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Abstract. The notion of broken k-diamond partitions was introduced by Andrews and Paule.
Let Ag(n) denote the number of broken k-diamond partitions of n for a fixed positive integer
k. Recently, Chan, and Paule and Radu proved some congruences modulo 5 for Ay(n). In this
paper, we prove several new infinite families of congruences modulo 5 for As(n) by using an
identity due to Newman. Our results generalize the congruences proved by Paule and Radu.
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1 Introduction

The aim of this paper is to prove several new infinite families of congruences modulo 5 for broken
2-diamond partitions, which generalize some congruence results due to Paule and Radu [12].

Let us begin with some notation and terminology on g-series and partitions. We use the
standard notation

o0
(@i @)oo = [ [ (1 = ag")
k=0
and often write
(a1,a2, .., an; @)oo = (a1: @) o0 (a2; @)oo -+ (A} @)oo

Recall that the Ramanujan theta function f(a,b) is defined by
f(a,b) _ Z an(n+1)/2bn(n71)/2’ (11)
where |ab| < 1. The Jacobi triple product identity can be restated as
fla,b) = (—a,—b, ab; ab)x. (1.2)

One special case of (1.1) is defined by

Wa) = flad®) = ¢ 7. (13)
n=0



By (1.1), (1.2) and (1.3),

(% qH)%

o) = (@)oo

(1.4)

A combinatorial study guided by MacMahon’s Partition Analysis led Andrews and Paule [2]
to the construction of a new class of directed graphs called broken k-diamond partitions. Let
Ak(n) denote the number of broken k-diamond partitions of n for a fixed positive integer k.
Andrews and Paule [2] established the following generating function of Ag(n):

i Ak(n)q" _ (qQ; qZ)m(q2k+1; q2k+1)oo.
= (@3 0)3(¢*F 2 ¢*FH2) g

(1.5)

Employing generating function manipulations, Andrews and Paule [2] proved that for all integers
n >0,

Ai(2n+1)=0 (mod 3).

Since then, a number of congruences satisfied by Ag(n) for small values of k have been proved.
See, for example, Chan [4], Chen, Fan and Yu [5], Hirschhorn and Sellers [7], Lin [8], Lin and
Wang [9], Paule and Radu [12], Radu and Sellers [13, 14, 15], Xia [17, 18] and Yao [20].

In 2008, Chan [4] proved that for n, k >0,
As(10n + 2) = Ag(10n + 6) = 0 (mod 2),

and

3 x 5kl L1
Ag <5k+1(5n +w) + %) =0 (mod 5), (1.6)

where w € {2, 4}. Congruences Az(10n +2) = 0 (mod 2) and Ay(25n + 14) = 0 (mod 5) were
conjectured by Andrews and Paule[2] and proved by Chan [4]. In 2010, Paule and Radu [12]
proved several infinite families of congruences modulo 5 for Ag(n). They proved that for k& > 0,

15 x 20% 4+ 1
Ao (%) =1+k (mod 5) (1.7)
and if p 1 (4n + 3), then
1 1
AV <5pn + op ) =0 (mod 5), (1.8)

where p is a prime with p = 13, 17 (mod 20).

In this paper, we prove many new infinite families of congruences modulo 5 for As(n) by
using an identity of Newman [11] and several theta function identities. Our results generalize
congruences proved by Paule and Radu [12].

The following theorem states three non-standard infinite families of congruences modulo 5
for Ay(n).



Theorem 1.1 If p is a prime with p =1, 9 (mod 20), then for k > 0,

15pF +1
Ay (51’%) — 14k (mod 5). (1.9)
If p is a prime with p = 13, 17 (mod 20), then for k >0,
15p%k +1
As (%) =0 (mod 5), (1.10)

and

15 2k+1 1
A2< Pl 4

1 > =1 (mod b5). (1.11)

It should be noted that if we set p = 29 in (1.9), we obtain (1.7). Therefore, (1.9) is a
generalization of (1.7).

In order to state the following theorem, we introduce the Legendre symbol. Let p > 3 be a

prime. The Legendre symbol <E> is defined by
p

1, if a is a quadratic residue modulo p and p 1 a,
a
<—) =< —1, if a is a quadratic nonresidue modulo p,
p .
0, if pla.
Theorem 1.2 Let o, 8, v be nonnegative integers and let p1, ..., Pa, Dat1s Qly ---1GBs T1s -+ Tws Togl

be primes with p; = 13, 17 (mod 20), ¢; = 1, 9 (mod 20) and (;—55) =—-1forl1<i<a+l,
1<j<pBandl <s<v+1. Define

A=55pip3 - paaiad - qirins -l (1.12)
If pa+1 1 (4n+ 3), then
15Apast + 1
Ay (5Apa+1n + p+1+) = 0 (mod 5). (1.13)

If ryq1tn, then

=0 (mod 5). (1.14)

15Ar2 1
Ay <5Ary+1n + ”ﬁ*ﬁ)

Remark. If we set « = f =v =k =0 in (1.13), we obtain (1.8). From Theorem 1.2, we can
obtain many new congruences modulo 5 for Ay(n). For example, setting k =5 =v=0,a=1
and p; = ps = 13, we deduce that if 13 1 (4n + 3), then

A(10985n + 8239) = 0 (mod 5). (1.15)
If we set p = 13 in (1.8), we find that if 13t (4n + 3), then
Ay(65n +49) = 0 (mod 5). (1.16)

It should be noted that we can not replace n by 169n + 126 in (1.16) to get (1.15) since
13](4(169n + 126) + 3). Therefore, Congruence (1.16) does not imply (1.15).



2 Proof of Theorem 1.1

In order to prove Theorem 1.1, we first prove two lemmas.

Lemma 2.1 Forn >0,

Ay(5n +4) = tg(n) (mod 5),

where tg(n) is the number of representations of n as a sum of siz triangular numbers.

Proof. Setting n =2 in (1.5), we get

o0 2
Z Azln)d" = ((Z; 7q(§3)(qgg, qi]o))oo

o

By the binomial theorem,
(4:0)% = (¢°;¢°)oo (mod 5).

Thanks to (2.2) and (2.3),

o0 Y
ZAg(n)qn = % (mod 5).
n=0 ! ©

It follows from [3, Entry 10 (iv), p. 262] that

(95 _ (@%595% , (@9)(e'%a")%

(%033 (¢'%q'0)% (4% 0?) (0% 0°) 0

By (2.3) and (2.5),

U 1 (4 9)%
(6%6%)5% (G0)3(¢% a5 (6% %)%

- 1 (> ¢)5%  , (@9(d";¢")3
(G oX (e <(q1°;q1°)io 4q(q,q) (0% ¢°) s >

_ (¢ ) SPRULYE
(4 9)% (6% ¢*)%, (405 ¢10) 2, (4200 (0% 6%)3.(¢% ¢°) o
_ (g 9)3%.(d% q)(q )3, (g )(q10 % (1o
=T @ M e e )

In view of (2.4) and (2.6),

PO 1)) S Ut =S R D S C ST 0 P Ui S
ZAQ - (a"% "% . )

(2.1)

(2.5)

(2.6)

(2.7)



We have the well-known result of Jacobi [1, p.176] which states that

oo
n(n+1)

(@)% =Y (-1)"(2n+1)q : (2.8)
n=0
By (2.8), it is trivial to check that
(0% = (0".4"%, 6”1 ¢®)00 — 300, ¢, ¢*°; ¢* )0 (mod 5). (2.9)
From [3, Corollary (ii), p. 49],
(qz;qz)go 10 3((15(];(]50)20
0 = (=g, =41, ¢ +4q —¢*%,¢* + @ 2.10
(¢ 9)oo ( 0P)oe (g 7)o (4%34%) o0 (2.10)
Substituting (2.9) and (2.10) into (2.7), we obtain
q7;4
Z As 57; qlg)g (6", 4", 4% ¢* ) 0o — 3a(a”, ¢, 4% ¢*°) )

% ((q20’q307q50;q50)oo _ 3(]2((]10,(]40,(]50;(]50)00)

—4q% <(—q1°,—q 070700 + a(—0°, =0, 4% %) o
+q38255225;::> (mod 5). (2.11)

If we extract the terms of the form ¢°*™ in both sides of (2.11), divide by ¢*, replace ¢° by ¢
and then apply (2.3), we obtain

= o (@)@ 0% _ (%P2
§A2(5n+4)q (D) (@)% (mod 5). (212)

By (1.3) and (1.4), the generating function of ¢5(n) is

0 2. ,2\12
> ta(r)a” = °(a) = % (2.13)

Congruence (2.1) follows from (2.12) and (2.13). This completes the proof of this lemma.

Lemma 2.2 Forn, k>0,

3 k_l 2k_1 3(p—1 2 2k
t6<pkn+ (p4 )>:1;2_1t6<pn—|— (p4 ))—I-p P te(n), (2.14)

where p is a prime with p =1 (mod 4).



Proof. Newman [11] proved that for n > 0,
3p-1) 3(p—1) 2, (n 3(p—1)
t ) g (2 - s .
6 <pn + = ) 6 ( 1 te(n) — p“te ’ ” ; (2.15)

where p is a prime with p =1 (mod 4). The following formula for ts(n) was proved by Liu [10]
by using an identity of Ramanujan:

1
to(n) = 3 > d? — > | . (2.16)
d|(4n+3), d=3 (mod 4), d>0 d|(4n+3), d=1 (mod 4), d>0
By (2.16),
3p—1
t6< (p4 )> = (1+p?). (2.17)

Replacing n by pn + w in (2.15) and utilizing (2.17), we obtain

2 _ _
to <p2n + w> = (1+p°)ts (pn + w> — p*tg(n). (2.18)

Now, we are ready to prove Lemma 2.2 by induction.

It is easy to check that (2.14) is true when k£ = 0 and k& = 1. Assume that (2.14) holds when
kE=mand k =m+1 (m > 0), that is,

3(p™—1 2m __ 1 3(p—1 2 _ . 2m
te (pmn—i— (p 1 )) = pp2 y to (pn—i— (p4 )> +pp2 _pl te(n) (2.19)
and
3 m+1‘1 2m+271 3(p—1 2 _ . 2m+2
te <p’”“n+ v g )>:pp2_1 ts <pn—|— (p4 )>+pp2p_1 te(n)  (2.20)

Replacing n by p™n + w in (2.18) and employing (2.19) and (2.20), we have

3 m+271 3 ’m+171 3(p™ — 1
t <pm+2n+ (p )> :(1 +p2)t6 <pm+1n+ (p )) *p2t6 <pmn+ (p )>

4 4 4
2m—+2 2 2m—+2
p -1 3p—1),  p"—p
=14+ (L "¢ t
( +p)< p2_1 6(pn+ 4 )+ p2—1 G(n)
2m 2 2m
9 (P71 3p=1),  p"—p
— t t
p <p2_1 6(pn+ ———")+ 21 6(n)

_ ((1 +p22)9§p2’”1+2 -1 pZ(Iz:ij 1)) b (pn L 3= 1))

1 N2 . 2m2 2,2 2m
+<( +p L(f_lp )_p(zlﬂ)z_zi )>t6(n)

6



2m+4_1 3(p—1 2 _ o 2m+4
p (p )>+p p to(n).

-t
p* -1 6(pn+ 4 p*—1

which implies that (2.14) is true when k£ = m + 2 and this lemma is proved by induction.
Now, we turn to prove Theorem 1.1.

Setting n = 0 in (2.14) and employing (2.17), we find that for & > 0,

3(pk o 1) ka -1 ) p2 o p2k p2k+2 -1
t = 1 = . 2.21
6( ; ) e TS (2.21)
If p is a prime with p =1, 9 (mod 20), then for k > 0,
P22
=1+ (mod 5) (2.22)

If p is a prime with p = 13, 17 (mod 20), then for & > 0,

pite g
A1 =0 (mod 5) (2.23)
and
Ak+2
prtt -1

In view of (2.21), (2.22), (2.23) and (2.24), we deduce that if p is a prime with p = 1, 9 (mod 20),
then for k& > 0,

te <w> =1+k (mod 5), (2.25)

and if p is a prime with p = 13, 17 (mod 20), then for k > 0,

Wt
ts (W) =0 (mod 5) (2.26)
and
2k
o (M) =1 (mod 5). (2.27)

Replacing n by 3(,;271) in (2.1) and utilizing (2.25), we get (1.9). Similarly, Congruences (1.10)

and (1.11) follow from (2.1), (2.26) and (2.27). The proof is complete.

3 Proof of Theorem 1.2

In order to prove Theorem 1.2, we first prove some lemmas.



Lemma 3.1 If p is a prime with p =13, 17 (mod 20) and p 1 (4n + 3), then

me+3@;D>500md@. (3.1)
If p is a prime with p =13, 17 (mod 20), then
te <p2n + w) =tg(n) (mod 5). (3.2)
If p is a prime with p =1, 9 (mod 20), then
to <p5n + W) =tg(n) (mod 5). (3.3)

Proof. If p is a prime with p = 13, 17 (mod 20), then 1 4 p? = 0 (mod 5). By (2.17), we can
rewrite (2.15) as

3(p—1) n_3p-1)
t — | =t | —— ———= d>5). 34
o (200 ) =g (2 220 noas) (34
Therefore, if p { (4n + 3), then 7 — 3(’;—;1) is not an integer and
n 3@—U)
t¢| ————= | =0. 3.5
o (2222 (35)

Congruence (3.1) follows from (3.4) and (3.5).
Replacing n by pn + @ in (3.4), we obtain (3.2).

If p is a prime with p =1, 9 (mod 20), then

10
po—1_
T 0 (mod 5) (3.6)
and
2 10
p-—p _
21 - 1 (mod 5). (3.7)

Setting k = 5 in (2.14) and using (3.6) and (3.7), we get (3.3). This completes the proof of this
lemma.

Lemma 3.2 Let p > 3 be a prime with <_75> =—1. Forn >0,

to <p2n + W) =tg(n) (mod 5). (3.8)

Ifptn,



Proof. Let a(n) be defined by

= - (¢%d*)% (¢ 4")%
2 ) = e (3.10)
By (2.3) and (2.13),
ZtG n— ()50 005 (mod 5). (3.11)

(4 9)o0 (4% ¢°) oo

It follows from (3.10) and (3.11) that for n > 0,

te(n) = a(n) (mod 5). (3.12)
Based on (1.3), (1.4) and (3.10),
0 n e k(k+l)+5m(m+1)
Sam)gt=>"> q 2 z
n=0 k=0m=0

which yields

a(n) = > 1= > 1. (3.13)

0<k, m<+oo, 0<k, m<+oo,
K24k , 5(m24m) (2k4+1)245(2m+1)2=8n+6
B R S

Replacing n by pn + ( = n (3.13), we get

a <pn + @) = > 1. (3.14)

0<k, m<+oo0,
(2k4+1)245(2m+1)2=8pn+6p2

Note that Identity (2k 4+ 1)? +5(2m + 1)?> = 0 (mod p) implies 2k +1 = 2m + 1 = 0 (mod p)
since p > 3 is a prime and (%5) = —1. Setting 2k + 1 = p(2k’ + 1) and 2m + 1 = p(2m’ + 1)
with &', m' >0 in (3.14), we get

a(pn+w>= > 1

0< k', m' <+oo,
p2 (2K +1)245p2(2m” +1)2=8pn+6p2

= > 1
0< K, m/ <+oo,
2k +1)245(2m’ +1)2=8n/p+6

=a(n/p). (3.15)

Replacing n by pn in (3.15), we have

a (an + w> = a(n). (3.16)



Congruence (3.8) follows from (3.12) and (3.16). If p t n, then a(n/p) = 0 and

which yields (3.9) after using (3.12). The proof of this lemma is complete.
Now, we turn to prove Theorem 1.2.

Let «, 8 be nonnegative integers and let p1, po,...,Pa; Pat1, @1, G2,---,qs be primes with
pi = 13, 17 (mod 20) and ¢; = 1, 9 (mod 20) for 1 <i < a+1and 1 < j < 3. Congruences
(3.1), (3.2) and (3.3) imply that for n > 0,

3 2.2 .2 _ 1
to (o3 pn + 2APE ) = 1) (mod 5, (317)
3aias - qf— 1)
to <q?q§ g+ == ) = tg(n) (mod 5), (3.18)
and if pa41 1 (4n + 3), then
3 -1
te (paHn + %) =0 (mod 5). (3.19)
. 5 5 5 3(‘1?‘]3"'(12*1) . .
Replacing n by ¢7¢; -~ ggn + ——"— in (3.17) and using (3.18), we have
3(pivd - PRG35 — 1)
%<ﬁ£~m@%§~ﬁn+ o B = t¢(n) (mod 5). (3.20)
Let v be a nonnegative integer and let rq,73,...7,, 7,41 be primes with (;—f’) =—lforl1<s<
v+ 1. Congruences (3.8) and (3.9) imply that for n > 0,
2,2 2
221
(232 4 U2 — )) = to(n) (mod 5) (3.21)
and if r, 4 { n, then
3(r2 —1
te <rl,+1n + %) =0 (mod 5). (3.22)

202,02
Replacing n by r3r3 - -r2n + w in (3.20) and utilizing (3.21), we get

3(piph - padia3 - agrivy vy — 1)
te(p%p%---piqi’qé’~~-q2r%r§-~r3n+ CIL AR U RRL

=tg(n) (mod 5). (3.23)
Setting p = 5 in (2.15) and using (2.17), we get

ts(5n + 3) = tg(n) (mod 5). (3.24)

10



By (3.24) and mathematical induction, we see that for n, k > 0,

3(5F -1
tg (5’% + %) = tg(n) (mod 5). (3.25)
Replacing n by 5%n + w in (3.23) and employing (3.25), we deduce that for n, k> 0,
3(A-1)
te | An + )= ts(n) (mod 5), (3.26)

where A is defined by (1.12).

Replacing n by pa+1n + w (Pat1 1 (4n + 3)) in (3.26) and using (3.19), we have

A -1
te (Apa+1n + W) =0 (mod 5). (3.27)

arn2
Congruence (1.13) follows from (2.1) and (3.27). Replacing n by 7,411 + w (ry+1tn)in

(3.26) and utilizing (3.22), we find that

S(ATEH -1)

tﬁ <Arl,+1n + 4

) =0 (mod 5), (3.28)

which yields (1.14) after using (2.1). This completes the proof of Theorem 1.2.
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