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1. Introduction

In this article, we consider Selberg type zeta functions attached to the Hilbert modular

group of a real quadratic field. First of all, we recall the original Selberg zeta function
constructed by Selberg in 1956. Let I" be a co-finite discrete subgroup of PSL(2, R) acting
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on the upper half plane H. Take a hyperbolic element v € I, that is |tr(+y)| > 2, then the

N2 o )
0 N(y)~'/?

with N () > 1. Put Prim(I") be the set of I'-conjugacy classes of the primitive hyperbolic

centralizer of y in I is infinite cyclic and v is conjugate in PSL(2,R) to (

elements in I'. The Selberg zeta function for I" is defined by the following Euler product:

Zr(s) = H ﬁ (1— N(p)_(k+s)) for Re(s) > 1.

p€ePrim(I") k=0

Selberg defined this zeta function and proved (cf. Selberg [24,25]):

(1) Zr(s) defined for Re(s) > 1 extends meromorphically over the whole complex plane.
(2) Zr(s) has “non-trivial” zeros at s = & £ ir,, of order equal to the multiplicity of the
eigenvalue 1/4 + 72 of the Laplacian Ay = —yQ(% + 68—:2) acting on L?(I"\H).

(3) Zr(s) satisfies a functional equation between s and 1 — s.

The theory of Selberg zeta functions for locally symmetric spaces of rank one is evolved by
Gangolli [5] (compact case) and Gangolli-Warner [6] (noncompact case). For higher rank
cases, Deitmar [1] defined and studied “generalized Selberg zeta functions” for compact
higher rank locally symmetric spaces. (See also Selberg [26].) Therefore, our concern is
to define and study “Selberg type zeta functions” for non-compact higher rank locally
symmetric spaces such as Hilbert modular surfaces.

Let us explain our main results on Selberg type zeta functions for Hilbert modular
surfaces in more detail. Let K/Q be a real quadratic field with class number one and
Ok be the ring of integers of K. Put D be the discriminant of K and € > 1 be the
fundamental unit of K. We denote the generator of Gal(K/Q) by o and put a’ := o(a)
and N(a) := aa’ for a € K. We also put 7/ = (‘C‘: Zl,) for v = (*") € PSL(2,0k). Let
I' ={(7,7") | v € PSL(2, Ok)} be the Hilbert modular group of K. It is known that I'x
is a co-finite (non-cocompact) irreducible discrete subgroup of PSL(2, R) x PSL(2, R) and
I acts on the product H? of two copies of the upper half plane H by component-wise
linear fractional transformation. I'x have only one cusp (0o, 0), i.e. I'k-inequivalent
parabolic fixed point. X := I'x\H? is called the Hilbert modular surface.

Let (v,7") € I'k be hyperbolic—elliptic, i.e., [tr(y)| > 2 and [tr(y')| < 2. Then the
centralizer of hyperbolic—elliptic (v,7’) in I'k is infinite cyclic.

Definition 1.1 (Selberg type zeta function for I'x with the weight (0,m)). For an even in-
teger m > 2, we define

Zi(ssm):= ] J](1- e"(m”)“’N(p)’(k“))_1 for Re(s) > 1.
(p,p’) k=0

Here, (p,p’) runs through the set of primitive hyperbolic—elliptic I'x-conjugacy classes
of I'e, and (p,p’) is conjugate in PSL(2,R)? to
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e~ (0 yoan) (s ).

Here, N(p) > 1, w € (0,7) and w ¢ 7Q. The product is absolutely convergent for
Re(s) > 1.

Remark 1.2. Selberg also considered similar zeta functions for co-compact cases in his
unpublished work [26]. Our definition of the zeta function is a bit different from his
definition and we remark that I'x is non-co-compact.

Our main theorems on analytic properties of Zx (s;m) are the following.

Theorem 1.3. (See Theorems 5.3 and 6.5.) For an even integer m > 2, Z (s;m) a priori
defined for Re(s) > 1 has a meromorphic extension over the whole complex plane.

Our Selberg zeta functions Zg (s;m) have also “non-trivial” zeros or poles and they

have connections with the eigenvalues of two Laplacians. Let Aél) = —y%(aa—;z + 86—;2) and
1 1
AP = —y%(a%} + 8%22;) +imy26%2 be the Laplacians of weight 0 and m for (21, 22) € H?.

Two Laplacians A(()l) and A2 act on L3, (I'k \H?; (0,m)), the space of Hilbert Maass
forms of weight (0,m). (See Definition 2.16 for details.)

Theorem 1.4. (See Theorem 5.3.) For an even integer m > 4,

(1) Zk(s;m) has zeros at
s = % +ip;(m) of order equal to the multiplicity of the eigenvalue i + pj(m)? of
Aél) acting on Ker(/lgb)),
s:l—%—&—lg;ks of order 1 for k € Z.
(2) Zk(s;m) has poles at
s = 5 +ip;(m—2) of order equal to the multiplicity of the eigenvalue § + p;(m — 2)?
of Aél) acting on Ker(/lss)_Q),
5:2—%—&—12?6 of order 1 for k € Z.
3) Zk(s;m) has zeros or poles (according to their orders are positive or negative) at
3) ; p 9 p g
s = —k (k € NU{0}) of order (2k+1)E(Xx)+2 30, [k/vj] —2kN =327 By, j(m).

(4) If m =4, Zk(s,m) has additional simple zeros at s =0 and s = 1.

Here,

Kera?) = {7 £ L0V 0.0) | 807 = § (1= )}

forq=m orm —2, and E(Xg) denotes the Euler characteristic of the Hilbert modular
surface X and B; 1 (m) are integers given in (5.6).
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On the contrary to the case of m > 4, Zk(s;2) has no “non-trivial” poles.

Theorem 1.5. (See Theorem 6.5.)

(1) Zk(s;2) has a double pole at s = 1.

(2) Zk(s;2) has zeros at

s =3 +ip;(2) of order equal to twice the multiplicity of the eigenvalue + + p;(2)* of
A,(Jl) acting on Ker(/lg)) = {f e L3 .(I'x\H?(0,2)) | Ag)f = 0}.

Z(8;2) has zeros at s = :I:llggis (k € N) of order 2.

Z(8;2) has a zero at s =0 of order E(X).

Zk(s;2) has zeros or poles (according to their orders are positive or negative) at
s =—k (k € N) of order (2k + 1)E(Xx) + 233, [k/v;] — 2kN.

~—~ —~
U = W
~— ~— —

Here, E(X ) denotes the Euler characteristic of the Hilbert modular surface X .
Actually Zx (s;m) has infinite “non-trivial” zeros by the following “Weyl’s law”.
Theorem 1.6. (See Theorem 6.11.) For an even integer m > 2, let
NA(T) = #{j | 1/4+ p;(m)* < T}
for T > 0. Then we have

vol (I'y \H2)

NAT) ~ (m— 1)

m

T (T — o0).
Our Zk(s;m) also satisfy a symmetric functional equation.

Theorem 1.7. (See Theorems 5.4 and 6.6.) The zeta function Zk(s;m) satisfies the
functional equation

A~ A~

Zi(s;m) = Zg (1 — s;m).

Here the completed zeta function ZK(s,m) is given by

A

ZK(S; m) = ZK(S; m)Zid(S)chl(s; m)Zpar/sct(s; m)Zhpr/sct(s; m)

Each local Selberg zeta functions corresponding to each I'k-conjugacy classes of I'i are

explicitly given. See Theorems 5.4 and 6.6 for details.
We also consider the Ruelle type zeta function.

Definition 1.8 (Ruelle type zeta function for I'k ). For Re(s) > 1, the Ruelle type zeta
function for I'i is defined by the following absolutely convergent Euler product:
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Ric(s) = [] (1= N@)™) "

(p,p")

Here, (p,p’) runs through the set of primitive hyperbolic—elliptic I'k-conjugacy classes
of I'r, and (p,p’) is conjugate in PSL(2,R)? to

(rp) ~ N(p)'/? 0 cosw  —sinw )
’ 0 N(p)~'/? )"\ sinw cosw
Here, N(p) > 1, w € (0,7) and w ¢ Q.

By the relation

we have

Theorem 1.9. (See Theorem 6.7.) The function Rk (s) has a meromorphic continuation
to the whole C. Rk (s) has a double pole at s =1 and nonzero for Re(s) > 1.

As a byproduct of Theorem 1.7, we obtain a simple functional equation for R (s)
and an explicit formula of the coefficient of the leading term of Rx(s) at s = 0.

Theorem 1.10. (See Theorem 6.8.) The function Rk (s) has the following functional
equation

sm 7'('8

N 2
Ry (s)Rk(—s) = (_1)E(XK)(2 sin(7s) E(Xk) H (Sln ws/v;) )

, (@(s— 1><5<s+1>)2, (L1)

(e(s)?

and the absolute value of the coefficient of the leading term of Rk (s) at s = 0 is given
by

|Ric(0)] = (2m) E<XK>H ; %

Here, E(Xk) denotes the Euler characteristic of Xk, € is the fundamental unit of K,
C(s) = (1—¢e72%)"t and vq,v,...,un be the orders of elliptic fized points in Xy .

These analytic properties and functional equations of Zx(s;m) and Rk (s) are ob-
tained by using the “double differences” of the Selberg trace formula for Hilbert modular
surfaces. The key point is considering the differences between two Selberg trace formulas
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with different weights. For compact cases, this was carried by Selberg [26] (without full
proof) and Kelmer [18]. Therefore, we shall extend the Selberg trace formula for Hilbert
modular group I'x with trivial weight (cf. Efrat (2] and Zograf [29]) to that with non-
trivial weights (Theorem 2.22). There are new contribution from parabolic and “type 2
hyperbolic” conjugacy classes in the geometric side in the trace formula. So we have to
analyze the orbital integrals for parabolic and “type 2 hyperbolic” conjugacy classes of
I'x with non-trivial weights, which have not been fully investigated. We also obtain a
more tractable expression of “type 2 hyperbolic” contribution of the geometric side of
the trace formula than Efrat’s or Zograf’s results. Based on our Selberg trace formula
for I'k with weight (0,m), we can treat and obtain the differences and double differences
of the Selberg trace formula (Theorems 4.1 and 4.4). Our full trace formula also will be
used in [10].

As an application of “Double differences of the Selberg trace formula” (Theorem 4.4),
we obtain a prime geodesic type theorem (Theorem 6.12) and a generalization of Sarnak’s
theorem [23] on class numbers of indefinite binary quadratic forms over Z to that for
class numbers of indefinite binary quadratic forms over Ox. Put Dy :={d € Ok | b €
Ok s.t. d = b (mod 4), d not a square in O, d > 0, d’ < 0}. For each d € Dy _, let
hr(d) denote the number of inequivalent primitive binary quadratic forms over Ok of
discriminant d, and let (z4,y4) € Og x Ok be the fundamental solution of the Pellian
equation 22 — dy? = 4. Put ek (d) := (x4 + Vdyq)/2.

Theorem 1.11. (See Theorem 6.14.) For x > 2, we have

Z hi(d) = 2Li(2*) — 2 Z Li(szi(Q)) + O(x3/2/logx) (z — 00).
deDy_ 1/2<s;(2)<1

Here, 5;(2)(1 — s;(2)) are eigenvalues of the Laplacian Agl) acting on Ker(/léz)). See
Theorem 1.5 for definition of Ker(/lf)).

We have a few comments on the status of this paper and related works. In this article,
we consider three types of trace formulas for the Hilbert modular group I'x C PSL(2, R)?
with non-trivial integral weights:

(FTF) Theorem 2.22 (The full Selberg trace formula)
(DTF) Theorem 4.1 (Differences of the Selberg trace formula)
(DDTF) Theorem 4.4 (Double differences of the Selberg trace formula)

Comparing (DTF) with (DDTF), it seems that (DDTF) is “more close” to the trace
formula for PSL(2,Z) than (DTF). In particular, the identity term, hyperbolic—elliptic
terms and elliptic terms in (DDTF) and corresponding terms for PSL(2,Z) look very
much alike. Hence, we may think that our Zx(s;m) is a natural generalization of the
Selberg zeta function for PSL(2,Z). Actually, the Euler product of Zx(s;m) is more
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similar to that for PSL(2,Z) than that of “Partial Zeta function” in [26]. Hence, we
study Zk(s;m) by using (DDTF).

An anonymous referee has kindly informed the author that Kelmer has obtained
a similar trace formula, “Hybrid trace formula”, to (DTF) for a non-uniform lattice
I' € PSLy(R)™ for n > 2 and its consequences such as Weyl’s law in [19] (2013). (See
also Remark 0.5 in [19] for n = 2.) His proof is direct and does not use the full trace
formula.

Our trace formulas (DTF) and (DDTF) are “simple version” of the full trace formula
and they are derived from (FTF). The derivation and form of the full trace formula
(FTF) with non-trivial integral weights does not exist anywhere in the literature and we
believe that it is important and useful. We also believe that explicit results on Zx (s;m)
and Rk (s) are interesting and new. The results of this article were partially announced
n [8] (2010) and [9] (2012).

2. The Selberg trace formula for Hilbert modular surfaces with non-trivial weights
2.1. Hilbert modular group of a real quadratic field

Let K/Q be a real quadratic field with class number one and Ok be the ring of
integers of K. Put D be the discriminant of K and € > 1 be the fundamental unit of K.
We denote the generator of Gal(K/Q) by o and put a’ := o(a) and N(a) := aa’ for
a € K. We also put ~/ —( )forv—(‘;g)GPSL(Q,OK).

Let G be PSL(2,R)? = (SL(2 R)/{%I})? and H? be the direct product of two copies
of the upper half plane H := {z € C | Im(z) > 0}. The group G acts on H? by

a1z1 + b1 asgze + by 5
2 =1(91,92)-(21,22) = , cH
g (gl 92) ( 1 2) <Clzl —|—d1 Cozo +d2>
a1 b as b
for g = (g1,92) = ((CI py ) (cj di)) and z = (21, 22) € H2.
A discrete subgroup I' C G is called irreducible if it is not commensurable with any
direct product Iy x Iy of two discrete subgroups of PSL(2,R). We have classification of
the elements of irreducible I

Proposition 2.1 (Classification of the elements). Let I' be an irreducible discrete subgroup
of G. Then any element of I' is one of the followings.

(1) v=(1,1) is the identity

(2) 7 = (1,72) s hyperbolic & [tr(1)| > 2 and [tr(12)| > 2

(3) v = (71,72) is elliptic & |tr(y1)| < 2 and [tr(y2)| < 2

(4) v = (71,72) is hyperbolic—elliptic < |tr(y1)] > 2 and |tr(72)] < 2
(5) v = (71,72) is elliptic-hyperbolic < |tr(y1)| < 2 and |tr(v2)| > 2
(6) v = (71,72) is parabolic < |tr(y1)| = [tr(72)| =2
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Note that there are no other types in I" (parabolic—elliptic etc.) (cf. Shimizu [27]).
Let us consider the Hilbert modular group of the real quadratic field K with class
number one,

s (5= (2 2).(2 2)I(2 2 ermoon}

It is known that Iy is an irreducible discrete subgroup of G = PSL(2,R)? with the
only one cusp 0o := (00, 00), i.e. I'k-inequivalent parabolic fixed point. X = ' \H? is
called the Hilbert modular surface.

We can easily see that

Lemma 2.2 (Stabilizer of the cusp oo = (00,00)). The stabilizer of co = (00, 00) in I'k

is given by
U v d
re={((625)- (5 5))

Definition 2.3 (Types of hyperbolic elements). For a hyperbolic element v, we define that

ue O, aEOK}.

(1) v is type 1 hyperbolic < whose all fixed points are not fixed by parabolic elements.
(2) ~v is type 2 hyperbolic < not type 1 hyperbolic.

Lemma 2.4. Any type 2 hyperbolic elements of I'x are conjugate to an element of

k
{’Yk,a (60 gak) ‘kGN, aGOK}

in I'i. The centralizer of vi,o in I'x s an infinite cyclic group.
Proof. See pp. 91-93 in [2]. O

By the above lemma, we may take a generator of the centralizer Zp, (Yk,o) aS Vi3
with kg € N and g € Og. We also write ko as ko(Vk,a)-

Let Ry, Rs,..., Ry be a complete system of representatives of the I'x-conjugacy
classes of primitive elliptic elements of I'k. v1,v9,...,vn (v € N, v > 2) denote the
orders of Ry, Ra, ..., Ry. We may assume that R; is conjugate in PSL(2,R)? to

. t;m . tim
cos == —sin - cos - —sino-
Rj ~ o e B D o o () =1
sm 7= COS = sin <= cos -
i i vj v;

For even natural number m > 2 and [ € {0,1,...,v; — 1}, we define o;(m, j), @ (m, j) €
{0,1,...,v; — 1} by
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(M52 ) = ailmd) - (mod )

-t (252) = aitn.g) (mod ) 21)

We denote by I'y1, I'g, Tur, [rg and s, type 1 hyperbolic I'x-conjugacy classes, el-
liptic I'x-conjugacy classes, hyperbolic—elliptic I'x-conjugacy classes, elliptic—hyperbolic
I'g-conjugacy classes and type 2 hyperbolic I'x-conjugacy classes of 'y respectively.

2.2. Preliminaries for the Selberg trace formula

CZj+d

Tezrd] for

Fix the weight (mi,ms) € (2Z)?. Set the automorphic factor j,(z;) =
v € PSL(2,R) (j =1,2).

Let A%i = —y?(aa—;z + 88—;) +imjyj8%j (j = 1,2) be the Laplacians of weight m for
the variable z;. ’ ! '

Let us define the L2-space of automorphic forms of weight (my,ms) with respect to

the Hilbert modular group I'k.

Definition 2.5 (L2-space of automorphic forms of weight (my,ms)).

L2 (T \H2; (my, ma)) 1= {f:]I—]I2 L C, 0% ‘
() F((7,7) (21, 22)) = jy(21)™ Gy (22)™2 f (21, 22) V(7,7) € Tk
(#) 3OO AD) e R2 AR f(21,20) = AV f(z1,20), AR f(z1,22) = A®) f(z1, 20)

G 1= [ f<z>mdu<z><oo}.

T \H2

Here, du(z) = %dm;—gyz for z = (21, 22) € H2.
1
We denote C2°(IR?) the space of compactly supported smooth functions on R2.
Take & € C°(R?) and introduce the point-pair invariant kernel k(z,w) of weight
(mq,mgz) for @ (as (6.3) on [14, p. 386]):

k(z,w):=& ;1w e — wof?
) =

H 2.2
Im 2z Im wq " Im 29 Im wo (m1.ma) (2 0) (2.2)

for (z,w) = ((21, 22), (w1, ws)) € H? x H2. Here,

H(m1,m2)(zﬂ w) = Hm1 (zlv wl)Hmz (227 w2)
with

o, (W5 — 25)™
HA i ) = m; J J —
R T N e
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for j = 1,2. The reason of the last equality is that mj, my are even integers. (See [13,
Definition 2.1, p. 359] and [14, (5.1), p. 349].)

Definition 2.6. For ® € C2°(R?), define

2 m;/2
Jwi +4 4 v 7
Q(wy,wy) := // w1+vl,w2+v2 H[ it J} dviduy
Jj=1

— v
(w1, w2 > 0), (2.3)
glur,ug) == Q™ +e ™™ —2,e" +e "2 —2), (2.4)
h(ri,ro) := //g(ul,uQ)ei(““ﬁ’"?“?)duldug. (2.5)

R2

We can easily check that Q(wy,ws) € C2°([0,00)?), g(ui,us) € C=°(R?) is an even
function and h(ry,72) € C*°(R?) is an even and rapidly decreasing function.

Proposition 2.7.

2 Ty foj+d+t3—t;1m?
@((El,(EQ (——) //8 ? $1 +t1,$2+t2 dt1dts
w10Ws =il 4+t

(z1,22 > 0), (2.6)

g(ur, uz) = ( )// 71, r)e et eue) g dpy. (2.7)

Proof. See [14, p. 386], [2, Proposition 2.2] and [29, (1.1.1)]. O
2.8. Fisenstein series

Let (my,ma) € (2Z)?, 2 = (21, 22) = (z1 + iy1, T2 + iy2) € H?, and (s1, s2) € C? with
Re(s1),Re(s2) > 0. We define,

O v len+d™ |z +d|m

FE = .
(m1,m2)(2’,81782) |CZ1 +d|231 ‘0/22 + d/|232 (cz1 +d)m1 (C/ZQ +dl)m2

YEI\I'K

Definition 2.8 (Family of Fisenstein series). For (my,ms) € (2Z)%, z = (21, 20) = (w1 +
iy1, T2 +iys) € H?, s € C with Re(s) > 1 and k € Z we define

(2.8)

wik wik
Emyms)(2,87k) = Etmy may) <z, s+ >

2logs’s_210g£
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Proposition 2.9. For Re(s) > 1, the Eisenstein series E(py,, m,)(2,5; k) is absolutely con-
vergent and

E(mumz)('YZ, sik) = jw(zl)mljw’(22)m2E(m1,m2)(Zv s; k)
for any v € I'. E(m, m,)(2,8; k) is a common eigenfunction of A%Z and AS,%Q
Proof. See pp. 38—44 in [2]. O

Proposition 2.10 (Fourier expansion of Eisenstein series). Put
L:={l=(li,ls) € K* | hia+ b/ € ZVa € Ok}

and (I,z) = lixy + laws for © = (x1,22) € R%. We write the Fourier coefficients as
ai(y, s; k) forl e L:

E(ml,mZ)(Z7 S, k) = Z al(y, s; k) 274 lg;)
leL

Then the constant term ag(y, s; k) is given by

ik ik
S<|>2log;5 s— 2log e

ik
1—s— 2loga —s+

yl y2 +<)0(m1,m2 (5 I{;) y2 2log e
with
mytmay ik 1 ik
o [(s,k) = (—1) ™52 n L(2s — 1,x_r) {5+ 5 — DI (s + 575
o VD LX) TGk gl + G+ ot — )
ik 1 ik
% F(S_2logs_§)F(s_210gE) (29)
Tls = iogz + )00 ~ ooz =)

ink

Here, L(s, x—) is defined by L(s,X—k) = 3 o1 (cpcox |&| =5 IN(c)|7* for k € Z.
For 1 # (0,0), a;(y, s; k) is given by

(—1)™3 01 gy _1(1) AL TN L f
VD L(2s,x—k) I'(s+ 2’{;&“8 +sgn(ly) )1 (s — 27{;;6 +sgn(l2) %)

Xngn( 11)- r;l ,s+2f(f§5— (47T|l1|y1) 5gn(lz) 2 5— mk 7%<47T|l2‘y2).

Here, Wy, ,,(2) is Whittaker’s confluent hypergeometric function (see [28, Chapter 16]
for definition) and o125 k() = D¢, Lept %, where Dy ' is the inverse dif-
ferent of K. (See [2, p. 50].)
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Proof. The case of (m1,m2) = (0,0) is proved in [2]. For general case, we use the formulas
(see [3, p. 55] and [12, 3.384 (9)]):

7 do PSRVt A
R e I(s+5)(s— %)
and
w*(ply)
de = (=1)™/? 0 Y, n 4
/ rrE g = ) i ey e -3 (47120)

for 0 # p € R. The rest of the proof is quite the same as in pp. 47-50 in [2]. O

We can prove the following theorem and proposition by the similar method in
pp. 5864 in [2].

Theorem 2.11 (Functional equation). For any k € Z, E(y, m,)(2,5:k) and ¢(s, k) can
be continued meromorphically to all of s € C. Moreover, we have

E(ml,mg)(za 1- S5 _k> = QD(ml,mg)(]- - S, _k)E(ml,mg)(Za S5 k)v
and

‘p(ml,mz)(sa k)@(ml,mz)(l —s,—k)=1.

Proposition 2.12. E(;;,, 1m,)(2, 5; k) and ©(m, m,)(s, k) have no poles in Re(s) > %, except
for finitely many in (3,1] when k = 0.
For Y > 1 and m = (m1,mz) € (2Z)?, define
En(z,8k) —ao(y,s;k) if yriy2 2 Y,
EY . = mA™ = » ’ 2.1
(25 ) {Em(z, s; k) if y10 < Y. (2.10)

For Re(s) > 1, we note that EY (2, s; k) is a square-integrable function on the fundamen-
tal domain for I'k.

Theorem 2.13 (Maass—Selberg relation). Let m,m’ € (2Z)? with m +m’ = (0,0). For
(s, k) # (', k') and (s,k) + (s', k') # (1,0), we have

EY(z s;k)E,, (z s's k') dp(z)

T \H?2

= 2\/1_)10g5 [6;@,@,

45 PRI — s Y

Yol — o (s, k) (8, )Y 07
s+ —1

(2.11)

s—s!
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Proof. See pp. 66-69 in [2]. O
2.4. Selberg trace formula for Hilbert modular surfaces

We consider a certain integral operator K acting on L?(I'x \H?; (m1,mz2)). The kernel
of this integral operator is given as follows.

Definition 2.14 (Automorphic kernel function). For (z,w) € H? xH? and m = (my,ms) €
(2Z)2, define

= Z k(z,vw)jy(w): Z k((zlaZQ)a(’lea’Y/w2))

Ye€lK (r")el'x
cwi +d "/ dws +d ™ (2.12)
lcwy + d| |c'wa + d'| ' '
Here, the point-pair invariant kernel k(z, w) is defined in (2.2).
It is known that

Proposition 2.15. Let L3, (I'x \H?; (m1,m3)) be the subspace of the discrete spectrum of
Kr and L%, (I'k\H?; (m1,m2)) be the subspace of the continuous spectrum. Then, we
have a direct sum decomposition of KCr-invariant subspaces:

L? (I \H?; (m1,m2)) = L3 (I \H?; (m1,m2)) & L2, (' \H?; (m1,m2))
and there is an orthonormal basis {$;}52y of L3 (I'e\H?; (my, my)).
Definition 2.16 (Hilbert Maass forms of weight (m1,mz)). Let (m1,ma) € (2Z)%. We call
Liis (T \H?; (m1, ma))
the space of Hilbert Maass forms for I'x of weight (mq,ms).

c

To subtract continuous spectrum on L2 (' \HZ; (my, m2)), we introduce (see [2,

p. 79] or [29, p. 1644])

Definition 2.17. For (z,w) € H? x H? and m = (my, ms) € (2Z)?, define

k
r—
877\/_1ogsZ / ( 210g€ 2log5>

keZ

Hr(z,w):=

1
X B (z, 5t ir; Ic) E_., (w, % — ir; —k) dr. (2.13)
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(T \H2; (my,ms)) and (AP, AP € R2

Let {¢;}32, be an orthonormal basis of L3 5

such that

dis

AV g =AYg; and AR g = AP,

Lemma 2.18. For any j,

W o fmal ([l (2) |m2| |mal
N (e S -2, (2.14)

Proof. See [14, (6.1), p. 385]. O

Let us define the set of spectral parameters

Spec(mq, mg) _{( ) 3(2))}j:0’

which is a discrete subset of

[ Mmal =11 [[ma] = 1] [ llma| = 1] [lma| —1]
(RUZ[ > , 5 x [ RU7% 5 , 5 .

Here, we write )\;l) = i + (r;l)) and r( ") are defined by
AL a0 s L
Tj(!) — J 4 7 =4 (2.15)
i3 =AY Al <4

forl=1,2.

Theorem 2.19. K (z,w) — Hr(z,w) is a Hilbert-Schmidt integral kernel, that is

// |Kr(z,w) — H[‘(Z,U))’Q du(z) du(w) < co.
)

(FK\H2 2
Proof. Similar with the proof of Theorem 9.7 in [2] or p. 1644 in [29]. O

We shall assume that

k(zyw) = | KO (2, 00k (v,w0) du(v)
/

where, k(1) and k® are defined as (2.2). Then Ky — Hp defines an integral operator of
trace class. So, we have
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Theorem 2.20.

I TACINCINE X _H d 2.16

Z (T] ,7‘] ) [ F(Zaz) F(Zaz)] [L(Z), ( . )
j=0 FK\H2

where the left hand side is absolutely convergent.

Our next task is to evaluate the right hand side of (2.16) explicitly.
Hereafter, we assume that the test functions are written as follows.

Assumption 2.21. We shall assume that the test functions are products of two separate
functions that each involve only one independent variable. That is

h(ri,m2) = hi(r1)ha(re),  g(ui,u2) = g1(u1)g2(uz),
D(x1,22) = D1 (21)P2(22), Q(w1,ws) = Q1 (w1)Q2(ws). (2.17)

Without loss of generality we may assume that @, and &5 are real valued.

Now we can state the Selberg trace formula for our cases. We give a proof of this
theorem in the next section.

Theorem 2.22 (Selberg trace formula for L?(I'x \H?; (0, m)) with m € 2Z). Let g(ul, Uz)
be an even function in C°(R?) and put h(ri,r) = f f g(u1,ug) x

elruwtr2u2) oy duy | so that h is even, rapidly decreasing and analytzc.
Then we have,

i h(r,rP) = (k) + ILa(h) + 1Ty (k) + ITI(h). (2.18)
7=0

Here,

vol FK\H2 u Bu u17u2) m
1(h) = 137 "2 duyd
(h) 1672 //smh (u1/2) smh(u2/2) 2 dudu

.S vol(I\G,)g(log N(v),log N(7'))

ooz NP =NG) NG = NG

—291—1-1 (m—1)6 +(m v,
+ E g(ui,ug)e” k3
1615 sin 01 sin O 92 ’

R(91,92)6FE

2 eli — 6220'
duid
8 H Loshuj — cos 26 } e

Jj=1
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+ Z log N (70) jetm—1w
1/2 _ ~1/2 :
(y,w)ETuE N() N(v) 4sinw
i m—1 et — 622""
< [ attos e G
logN() e
+ 2 ~ .
/2 — 1—1/2 /
(W' )€elsH N () N() 4sinw
i N =l el — 2w’
x [ g(u,JogN(v'))e> |,

oo

IL,(h) := [VDAy — 4loge(log2 + Cp)]g(0,0) + logs/[g(u, 0) + g(0,u)]du
0

1 e
_ loge //{ 1+ ir1) F 1 +¢r2)]h(r1,r2)dr1dr2

272

0
+2log5/7/2( :)u/2 {1—cosh %u} du
ko(Yk.o) log(N (o, eF —e=*
1T, (h) :—410g5§ E ]2 ]\(f)gi-(k_(g—kﬂ c ))g(leogs,leogs)

k=1~k,a €ETH2

+4loge Z log(sk — s*k)g(Qk loge, 2kloge)

k=1
cosh(u/2)
21 2k 1 2k1 d
* ogs; / (u, 2kloge) + g(2kloge, u)] sinh(u/2) + sinh(kloge) “
2k log e
1 — cosh(m(u/2 — kloge))
21 g(2k1
+ OgE’;%/ 08 1) sinh(u/2 — kloge) “
oge

and

7k <Pl( y (1

0,m .
TII(h § - m) k) d
/ ( 210gsr 210g€)s0<o,m)(2+zr’ ) '

kEZ

1 1
- —h(0,0 —,0].
4 ( ) )@(0,771)(27 )

The series and integrals converge absolutely. Here, Ay is the constant term of the Laurent
expansion of (k(s) at s = 1 and Cg is the Euler constant. The case of (0,m) = (0,0) is
proved by Zograf [29] and Efrat [2].
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3. Proof of the Selberg trace formula for Hilbert modular surfaces
3.1. Orbital integrals and the fundamental domain

In this section we prove Theorem 2.22. We recall Theorem 2.20:
Z h(r; (2) / [Kr(z,2) — Hr(z,2)] du(z).
7=0 I \H2

Formally, we have
| Kreowen = S [ MeaonE ),
T \H2 v€Conj(I'x ) \ 2

Here, we put I’y be the centralizer of v in I'x. To prove Theorem 2.22, we calculate the
orbital integral

k(2,72)j(2) du(2)
ry\B2

explicitly for each I'k-conjugacy classes [y] of I'x. However, « is parabolic or type 2
hyperbolic, the above orbital integral does not converge.

Therefore, we introduce the truncated fundamental domain for I'x. First we construct
the fundamental domain Fi, of the group I'. (See Lemma 2.2.) By direct calculation,
we have,

Lemma 3.1 (Fundamental domain of I'n,). Let D be the discriminant of the quadratic
field K. We write (21, z2) = (21 + iy1, x2 + iyo) € H2.

(1) If D=1 (mod 4), put

. . 1 1
Fy = {(301 + Y1, T2 + iy2) ‘ 0< <1 — ﬁ>x1 + <1 + ﬁ>x2 < 2,
0<z —x3<2VD, e2< y1/y2 < 52}-
(2) Otherwise, put

Fy = {(x1+iy1,xg+iy2)|O§x1—|—x2<2, ngl—x2<2\/5,

P <y fyp <7}

Then F is a fundamental domain for the group I's, acting on H?.
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We define the standard truncated fundamental domain for I'k.

Definition 3.2 (Standard fundamental domain). Let Y > 1.

(1) The fundamental domain F' of I'x, which is contained in F, is called the standard
fundamental domain for k.

(2) FY = {(21,22) € F | y1y2 < Y} is called the truncated standard fundamental
domain for I'g.

(3) Let v be a parabolic or type 2 hyperbolic element of I'k.

FY .= J o(FY)
ser\r

is called the truncated standard fundamental domain for the centralizer of v in I'k.
2. Contribution of the identity, type 1 hyperbolic, elliptic and mized elements

In this subsection, we compute the orbital integral

k(z,72)jy(2) dp(2)
2

explicitly, when -y is the identity, an elliptic, a type 1 hyperbolic, a hyperbolic—elliptic,
or an elliptic-hyperbolic element. We note that all the integrals are convergent for these
elements. Let (m1,mz) € (2Z)2.

e Identity term: By definition, we have

Imma)i= [ k) = [ Hon, (2 200,0) du(2)

FK\H2 FK\H2

— (—1)m1+m2V01(FK\H2)@(0,0). (31)

And (0,0) is given by (see p. 396 in [14])

#(0,0) // ){m r”[m-mr%dt
T2 c’iwl@wz VA+E 1 VA F 12+t e

6u18uzg(u1’ uz) e—%que—mTzug dusdu
471,2 (ew1/2 — g—u1/2)(eu2/2 — ¢~u2/2) 182

e Type 1 hyperbolic terms: For type 1 hyperbolic element (v,v') € I'kx, we denote it
by ~ for simplicity. It is known that the centralizer of v in 'k is a free abelian group of
rank two. (See Theorem 5.7 in [2, p. 26].) We can easily compute (see also [2, p. 31])
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Hy(my,mas ) = / k(2,12)d (2) du(2)
r\e2

vol(I3\H?)g(log N (v),log N (v'))

T (N2 =N@A) 2 (NH)2 = N(y) 172) (3:2)

e Elliptic terms: Let R € I'x be an elliptic element. We may assume that R is
conjugate in G to the element

01 —siné 0y —sinf
R(01,0) = c9s 1 sin 61 ’ c.os > sin 5 .
sinf); cosf; sinfly  cosfqy
Let Ry be a generator of the centralizer of R in I'x and denote the order of Ry by
vr. Then Ry is conjugate in G to the element

<<cos(7r/1/R) sin(ﬂ/uR)) | (cos(m/uR) — sin(tr/vg) )) |

sin(m/vg)  cos(w/vR) sin(tw/vr)  cos(tm/vR)

where, t is an integer such that (vg,t) = 1.
We write R = Rf with (1 < k <wvr—1), and put (aj, 8;) = (cosb;,sin6;) for j = 1,2.
Using the formulas at pp. 389-394 in [14] (see also p. 1647 in [29]), we have

E(my,mg; R) == / k(z,Rz)jr(z) du(z)
(Ro)\H?

1
o k((z1, 22), (r(61)2z1,7(02)22))
H2

o (Brz1 + a1)™ (B2z2 + a2)™? dxydy, dradys
Biz1 +ar|™ [Bazz + g2 yi Y3
1 . i(my—1)0 . i(ma—1)0
= Toopmg e i

2 (mj—Du; et — e durd 33
2
X]R/z/g(uhuz)jr[je cosh u; —cosQHJ} wduz. (3.3)

e Hyperbolic—elliptic terms: Let v = (v7,7’) € G be a hyperbolic—elliptic element. The
group I, is infinite cyclic and there exists a generator v9 = (70,7() such that v = ’y{f
with k£ > 1. We may assume that (79,7() is conjugate in G to the element

N ()2 0 coswy —sinwy
0 N(v)~Y? )’ \sinwy coswy '
Here, N(v0) > 1, wp € (0,7) and wg ¢ 7Q. Using the formulas at pp. 389-394 in [14]
(see also p. 1647 in [29]), we have
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HE(my, my: ) = / k(2172)iy (2) dpu()
r\e

— / k((21,22), (N(7)z1,7(w)22))
(yo)\H?
(N(7)~Y/2)™ (zgsinw + cosw)™ dzydy daady,
IN(y)~1/2|m |zosinw 4 cosw|™2 47 Y2
_ log N (7o) jeilma—1w
N2 =N(y)~1/? 4dsinw

1 el — eZiw

x /g(logN(v),uz)emzzf “2{

— 00

— | dus. 34
COShUg—COSQW] 2 (34)

¢ Elliptic-hyperbolic terms: Let v = (v,7') € G be an elliptic-hyperbolic element.
The group I, is infinite cyclic and there exists a generator o = (7o, 7)) such that y =~}
with [ > 1. We may assume that (y0,7() is conjugate in G to the element

cosw) —sinwy N () /2 0
sinwj cosw) )’ 0 N2 ) )"

Here, N(v{) > 1, w{ € (0,7) and w{ ¢ 7Q. Then we have

EH(my, ma: ) = / k(2,712 (2) du(2)

I \H2

logN(yp) ieltm b
 N()Y2 - N(y)"1/2 4sinu
(o) T
< [ ottt [ T @55)
u1,lo e U . .
gun, 208 Y coshu; — cos2w’ |+
— 00

Putting together with the all results in this subsection, we obtain the term I(h) in
Theorem 2.22.

3.8. Parabolic contribution

Let I'p be the set of I'k-conjugacy classes of parabolic elements in I'x. Let (mq,ms) €
(2Z)? and Y > 1. We consider the parabolic contribution to the trace formula with the
truncation parameter Y:

PY (mq,my) := Z /k(z,yz)jy(z)d,u(z).

YEIP py
F’Y
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Here, F) = UéeI‘W\F S(FY) and FY = {(z1,22) € F | Im(z1)Im(23) < Y} is the
truncated standard fundamental domain for I'x, which is defined in Definition 3.2.
Then we have

Proposition 3.3. For m € 2Z and Y > 1, we have

PY(0,m) = 2logelog Y g(0,0)

+ [\/l_)Ao —4log€(log2+C’E)] (0,0) +10g5/ u,0) 4+ g(0, u)]d
0

272

1 I
B OgE ﬂ[ ]_—f—l'f’l + 7(14—@7’2)] h(’f‘l,T‘Q) d7’1dr2

9(0,u) m
+210g€/m ].—COShE’LL du+0(1) (Y—)OO)

0
Here, Aq is the constant term of the Laurent expansion of (k(s), the Dedekind zeta

function of K, at s =1 and Cg := lim,,, oo (1 + % +- % —logn) is the Euler constant.

Proof. We recall that the test function @ is written as @(x1,z2) = D1(x1)P2(x2) with
real valued @, and @5 by Assumption 2.21. By course of the same procedure at p. 1648
in [29] (note that Zograf’s 2v/D in [29] is v/D in our notation), we have

PY(ml,mg)

:4\/5(A_1logY+A0)Re{//[ (21 i) } 1[(2”“2)r2¢(u§,u§) duldug}

|2 + duq | |2 + dus]

+4vVDA_, Re{]o/oolog(uluQ) {(2 * ?ul)rl [(2 ki ?”2)]7”245(@, u3) duldu2}
0 0

|2 + duq] |2 + qus|
+o(l) (Y — o0).

Here, A_q, Ag are the coeflicients of the Laurent expansion of (k(s), the Dedekind zeta
function of K, at s = 1. In particular, A_1 = k\/%a. Put

Py(m1,ma)

- 4\/5(A110gY+A0)Re{77{ 2+ } 1{(2““2)}”&@(@,@) duldug}

|2 + duq | |2 + dus]

= VD(A_1logY + Ap)g(0,0).

Here, the last equality is derived from Definition 2.6.
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For j =1,2, put

Pj(my,my) = Re{77log(uj) [(2 * ?“1)} " {(2 ki ’:“2)} mz@(u%,u%) duldu2}.
0 0

|2 4 duq] |2 4 us|
We note that
PY(ml,mg) = Py(m1,m2) + 8log E{Pl(ml,mg) + Pg(ml,mg)} +o(1)

We calculate the case of (m1,ma) = (0, m).

2+ ius) 9 9
P D
5 ( = Re {// og(u {|2+zu2|} (uf, u3) duydusg

_ Re{7¢1 (u2) du 7log(u2) [(éi#ﬂ " 6y (u2) du2}

0 0

U

= %gl( ){—%(10g2+CE)g2( )+ hg( ——/hz 7‘2 11:(1+i7“2)dT2

17 g2(us) m
+§/m 1—COSh5U2 dUQ .
0

We refer to pp. 406-411 in [14] for the last equality. Thus, we obtain

oo

1 1 1 I .
Po(0.m) =~ 1052+ Ce)g(0,0) + § [ 90wy du— 1o [ hir,ra) (14 ira) dr
0 R2

17 g(0,u) m
0

Similarly, we obtain

1 1 T 1 I’ .
P (0,m) = —Z(log2+CE)g(O70) + g/g(u,O) du — W//h(rl,rg)?(l +iry)dry.
0

R2

The proof is finished. O
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3.4. Type 2 hyperbolic contribution

Let (mq,m2) € (2Z)? and Y > 1. We consider the type 2 hyperbolic contribution to
the trace formula with the truncation parameter Y:

0y ) =3 Y [ He i () duco).

k=1 g, aEFsty

Here, vi,0 = (ES Efk) with k € N, a € Ok are representatives of type 2 hyperbolic

conjugacy classes of Iy, given in Lemma 2.4,
SY i={(z1,2) € Fy, | Im(21) Im(22) <Y, Im(7(21)) Im(7'(22)) <Y}

and (7,7’) is an element of 'k such that
(r ) @/ (F =), /()" = () ")) = (0, 00).
We can show that (see [29, p. 1650])

/ B(5 Va2V (2) dp(2) = / B(2 W02 e (2) di(2) + 0(1) (¥ = o0).

Y SY
Tk,

Put 7, := e?* + £72* — 2 and recall that kg = ko(Vk,o) was defined after Lemma 2.4.
We can compute (see [2, pp. 91-97] or [29, (4.5.1), p. 1650])

/ k(2 v002) i (2) duz)

SY

ko - 2loge
= = N = F |// x1+77k,332+77k)

x [2logY —log N(A)* +log (23 + mi) + log(z3 + k)]
1 . m1/2 1 . ma/2
" (7%% ) (bﬁﬂ%) do1diy

Ve +4 — iz Ve +4 — iz
ko - 2loge
= Wf(\gkfgg_k”{fzo(ml,mg) + Rl(ml,mz) +R2(m1,m2)}.

Here, we put

Ro(my,ma) : // o2+, 23+ 77k) [QIOgY log N(A) }

(VA i\ A\
Ve + 4 — iz, Ve + 4 — iz e
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R;(my,mg) = //@(x% + Nk, T3+ k) log(x? + i)
2

y (mml)ml”(WHﬂcz)m“Qm dry (j=1.2)
Ve + 4 — iz Ve + 4 — iz 14%2 ’

and A € O such that the ideal (A) = (a,&¥ —e7F).
Firstly we note that

Ro(mq, ma) = [2 logY — log N(A)Q]Q(nkmk)
= 2(2 logY — log N(/l))g(Qk loge, 2kloge)

by using Proposition 2.7 and the formula g(u1,us2) = Q(e** +e %1 —2,¢e¥2 e 42 —2).
Hereafter let us compute the case of (my,ms) = (0,m).

Proposition 3.4. Let m € 2Z. We have

R1(0,m) = 210g(5k — e_k)g(2k log e, 2kloge)

T cosh(u/2)
2k1 . .
+ / 9(u, 2kloge) sinh(u/2) + sinh(k loge) du (36)
2k log e

Proof. We recall that the test function & is written as @(r1,22) = P1(x1)P2(z2) by
Assumption 2.21. Therefore,

Ve F A+ iz \ ™2

R R
= Ii(nk) - Q2(nk) = i () - g2(2k loge).

Here, I (ny) is given by
~/
T
0

N
:_l/< log(y — )dOQﬁ)
- Vy—n—12

The inner integral is evaluated as

og 247 Ql(x +n+t2)dtdx

8\8

— /2

y=n

log(y — t*

/ \;g(yizzdt2/10g(ycos29+nsin29)d92”“(@)'
y—mn-—

=T 0
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Here, we used the formula (see [12, 4.399]):

w/2 /2

/ log(l + asin? x) dr = / log(l + acos? x) dx

0 0

V1
= 7r10g(1+2+a) for a > —1.
Thus, we have
B = =2 [{log(VG + V) ~ g2} w) dy
n
= 2log2 / g1 (u) du — 2 / log(e“/2 —eTW2 p ek e ) g} (u) du
2k log e 2k loge
i h(u/2)
= 2log(c" — e7*) g1 (2k1 i d
og(e" —c")g1(2kloge) + / gl(u)sinh(u/?)Jrsinh(klogs) "
2k log e

The rest is clear. O

Proposition 3.5. Let m € 2Z. We have

: i h(u/2)
_ ko ok 9k 1 / cos
Ra(0,m) = 2log(e" — e™)g(2kloge, 2K loge) + sinh(u/2) + sinh(kloge)
2k log e
1 — cosh(m(u/2 — kloge))
2k1 du. 3.7
sinh(u/2 — kloge) 9(2kloge, u) du (3.7)

Proof. We recall that the test function @ is written as @(x1,z2) = D1(x1)P2(x2) with
real valued @, and @5 by Assumption 2.21. Therefore,

Ve + 4+ ixzo m/2

R R
= Q1(nk) - L2(nk) = g1(2kloge) - Ia(ny).

Here, I5(n) = Iz(ny) is given by
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[ oliNe )

//Q (23 +n+ %) log(23 + n)

0 —oo

2
12 —Re
s

VZFn+a+ 2 —t\™? I+iz\™?
( r5+n+4+ ) <\/77T+w:) dtdas

Vas+n+4+2+1t Vn+4—iz
0, VYy—n m
1y \/_\/y—n—§2 Vy+4+¢ 2 ’
—VYy—n

by changing the variables y = 22 +n + t? and ¢ = t. Next changing the variable £ =

VY — Esin p, we have

o0 71'/2
1 sinhw +icosp\"™
1 =——R 1 - 2 e bt !
2(n) = ——Re // og((y —n) cos <p+n)(coshw+smw> d<pQ2(y)dyl
n —m/2
with
y+4 . n+4
coshw =/ =——, sinhw =/ ——. 3.8
y—¢ y—¢ (38)

Let us consider the integral

/2

sinh w + 7 cos m
/ log((y — n) cos® ¢ + 1) (—‘p> ds@] :

coshw + sin ¢
—m/2

J(y) :=Re

Then we see that

b= [ I0)Qw) s =~ 0] + > [ W)@ dy
/2 [
= %QQ(U) / logndgo—i-l/f(y)Qz(y) dy
—m/2

1 oo
=2log(e" — e7*)ga(2k loge) —|——/J’ )Q2(y
7r
n

Let us consider the function f(z) defined by

F2) im (w - z)mLog«g — Q)2 +n)

e¥ + z z
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to evaluate the derivative of J(§). Here, Log(z) is the principal value logarithm whose

imaginary part lies in (—m, 7).

Let €,0 > 0 be two sufficiently small real numbers, and define the closed curve C' in

the complex plane, which is made up of two semi-circular arcs starting from ¢ = -3 446

to ¢ = § —d of the radii 1 and ¢, and besides they are joined along by the straight lines

p=%(3-9)

Considering the counterclockwise contour integral of f(z) along the curve C, by

Cauchy’s integral theorem, we have

/2

sinhw +icosp\ " 9 )
— ] 1 - d
/ (coshw—i—sincp) 0g((§ — ) cos” i+ n) idyp

7 ie? —z\™" 24271\ dz
o [(=2) (emn(55=) )%

K2

—m/2

/2 ) ) )
ie¥ —eetP\™ ee'? 4 e leT¥ 2
P L — - id
v <z‘eW+eeW> °g<(5 ")( 2 ) +”)“"
—7/2
T ie? —z\™ z4 271 2 dz
L _ haied
+/<iew+z) 0g<(£ 77)( 5 > +n) .

—1€

=0

(3.10)

(3.11)

(3.12)

Put ¢ := \/% —y/e%» then we see that e satisfies (¢ — n)((eg " —€0)/2)? = 1 and

n?
(3.10) and (3.12) are written as follows.

a0~ [ (52 foate - (2) ) i) 2

€0

*]J(Zi)m{log(n—(s—m(y12y)z)}d_yzg

and

(3.12) = /1<Z: fi)m{log@ — (- <y—12_ y>2) }d_;

€0

) el () ) o
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While, (3.11) is evaluated as

/2

(3.11) = / [1+0(e)] [log(l/e2) +log<£;n> — 2i<p+0(62)] ide.

—7/2

Take the real part of
(—i) x {(3.9) + (3.10) + (3.11) + (3.12) },

and we obtain,

€

Frev —y\"dy e +y\™d 1 -
reenf(ay) e () - rleela) ()]

€ €

-ofn(2))

Therefore, we can rewrite the above formula as follows.

€0 m s w m
O (G [
e +y Yy e —y Y
_7rlog(5 1 77) + 2mlogeg

-ofu(2))

Letting € — 40, we have an expression for J(§). Changing the variable y = e~

“in

the integral, we have

I (=S

+27710g<@)

with g := logey . Then we obtain an explicit formula for the derivative of J(€).

dJE) o <3w 3u0>

dg f(f+f> e "o

I e R A A
T o = 0¢ ew 4 g uo ew — e~ uo '
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By noting that

e —e 0  E+A+nF+A-VE+\n  ntd+n £
vttt VEHAH VI TA+VE- VI VEFA+VE e

ow 1 Vn+4 OJug 1 vn

96 26— VETL 98 26— VE

ow  Oug 1 gkeuw/2 — g=ke—u/2

T e

with £ = e +e™% — 2.

We obtain
dJ(f) _ ™ + 2w ek U/2 5*ke*u/2
dg ‘/E<\/€+\/—) §—n e —e U

w/2 -k, ,—u/2
- S T e (o)

Then, we have

J’(e“ +e v — 2) . (e“ — e_“)

R 4 o) (e e ) L em s
T eu/2 _gu/2 4ok _ ok £ {2_(6/5 ) _(6/5 ) )
m cosh(u/2) ™

sinh(u/2) + sinh(kloge) + sinh(u/2 — kloge) {1 — cosh(m(u/2 — kloge)) }.

Substituting the above equality into the following, the proof is completed.

™

1 o0
I, = 2log (" — e7%) g2 (2k loge) + /J' £)Qo (&
n

= 210g(5k - z—:_k)gg(Qk loge) + % J(e"+e ™ —2)ga(u)(e" —e*) du. a
2k loge

Putting together with the results in this subsection, we obtain

Proposition 3.6. For m € 2Z and' Y > 1, we have
HY (0,m) = 4logelogY Zg(Zk; loge, 2k loge)
k=1

ko (ko) log(N (e, e —e™"))
—4logsz Z IN(F = F)) g(2kloge, 2k loge)

k=17 o E€Tu2
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[ee]
+4loge Z log(e* — e7*)g(2kloge, 2k loge)
k=1

+2loge Z / (u,2kloge) + g(2kloge, u)]
k= Lok loge
y cosh(u/2)
sinh(u/2) + sinh(k loge)

— cosh(m(u/2 — kloge))
: du
sinh(u/2 — kloge)

1
+210gsz / g(2kloge, u)
k= 12klog€

+o(l) (Y = o0).

Proof. By noting the fact (see [2, Proposition 3.3, p. 97] or [29, p. 1650])

)

Z ko(y) = |N(£k —e™h)

vETH2, N(v)=e2F

the rest is clear. 0O
3.5. Contribution from FEisenstein series

Let m € 2Z and Y > 1. Define the contribution from the Eisenstein series with the
truncation parameter Y by

EIY(0,m) := /Hp(z,z)d,u(z).

By using the Maass—Selberg relation (Theorem 2.13 ), we obtain

Proposition 3.7. For m € 2Z, we have

EIY(0,m) =2logelogY Z g(2kloge, 2k loge)
kez

kO Plom) (1
Z/ ,T = il ©O.m) —4ar,k | dr
2log5 2loge J w0,m) \ 2

keZp

+ ih(o,om(am) (%o) +o(1) (¥ — oo).
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Proof. By definition of the kernel function Hr(z, z), we can check that

/ Hr (2, 2) du(2)

1 wk wk 1
=———|[d h — EY = +irk
87r\/D10g6F/ M(Z){Z/ <r+210g5’T 210g5>’ (07m)(z,2+zr, )

=3

2
dr]

+o(l) (Y — ).

Next we use the following special case of Theorem 2.13:

1
/’E(%’m) (z, 3 + 1, k)
F

Plom) (1
- 2\/Dlogs[2logy - % ( +ir, k)
(0.m)

du(z)

+ do,

. <P(0,m)(% —ir, ())Y?ir _ QP(OM)(% + i, 0)Y2i'r:|
2ir :

Finally we obtain the desired formula as in the proof of Proposition 1.1 in [2, p. 85]. O
3.6. Cancellation of the logY terms

Let us complete the proof of Theorem 2.22. Let m € 2Z. By Propositions 3.3, 3.6
and 3.7, the logY terms are canceled out and we have

Y >0
velPUlH2 ny
5

i { Y [ ke - [ HrG e )
2

= lim {PY(0,m)+ H) (0,m) — EIY (0,m) +o(1)}

Y — oo
= PY(O,m)|y:1 + H2Y(0, m)|y:1 — EIY(O,m)|y:1

=: P(0,m) + Hy(0,m) + SC(0,m). (3.13)

We see that P(0,m), Hz(0,m) and SC(0,m) are identified with IT,(h), II;(h) and ITI(h)
in Theorem 2.22 respectively. The series and integrals appearing in these terms are
absolutely convergent by the assumption on the test functions h in this theorem. Thus
we complete the proof.
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4. Differences of the Selberg trace formula for Hilbert modular surfaces
4.1. Differences of the Selberg trace formula

Let m € 2Z. We introduce Maass operators Ag) and K,(f ), which play important roles
in considering the “differences” of the Selberg trace formulas. We refer to [14, Proposi-

tion 5.13, p. 381] and [22, pp. 305-307] for basic properties of these Maass operators.
Firstly we consider the following “weight down” Maass operator

AP = in% - yzi + = :LﬁiS(FK\HQ; (0,m)) — L3 (I \H?; (0,m — 2)).
2 2

Recall that

Ker(/lg)) = {f € Lo (T \H; (0,m)) ’ AR = %<1 - %)f}

ie. A® = Z(1 — 2)-eigenspace.

When Ker(/l@,)) is not trivial, let {§ 4 p;(m)?}52, be the set of eigenvalues of A(l)
)

acting on Ker(/l( ), then we have a direct sum decomposition into eigenspaces of the
Laplacians

Ker(A®) @Ldm(FK\H < +pi(m )%(1—%)),(071@). (4.1)

Secondly we consider the following “weight up” Maass operator

0 0 m — 2
K2, = ifa g+ g+ L3, (T \H?; (0,m — 2)) — L (T \H?; (0,m)).
Recall that
Ker(K?),) = {f € L3, (' \H2; (0,m — 2)) ' A@f = % (1 - %)f}

ie. A(®) = (1 — 2)-eigenspace.

When Ker(KﬁlQ) is not trivial, let {1 + p;(m — 2)? 520 be the set of eigenvalues of
Aél) acting on Ker(Kg)_Q), then we have a direct sum decomposition into eigenspaces
of the Laplacian

Ker (K @LdlS(FK\H ( + i (m — 2)2, 2(1-%)),(0,771—2)).

7=0
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By considering the two kernel spaces (4.1) and (4.2), we subtract the Selberg trace
formula for L?(I'x \H?; (0,m—2)) from the one associated with L?(I'x\H?; (0,m)). Then
we obtain (we give a proof in the next subsection).

Theorem 4.1 (Differences of STF for L*(I'x\H?; (0,m)) — L*(I'x \H?; (0,m — 2))). Let
m € 27Z. We have

Zo_o%hl (bs(m))he <Z(mT_l)> - ihl (1 (m — 2)) o (@)

i(m — 1)) vol(I'k \H?)

=(m— 1)h2( 5 162 / r1hi(ry) tanh(mry) dry

_ o —i01+i(m—1)0, (m — 1
r T mnan ()
R(01.02)€Ts VR SIn vy Sin e

ur __ 2i91
o P R
R

coshu; — cos 26,

log N (7o) iettm=hw = [i(m —1)
log N h
- Z N(7)1/2 *N(’Y)flﬂgl(Og (7)) 2sinw 2 2

(v,w)€lnE

—sgn(m — 1) logegy (0)hy (m)

2

. _ 1 o0
—2sgn(m — 1) logehy (%) Zgl(2klog g)e~kIm—1l,
k=1

Here, we consider that the sum on p;(m) is empty if Ker(/ls,z)) is trivial, and the sum

m—2

on p;(m —2) is empty if Ker(K(Q) ) is trivial. (See also (5.5).)
4.2. Proof of the differences of the Selberg trace formula

We prove Theorem 4.1 in this subsection. (Basic strategy is the same as the case of
the trace formulas for PSL(2,R), see [14, pp. 481-485]).
e Spectral side:
By (4.1) and (4.2), the difference between the spectral sides of L?(I'x\H?;(0,m)) and
L?(I'\H?; (0,m — 2)) is given by

Entm(25) St (52)

J=0
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e Identity term:
Put I(m) := I(0,m) — I(0,m — 2). Here, I(m1, m2) is defined in (3.1). Then, we have
(see pp. 396-397 in [14])

tm) vol (g \H?) // g1 (u1)gh(usg)

): 4772 6“1/2—6 u1/2)(eu2/2_e—u2/2)

% {efmuz/Q _ 67(m72 7@/2} dulduQ
vol(I'kx \H?)

i a— /rlhl(rl)tanh(wrl)drl/gg(uz)e_(m_l)“2/2 dusg X (
T
R R

1)“’1(11;3 d D g (i(mQ_ 1)) / rohy(r1) tanh(rry) dry.

R

m—1)

= (m —

e Elliptic terms:
Let R be an elliptic element. Put E(m;R) = E(0,m;R) — E(0,m — 2; R). Here,
E(m1, ma; R) is defined in (3.3). Then, we have
_e~101+i(m—1)6; —u m—1)u . m=3)u
E(miR) = ———— // g(ur,ug)e =" {e< 2 o 2ifa “}

16vp sin 01 sin 05

2 eli _ o2i0;
X | I — | dudus
! cosh u; — cos 20;
Jj=1

_67i91+i(m71)92 'L(m _ 1) eul _ 62i91
_ h —u/2 du.
8 sin 07 sin O 2( 2 ) /91 (ur)e [cosh u1 — cos 204 “
R

e Hyperbolic—elliptic terms:
Let v be a hyperbolic—elliptic element. Put HE(m;~y) := HE(0, m;~) — HE(0, m — 2;7).
Here, HE(m1,mo;7y) is defined in (3.4). Then, we obtain,

T N IOgN(’Y()) Z'ei(m—l)w L —2iw —u
HE(m:) = Go572 —N(7) 7 dsimw /g(logN() we Tt {1 e

— 00
24w
e —e
‘ [—]du

cosh u — cos 2w

log N (7o) jellm—1)w i(m—1)
= Ny —n e s N ) e (T )

e Parabolic contribution:
Put P(m) := P(0,m) — P(0,m — 2). Here, P(0,m) is defined in (3.13). Then we have,

oo o

Plm) = —logagl(())[/gg(u) =yt udu—/gQ(u)e—%“ dul.

0 0

(4.3)
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e Type 2 hyperbolic contribution:

Put Hz(m) := H2(0,m) — H2(0,m — 2). Here, H2(0,m) is defined in (3.13). Then we
have,

Hy(m) = 210g6§: / g(2kloge,u)
k=15 log e
" cosh((m — 2)(u/2 — kloge)) — cosh(m(u/2 — kloge))

d
sinh(u/2 — kloge) “

=loge Z / g(2k log e, u){e—(m—l)(u/2—klog e) e(m—l)(u/2—k log E)} du.

k=1 2k log e
Therefore, we have

oo

Hy(m) =2loge Zgl(%log €) lek(ml) / gg(u)e*mT_lu du
k=1 2k log e

— g k(m=1) / gg(u)emT_l“ du] . (4.4)

2k log e

Finally, we calculate the scattering contribution to the differences of the trace formula

for Hilbert modular surfaces. Put SC(m) := SC(0,m) — SC(0,m — 2). Here, SC(0,m)
is defined in (3.13).

Proposition 4.2 (Scattering contribution).

SC(m) = —2sgn(m — 1) logngl(Qk log €) lg—mm—u /gg(u)e_ A
k=1

0
') 2k log e
+€k\m71\ / gg(u) eilmgl‘udu—i-gik‘mil‘ / gz(u)elmzlu(ju]
2k log e 0
— 2sgn(m — 1) log £g1(0) / go(w)e™ U du, (4.5)
0
Proof. Firstly, we can easily check that
(—1)m/2 I(s)* (s — 1)? (k(2s—1)

m)(s,0) = )
P (0.m)(s,0) D1=2s74s=2 (s 4 ) (s — m (L — 5)2 (e (1 — 25)
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by using the functional equation of the Dedekind zeta (x(s). Thus we have

@(07m)(%70) =1.
Secondly, by the explicit formula for (g ,,)(s, k), (see (2.9)) we see that

ik m wik m -t
k _ L)l = __m _ AR | )
QO(O,m)(& )(p(O,m 2) (5, ) (S 210g€ 2 S 210g8 + 2

So we have

Clom)  Plom— 1 1
(o _Fomn)(1 iy ot
Pom)  POm—2)/) \2 (r— )2+ (75)?

Therefore, we have

1 Vi k m—1
S = /h(?‘—i— , T = ) — dr
;Z . 2loge’ 2loge (r_2g25)2+(m71)2
[ i)
Z h{r+ dr. (4.6)
T ez IOgE r? 4 (M)

Thirdly, we use the Poisson summation formula to calculate (4.6) further. Let us deter-
mine the sequence {ay} such that

. loge
Zh1<r+—5>=ZakeXp<2mkr~ f )

keZ keZ
Then
7w/ loge 00
k - 1 )
a = / Z hy (T + 7T )e2k log e-ir dr — oge / hl(T)672k log &-ir dr
loge 0

0 keZ _

I

= E(Zﬂ)gl(%log g) = 2logegi (2kloge).

™

So (4.6) is written as

= 2loge r oscir m—1
8§C(m) = —= > g1(2kloge) / ho(r)e2k loe mdr. (4.7)

keZ 2

— 00

Finally, let us evaluate the following integral

1 m—1
= ha(r)———— dr,
(o
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and

oo

1 - - m—1
7ﬂ2_i_(m—1

Ik = E hg(’/’) (e2k log € ir 4 672]{‘ logszr)

for k € Z and k > 0. Recall that

oo

ha(r) = 2/gg(u) cos(ru) du

0

and (see [12, 3.723 (2)])

/ cos(ru) dr = T lmelly
(T ]
0

for m # 1 (we assumed that m € 2Z). Then we obtain

o0
Iy = sgn(m / g2(u g,
0
While, we have

I =

=1|H
0\8

/92 -2 cos(ru) cos(r - 2k log 5)
0

m—1

2

am
0\8

1

2

+
3| =
0\8

Therefore, we have

o0
0

o

+sgn(m — 1) /gg(u)e_ =2k logel gy,

0

m—
24 (m52)?
92(w) cos(r(u + 2klog e) 2 =iy
0/ Sy

/ 92(u) cos(r(u — 2k loge)) ,ﬂﬁ
0

U

dr

drdu

drdu.
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o0
= sgn(m — 1)~ Flm=1l /gg(u)e e gy
0
o0
1]
+ sgn(m — 1)ekim=1l ga(u)e” 2 Ty
2k loge
2k log e
+ sgn(m — 1)eFlm=1l / go(u)e e gy
0

for k£ € N. We complete the proof. 0O

We can now put together with, the parabolic contribution (4.3), the type 2 hyperbolic
contribution (4.4) and the scattering contribution (4.5), then we obtain

Proposition 4.3.

P(m) + Ha(m) + SC(m)

= —sgn(m — 1)loge g1(0)hs (w)

—2sgn(m — 1)loge Z g1 (2klog e)e~FIm=1lp, (W) . (4.8)
k=1

Proof. By (4.3) and (4.4), we see that

P(m) = —sgn(m — 1) logegy(0) l/gg(u) Lt g, — /92(u)e*@u du] 7

0 0
and
H—z<m>=2sgn<m—1>1ogsZgl<2klogs>[sk'm1' / ga(w)e ™7 du
k=1 2k log e
_ —k|lm-1] lm Ly,
€ g2(u)e du|.

2k log e

Thus we have

P(m) + Ha(m) + SC(m)

[oe] oo
= —sgn(m — 1)logeg; (0 [/gg lludu—&-/gg(u)e_mle“du]
0
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oo
—2sgn(m —1) logEZm 2kloge) l_mm 1'/92 "du
k=1 0
[eS) 2k log e
4 o= klm—1] / go(w)e "5 dy 4 e—Hm=1] / ga(w)e™F Hudu]
2k log e 0

The rest is clear. O
By using the above proposition, we complete the proof of Theorem 4.1.
4.8. Double differences of the Selberg trace formula

We wrote down the differences of the Selberg trace formulas for L?(I'x\H?; (0,m))
and L2(I'x \H?; (0,m —2)) in Theorem 4.1. Let us denote the above differences formulas
as L(m) — L(m — 2). Next we assume that hg(l D) 2 0 and hg(l(m 3)) 0, then
consider the “double differences”:

(L(m) — L(m — 2))ha <%> — (L(m —2) = L(m — 4))hs <w> o

Then we have,

Theorem 4.4 (Double differences of STF for L*(I'x \H?; (0,m))). Let m € 2Z. We have

D hu(ps(m)) = ha(u(m=2)) = hi(pj(m—2)) + > ha(pi(m — 4))
=0 =0 =0 =0
VO 2 7
= % / rhq(r) tanh(mr) dr

— 00

o

'—i@l i(m—2)92 u 2i91
-y e et e

R(61,02)€T 4vp sin 01 . cosh u — cos 20,
log N(,YO) i(m—2)w
h Z N(,y)l/2 _N(7)71/291(10gN(’Y))€
(v,.w)€lne

—logeg1(0) (sgn(m — 1) — sgn(m — 3))

o0
—2loge Z 91(2kloge) (sgn(m — De Fm=t _ggn(m — 3)5_k|m_3l).
k=1

Here, we consider that the sum on p;(q) is empty if Ker(/lgm) is trivial (¢ = m,m — 2),
and the sum on p;(q — 2) is empty if Ker(Kf_)Q) is trivial (¢ = m,m — 2).
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Proof. By direct computation. O
5. Selberg type zeta functions for Hilbert modular surfaces
5.1. Selberg type zeta functions

Let (v,7") € I'r be hyperbolic-elliptic, i.e., |tr(y)| > 2 and [tr(y")| < 2. Then the
centralizer of hyperbolic—elliptic (y,7’) in 'k is infinite cyclic.

Definition 5.1 (Selberg type zeta function for 'y with the weight (0,m)). Let m > 2 be
an even integer. The Selberg type zeta function for I' with the weight (0, m) is defined
by the following Euler product:

m) = H H(l — ei(m_2)“°N(p)_(k+s))_1 for Re(s) > 1

Here, (p,p’) run through the set of primitive hyperbolic-elliptic I'x-conjugacy classes of
I, and (p,p’) is conjugate in PSL(2, R)?

(7)) ~ N(p)/? 0 coswp —sinwy
’ 0 N(p)~%/2 )’ \sinwy  coswp ’
where, N(p) > 1, wy € (0,7) and wy ¢ 7Q.

Theorem 6.12, which we prove in the next section by using Theorem 4.4, ensures that
the Euler product is absolutely convergent for Re(s) > 1. Therefore, Zk (s;m) represents
a holomorphic function on the half plane Re(s) > 1. We remark that the exponent is —1
in the definition, which differs from the original one.

For an even integer m < 2, we see that

Zk(s;m) = Zk (3,4 — m).

Thus, it is sufficient to consider Z (s;m) for an even integer m > 2 by the above relation.
We show that Zx (s;m) has a meromorphic extension to the whole complex plane by
using Theorem 4.4 (double differences of the Selberg trace formula).

5.2. Test functions

Let us consider the logarithmic derivative of Zk (s;m). For Re(s) > 1

6i(m72)w0 N(p) —(k+s)

d
o log Zk (s;m) (Z) ;;) log N(p ~ eilm=2)w0 N (p)—(k+9)
p.p’

Z Z logN N(pz)*sei(mﬁ)lwo_ (5.1)

(p,p")
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Usually, we introduce a certain test function A(ry,r2) to get a meromorphic extension of
the logarithmic derivative of the Selberg type zeta functions.

We can check that the Selberg trace formula (Theorem 2.22) holds for the test function
h(ry,72) which satisfies the following condition (see [2, p. 105] or [29, p. 1651]):
(1) h(xry, £re) = h(ry,r2),
(2) h is analytic in the domain |Im(r1)| < =z + 0, | Im(r2)| < m + ¢ for some § > 0,
(3) h(ri,re) = O((1 + |r1)? + |ra|?)~279) for some ¢ > 0 in this domain,
(4) g2(uz) € CZ(R).

We remark that the last condition assures the absolute convergence of the geometric side
of Theorem 2.22, in particular that of II,(h).

Let us consider the following test function: Firstly, we fix real numbers (1, 82 > 2,
B1 # Ba. For s € C, Re(s) > 1, we set

(B — (s — 5)*) (B3 — (s — %)2)

M) = G — 1) + ) (2 + D)
_ 1 ci(s) 02(8)
7r2+(s—%)2+r2+612+r2+6§ (5~2)
with
(s—3)—p3 _ (s—9)r -8
iy - e

(See Parnovskii [21] for this type test functions.) The Fourier transform of h; is given by

1 [ . 1 als) - ca(s)
iru — (s )|u\ Bl ﬂ2|u|
gl(u) 2,” /hl() dr 28—16 + 251 + 252

Secondly, we take ga(u) € C°(R) such that its Fourier inverse transform hq(r) satisfies
hg(m—l) # 0 and hg(z(m 3)) # 0. Then we can easily check that our test function
h(ry,72) := hi(r1)ha(re) satisfies the above sufficient condition for Theorem 2.22.

Thirdly, let us assume that m > 4 for simplicity. We will treat the case of m = 2 in
the next subsection. Let m > 4 be an even integer. Then we have

(Ker(K( ) 2)s Ker(K(2) ) = { ({0},C) ifm=4,

({0},{0}) ifm >6. (5.3)

Here, K% K®

o, K, 4 are the weight up Maass operators and their kernel are given by

Ker(K{2) = {1 € Zhu (B (0.0 =2) | aas = 5 (1)1}
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for ¢ = m,m — 2. The fact (5.3) is deduced from Lemma 2.18 and that the Hilbert mod-
ular group I’k is an irreducible discrete subgroup. We also recall that {; + p;(m)? o

and {§ + p;(m — 2)?}32, are the set of eigenvalues of A(()l) acting on Ker(/lg,zl)) and
Ker(Ang) respectively. Here, ASZ), Afilz are the weight down Maass operators and
their kernel are given by

Ker(A®) = {feLdls(FK\HQ (0,9)) ‘A(Q 2(1—§>f}
for ¢ = m,m — 2. If we set A\;(q) := 4—|—pj() for ¢ = m, m — 2, we note that

0< )\0((]) < )\1(q) < )\g(q) <... (54)

since 'k is irreducible and m > 4.
Finally, we consider Theorem 4.4, the double difference of the Selberg trace formula,
for the above test function (5.2). Then we have

Theorem 5.2 (Double differences of STF for the above test function hy and hs). Let
m >4 be an even integer. For Re(s) > 1, we have

= 1 2 cn(s)
lexmw ryrw oD Dl ey

=0 h=1
>0 2
_Jzo[ﬂﬂm— 2>21+ (s—35)? Z; pj(m?és))? + 5
ot S

2
cn(s) Z (5 + Brym)
* Z 26n Zr (5 + Brsm)

. _liwz:vj—l—azmj) ag(m )w<5ﬂ)

=1 1=0
ZCh(S)i”"_lu—l—almg) @i(m,j) (L +Bn+1
+ tooimpomny (o)
h=1 26 j=1 1=0 vi vj
1 d 1 — g—(2s+m—4) 2 d 1 — ¢~ (2Bnt+m=3)
+ — log ( 6_ — ) +Z—ch() log ( 6_ — ) .
25 —1ds (1 — g—(2stm=2)) 2065, dBs (1 — e—(@Br+m—1))

h=1

Here, ¢(z) = diz log I'(2) is the digamma function.
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Proof. We compute each terms appearing in Theorem 4.4 for the test function hi(r)
given by (5.2).

o Discrete spectrum: We denote the spectral side of Theorem 4.4 by Agpec(s;m). By
the fact (5.3), we see that

Agpee(s;im) =Y i (pj(m)) = > 1 (pj(m —2)) + 6 aha (i/2).
j=0 §=0

e Identity term: We denote the identity contribution by A;4(s). By the proof of Propo-
sition 4.9 in [13],

Auals) = %f(zvﬂp){wtan <7r <s - %)) + ich(S)wtan(th)

h=1

2 cn(s)
ﬂh+ +k };Bh* k”

Mw

2l

s+k s—1-— = 5
o) 2 c (8)
h
Bl e R Dy v |
P Pyt Bn+35+k
Here, we used the partial fractional expansion of cot(rz), the fact ¢;1(s) + ca(s) = —1

and the formula by Siegel (see Theorem (1.1) in [7] or Proposition 5.1 in [4]):

vol(I'x \H?)
472

= 20k (—1). (5.5)
e Elliptic term: We denote the elliptic contribution by Aep(s;m). This is given by

oo
ie—i91 ei(m—2)02 et — 62i91
Aan(s;m) = — - we Wl ——— _|du
en(s;m) R(@lgz‘:)eFE 4vp sin 6, /91( ) [coshu—cos%l]
’ — 00

_ Z (m=2)02 7 u) cosh(u/2) du
cosh u — cos 26,
0

R(01,02)€lE

By noting (10.29) and (10.31) in [15], we have

N vi—1lv;—
' ~ — exp(t (mkt )/vi)sin((20 4+ 1)k /v;)  (s+1
Aell(& 1 Jz; kzl lz(; ] Sln(’frk/l/j) w( Vj )

2
1
Jr};ch(s) . {the same for s = 3 +[3h}.
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Next we use the following equality

vi—1 .
]z: pi(m=2)(rikt;) /v sin((20 + 1)7k/v;)
sin(mk/v;)

1 vi—1 jei(2au(m,j)+1)mk/v; vi—1 je—i@a(m,j)+1)mk/v;
2 sin(mk/v;) a sin(mk/v;)

k=1 k=1

=——{ (vj = 1= 2ay(j,m)) — (v; — 1 —2ai(j,m)) }

=V;— 1 —Oé[(j7m) _OTZ(]JH)

Here, the integers oy (j,m),aq(j,m) € {0,1,...v; — 1} are defined in (2.1). The above
equality is deduced from (see [3, p. 67]).

AN

—1 ie —i(2a+1)7k/v

=v—1-2 0,1,...v; —1}).
— sin(wk/v) g @ (ee{0l v —1})

Therefore, we have

N vj—1
(i) = 28712 Z vj —l—az(Tzzj)—az(m ])¢<S:;l)

j=1 1=0 J
N vj—1 1
cn(s) vi—1—ay(m,j) —ai(m,j) (5+06n+l
IDIE 2D " o),
h=1 j=1 1=0 J

e Hyperbolic—elliptic term: We denote the hyperbolic—elliptic contribution by
Apyp-enn(s). This is given by

m) = ! log (%) (s—1/2) i(m—2)w
Anpen(sim) = —g-—3 ) NG~ Ny ) e
(v,.w)€THE
- 1
_ Zch(s) . {the same for s = 5T ﬁh}
h=1

_ L Ziglsim) g enls) Zie(y o+ P )
2s — 1 Zk(s;m) 28 Zic(L+ Brim)

h=1

The last equality is derived from (5.1).
e Parabolic plus scattering term: Since m > 4, sgn(m — 1) — sgn(m — 3) vanishes and
this term contributes zero. So, Apar/sct(s;m) = 0.
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e Type 2 hyperbolic plus scattering term: We denote the type 2 plus scattering con-
tribution by Apnypa/sct(s;m). Then,

oo

2loge (25— k(m— Ck(m—
Ahyp2/sct<5§m) = _255;1 ZE h(2 1)(5 Fm=1) _ g=klm 3))
k=1

2
1
— > enls) {the same for s = o + gh},
h=1

Nothing that

—(2s+m—2) 1 d

Zg—k(Qs—l)E—k(m—l) __€

_ -1 1 — —(2s+m—2)\ 1
Pt 1 — e @2stm=2)  2logeds og(1-e )

for Re(s) > 1 —m/2. For Re(s) > 2 —m/2, therefore, we have

d (1 o 6_(2S+m_4))
Anypa/sct(s3m) = 25— 1ds log{ (1 — e—(2s+m—2))
2 _ ~—(2Bp+m—3)
+ Z i) 4 log{ 0 87(25 +m1)>}
= 2Bn dfn (1 - )

The proof is finished. O
5.8. Analytic continuation of Selberg type zeta functions
We prove

Theorem 5.3. For an even integer m > 4, the Selberg zeta function Z (s;m), originally
defined for Re(s) > 1, has an analytic continuation to the whole complex plane as a
meromorphic function.

(1) Zk(s;m) has zeros at
s = & +ip;j(m) of order equal to the multiplicity of the eigenvalue t + p;j(m)?* of
Aél) acting on Ker(/lgfb)),
s:l—%—&—lgéks of order 1 for k € Z.
(2) Zk(s;m) has poles at
s= % +ip;(m—2) of order equal to the multiplicity of the eigenvalue i +pj(m—2)?
of Aél) acting on Ker(Ang),
s=2-2+ lg;kg of order 1 for k € Z.
(3) Zk(s;m) has zeros or poles (according to their orders are positive or negative) at
s = —k (k € NU{0}) of order (2k+1)E(Xx)+2 31 [k/vj] —2kN =300 By, j(m).
(4) If m =4, Zk(s,m) has additional simple zeros at s =0 and s = 1.
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Here,

Ker(42)) = { f € L3 (T VB (0,9)) | AP f = g(l - g)f}

forg=m orm —2, and E(Xg) denotes the Euler characteristic of the Hilbert modular
surface X and the definition of the integers B, (m) will be given in (5.6). When the
location of two zeros or poles coincide, the orders of them are added.

Proof. To get a meromorphic extension of Zg(s;m), we show that the logarithmic
derivative of Zk(s;m) has a meromorphic extension to the whole complex plane and
its poles are all simple with integral residues. By Theorem 5.2, it is easy to see that
(25 — 1)Agpec(s;m) and —(2s — 1) Apypa/set(s;m) are meromorphic over the complex
plane and their poles are all simple with integral residues. So, we consider the function:

g(s;m) == —(25 — 1) (Aia(s) + Aen(s;m))

We see that g(s;m) is also meromorphic and only have simple poles at s = —k for
k € NU{0}. By the identity

v—1
1 s+1
—Zw( ) =1)(s) — logw,
v v
1=0
we have
vi—1
a1 — Vj — 1 —a(m,j) —ay(m,j) [s+1
Ej(s) = 25 — 1 Z V2 ¥ v;
1=0 J
vi—1
1 1 v —2s—ay(m,j)—a,(m,j) (s+1
= = —logv; J .

Thus, for k € NU {0}, (we write k =+ v;n with [ =0,1,...,v; — 1)

—Resg=_1(2s — 1)E;(s)

)

_ 2k+1+2[k] Lo culmy ) +au(m, ) - 2

Vj Vj Vj

with | = k — v;[k/v;]. Put

al(maj) +al(m7j) — 21
vy

Br.,i(m) = with [ = k — v [ﬁ} . (5.6)

vj

We see that Sy j(m) € Z since ay(m, j) + ay(m, j) = 21 (mod v;) by (2.1).
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Therefore, we have

=7 = L
N
*Zﬂk,j(m
j=1
N
= (2k + 1)E(Xk) +22{ } —2kN = Br.;(m).
j=1

Here, E(X) is the Euler characteristic of the Hilbert modular surface X and we used
the formula (see [7, Theorem (1.2), p. 60]):

Vi —

E(Xk)=2(k(-1) + Z

Hence the residues of g(s;m) are all integers. The rest of proof is clear. O
5.4. Functional equation of Selberg type zeta functions

Theorem 5.4. Let m > 4 be an even integer. The function Zk (s;m) satisfies the following
functional equation

A

Zk(s;m) = Zg (1 — s;m).

Here the completed zeta function Zx (s, m) is given by

A~

Zi(s3m) := Zg (s;m)Zia(s) Zen(8;m) Zuypa /sct (83m)
with

Zid(S) = (FQ(S)FQ(S + 1))2CK(—1)

N vj— 1 j—1- ap(m,j)—ag(m,j)

Zen( H H F<S—H> N
j=1 1=0

—1
m m
ZhYPQ/SCt(S;m> = (e (3 + 5 — 1> Ce (8 + 5 — 2> ,

where, I5(z) is the double Gamma function (for definition, we refer to [17] or [11,
Definition 4.10, p. 751]), v1,va,...,un are the orders of the elliptic fixed points in Xk
and the integers aj(m,j),a;(m,j) € {0,1,...,v; — 1} was defined in (2.1), ((s) =
(1 —e72%)~1 and € is the fundamental unit of K.
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Proof. Starting from the formula in Theorem 5.2, we compute the difference of the both
sides at s and 1 — s. We see that

2r(1) - (28 = Dreon(ns) + ( T+ TG )

+ (Zéll(s) + Zéll(]‘ B 8)) + ( hyp2/sct(s) Z}’lpr/sct(]‘ S))
Zeu(S) Zell(l - S) Zhyp?/sct(s) Zhpr/sct(l 3)

207

by the partial fractional expansion: wcot(mws) = Z;io[ﬁ - ﬁ] Let I(s) :=
20k (—1) - (2s — )mwcot(ms). It is known that the double sine function Si(z) :=
(2 — 2)I2(2) 7! satisfies the differential equation (see [17, Theorem 2.15, p. 860]):

dii log S5(2) = — (2 — 1) cot(2).

Therefore,

1(5) = ~2xe (1) Tor(S2()Sa(s + 1)) = ~2xe(~1) log(FQ}j(s)s) f;g - f;)
_Zy(s) |, Zyl1-9

a Zid(S) Zid(]- — S)'

Integrating and exponentiating, we obtain the desired functional equation. O
6. Ruelle type zeta functions and applications
6.1. Ruelle type zeta functions

We consider the following Ruelle type zeta function

Definition 6.1 (Ruelle type zeta function for I'r). For Re(s) > 1, the Ruelle type zeta
function for I' is defined by the following absolutely convergent Euler product:

Rk (s) := H (1- N(p)_s)_l.

(p,p")

Here, (p,p’) run through the set of primitive hyperbolic—elliptic I'x-conjugacy classes of
Iy, and (p,p’) is conjugate in PSL(2,R)? to

0= (0 ) ()

Here, N(p) > 1, w € (0,7) and w ¢ 7Q.
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We note that the following relation between the Ruelle type zeta function and the
Selberg type zeta function for k.
Lemma 6.2. For Re(s) > 1, we have

_ Zk(s2)
Ri(s) = 7Ty

Proof. For Re(s) > 1, we have

Zk(s;2) [ ITizo(1 = N(p)~(th)=1 ~ Ric(s) .
Zx(s+1;2) H(p,p’) [T5Zo(1 = N(p)—(stk+))—1 e

To get a meromorphic extension of Rk (s), we consider meromorphic extension of
the Selberg type zeta function Zx(s;2). For this, we recall Theorem 4.4, the double
differences of the trace formula for the weight (0, 2).

Corollary 6.3 (Double differences of STF for L*(I'x\H?;(0,2))). Let m = 2. We have

23 () -2 ()

vol(Ic\H2) [
=57 /rhl(r)tanh(wr) dr

oo

ie—i0 ol _ 261
— - —w/2l__ = " |4
Z 4vp sin 04 / gi(u)e [coshu — CoS 201} v
R(01,02)€l's oo

log N (70)g1 (log N (7)) S k

Z N2 — N(y)-1/2 —2logegr(0) 74log52g1(2k10g6)5 .
(v,w)€ETHE k=1

Here, {1/4 + p;(2)? %0 1is the set of eigenvalues of the Laplacian A(()l) acting on

Ker(/léQ)).

Proof. We note that Ker(/l(()z)) = Ker(K, éz)) = C, and other two kernel spaces appearing
in Theorem 4.4 for m = 2 are given by

Ker(45”) = {f € L3 (T \H*: (0,2)) | A f = 0},
Ker(K%)) = {f € L3, (I'c\H2 (0,-2)) | A%f = 0}.
The complex conjugation map L:Ker(A;Q)) — Ker(KfZ)) given by «(f) := f is onto.
Hence, we see that two sets {1/4+ p;(2)*}52, and {1/4+ pu;(—2)*}32, are identical. The
rest is clear by Theorem 4.4. O
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Theorem 6.4 (Double differences of STF for the test function hy (see (5.2)) with the
weight (0,2)).

00 1 2
2§lpj<2>2+<s—%>2 >

het1 Pi i
3 L Z(s:2)
=2 —1 _|_ K
el ),;) hz:lﬂth Tk| ' 25—12Zg(s:2)
3 ) Zicl + i)
2B Zk (5 + Bri2)
>3 ()
25—1] 1 1=0 Vi
N l,].,l 1
cn(s) vi—1—21 5+ B +1
DIE DD .
n 26n j=1 1=0 Y Vj
! d _25 —(28n+1)
NI P +Z2ﬂh a7 sl )
1 d 1 2 enls) d 1
—_1 - —1 )
T2 1ds °g{<1—s28>2}+}; 26n 4B Og{(l—e—@ﬂww}

Proof. By Corollary 6.3 and the same computation in Theorem 5.2. O

Theorem 6.5. The Selberg zeta function Z(s;2), originally defined for Re(s) > 1, has
an analytic continuation to the whole complex plane as a meromorphic function.

(1) Zk(s;2) has a double pole at s = 1.
(2) ZK(S; 2) has zeros at
3 +ip;(2) of order equal to twice the multiplicity of the eigenvalue %—l—pj(Q)Q of
A< ) acting on Ker(AS)) = {f € L3, (I'k\H?; (0,2)) | AP f = 0}.
Z(8;2) has zeros at s = j:f);”g (k € N) of order 2.

Zk(s;2) has a zero at s =0 of order E(Xk).

Kk (8;2) has zeros or poles (according to their orders are positive or negative) at
s =—k (k €N) of order (2k + 1)E(Xx) + 23, [k/v;] — 2kN.

N N TN
Ut W
- I =

Here, E(Xk) denotes the Euler characteristic of the Hilbert modular surface X . When
the location of two zeros or poles coincide, the orders of them are added.

Proof. By Theorem 6.4 and the same proof of Theorem 5.3. O
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Theorem 6.6. The Selberg type zeta function Zx(s;m) satisfies the following functional
equation

A

Zk(:2) = Zre (1 — 5;2).

Here the completed zeta function ZK(S, m) is given by

A

ZK(S; 2) = ZK(S, 2)Zid(s)Zell(s; 2)Zpar/sct(s; 2)Zhyp2/sct(s; 2)

with
vi—1-—21

N vj—1 37
Zia(s) = (F2(S)F2(3+1))2CK(71)7 Zen(s;2) H H F(S+Z> )

j=1 1=0

_os _og\ —2
Zpar/sct(3;2) =c? ) ZhypZ/SCt(s;2) = C€(3)2 = (1 —e? ) .
Proof. By using Theorem 6.4, the proof is the same as in Theorem 5.3. O

Theorem 6.7. The function Ry (s) has a meromorphic continuation to the whole C.
Rx(s) has double pole at s =1 and nonzero for Re(s) > 1.

Proof. By Theorem 6.5 and Lemma 6.2. O

Theorem 6.8. The function Ry (s) has the following functional equation

Ri(s)Ric(—s) = (—1)75) (2 sin(ws))gE(XK) H <M)

sin(7s)

(Hem et 1)) | (6.1)

where, (.(s) = (1 —e2%)7L, N is the number of elliptic fived points in X .

Proof. By Theorem 6.6, we have

 Zk(s;2) Zr(—s;2)  Zg(s2)  Zk(—s;2)
Biec(s)Bre(=s) = ZKng 1;2) ZK(K—8+ 1;2) ZK(I; —5;2) ZKlzl +5;2)
:BK(S)CK(S).

The functions Bg(s) and Ck(s) are given as follows.

Zid(l + S)Zid<1 - S) Zeu(l + s; Q)Zen<1 — S 2)
Zia(8)Zia(—s) Zen(8;2) Zen(—s;2) 7

ar/sct(]- + 55 2)Zpar/sct(1 -5 2) Zhyp2/sct(]- =+ s; 2)Zhyp2/sct(]- -5 2)

Zpar /sct (s 2)Zpar/sct(—5§ 2) Zhyp2/sct(3§ 2)Zhpr/sct(—SZ 2)

BK(S) =

Cre(s) = 22
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We can easily check that
[ CG(s—=1)C(s+1)
wte = ()
Let us compute Bk (s). Put
oy Da(s+D)Dy(s+2)0(1— s) (2 — s) = (s n z)
SRR SN Y PRI}y Y NG s R J,EIOF v
Then we see that
GVJ ].+ S (]. ) S)E(S)_l{;l’lj1:| (62)

Bi(s) = Z(s) XK>H{ o (

s) =+/2nI'(s)~! (see [17] or [11, Proposition 4.11]), we have
(6.3)

R sin?(7s).

By using Ix(s 4+ 1)/I%(s)
E(s) = (2m)*(I(s)[(s + 1) (—s)(—s + 1))
By using the multiplication formula for the Gamma function (see [12, 8.335]), we have
—v=1r,1 2 1—v
-1 s v s+1\* s+v\ ¥
G, (14 5)G,(s) _F<V) EF( V ) F( V )
S = s w s\ ! 1 v
= F() F(l + ) [F<> (27r)”zu1/“r(s)]
v v v
Hence, we have
G,(1+s)G,(1—5) :(S)_u;l
Gu(s)  Gu(=s) ~
o\ TN IREET ,
= F(;) F(l + ;> F<7> F(l + 7) [vI(s)I'(—s)]
x (D(s)I'(s + 1)I(=s)[(—=s +1)) 7
. 2
sm(ﬂ's/z/)) (6.4)

[ resra-s 1*
| I(s/v)I(1—v/s)|  \ sin(ms)
Substituting (6.3) and (6.4) into (6.2), we complete the proof. O

We can obtain an explicit formula of the leading term of Rk (s) at s = 0. Let ng

_nORK(S).

denote an integer such that lim,_,o s7™° Rk (s) is a nonzero finite value and
R3-(0) :=1i
x(0) 51_12%5
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Theorem 6.9. The following equalities hold.

and

| Ry (0)| = (27) E(XK>H v; %

Proof. By Theorem 6.8, we can compute

Rk (s)Rk(—s) _ E(XK 2E(XK) -2 (2loge)? ?
I —rEEom - Y H i—1-7))

The rest is clear. O
6.2. Weyl’s law

As an application of the double difference of the trace formula for I'x with the weight
(0,2) (Corollary 6.3), we have the following “Weyl’s law”.

Proposition 6.10 (Weyl’s law I). Let T > 0. We consider the following counting function:

N(T) = #{j | 1/4+ p;(2)2 < T}.
Then we have

vol(I'g \H?2)

NI~ — 52

T (T — o0). (6.5)

Proof. For any 8 > 0, the test function hy(r) = e #" is admissible in Corollary 6.3.
The Fourier transform is
e_uz/(4ﬁ)

g1(u) = W’

so we have

23 AU/ _ g
j=0

(T \H2) [
:7‘/0(8[(2\ )/6_5(1/4+T2)rtanh(7rr)dr
T

— 00
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_B/4 . _if i w _ 2i0;
e - / /By /2| T
4vp sin 04 cosh u — cos 260,

\ 47‘—6 R(01,02)elg —o0
—B/4
e 3 log N (70) o~ (log N (7))2/(48)
VP N2 = N(y)~/?
(v,w)eTuge
e—B/4
B 21 41 —(2kloge)?/(48) .~
475 oge +4loge kzl

Since tanh(7r) = 1 + O(e~27I"l) for any r € R, we obtain

ad _ ()2 1(FK\H2) 210g5
9 B /4tp;(2)*) _ YO - o(1 0).
jgoe 8723 ’_47rﬂ+ (1) (B—+0)

By a classical Tauberian theorem, we complete the proof. O

We remark that the above proposition is enough to prove “a prime geodesic type
theorem” for the set of primitive hyperbolic—elliptic conjugacy classes of I'x in the next
subsection.

Besides we can prove a more general Weyl’s law by using Theorem 4.1, the differences
(not double differences) of the trace formula for I'x with the weight (0, m).

Theorem 6.11 (Weyl’s law II). Let m € 2Z and T > 0. We consider the following two
counting functions:

NA(T) == #{j | 1/4+ p;(m)* < T},
N (T) = #45 | 1/4+ p;(m — 2)? < 7).

Then we have

Ifm>2, then N(T)~ (m— 1)%1;\;&2% (T — o0), (6.6)
Ifm <0, then No(T)~(1— m)%fT\QHQ)T (T — o). (6.7)

Proof. We take the test function hy (r) = e=#" (8 > 0) in Theorem 4.1. Then we obtain
(by the same computation as in the proof of Proposition 6.10)

Ze—au/up] m)?) Zefﬁ 1/ 4405 (m—2)?)

j=0 j=0
vol (g \H? 1
=(m— 1)%2\3) —sgn(m — 1)\/0% +0(1) (B— +0).

The rest is clear. 0O
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6.3. Prime geodesic theorem

We can show the following asymptotic formulas for counting functions of PIyg, the
set of primitive hyperbolic—elliptic I'x-conjugacy classes of ', by Corollary 6.3 and
Proposition 6.10.

Theorem 6.12 (Prime geodesic theorem). For X > 1,

Xsi(2)
> logNp)=2X-2 Y o) +0(Xx%%), (6.8)
(p,p')EPTHE 1/2<s;(2)<1 5j
N(p)<X
doo1=2LiX)-2 Y Li(x%®)+0(Xx**/log X), (6.9)
(p,p')EPTHE 1/2<s;(2)<1
N(p)<X

where, s;(2) == 1/2 —ip;(2) and Li(z) := [, 1/logtdt. (The condition 1/2 < s;(2) < 1
implies that p;(2)? is negative. See (2.15).)

Proof. We follow the same procedure as in Iwaniec [15]. Let us begin with the same test
function on [15, p. 155] or [16, p. 401], given by

g1(u) = 2cosh(u/2) q(u),

where, ¢(u) is even, smooth, supported on |u| < log(X +7Y), and such that 0 < g(u) <1
and q(u) = 1 if |z| < logX. The parameters X > Y > 1 will be chosen later. For
s =1/2+ ir in the segment 1/2 < s <1 we have

ha(r) = / (e + M) g(u)du = s71X° + O(Y + XV/?),

— 00

and for s on the line Re(s) = 1/2 we get by partial integration that
hi(r) < |s|71xY/2 min{1, |s| *T?},

where T = XY ~!. By using Proposition 6.10, the spectral side of Corollary 6.3 becomes
(by the same method as in [20, pp. 305-307])

- 55(2)
2 hi(pi(2) —2m(i/2) = —2X +2 X_ +O(Y + X'°T).
j=0 1/2<s;(2)<1 5

On the geometric side, the identity term contributes
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vol(I'e \H?)

52 / rhy(r) tanh(7r) dr < X/2T
T

—o0
and the elliptic term, the parabolic plus scattering and the type 2 hyperbolic plus scat-

tering terms contribute no more than the above bound. Gathering these estimates, we
arrive at

55(2)
- Z q(logN(p)) = —2X +2 Z X_ 5 +0(Y + XY?T). (6.10)
(p,p’)EPTHE 1/2<s;(2)<1 5i(2)

Subtracting (6.10) from that for X + Y in place of X, we deduce that

> log N(p) <Y + X1/°T.
X<N(p)<X+Y

Hence, we can drop the excess over N(p) < X within the error term in (6.10). As usual
we choose Y = X3/% to minimize the error term. We completes the proof. O

6.4. Binary quadratic forms over the ring of real quadratic integers

We denote by D the set of discriminants of integral binary quadratic forms, that is,
D= {d €L ’ d=0,1 (mod 4), d not a square, d > 0}.

For each d € D, let h(d) denote the number of inequivalent primitive binary quadratic
forms of discriminant d, and let (x4,yq) be the fundamental solution of the Pellian
equation 2% — dy? = 4 over Z. Put

Tq + \/Eyd

Ed ‘= B)

By using the prime geodesic theorem for PSL(2,7Z), Sarnak [23] deduced the following
theorem on the average behavior of h(d).

Theorem 6.13. (See Sarnak [253, Theorem 2.1].) For x > 2, we have

Z h(d)logeq = %2 + O(xB/z(log:c)?’) (x — 0).

deD
eqlx

Z h(d) = Li(2?) + O(x3/2(1ogx)2) (x — o0).

deD
Ed SI

Here, Li(z) = [, 1/logtdt.
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Let us consider a generalization of Theorem 6.13 to that for class numbers of indefinite
binary quadratic forms over the real quadratic integer ring Og. Put

D, := {d € Ok | Jb € Ok s.t. d=b* (mod 4), d not a square in Ok, d >0, d < O}.

For each d € D,_, let hg(d) denote the number of inequivalent primitive binary
quadratic forms of discriminant d over Ok, and let (z4,y4) € Ox X Ok be the fun-
damental solution of the Pellian equation z? — dy? = 4. Put

Tq + \/Eyd

EK(d) = 5

By using Theorem 6.12, we can deduce the following theorem on the average behavior
of hK (d)

Theorem 6.14. For x > 2, we have

X2s5(2)
> hx(d)logeg(d)=2"— o+ O(z*?) (x— o0), (6.11)
deDy_ 1/2<s;(2)<1 5i(2)
ek (d)<z
Z hi(d) = 2Li(2*) — 2 Z Li(xQSj(Q)) + O(x3/2/logx) (x — 00).
deD4 - 1/2<s;(2)<1
ex(d)<z

(6.12)

Proof. We recall the assumption that the class number of K is one, so that Ok is a PID.
Let Q(z,y) = az? + by + cy? be a primitive indefinite quadratic forms of discriminant
d € Dy_ over O, i.e. a,b,c € O, the ideal (a,b,c) = Ok and d = b*> —4ac > 0, d’ < 0.

The equation Q(f,1) = 0 has two real roots, 8; = (=b + V/d)/2a and 6, =
(=b—+/d)/2a. By linear change of variable, SL(2, Ok ) acts on such forms and the num-
ber of equivalence classes is hx (d). The stabilizer of @ under the action of SL(2, Ok) is
equal to the stabilizer of #; or ; and become a free abelian group of rank one. And a
generator of this group is given by

(to — buo)/Z —CUg )

Q(Q) - ( alg (to + buo)/2

where, (to,ug) is the fundamental solution to the Pellian equation t* — du? = 4 over Of.
Moreover the norm of ¢(Q) is e (d)? with e (d) = (to + uoVd)/2.

The map @ — (g,9’) sends primitive Og-integral quadratic forms to hyperbolic—
elliptic conjugacy classes of I'x. It is known that it induces a bijection between classes
of forms and primitive hyperbolic—elliptic conjugacy classes of I'x. (We refer to Efrat [2]
for details.) Hence, we obtain the desired formula from Theorem 6.12. O
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