a = 2k. Using Propositions 2.4 and 2.5 we see that

X —byi (ac + bd)/x x —byi (ac — bd)/x
ko J4\ b+a /, ko J4\ b+a J,
X2 4+ b2y2 X2 -1 a2c? — p242
- ) era), (P ),
_(p—AY\( ¥ —b2(c? +d?)
B ko b+ai/, b+ ai 4

p)

* (( )—D(= 1) (d/C)"k T2+ 4k (mOdP)

* (mod p)

* (mod p)

P

(mod 1))

if21y,
if4|y,
if2 x,

ifa|x

if21y,
if4]y,
2] x

if4|x

if21y.
ifa]y,

if2 %

if4|x

if21y,
ifaly,
if2] x

ifd]x.
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_(3)( x2> _1%( b )(x2+(a2+b2)y2)
“\ko/\b+ai 4'( ey b+ ai 4
- ()55 G )
=D E) b b+ai),\b+di/,
=(—1)’<(k—°>.

p

Thus,

(x—byi) ((ac—bd)/x) :(_Uk(k_o)(x—byi)—l((ac+bd)/x>—1
ko /4 b +ai 4 p ko /4 b +ai 4
= (—1)"(](—0)1'*” — {1
p
We note that
(5)- ()= () -cv)
p p p p p
As (%)2 =a? + b% (mod p), by (1.3) and (1.4) we have

p—1
7

cx cx \ b1
N 1 b + @ b - W 4
U¥(b’ k)= cx/(dy) ( 2 U2 (mod p)

and

cX

b4 &\ 7 x| Bl
)= (¥ dy
V,J‘l;l(b, k)_< 3 ) +< 3 ) (mod p).

If 2tk and 2 || y, then 2 || a and ko = k. By Theorem 6.1(i) we have

cx b1 p—1
~dy 4 _ a/2+b n g 4 2 2 Ei
( 5 ) =(-1)"7 (/o) (2) (a*+b%) 3 y (mod p).

Substituting d by —d and n by 1+ (%) —n we obtain

b+ S—X En a/2+b d 1+(%)_" a\ 4 p=5
y a/2+b 2 12\
=(—-1)"2 —— — a b°) 3

( 2 ) b ( c) (2 @+

p—1

p—1

_(g)(_naﬂzﬂ’ (d/@”(%) N (a®+ bz)%5 % (mod p).

Hence applying (6.7) and (6.8) we have
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()t (5) o

(<:§> )( 1) (d/c)”“k (b2—|—4k2)pTi5 (mod p)

Up-1 (b, —k?)

7

and

2) — a & 2, 2B X
Vialo. =) = (1- () Jor Fr@er () © @07
=<(£) )( n's (d/c)” . JﬂT‘(b2+4k2)l% (mod p).

If 2tk and 4|y, then 2 || a and ko = k. By Theorem 6.1(i) we have

p—1

—é—x o 7 p—1
< 2y) = (- l) (d/c)" 1<2) (az—l—bz)T (mod p).

Substituting d by —d and n by 1+ (%) —n we obtain

b ENT B, e
- 7 =(—=1)2 [ —= — 8
(58 e () ) e

p—1

z(—n?(%)(d/c)"*(g)T(a +b%)"F (mod p).

Hence, by (6.7), (6.8) and the above we have

2 1 [V VEPN e A S\ 25t
Ueq (0. =) cx/(dy)((p) 1>( R (2) @b
=(<1’;> )( n (d/c)”y 502 +42) T (mod p)

s

and

p—1
k . KN p=1
Vi (b, —k)E((p) )( 1)'7 (d/c) 1<2) (@®+b%)®
=((§)+1)( ' d/on Tk (b2+4k2)pT71 (mod p).

In a similar way one can prove the remaining results. So the theorem is proved. O

Theorem 6.3. Let p = 1 (mod 4) be a prime and p = ¢? + d? withc,d € Z and c =1 (mod 4). Let be Z
and 21b. Assume p = x> + (b*> +4)y? withx, y € Z, x = 2%, y =28 yo and xo = yo = 1 (mod 4). Then

0 (mod p) if 4| xy,
Ups (b, ~1) = | £26-D'E0b, p)(x/y)ﬂﬂ(modp) if41xy and (SG0) =41,

b+2i

F2(-DIEIs(b, p(x/y) "5 (mod p)  if4+xy and (2SHDL) — 4
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and
0 (mod p) if41xy,
O e R p)(x/y>—d (mod p) if4|xy and (2GHE), = 1,
T2~ (b, p)(x/y) T (mod p)  if4|xy and(<2‘,jff§’i>/")4:ii,
where
DE ifp=1(mod8
S(b, p) — { (_ )b,] lfp = (lTlO )v
(=1) 27 ifp=5(mod38)
and

-1 ifp=1(mod8)
6’<b,p)={ o, P= '
(—1)"5 ifp=5(mod 8).

Proof. Suppose (25, — jn if (G0, — +1, then clearly (d/c)" = 1 (mod p). If

(2GR0, = +i, then (d/c)" =d/c (mod p). As (x/y)? = —b? —4 (mod p), we have (b* +4)[P/8] =
(—=1)[P/81(x/y)2P/81  (mod p). Thus taking k =1 in Theorem 6.2 we deduce the result. O

Corollary 6.4. Let p = 1,9 (mod 20) be a prime and hence p = c? + d*> = x* + 5y2 for some ¢, d, x, y € Z.
Suppose ¢ =1 (mod 4), x =2%xg, y = 2Py and xg = yo = 1 (mod 4). Then

0 (mod p) if4|xy,
Fpa =] F2(— DI/ (modp) if41xy and x = £c (mod 5),
’ :tZ(—])[E](x/y)Tg (mod p) if41xy and x = +d (mod 5)
and
0 (mod p) if4fxy,
Ly = 2D x/y) 5 (mod p)  if4|xy and x = % (mod 5),

+2(-)l% ](x/y)T 4 (mod p) if4|xy and x==d (mod 5).
Proof. Putting b =1 in Theorem 6.3 and applying (6.5) we obtain the result. O

Corollary 6.5. Let p =1, 9, 17, 25, 29, 49 (mod 52) be a prime and hence p = c* + d*> = x* + 13y? for some
c,d,x,y € Z. Suppose c =1 (mod 4), x = 2%xg, y = 2P y¢ and xg = yo = 1 (mod 4). Then
0 (mod p) if4|xy,
Upi(3,—1)= ;2(—1)[§](></y)ﬂ 4 (mod p) if4fxyand 23¢ = £1,£3, £9 (mod 13),
’ T2(= )& (x/y) "7 (mod p) if4fxy and 2139 = +2 45 16 (mod 13)

and
0 (mod p) if4txy,

Vp 3, —1) = ;2(—1)[‘%‘5]@/”&4 (mod p) if4|xy and 2234 = 41,43, 49 (mod 13),
22— ](x/y) ' (mod p) if4|xyand 2130 = £2 45 16 (mod 13).

Proof. Putting b =3 in Theorem 6.3 and applying (6.6) we obtain the result. O
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Theorem 6.4. Let p =1 (mod 8) be a prime and p = c® + d? with c,d € Z and c = 1 (mod 4). Let b € Z,
21b, p#£b*+4and p=x*>+ (b*> +4)y* withx, y € Z. Then p | U p—1 (b, —1) if and only if 2t x and
8

b—1 . i
(57 a5t o [T mod ) () =k
— — = b—1 . 2c+bd

(=17 ¢ (mod p) if (BG5E) = %1,

where x is chosen so that x =1 (mod 4).

Proof. If p |Up-1(b,—1), then Up_1(b, —1) =Up_1(b,—1)V -1 (b, —1) =0 (mod p) and so 4 |xy by
8 4 8 8

Theorem 6.3. As p =1 (mod 8), we must have 4{x and so 4 | y. Now assume 4 | y and x=1 (mod 4).
From (1.5) and Theorem 6.3 we see that

PIUpi (b, ~1) 4= Vpa (b, =) =2(-1)F (mod p)

£~ (/y)"F =1 (mod p)  if (EHIX), — 4,

b—1 —1 .
F-1)7 (x/y)T $=1 (mod p) if (GFEX), = +1.

As (x/y)?> = —b%> —4 (mod p) we have (x/y)pT_1 =(—bh%— 4)pr1 (mod p). Thus the result follows. O
Putting b =1 in Theorem 6.4 and then applying (6.5) we deduce the following result.

Corollary 6.6. Let p = 1,9 (mod 40) be a prime and hence p = c? + d? = x* + 5y for some ¢, d, x, y € Z.
Suppose ¢ =1 (mod 4). Then

'F s 24x and (_5)% _ +1 (mod p) ifx==£c (mod5),
Ploed =1 +¢ (mod p) ifx=+d (mod5),
where X is chosen so that x =1 (mod 4).

Remark 6.1. Under the condition in Corollary 6.6, in 1974 E. Lehmer [L2] conjectured that if p=1
(mod 16), then

PIFo1 < 4]y and (1) = (-Di.
We also note that if p=1 (mod 8) and p # 1,9 (mod 40), then pt Fp-1.
8

Putting b = 3 in Theorem 6.4 and applying (6.6) we have:

Corollary 6.7. Let p =1, 9, 17, 25, 49, 81 (mod 104) be a prime and hence p = c¢? +d? = x* + 13y? for some
c,d,x,y € Z. Suppose c =1 (mod 4). Then p | U p—1 (3, —1) ifand only if 2t x and
8

( 13)%7 +1 (mod p) if 234 = £2, +5, +6 (mod 13),
| £8 (mod p) if 2134 = +1,£3, +9 (mod 13),

where x is chosen so that x =1 (mod 4).

Theorem 6.5. Let p = 1, 9 (mod 40) be a prime and hence p = C2 +2D% = x2 + 5y for some C, D, x, y € Z.
Suppose C =1 (mod 4), x = 2%xq, y = 2y and xg = yo = 1 (mod 4).
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(i) If2 | xand x = £+C, +3C (mod 5), then
X
plLys and Fp = i2(—>X (mod p).
7 7 X

(ii) If2tx and x = £C, £3C (mod 5), then

X

plFp1 and Ly = iZ(—) (mod p).
7 7 5

Proof. Clearly 5 {xC. Thus x = £C or £3C (mod 5). Suppose p = c? + d?> with c,d € Z and
c=1 (mod 4). As (%) =1, it is known that (see for example [S4, Theorem 2.2 and Example 2.1])

5|cd and

- 1 if
SpTl _ (mod p) 1 51d, (6.9)
—1 (mod p) if5]c.
On the other hand, by Theorem 2.3 or [BEW, Corollary 8.3.4] we have
55 = —(—1)"(%) (mod p). (6.10)
If 5% = —1 (mod p), by [HW2, Theorem 3] we have
- £ (mod if d=C,3C (mod 5),
5%5{45 odp) 1 ( ) (6.11)
—g (mod p) if d=-C,—-3C (mod 5).
If 5% =1 (mod p), by [E, Theorem 5.1 or Corollary 5.3] we have
5138;15 1 (mod p) %fCEC,3C (mod 5), (612)
—1 (mod p) if c=—-C,—-3C (mod 5).

Suppose x = ¢C or 3¢C (mod 5), where ¢ € {1, —1}. We first consider (i). As p=1 (mod 8)
and 2| x we must have 2ty and 2 || x. Thus p | Lp-1 by Corollary 6.4. If p =1 (mod 40), then
Py

x= =1 (mod 5). By (6.9) and (6.10) we have 5% = —1 (mod p) and 5| c. We may choose the sign
of d so that d=x=¢C, 3¢C (mod 5). Then 5% =ec/d (mod p) by (6.11). By Corollary 6.4 we have

— _ d _ B d
Fpa=2(-1"5 /)T 2 =25 (/p)'T 2
! ¢ cx
_ d d
cx d cx X

So (i) is true in the case p=1 (mod 40). Now assume p =9 (mod 40). Then x = £2 (mod 5). By
-1
(6.9) and (6.10) we have 58 =1 (mod p), 5|d and so x = £c (mod 5). If x=4c (mod 5), then

¢ ==+eC,+3¢eC (mod 5). Thus, by (6.12) we have SPle = +¢ (mod p). Hence applying Corollary 6.4
we have

=-2¢

Foa =721 (Y% =52.5" 2

x|<

(mod p).

This proves (i).
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Now we consider (ii). Suppose 2{x. Then 4|y as p=1 (mod 8). Thus p | Fp-1 by Corollary 6.4. If
4

p =1 (mod 40), we have x =41 (mod 5). By (6.9) and (6.10) we have SPT_l =1 (mod p), 5|d and

so x=+c (mod 5). When x = 4c (mod 5), by (6.12) we have 5% = +¢ (mod p). Thus, by Corollary
6.4 we have

p—1 p—1 p—1
Ly =42(-1)F x/y)'T =42.5"5 =2¢ (mod p).
P}
If p=9 (mod 40), then x = +2 (mod 5). By (6.9) and (6.10) we have 5p4;1 =—1 (mod p), 5|c and

so x = +d (mod 5). If x=+d (mod 5), by (6.11) we have 5% =+ec/d (mod p). Thus, by Corollary
6.4 we have

_ i d i d
Ly :I:Z(—l)psl_l(x/y)lj‘t]EE:FZ-SPSIEE—ZE (mod p).
7

Hence (ii) holds and the theorem is proved. O

Corollary 6.8. Let p = 1,9 (mod 40) be a prime and hence p = C% +2D? = x2 +5y2 forsome C, D, x, y € Z.
Suppose C =1 (mod 4), x = 2%xg, y = 2P yg and xo = yo = 1 (mod 4).

(i) If2 | x and x = £C, £3C (mod 5), then

p—1

() (5 () e

(ii) If2tx and x = £C, £3C (mod 5), then

(15 (155) a(s)

Proof. From (1.3) and (1.4) we know that
g L1+ V5N (1=5\"
"5 2 2

Ln:<1+\/§>”+<1—~/§>”.

and

2 2

Thus

(116)”_ L, ++/5F,
2 h 2 '

Now applying Theorem 6.5 we obtain the result. O

Corollary 6.9. Let p = 1 (mod 8) be a prime and hence p = C2 4+ 2D? with C,D € Z and C = 1 (mod 4).
Then p | Fp_1 ifand only if p = x* + 5y* with x, y € Z, x=1 (mod 4) and
8

[ €.3C mod5) if p=1,9 (mod 80),
~ | =c,—3C (mod5) ifp=41,49 (mod 80).
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Proof. It is well known that (see for example [SS, p. 372]) Fp_1 = %(1 - (%)) (mod p) and F; | Fyp for
any positive integers m and n. Thus, if p | Fp—1, then p | Fp_1 and so (%) =1. Hence p=1,9 (mod 40)
8

and so p =x? + 5y for some x, y € Z. We note that p =1 (mod 40) implies x = 41 (mod 5), and
p =9 (mod 40) implies x=+2 (mod 5). As

pot p-t
plFpa <1+J§) ’ E<1_*/§) ’ (mod p)
3 2 2
p—1
— (1+2‘/§) Yo (mod p).

applying Corollary 6.8 we deduce the result. O

Corollary 6.10. Let p = 1, 9 (mod 40) be a prime and hence p = C2+2D? = x> +5y? forsome C, D, x, y € Z.
Suppose C =1 (mod 4), x = 2%xg, y = 2P yg and xo = yo = 1 (mod 4).

(i) If2 | xand x = £+C, £3C (mod 5), then

7

N[ =

7

b%
F3p-1) E¢(—>X (modp) and p|V,a(4,-1).

5)x 7
(ii) If2¢x and x = +C, £3C (mod 5), then

X
Dl Up4;1(4, —1) and Vp4;1(4, -1 = L3(p4—1) = :|:2<§> (mod p).
(iii) p|Up-1(4, —1) ifand only if x=1 (mod 4) and
8

_ [ €.3C (mod 5) ifp=1,9 (mod 80),
~ | =C,—3C (mod5) ifp=41,49 (mod 80).

Proof. Observe that 2 + /5 = (#)3. From (1.3) and (1.4) we see that

3(p=1) 3=

1 [(1+5)\ 74 1-V5\"7 1
a5 {(757) T -(50) e

and

3=

1—4/5 1
+< f) = L3p-1.

2 7

3=
7

1+\/§>

Vp4;1(4,—])=< 5

Now applying the above and Corollary 6.8 we obtain (i) and (ii). Suppose x = £+C, +3C (mod 5). By
(i), (ii) and (1.5) we have

pl UpT—l(4, -1) < Vp4;1(4, -1) E:ﬁZ(%) 52(—1)118;] (mod p)

& 24x and (-1)‘%‘(%):11.



528 Z.-H. Sun / Journal of Number Theory 129 (2009) 499-550

As (— 1) ( )=1 if and only if p=1,9 (mod 80), we see that (iii) holds and so the corollary is
proved. O

7. Congruences for U ,_1 (4a, —k?) and V ,_1 (4a, —k?) (mod p)
4 4

Theorem 7.1. Let B,k € Z, 2 | B and (B,k) = 1. Let p = 1 (mod 4) be a prime such that p = ¢ + d?
x% + (B2 +k?)y? with c,d,x, y € Z, c = 1 (mod 4) and B2 + k? # p. Suppose x = 2%xy, y = 2P yq, xo

yo=1(mod 4) and (X=211),(*d-BA/x), _ jm,

(i) If p=1 (mod 8), then

5 (B2 + k)" (d/c)m (mod p) if4|Band?2 |y,
(B_ﬂ)pzl _1 1>4k <BZ+k2 (d/c)’“ (mod p) if4|Band2ty,
dy -7 (32 +13)%5 (d/c)'“ ! (mod p) if2| Band2]y,

(B2 + k2 ) (d/c)m (modp) if2||Band2ty.

(ii) If p =5 (mod 8), then

(-1 k" (32 15 X(d/c)m T (mod p) if4|Band2|y,

(3 cx>P4_l (—1) K" (B2 4425 2(d/o™ " (mod p) if4| Band2+y,
dy - K (32 +k2)% 1(d/c)m (mod p) if2|Band 2]y,
(=DK% B2+, Xd/om™ ! (mod p)  if2[|Band2+y.

Proof. Suppose (¥=5¢), =i*. Then (¥=B¢), =i=. By Corollary 4.1 we have

(_B_k5>% {( 153 (c/d) "7+ (mod p) if4|B,
d (—1) TG+ (c/d) B =1+ (mod p) if 2| B.

Note that (c/d)?> = —1 (mod p) and (—1)'[14;1 = (—1)%. We then have

(- 1) (c/d) 5 (mod p) if8|p—1and4]|B,
(—1) Shby (c/d)”s (mod p) if8|p—5and4]|B,
(— 1)k;]+u(c/d)l—s (mod p) if8|p—1and?2| B,
(— 1) (c/d) $ (mod p) if8|p—5and 2| B.

(=B —ke/d)~ "7 = (71)

From (6.1) we see that

Thus
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As p # B? 4+ k? we see that p {kxy. By Theorem 5.1(ii) we have

<x/y—k+Bi> . (x—ky+Byi)
p 4 p 4

{(Xﬁfyi)z;(—kim)z; if 2]y,

i‘g("+;fyi)4(ﬁ)4 if 2ty.

As

X+ Byi X X — Byi (kd — Bc)/x
k a\—k+Bi/, k 4 k — Bi 4
_<x2+32y2) (kd—Bc) _(p—ky ) 5o
k 4\ k—Bi /, k 4

by the above we have

(x/y—k+Bi) _ is=m if 2]y,
p 4 |2 if 24y

This together with Lemma 6.1 yields

(2k) (32 )ps;](c/d)sfm (mod p) if8|p—1and2|y,
<x ‘ c) 2k T (B2 E(c/d)‘—m—% (mod p)  if8|p—1and2ty,
Z_k+B-) =

d

—(Zk) ( Bz — §5 l(c/d)s‘m (mod p) if8|p—5and 2]y,

—QkT ( B2 — k) (c/d)s_m_g (mod p) if8|p—>5and2ty.

Combining this with (7.1) and (7.2) we obtain the result. O

529

Theorem 7.2. Llet b,k € Z, 4| b and (b,k) = 1. Let p =1 (mod 4) be a prime such that p = ¢* + d? =
x% + (b%/4 + k¥ y? with c,d,x,y € Z, c =1 (mod 4) and b?/4 + k? +# p. Suppose x = 2%xq, y = 28y,

Xo = yo =1 (mod 4) and (*=2% 2y') ((’“’“C)/"

)4 =1im.
(i) If p=1 (mod 8), then

(5)—1

T (—D) 8k (b2 /4+Kk) 5 (d/o)™1 L (mod p)
Upa b, ) =1 () )*1<4<b2/4+k2 %5 (@/omY (mod p)

k .
G2 () kT (02 4+ k) 'F (d/o)™ 1Y (mod p)

and
1+ EN- 1>sy1< T /AR (d/c)m (mod p)
Vo b,k =1 1+ E-1'T (b2/4 +i)F <d/c)'” ! (mod p)
1- (’;f))(—l)"’ " (B2/4+1)"5 (d/)™ (mod p)

if81b,
if8|b—4and2|y,

if8|b—4and2ty

if81b,
if8|b—4and2|y,
if8|b—4and2+ty.
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(ii) If p =5 (mod 8), then

TG )5 b (62744 12) 5 (d/o™ (mod p) if8 | b,

Upt (b, —K?) = { 1+ )k*(b2/4+k2) (d/cy™+ (mod p) ifS|b—4and2|y,

7

lk’z 1(—1) T (b2/4+k2 (cl/c)m (mod p) if8|b—4and2ty

and

1 (b, =)

P
7,

1 —ENE=D73 ST (b2/4+k2 x(d/c)m ! (mod p) if8|b,
= ((’g) Dk (b2/4+k2) "(d/c)m (mod p) if8|b—4and2|y,
“HE))(_]) I (024412 "(d/c)”‘ ! (mod p) if8|b—4and21y.

Proof. Set B =b/2. Then B is even. By (1.3) and (1.4) we have

Up (b, —k*) =

P
7

NWH(

p
_dy XNt (g
:2cx{<B+dy) (B dy) } (mod p) (7.3)

and
Vi (b —k?) = (B4+ VB2 +K2) T 4 (B—VBE+k2)"T
Y

cX 7 cx\ 4
= <B + ) + (B - —) (mod p). (7.4)
dy y

Applying Proposition 2.4 we have

Xx— Byi (—kd — Bc)/x m_ (X Byi (—Bc + kd)(—Bc — kd) /x?
k 4 k — Bi 4 k — Bi 4
x2 4+ B2y2\ [ B2c2 — k*d? x2 -1
)( k — Bi )4(k—Bi>4

(=

(=
(S

(

(

LAVERN k2 x% + (B2 +k?)y? x2 \7!
E>(_) <k—Bi)4< k — Bi )4(I<—Bi>4
D (). (),
P =D k J4\k—BiJ,\k—Bi/,
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thus

(X_ Byi) ((k(_d) - BC)/X> _ (_])% <’i>i—m _ iB+(§)—1—m.
k 4 k — Bi 4 p

Setd =—dand m' =B + (%) —1—m. Then (X_TBW)AW) =i, We also have

@ /0™ = (~d/o) B = (- (';f)(d/c)m (mod p)
and
@/om = (-1* ('E‘)(d/c)"%—d/cr1 =—(-1* ('g)(d/cy"*l (mod p).
Now substituting d, m by d’,m’ in Theorem 7.1 we see that if p =1 (mod 8), then

(")k 3 (32 +k%)" (d/c)m (mod p) if4/Band 2]y,

( cx)T Enik'T (Bz+k2> T (d/c)'" (mod p) if 4| B and 21y,
B+ —

dy (5)(—1) 5 (32+1<2) (d/c)m T (mod p) if2| Band2]|y,

(32 +ik)55 (d/c)’” (mod p) if2| B and2¢{y;
if p=5 (mod 8), then

k+1

) TR T B2+ "(d/c)m "(mod p)  if4|Band2]y,

<B+3)p71 = ~(y(1) K (B2 4425 X@d/o™" (mod p) if 4] B and 21y,
dy Oy (32+k2> v *(d/c)"' (mod p) if 2 B and 2|y,
1)k B2+ 2(d/o™" (mod p) if 2| B and 21 y.

This together with (7.3), (7.4) and Theorem 7.1 yields the result. O
Putting b =4a and k=1 in Theorem 7.2 we have the following result.

Theorem 7.3. Let a € Z. Let p = 1 (mod 4) be a prime such that p = ¢ + d? = x2 + (4a% + 1)y? with
c,d,x,y € Z,c=1 (mod 4) and 4a*> + 1 + p. Suppose x = 2%xy, y = 2Py and xo = yo = 1 (mod 4).

(i) If p=1 (mod 8), then

+(=1) % (4a2 +1)—dy (mod p) if2tay and (729%), = 41,

1—2ai
Ve (0. =D =1 2-1)'7 @a® + )5 ¥ (mod p)  if21ay and (729, =+

1—2ai
0 (mod p) if2|ay

and
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£2(-1)$Y4a® + )% (modp)  if2|aand (G20 - 41,

+2(-1)$Y(4a® +1)’5 ¢ (mod p) i 2| aand (YF29L), = +i,

1—2ai
_ -1 = p—1 . _
Vo1 (0, =1 =1 23402 + 1) ¢ (mod p) if21a,2 |y and (972890, = 41,
+2(4a + )5 (mod p) if21a,2| y and (Y729K) = 4,

0 (mod p) if21ay.

(ii) If p =5 (mod 8), then

(1)@ + 1) (mod p)  if2|aand (G2IX), — 41,
a 2] . — .
£(-12Y@d® +1)'s ¢ (mod p) 1f2|aand(%)4:iz,
Upp (44, == 1 4402 +1)"5° ¢ (mod p) if21a,2 |y and (4299/%) — 41,
p=5 . - .
F(4a® + 1)’ (mod p) if2ta,2 |y and (4295), — 4,
0 (mod p) if2tay
and
0 (mod p) if2|ay,
atl p=5 ) _
VpT—1(4a,—1)E +2(=1)7 (4a®2+1)s g—; (mod p) if2tay and((d1fgz)i/")4::|:1,

+2(—1)7 (a2 + 1) X (mod p)  if2fay and (49, = i,

Corollary 7.1. Let p be a prime such that p = 1,9, 21, 25, 33, 41, 49, 53, 65, 73, 77, 81, 85, 101, 121, 137,
141, 145 (mod 148) and hence p = c? + d? = x*> + 37y? for some c,d, x, y € Z. Suppose ¢ = 1 (mod 4),
x=2%g, y =2Pyg and xo = yo = 1 (mod 4).

(i) If p=1 (mod 8), then

p-lg . d—6c _
+37°3 % (mod p) if2tyand TC =41,+7, 49, £+10,
+12, +16, +26, 33, 34 (mod 37),
;37% % (mod p) if2tyand % =42, +14, 4+15, +18,
420, £24, +29, 431, 432 (mod 37),
0 (mod p) if2ly

Up-1(12,-1) =
7

and

$2.37ij1% (mod p) if2|yand%zj:1,:i:7,:|:9,ﬂ:10,
+12, £16, 26, £33, £34 (mod 37),
Ve (12,-1)=1 12.37"" (modp) if2|yand d=6c — 12, +14, £15, +18,
420, £24, £29, +31, 32 (mod 37),
0 (mod p) if21y.

(ii) If p =5 (mod 8), then
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+37% 4 (mod p) if2]yand &5 = +1,£7, £9, +10,
+12, +16, +26, £33, +34 (mod 37),
Upr (12, =D =1 £37%" (mod p)  if2 |y and =5 = £2, +14, £15, £18,
+20, £24, £29, +31, £32 (mod 37),
0 (mod p) if21y

and

+2.37% g—; (mod p) if21yand 4=5¢ = £1,£7,£9, £10,
+12, +16, £26, £33, +34 (mod 37),
V1 (12, =D =1 . 37"%5} (mod p) if21y and =5 =42, +14, +15, +18,
420, £24, £29, 431, 432 (mod 37),
0 (mod p) if2|y.

Proof. Observe that for A € Z,

+1 if A=41,47,£9, +10,
A _ +12, £16, £26, £33, =34 (mod 37),
(1 - 6i>4 T ) i if A=42, £14, +15, £18,
420, 424, £29, +31, £32 (mod 37).

(7.5)

Taking a =3 in Theorem 7.3 we obtain the result. O

Theorem 7.4. Let a € Z. Let p =1 (mod 8) be a prime such that p = ¢ + d? = x* + (4a% + 1)y? with
c,d,x,y €Z,c=1(mod4) and 4a* + 1 # p. Suppose x = 2%xg and xo = 1 (mod 4).

(i) If2 | a, then

—1 _
pl Up8;1(4a,—1) = (2a+\/4a2+1)p7 z(—])"% (mod p)

(=12 (mod p)  if (UZOL), = 41,
£(-1)3*DE (mod p) if (UTHIN), = i.

= (-1 —4a2)ps;] = {
(ii) If2ta, then

p—1 —
PIUs (40, ~1) &= (2a+/4a? +1) ¥ =% (modp)

< 2txand (-1 - 4a?)

o (d=2ac)/x\ _

b1 { +1 (mod p) if (“F55), = =i,
d - ( (d—2ac) _

+¢ (mod p) if ( lf‘;f”./x)‘l_j:l.

Proof. As (2a + +/4a? 4+ 1)(2a — v/4a% + 1) = —1, from (1.3) we see that

plUp1(d4a,—1) < (2a+\/4a2+1)% =(2a— 4a2+1)% (mod p)
8

— Qa+vVaZ+1)T =15 (mod p).
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By (1.5) we have
PIUps (da,-1) = va,l(4a,f1)Ez(71)"Tf1 (mod p).

Now putting the above together with Theorem 7.3(i) and the fact (—1)Y = (=1)*"! we deduce the
result. O

Putting a = 3 in Theorem 7.4 and then applying (7.5) we deduce the following result.

Corollary 7.2. Let p be a prime such that p =1, 9, 25, 33, 41, 49, 65, 73, 81, 121, 137, 145, 169, 201, 225,
233,249, 289 (mod 296) and hence p = c? +d? = x?> +37y? forsome c, d, x, y € Z. Suppose ¢ = 1 (mod 4),
x=2%g, y =2Pyg and xo = yo = 1 (mod 4). Then

plUp1(12,-1)
8

— (6+«/3_7)1%1 = (1% (modp)

+4 (mod p) if =5 = £1, 47, £9, £10, +12,
416, £26, £33, £34 (mod 37),

+1 (mod p) if =5 = +2, +14, +15, £18, £20,
+24, +29, 431, 432 (mod 37).

< 2txand (—37)'%] =

Corollary 7.3. Let p =1 (mod 8) be a prime such that p = c® + d? = x2 + 17y? with c,d,x,y € Z,
¢ =1 (mod 4) and p # 17. Suppose x = 2%xg and xp = 1 (mod 4). Then

PIULIE 1)

e G+ = (1) (mod p)

(=¥ (mod p) if 9=4 = £2, £8 (mod 17),
—(=1* (mod p)  if =4 = +1, +4 (mod 17),
(—1*S (mod p)  if &2 = +6, £7 (mod 17),
—(=1)*§ (mod p) if 54 = +£3, £5 (mod 17).

p—1
= (-1D'F =

Proof. Observe that for A € Z,

1 if A==+1,44 (mod 17),
A —1 if A=+2, £8 (mod 17),

( )4_1‘ if A=+3,+5 (mod 17),
—i if A=6,+7 (mod 17).

Taking a =2 in Theorem 7.4 we obtain the result. O
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8. Congruences for U ;1 (2a, —k?) and V -1 (2a, —k?) (mod p) when 2 { ak
4 4

Theorem 8.1. Let p = 1 (mod 8) be a prime, and p = c? + d*> withc,d € Z and c =1 (mod 4). Let a,k € Z,
2tak, (a,k)=1,4|a+kand ptk. Assume p = x>+ (a® + k*)y? withx,y € Z, x=1 (mod 4), y = 2Py,

k=a g4 kia
and yo = 1 (mod 4). Suppose (X+ay‘) ((zdizc,)/x)‘; =i™. Then

o ka
7 T2 1

a+k

(a cx)p“_l () S (- 24) 5 () -0 T mod p) 21y,
T %ka(—a—erkz)pT(C/d)(l_(_1)T)/2+m (mod p) if4]y.

dy

k—a k+a
Proof. Suppose (Wh =1i°. According to Theorem 4.2 and the fact 4 |d we have

(_a_kc/d)—l’% = (=)' () - 18 (c—d)—1-d2)/4+(1— (=) T ) /245
= (-1 (C/d)<c—d—1>/4+<1—<—1>T>/2+s (mod p).

As p =c? + 16(d/4)*> we see that

D =T =TT =T

and
(c/d)s 5 = —F = (c/d) T T 2/’
= (@G = (C1)itT = (D (mod p).
Thus
(©/d) " = (DI /)T (/)i = /i (mod p).
Hence
- "
(-a—kg) = (1) F (/)i B HA=CD 24 (od ). (8.1)

As (c/d)?> = —1 (mod p) and (x/y)? = —a® — k% (mod p), it is easily seen that

c\a—cx/(dy) (x/y—k+ac/d 2
<—a kd) > = ( 5 (mod p).
Thus
(a — %) = (—a - k%) -2’p4;] <§ - k+a§> (mod p). (8.2)

) 4 We have
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(x/yfk+ai> _(xfky+ayi>
p 4 p 4

( 1)m.x;(x+layz)4(ﬁ)4 if2]y,

Applying Lemma 6.1 we see that

(x/y—k—l—ac/d)p%1
{( 15 (2k> “(—a —k2) 5 (c/d) Hm=s (mod p) if 2| y,

(-Dik T ( a? (c/d) 4m=s (mod p) if4]y.
As
(/)= = (e/d) “72’”(“5 SRS () T
=(-1)'7 (C/d) % (mod p)
and
(DF = (D = () S o
we see that

/)5 = (1) ()5 = | e/ mod p) if 2y,
(—c/d)s (mod p)  if4|y.

<

Since Gauss it is known that (see [L1] and [HW3, (1.4) and (1.5)])
2% = (=15 (/)1 (mod p).

Thus

1 _ 2 2\ § 8
(_az—kz)pT=(—z>%(a Tk ) "= (/i) 4(“ s ) " (mod .

Hence, by the above we obtain

(=1 T KT ()5 (c/d) "4+ 1 (mod p) if 21y,

2’pTil(x/y—k+ac/d)pz;]z v , b
(- ik (-8 1 )55 (c/d)= 4+ %5 M5 (mod p) if4]y.

This together with (8.1) and (8.2) yields the result. O
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Theorem 8.2. Let p =1 (mod 8) be a prime, and p =c?2+d?withc,deZandc=1 (mod 4). Leta, k € Z,

2tak, (a,k)=1,4|a+kand p 1tk Assumep—x + @ +k3)y? withx,y € Z, x=1 (mod 4), y = 28y
and yo = 1 (mod 4). Suppose ("*‘””) ((Zd_—,:ac)/x) =i™. Then

Ujp-1(2a, —k2)
7

k 1 atk
+(17) (_])a742»1+7a£1 afzk L‘; ( )pT(C/d)m+(l—(_1) 4 )/21 (mod p) lf2 ” ¥,
= (I—()—] a—1 a+k , y p—1 2, b1 atk .
e e N ] (—%) E (c/dym =D A2 (mod p) if4]y

and

a a— p—1 a+k
(1= (k) (1B + 5 (- E) T a1+ 0=D 2 (mod p) 2y,

+ atk

A+ (DT (245 (¢t =02 (mod p) if4 ] y.

Proof. As

x+ayi\ (5 (=d) -0 /x x+ayi\ ((55%d -9 /x
ko /4 ke by 4 ko Ja\ Beq ke J,
x+ayi\? [ (59)2c? — (559)2q2 X -
( )4 k—a a k+al )4(’{7(1—0—%1')4
() (= = L) (),
k k
+a ka g kg
( —kzyz)( a("T-i—’%i) (x + (k? —|—a2)y2) ( x2 )‘1
I% 4 k%“%—k#i 4 ’%—Fl%i 4
:(4)"%(2),
k

. k—a k+a
F(—d) - Sho)/x a ([ k ,
(X+ayl) <( ) i_ ) L )/ ) :(_1)%<£)rm:im,
C)N\T B, p

where m’' = ’% +1— (%) —m. Setting d’ = —d we then have

we have

a+k
© /df)a—(—l)%)mm’

— (—c/dy 1)) /2455 41— (k) om
— (_1)(1*(*1)7)/Z(C/d)(lf(*U%)/2 . (_])# (%)(—C/d)im

k =1 /24m
= ) (c/d) (mod p).
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Thus, by Theorem 8.1 we obtain

at+k

- p=1 atk
~& - DT KT ()T (/dy(1-D 2= 14m (mod )

.
4
<a+3) = 21y, (8.3)

a - 1 atk
dy ( )(— 1)—1 ﬂ+%kal(_a2 2) 3 (C/d)(l (=1) 4 )/24+m (mod p)

1f4|y.

From (1.3) and (1.4) we know that

N 7 w2\ 2 b
Up4;1(2a, k)_2 a2+k2{(a+ a2 +k?) " —(a—va2+k%) *}

-1

D p—1

dy cx\ 4 cx\ 4
el (i) (o) ] omeen
1(2a, —k) (a+ a2+k2)

cX s cx\ 4
=la+ — +la— — (mod p).
dy dy

This together with Theorem 8.1 and (8.3) gives the result. O

and

%

|’U
N
_|_
—
Q
Q
N

q
=
8]
~

]

L

p—
7

(atleqaslygyy
A s for
2 2

. a1 (158d—Ha0)/x a1
Putting k = (—1) 2 in Theorem 8.2 and noting that (T) =(=1) 4 (
2 2
a=3 (mod 4) we deduce the following result.

Theorem 8.3. Let p = 1 (mod 8) be a prime, and p = c2 + d? withc,d € Z and c =1 (mod 4). Let a € Z
with 2 a. Assume p = x*> 4 (@® + 1)y? withx, y € Z, x=1 (mod 4), y = 28 yg and yo = 1 (mod 4).

(i) Ifa=1 (mod 4), then

:F( a +1) 8 (C/d)a (-1 4 )/2)’ (modp)

if2 |l y and (%Td)/x) =1,

4

Uppr (2a. =)= qE(_azz+1)”T’l(C/d)ml—(—n%)/z% (mod p)
if2 IIyand(%—f)/x)‘l:ii,
0 (mod p) if4|y
and
0(modp) if2]y
+2(— 1)4( a +1)%(C/d)(1_<_1)%)/2 (mod p)
Vo (20, —1) = ”4|ya”d(%) =41,
3

if4|yand (M)‘l:ii.
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(ii) Ifa=3 (mod 4), then

2

at1
15 (c/ay1=D" T2 (mod p)

a+1
if2 y and (%)ﬁﬂ

(-2

Up-1(2a,—-1) = a1
pp1(20.1) :l:(_a22+1) 5 (c/d)! =D 40722 (mod p)
+4514 .
if2| y and (%)4 =i,
0 (mod p) if4|y
and
0 (modp) if2]y
Y@\ 5 -2
+2(~1)¥ (~CF1) T (c/d) (mod p)
. (%c-ﬁ—%d)/x _
Vo 20 —1) = 1f4|yand(7uim‘ )y =%1,
4

a1

+2(— 1)4( a +1) (C/d)1+(1 (=1) 4)/2 (mod p)
. (2tley ol x .
if4|yand (W)“:il'

Corollary 8.1. Let p = 1,9 (mod 40) be a prime and hence p = ¢ + d? = x2 + 10y2 with c,d, x, y € Z.
Suppose c =x=1 (mod 4), y =28y and yo =1 (mod 4). Then

+(— 5)* < (mod p) if2| y and x = +d (mod 5),

Up 6, =D=1 1(—5%" ¥ (mod p) if2 |l y and x = +c (mod 5),
0 (mod p) if4|y
and
0 (mod p) if2y,
Vp4;1(6, -1 = :|:2(—1)% (—5)u 5 (mod p) if4]|yand x=+d (mod 5),

+2(— 1)4( 5) (modp) if4|y and x = ¢ (mod 5).

Proof. As p=1,9 (mod 40), we see that 5| cd. Clearly 5 | c if and only if x=+d (mod 5), and 5 |d
if and only if x = 4c (mod 5). Thus

((2c+d)/x) 3 (£5),=%1 if x==+d (mod 5),
1-2i /)4 | (#%),=Fi ifx==%c (mod5).

Now putting a = 3 in Theorem 8.3(ii) and applying the above we deduce the result. O
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Theorem 8.4. Let p =1 (mod 8) be a prime, and p = c® +d? withc,d € Z and c =1 (mod 4). Leta € Z
with 2 {a. Assume p = x*> + (@® + 1)y?> withx, y € Z and x =1 (mod 4).

(i) Ifa=1 (mod 4), then
pl Upg;l(2a, -1)

— (a+ Va? +1)pr1 = (—1)% (mod p)

a—1
+(=1)4 (d/c) 1D )12 (mod p)
- (c—Hld)/x
a2+]>% lf( 21+a a' )4=:|:1,
a—1
+(=1)3 (d/0) =D )12 (mod p)

1-a._ 1+a
Ly Js)

lf( 1+a al

<:>4|yand<

(ii) Ifa =3 (mod 4), then

pIUp (20, —1)

p—1
7

= (a+va*+1) E(—l)% (mod p)

a+1
H(=1)¥ (/01D /2 (mod p)
(a+lc+a ]d)/X
“eroam )a=EL

a2+‘1>% lf( a—1 _a+1

<= 4|yand ( o1
+(=1)4(d/c)'*+(1=CD 472 (mod p)

lf((mc+ 1d)/x)4=:l:.

le

-

Proof. From (1.3) we see that

p1 p-1
8

PIUp1(20,~1) & (@a+va2+1) % =(a—+va2+1) ¥ (mod p)
p1 p-1
< (a+va*+1) * =(-1)"s (mod p).
By (1.5) we have
plUp1(2a,—1) = Vpi1(2a,—1)=2(-1)"5 (mod p).
8 3
Now applying Theorem 8.3 and the above we deduce the result. O

Putting a = 3 in Theorem 8.4 and then applying (8.4) we have:

Corollary 8.2. Let p = 1, 9 (mod 40) be a prime and hence p = c2 +d? = x2 +10y? forc,d, x, y € Z. Suppose
c=x=1(mod4). Thenp |Up-1(6,—1) ifand only if4 | y and
8

+(— 1)4 (mod p) ifx==+d (mod 5),
+(-1) i (mod p)  ifx==c (mod5).

5%5
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Theorem 8.5. Let p = 1,9 (mod 40) be a prime and hence p = C? + 2D? = x2 + 10y? with C, D, x, y € Z.
Suppose C =x=1 (mod 4), y =28 yg and yo =1 (mod 4). Then

Upr (6,—1) = 3;(—1)%(@% (mod p) if2| yand x==+C, +3C (mod 5),
4 0 (mod p) if4y
and
— 0 (mod p) if21y.
R +2(—1) 7 T (%) (mod p) if4|y andx=+C, +3C (mod 5).

Proof. Suppose p = c?> +d? with c,d € Z and c =1 (mod 4). Clearly 2 |y, 5|cd and 5 Cx. Thus
-
x = +£C or £3C (mod 5). Assume x = ¢C,3¢C (mod 5), where ¢ € {1,—1}. As (—1) 8 =

( 1)p 1— 10y
(g) (mod p).

5kt E(_1)%+%+% (g) (mod p). (8.5)

= (—1)%+%, putting m =2, 10 in Theorem 2.3 we have

c2-1

25— ()T = (=1)FT (mod p) and 10T =(-1)5F

NI

Thus

Now we prove the theorem by considering the following two cases.
Case 1. x = ¢ (mod 5). In this case, 5|d. As c = +x = £eC,£3¢C (mod 5), by (6.9) and

(6.12) we have 5% =1 (mod p) and 5,,8 =+¢ (mod p) Hence from (8.5) we deduce (— 1)p

(—1)%+%(§) and so j:(—S)I)T?1 = (—1)p§ e= (—1) +3 (5)8 (mod p). Now applying Corollary 8.1
we see that

UM(G,])E{:I:(_S)FT%E( DT+ (el (mod p) i 21y,
7

0 (mod p) ifd|y
and
0 (mod p) if 2y,
Vp1(6,— vyt .
T +2(-1) 5 (=5)"F =2(-1)4T7 (X)e (mod p) if4]y.

Case 2. x— +d (mod 5). In this case 5|c. As d=+x= +eC,£3¢C (mod 5), by (6.9) and (6 11)
we have 5t 7= = —1 (mod p) and

= j:sd (mod p). Hence from (8.5) we deduce (— 1) e

—(— 1) +2( ) and so +(— 5) —( 1) +2( )8— (mod p). Now applying Corollary 8.1 we see
that

UT<6,—1>s{i( 55 L= (1T (&) (mod p) if2]y,

0 (mod p) if4]y
and
6 0 (mod p) if 21y,
Vy1(6,—1) = _ _
g ( +2(=1)¥(=5)"F § =2(=1)#+F (X)e (mod p) if4]y.

So the theorem is proved. O
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Corollary 8.3. Let p = 1,9 (mod 40) be a prime and hence p = C% + 2D? = x> + 10y? with C, D, x, y € Z.
Suppose C =x=1 (mod 4), y = 2Py and yo =1 (mod 4). Then
p—1 y p-1
B+V10)T =(-1)2(3-+10) =
i(—l)%J“%(%) (mod p) if4|yandx==+C, £3C (mod 5),
F(-1)T ($)24/10 (mod p) if2| y and x = +C, £3C (mod 5).

Proof. From (1.3) and (1.4) we know that

1
Un(6,—1)=———=13 10)" — 3 —+/10)"},
( ) 2\/ﬁ{(+~/) 3 -+v10"}
Vn(6,—1) = (34++/10)" + (3 — V/10)".

Thus (3 + +v/10)%7 = +/10U
result. O

(6,—1) 4+ 3V -1 (6, —1). Now applying Theorem 8.5 we obtain the
P

p—1
7

Corollary 8.4. Let p = 1,9 (mod 40) be a prime and hence p = C% + 2D% = x* + 10y2 with C, D, x, y € Z.
Suppose C =x =1 (mod 4). Then

PIULI6,~1) = B+V10 7 = (1)’ (mod p)

e« 4|y and (—1)§+%<E>XEC,3C (mod 5).

-1

Proof. Note that (—1)%““% = (—1)pT71_T = (—1)%. Applying Theorem 8.4 and Corollary 8.3 we
obtain the result. O

9. Open conjectures

In the section we pose a lot of conjectures relating to the results in Sections 4-8.
In 1980 and 1984 Hudson and Williams proved the following result.

Theorem 9.1. Let p = 1 (mod 24) be a prime and hence p = c? + d? = x2 + 3y2 for some c,d,x, y € Z.
Suppose ¢ =1 (mod 4).

(i) (See [HW1])Ifc= j:(—l)% (mod 3), then 3% =41 (mod p).
(ii) (See[H].)Ifd = :i:(fl)% (mod 3), then 3% = i% (mod p).

Hudson and Williams proved Theorem 9.1(i) by using the cyclotomic numbers of order 12, and

Hudson proved Theorem 9.1(ii) using the Jacobi sums of order 24.
Now we pose some conjectures similar to Theorem 9.1.

Conjecture 9.1. Let p = 13 (mod 24) be a prime and hence p = c¢* + d* = x> + 3y? for some c,d, x, y € Z.
Suppose ¢ = 1 (mod 4), x = 2%xg, y = 28 yo and xo = yo = 1 (mod 4). Then

325 { +% (mod p) ifx=+c (mod 3),
8 =
=1 o
FZ (mod p) ifx=+d (mod 3).

Conjecture 9.1 has been checked for all primes p < 3000.
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Conjecture 9.2. Let p = 1,9,25 (mod 28) be a prime and hence p = c? + d* = x* + 7y? for some
c,d,x,y € Z. Suppose c =1 (mod 4), x = 2%xg, y = 2P y¢ and xg = yo = 1 (mod 4).

(i) If p=1 (mod 8), then

—(-Di (modp)  if7]c,

-1

7% =1 (=i (modp) 714,
F(-1)i¢ (mod p) ifc==+d (mod 7).

(ii) If p =5 (mod 8), then

L [-xmedp) #7Ic
7% ={L@modp)  if7ld,
+% (mod p) ifc=+d (mod 7).

Conjecture 9.2 has been checked for all primes p < 5000.

Conjecture 9.3. Let p = 1 (mod 4) be a prime such that p = c® + d*> = x*> + 11y? with c,d,x, y € Z and
11 | cd. Suppose c = 1 (mod 4), x = 2%xg, y = 2P yg and xo = yo = 1 (mod 4).

(i) If p=1 (mod 8), then

o +(—1)% (mod p)  ifx = +c (mod 11),
+(—1)79 (mod p) ifx=+d (mod 11).

(ii) If p =5 (mod 8), then

= { +% (mod p) ifx==c (mod 11),
3 =
=1 o
+% (mod p) ifx=+d (mod 11).

Conjecture 9.3 has been checked for all primes p < 15000.
For a given nonzero integer m = 2"mg (2+mgp) we recall that mg is called the odd part of m.

Conjecture 9.4. Let p =1 (mod 4) be a prime, b € Z,21b and p = ¢ + d? = x*> + (b> + 4)y? # b* + 4 for
some c,d, X, y € Z. Suppose ¢ = 1 (mod 4) and all the odd parts of d, x, y are numbers of the form 4k + 1.

(i) If41xy, then
d ) : —
(—1)47y(modp) if2] xand b=1, 3 (mod 8),

—1(b, —1)= —(—1)% 273' (mod p) if2| xandb=5,7 (mod 8),
2 (mod p) if2 y.

u

s
N

(ii) If4 | xy, then

21 (modp)  if4]y,
Vi1 (b, —1) =1 —2(~1)2% (mod p) if4|xandb=1,3 (mod8),
2(—])§§ (mod p) if4|xandb=5,7 (mod 8).
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Conjecture 9.4 has been checked for b < 60 and p < 20000. When p=1 (mod 8), b=1,3 and
d
4|y, the conjecture V-1 (b, —1) 22(—1)%
3
[L2, Conjecture 4].

(mod p) is equivalent to a conjecture of E. Lehmer. See
By (1.3) and (1.4), Conjecture 9.4 is equivalent to the following conjecture

Conjecture 9.5. Let p = 1 (mod 4) be a prime, b€ Z, 24b, p #b*> +4and p =c? +d?> =x*> + (b*> +4)y
forsomec,d, x, y € Z. Suppose c = 1 (mod 4) and all the odd parts of d, x, y are numbers of the form 4k + 1
i) If4txy, then

b+ &\ b g\
( 2 ) __< )

&2

2

—(=1)§4 (mod p) if2||xandb=1,3 (mod8)
(=154 (mod p)

if2 || xand b=5,7 (mod 8)
1 (mod p) if2y.
(ii) If4 | xy, then

b+ N\ — g
(2) =( )

2
-1 (modp) if4ly,
=1 —(— 1)4 (mod p) if4|xandb=1,3 (mod 8)
(— 1)4 (mod p) if4|xand b =5,7 (mod 8)
orem 6.2 with k=1) we deduce

For t € Z let §(t) =1 or —1 according as 8 | t or not. From Conjecture 9.4 and Theorem 6.3 (or The-

Conjecture 9.6. Let p = 1 (mod 4) be a prime, b € Z, 24b, p #b? + 4 and p = % +d?> = x> + (b*> + 4)y
forsomec,d, x, y € Z. Suppose c = 1 (mod 4) and all the odd parts of d, x, y are numbers of the form 4k + 1
(i) If p=1 (mod 8), then

(b2+4)”—§1£ +(— 1) +43(}/) (mod p) if(

(2c+bd)
Cb++2i /X)4 ==l
+(-1)'7 T 45(y) (mod p) if (25EDE), = i
(ii) If p =5 (mod 8), then
e a2 FDE

S(X) £ (mod p) if(Qi}ﬁ’;ﬂ?”‘)4 =41,
0L (mod p) if (U5E), = i,

+(— 1)
We note that (229/%)  depends only on (2c + bd)/x (mod b? + 4)
Taking b =1 in Conjecture 9.6 we deduce

Conjecture 9.7. Let p = 1,9 (mod 20) be a prime and hence p = ¢ + d? = x2 + 5y2 for somec,d,x, y € Z
Suppose ¢ =1 (mod 4) and all the odd parts of d, x, y are congruent to 1 modulo 4
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(i) If p=1 (mod 8), then

p—1 { j:(fl)%S(y) (mod p)  ifx=+c (mod 5),
58 = d
£(-1)18(y)¢ (mod p) ifx = £d (mod 5).

(ii) If p =5 (mod 8), then

5255 _ +£5(x0)% (mod p) ifx = %c (mod 5),
N FS(x)% (mod p) ifx=+d (mod 5).

Conjecture 9.7 has been checked for all primes p < 2500.
Let p=1 (mod 40) be a prime and let g be a primitive root (mod p). For h,k € {0,1,...,19}
let (h,k)20 be the number of integers n (1 <n < p — 1) such that n= gh (mod 20) and n+ 1=

gk (mod 20). Suppose 5= g™ (mod p) for some integer m. Then 5% = ngflm (mod p) and so
—1
5% =1 (mod p) if and only if 8 | m. By [HW1, Theorem 1] we have

4 3
. . . 16(p — 1
m=2 1222(1+4r,]+5$)20+% (mod 8).

i=1 j=1r=0s=0

Thus, it is possible to prove Conjecture 9.7(i) in the case of p =1 (mod 40) by using the cyclotomic
numbers (h, k)20 given by Muskat and Whiteman [MW].

-1
Now we pose another conjecture for 55 (mod p).

Conjecture 9.8. Let p = 1,9 (mod 40) be a prime and hence p = ¢ +d? = x> 4+ 10y? for some c,d, x, y € Z.
Suppose c =x =1 (mod 4). Then

d o x=1 .
£(-14"7 ¢ (mod p) ifx==d (mod 5),
+(—1)i+F (modp)  ifx = +c (mod 5).

p—1
5% =

Taking b =3 in Conjecture 9.6 we deduce:

Conjecture 9.9. Let p = 1,9, 17,25, 29, 49 (mod 52) be a prime and hence p = c? + d*> = x* + 13y for
somec,d, x, y € Z. Suppose ¢ = 1 (mod 4) and all the odd parts of d, x, y are congruent to 1 modulo 4.

(i) If p=1 (mod 8), then

= F(-1D ()% (mod p) if 2434 = +1, 43, 49 (mod 13),
+(~1)48(y) (mod p)  if 2434 = +2 45 +6 (mod 13).

(ii) If p =5 (mod 8), then

1355 £8(0% (mod p) if 2839 = +1, £3, £9 (mod 13),
8 =
£50)Y (mod p) i 23 = 2, +5, +£6 (mod 13).

From Conjecture 9.4 and (1.5) we deduce:

Conjecture 9.10. Let p = 1 (mod 8) be a prime,b € Z, 2tband p = c? + d*> = x*> + (b*> + 4)y*> # b*> + 4 for
somec,d,x,y € Z. Suppose 2 | d. Then p | U p—1 (b, —1) ifand only if 4 | y and (—l)dJrTy = (—1)%.
8
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Conjecture 9.11. Let p =1 (mod 4) be a prime, b€ Z, b=4 (mod 8), p #b?/4+1and p =c® +d? =
x% 4+ (1+b?/4)y? for some c,d, x, y € Z. Suppose c = 1 (mod 4) and all the odd parts of d, x, y are numbers
of the form 4k + 1. Then

(-5 5L (mod p) 2%

Up-1(b,—-1)={d .
(b, == & (mod p) if21y.
0 (mod p) if4|xy

and

2-1)i+% (modp)  if4]y,
Vea® =D =1 2(-1)"s +i< mod p) if4]x,
0 (mod p) if41xy.

Conjecture 9.11 has been checked for b < 100 and p < 20000. When p =1 (mod 8), b = 12 and
4|y, the conjecture V-1 (12, —1) = 2(—1)‘% (mod p) is equivalent to a conjecture of E. Lehmer. See
Py

[L2, Conjecture 4].
From Conjecture 9.11 and Theorem 7.3 we deduce:

Conjecture 9.12. Let p = 1 (mod 4) be a prime,a € Z, 2ta, p # 4a? +1and p = c* +d? = x* + (4a® + 1) y?
forsomec,d, x, y € Z. Suppose c =1 (mod 4) and all the odd parts of d, x, y are numbers of the form 4k + 1.

(i) If p=1 (mod 8), then

a1 1)5 = | ECDIOIT mod i (U2, =1,
= d i _ .
+£(-1)%8(y) (mod p) if (LZIX) = i,

(ii) If p =5 (mod 8), then

- ((d—2ac)/ —
Fo( 5 (mod p)  if (555577), = 1,

£5(0Y (mod p) if (G229, = i,

(4(12+1)PT_5 E{

From Corollary 7.1 and Conjecture 9.11 (with b = 12) we deduce:

Conjecture 9.13. Let p be a prime such that p = 1,9, 21, 25, 33, 41, 49, 53, 65, 73, 77, 81, 85, 101, 121,
137, 141, 145 (mod 148) and hence p = c2 + d? = x2 4+ 37y2 for some c, d, x, y € Z. Suppose c = 1 (mod 4)
and all the odd parts of d, x, y are numbers of the form 4k + 1.

(i) If p=1 (mod 8), then

i(—l)%a(y)g (mod p) if 4=5¢ = £1,£7, £9, £10,
Pt +12, +16, £26, £33, +34 (mod 37),
+(~1)45(y) (mod p) if 9=5¢ = £2, £14, £15, +18,
+20, £24, £29, +31, £32 (mod 37).
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(ii) If p =5 (mod 8), then

F8(0L (mod p)  if =5 = 41, £7, £9, £10,
=5 +12, £16, £26, £33, +34 (mod 37),
£50) Y (mod p) if I8 = £2, +14, +15, +18,
+20, +24, £29, +31, +32 (mod 37).

Conjecture 9.14. Let p =1 (mod 4) be a prime, b€ Z, 8 |b, p #b%*/4+1 and p = c* + d*> =
x% 4+ (1 +b2/4)y? for some c,d, x, y € Z. Suppose ¢ = 1 (mod 4) and all the odd parts of d, x, y are numbers
of the form 4k + 1. Then

Yy [omodp) if41xy,
pab, -1 = —(~=1)EYY (mod p) if4{xy

and
2—1)ETF+8Y (mod p) if4|x
Vpi (b, 1) = b "
; 0 (mod p) ifatxy.

Conjecture 9.14 has been checked for b < 100 and p < 20000.
From Conjecture 9.14 and Theorem 7.3 we deduce:

Conjecture 9.15. Let p =1 (mod 4) be a prime, a € Z and 2 | a. Suppose 4a® +1 # p and p = ¢ +d* =
x% 4 (4a® + 1)y*> with c,d, x, y € Z and c = 1 (mod 4). Suppose that all the odd parts of d, x, y are numbers
of the form 4k + 1.

(i) If p=1 (mod 8), then

d Xy . _
(41124—1)p_gl _ | £ (mod p) 'f((dlf‘%?/x)ﬁﬂ
+(~1)5F S (mod p) if (U2OL) = 4,

(ii) If p =5 (mod 8), then

d o (d—
b2 _ [EEDG mod pyif (5, = 1,

. (d— p
+(—10*% (mod p) if (U2OL) = i,

(4a® +1)

Taking a = —2 in Conjecture 9.15 we have:

Conjecture 9.16. Let p = 1 (mod 4) be a prime and p = c? + d? = x?> + 17y? for some ¢, d, x, y € Z. Suppose
¢ =1 (mod 4) and all the odd parts of d, x, y are numbers of the form 4k + 1.

(i) If p=1 (mod 8), then

ENEN

—(—1)itT % (mod p) if4c +d = +6x, +7x (mod 17),
st (15 ¥4 (mod p)  if 4c+d = +3x, £5x (mod 17),

-1 i+ (mod p) if4c +d = £x, +4x (mod 17),

7(71)%+% (mod p)  ifd4c +d =+2x, +8x (mod 17).
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(ii) If p =5 (mod 8), then
(=1*% (mod p) if4c +d = +6x, +7x (mod 17),
b5 —(—1)"% (mod p) if4c+d = =43x, £5x (mod 17),
(—1)"% (mod p) if4c + d = +x, +4x (mod 17),
—(—=1)*% (mod p) if4c +d = +2x, £8x (mod 17).

Conjecture 9.16 has been checked for all primes p < 5000.
Conjecture 9.17. Let p = 1 (mod 4) be a prime, b € Z, b =2 (mod 4), p # b?/4+1 and p = ¢ + d?

x2 + (1 + b%/4)y? for some c,d,x,y € Z. Suppose ¢ =1 (mod 4), x = 2%q, y = 2P yg and xq
yo =1 (mod 4). Then

Uyt b —1) = {( DY (mod p) 21y,
7 0 (mod p) if41y
and
0 (mod p) if21y,
Vo (b, —1)=
&0 {2<—1>%+%(modp> if41y.

Conjecture 9.17 has been checked for b < 100 and p < 20,000.
From Conjecture 9.17 and Theorem 8.3(i) we deduce:

Conjecture 9.18. Let a € Z be odd, and let p = 1 (mod 8) be a prime such that p = c2 +d? = x* + (a® + 1) y?
withc,d,x,y € Zanda=c=x=1 (mod 4). Then

( e ac_ ”“d)/x

- a1
et [ 2 EH T @ - D T2 (mod py i ( ), = +1,

(a +]) 8 _ 1+a+1 a; 4
= 1
2 +(— 1)4+ (d/C)H'(l =1 T )/2 (mod p) J(Ll)/x) = +i.

i
Bt 4

We note that (—=1)"7 = (=1)% +3,
Taking a = —3 in Conjecture 9.18 we deduce Conjecture 9.8.
From Conjectures 9.11, 9.14, 9.17 and (1.5) we have:

Conjecture 9.19. Let p = 1 (mod 8) be a prime. Letb € Z with 2 | b and 1+b? /4 + p. Suppose p = c* +d? =
x*> 4+ (14 b%/4)y? withc,d,x, y € Z and 2 | d. Then

4|y and (—~1)5+ %=( D% if8 b,
—1

plUu(b,—l)@{
s (—DitH+Ey = (-’ if8]b.

Conjecture 9.20. (See [S5, Conjecture 5.2].) Let p = 3, 7 (mod 20) be a prime, and hence 2p = x* + 5y? for
some integers x and y. Then

; 2=)E . 10" (modp) ify=+25" (mod$),
p+1
4

—2(-1l%e °1. 105 (mod p) ify#+P- ! (mod 8).
It is well known that L, = Fpy1 + Fy—1 and FyL, = Fp,. From [SS, Corollary 2(iii)] we have

b1 =Fpn = =2(-1l'o 1.5  (mod p).

Fpi1

b+l
7

Lp+
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Thus the above conjecture is equivalent to

_ (—2)¥ (mod p) if y=+E" (mod 8), o)

(=2 (mod p) 1fy,=éﬂ:p (mod 8).

Ly

p
7

We have checked (9.1) for all primes p < 3000.
As

by the conjecture we have

3

A+5) 4 = 2" (Lpus + Fpur v/5)

(- HE 25 4 (il %1.5"7_3\/5)

7
E( 2 )2”4;3((—2)”%1 +2(-)f) 10" V5)

E( _2 )<1+(—1)[”1—551(3)5”%3\/§> (mod p).
p—1
7Y p

From this we deduce the following conjecture equivalent to Conjecture 9.20.

Conjecture 9.21. Let p = 3, 7 (mod 20) be a prime and so 2p = x*> + 5y for some integers x and y. Then

1+5”T’3f(mod p)  if p=3,47 (mod 80),
(1+f) —1-5% f(mod p) ifp=7,43 (mod 80),

1— 5Tf 5(mod p)  if p=63,67 (mod 80),

—14+5% /5 (mod p) ifp = 23,27 (mod 80).

(1)

Added remark. In 2007 Constantin-Nicolae Beli informed the author he could prove (1.8) indepen-
dently by using class field theory and showed me how to prove Conjecture 9.20 using class field
theory. Thus Conjecture 9.21 is also true. In the November of 2007 the author formulated the follow-
ing general conjecture including many of the above conjectures.

Conjecture 9.22. [et p be a prime of the form 4k+1,a,b € Z,2 | a, (a,b) =1, p #a? +b?> and p = * +d* =
x% + (a® + b%)y?, where c,d,x, y € Z, c = 1 (mod 4) and all the odd parts of d, x, y are of the form 4k + 1.
Suppose ((“C;bd)/x) =i

—+ai ‘

(i) If p=1 (mod 8), then

(a2+b2)"315{( n'7 +45(y)(c/d)r "(modp) if2la,
(—1)3+% (c/d)" (mod p) if4|a.

(ii) If p =5 (mod 8), then

(a2+b2)‘”g;;55 (17500 % (c/d)" (mod p) if2 |,
(—=1)*3(c/d)"" (mod p) if4a
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