Journal of Number Theory 199 (2019) 168-191

Contents lists available at ScienceDirect =
IOURNM.O?'
Journal of Number Theory
www.elsevier.com /locate/jnt

General Section
Asymptotics for the Fourier coefficients )
of eta-quotients ity
Shane Chern
Department of Mathematics, The Pennsylvania State University, University Park,
PA 16802, USA
ARTICLE INFO ABSTRACT
Article history: We study the asymptotics for the Fourier coefficients of a
Received 2 June 2018 broad class of eta-quotients,
Received in revised form 24
September 2018 5
Accepted 27 November 2018 R "
Available online 17 December 2018 I a=am%)]
Communicated by F. Pellarin r=1 \k>1
MSC: where mgi,...,mpr are R distinct positive integers and
11P55 . . R
11P82 d1,...,0r are R non-zero integers with ", 6, > 0.

© 2018 Elsevier Inc. All rights reserved.
Keywords:
Eta-quotients
Asymptotics

Circle method

1. Introduction

1.1. Background

Since the pioneering work of Hardy and Ramanujan [12], and Rademacher [20,21],
there has been an intensive study of the asymptotic behaviors of the Fourier coefficients
of eta-quotients. Here what Hardy and Ramanujan as well as Rademacher treated has
important combinatorial background:
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A partition of a positive integer n is a non-increasing sequence of positive integers
whose sum equals n. Let p(n) count the number of partitions of n with the convention
that p(0) = 1. It is well known that

S pn)g" = ——. (11)

= (43 0)os

Here and in the sequel, we adopt the standard g¢-series notation:

(a; @)oo := [ [ (1 = ad®).

k>0

It is necessary to mention that the generating function (1.1) is holomorphic on the open
unit disk D C C, namely, |q| < 1.
Rademacher showed that

where

Ap (TL) _ Z efri(s(h,k)—Znh/k)
0<h<k
ged(h,k)=1
with s(h, k) being the Dedekind sum defined in (1.7).

Rademacher’s approach is straightforward in essence, however delicate in detail. The
basic idea is merely Cauchy’s integral formula, but we need various techniques including
Ford circles, Farey sequences, modular symmetry and the Dedekind eta-function.

One may naturally consider the following general family of holomorphic functions on
the open unit disk D:

R
Glg) = G(™) = [[(a™5 0™, (1.3)
r=1
where m = (my, ..., mpg) is a sequence of R distinct positive integers and 8 = (d1,...,0R)

is a sequence of R non-zero integers. This can be treated as an eta-quotient as the
Dedekind eta-function is defined by (with ¢ = €2™7)

(7)== 421 (¢; @)oo

If we write
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then g(n) may be related to certain combinatorial quantity in the theory of partitions.
We notice that Rademacher’s approach for the asymptotic formula of p(n) can be easily
adapted to study the asymptotics of g(n) provided that Z§:1 0, < 0. For some particu-
lar G(q), the interested readers may refer to the work of Grosswald [8], Hagis Jr. [9-11],
Iseki [14,15] and many others. On the other hand, when Zf”:l 0, > 0, a variance of
Rademacher’s method provided by O-Y. Chan [6] works. Chan used this method to
prove several conjectures of Andrews and Lewis [3] concerning rank/crank differences
modulo 3 and 4. We refer the readers to [7,18,19] for other related papers.

For general G(g) with 3 6, < 0, the recent work of Sussman [23] presented a
Rademacher-type formula. Sussman’s result can in some sense be treated as a special
case of the work of Bringmann and Ono [5], in which the coefficients of harmonic Maass
forms are studied. On the other hand, Sills [22] provided an automatic algorithm when
Zle 0 = 0. When Zf‘zl d- = 1, B. Kim [17] studied a subclass of such G(q) with the
aid of Chan’s method.

The purpose of this paper is to obtain asymptotic formulas of Fourier coefficients of
a broad class of eta-quotients G(q) with Zf‘:l 9 > 0.

1.2. The main result and some remarks

Assuming that & and h are positive integers with ged(h, k) = 1, we put

1 R R
A1 = _5 257‘7 AQ = Zmr($r7
r=1 r=1 (1 5)
) ged?(my, k) i m - .
A - _ T T A —_ r
3(k) ; m, ) 4(k) rl;[l (ng(mT, k)) )

and

Wh ke = €X —m'ZR:(S -8 myh i (1.6)
kTP  ged(my k) ged(me k) ) ) ‘

where s(d, ¢) is the Dedekind sum defined by

N (0)](0)

n mod ¢

with

Jrz—lz]-1/2 fx¢Z,
(o= {0 if 2 € 2.
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Let L =lem(my,...,mp). We divide the set {1,2,..., L} into two disjoint subsets:

Loo:={1<¢<L : Az(¢) >0},

Now we are ready to present the main result.

Theorem 1.1. If Ay <0 and the inequality

. gcd2 (my, £) As(0)
> .
B ( m )2 (18)
holds for all 1 < ¢ < L, then for positive integers n > —Ay /24, we have
2n 4+ A\ 2
ot = B+ 3 2 Ay (2502
leLso
a1 (& VBRI + As) ) o
x Z k Z Wh,k € LI
1<k<N 0<h<k
k=t ged (h,k)=1
(1.9)

where

N = { o <n+§42)J , (1.10)

1 if Ay =0,
1/4 . .
+ 52 Ay =1,
IE(n)] <ms (n 24)1/ N Fhi=-3 (1.11)
(n+52) Tlog (n+52) if Ay =-1,
—A1— .
(n—i—%) 1z if Aq <—%,

and I;(x) is the modified Bessel function of the first kind.
We have several remarks to make.

1. The main term of g(n) may vanish for certain families of eta-quotients. One example
arises from Gauf} square exponent theorem [2, Corollary 2.10]:

(©9)3% _ i (—1)"¢*, (1.12)

(0%¢*) oo

k=—o00
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3.

4.
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from which we see that the Fourier coeflicients of the left-hand side are in {0, 1, +2}.
In this case, we have L = 2, and hence we can compute

A3(1) = —= and A3(2) =0.

This implies that the set L~( is empty. Consequently, the main term vanishes for
all n.

Recalling that the asymptotic expansion of I;(z) (cf. [1, p. 377, (9.7.1)]) states that,
for fixed s, when |argz| < 7,

o §2 — §2 — §2 —

one may say more about the main term. Let ¢ € L+ be fixed. One thing we observe
is that for given k, the sum

_ 2minh
E Whpk € k

0<h<k
ged(h,k)=1

has period k for n € Z~(. On the other hand, letting us fix some kg = ¢ (mod L),
the following estimate of the tail gives useful information:

15,1 (FV/Ba(O) 20 + A2))

. _2minh
Tail := Z A Z Whk € F

ko<k<N 0<h<k
k=rt ged(h,k)=1

< Z I A1 (g—k\/Ag(E)(Mn + A2))
k0k<kSeN
=L

e6k

< Y .

ko SN k™2(24n + Ag)1
k=p¢

< N (24n + Ag)~ i eiTrm VAs(O2dntAz)

< (24n + AQ)%GW Asz(€)(24n+A3)

—0 (eﬁ A3(l)(24n+A2)) . (1.14)

An explicit bound of E(n) is given in (3.10). It would be necessary if one wants to
study the exact sign pattern of g(n).
It is helpful to record Sussman’s result [23]:
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Theorem (Sussman). If A1 > 0 and the inequality

in (gcd2(mr,€)> 10

1<r<R my - 24
holds for all 1 < ¢ < L, then for positive integers n > —Ay /24, we have
A1

. - 24n 4+ Ag\ 2
s =2 20 (*5°)

In i (& VAS(0)(2dn + Az))

_ 2minh
X E E Wh.k € koo,
k: ’

k>1 0<h<k
k=rt ged(h,k)=1

(1.15)

One may notice that Sussman’s asymptotic formula is almost the same as our main
term. His proof is mainly based on Rademacher’s original version [20] of circle
method, whereas ours relies on O-Y. Chan’s version [6]. One major difference arises
from the contours chosen for Cauchy’s integral formula.

1.3. Notation

Let Z, R and C be the set of integers, real numbers and complex numbers, respectively.
Let H be the upper half complex plane. For a given set S, we use Scondition t0 denote
the subset of S with the given condition (e.g. Z~o denotes the set of positive integers).

The big-O notation is defined in the usual way: f(z) = O(g(z)) means that |f(z)| <
Cg(z) where C is an absolute constant. If the constant C' depends on some variables,
then we write f(2) = Osariables(g(z)). We may also omit the subscript if these variables
are explicit. Furthermore, f(x) < g(z) means that f(z) = O(g(x)). On the other hand,
if lim f(z)/g(x) = 0, then we say f(z) = o(g(z)). If lim f(x)/g(x) = 1, then we write
F(z) ~ gla).

We use u =, v to denote u = v (mod m), and likewise u #,, v to denote u # v
(mod m).

For A € 17« and z € R>1, we define

1 it A=0,
2$1/2 itA= _la

Ea(z) = . 2 (1.16)
z(logz + 1) it A=-1,

C(—A)z™2271  otherwise,

where ((+) is the Riemann zeta-function.
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2. The circle method

Our main ingredient is O-Y. Chan’s version of circle method [6] with some slight
modifications. For the sake of completeness, we shall reproduce the necessary details.

2.1. Cauchy’s integral formula

Given a holomorphic function

Gla) =Y g(n)g"

n>0

on a simply connected domain containing the origin, we know from Cauchy’s integral
formula that

1 G(q)
g(n) - 2_7” qn+1 q,
lal=r

where the contour integral is taken counter-clockwise.

We take r = e=27¢ with ¢ = 1/N? where N is a positive integer to be determined
later.

Let h/k be a Farey fraction of order N. We use &, . to denote the interval [0}, ,, 0} ]
with —¢}, , and ¢}, being the positive distances from h/k to its neighboring mediants.
Now we dissect the circle |g| = r by Farey arcs and obtain

g(n): Z Z e*# /G(627ri(h/k:+ig+¢o))6727rin¢627rng d¢

1<k<N  0<h<k ¢
ged(h,k)=1 h.k
Letting z = k(o — i¢) and 7 = (h + iz)/k, we may rewrite the integral as

g(n): Z Z e—% / G(€27ri7')e—27rin¢62ﬂ'ng d(b (21)

1<k<N 0<h<k ¢
ged(h,k)=1 h.k

2.2. Transformation formulas

Let

1
(¢ 9)o0

F(q) = F(eQ“”) =

with 7 € H. We also define the fractional linear transformation

(7)== a0 ith = (i 2) € SLy(Z).

cr+d’
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We know from the transformation formula of Dedekind eta-function [4, pp. 52-61]
that

F(e*™7) = exp <2m, (T —(r)  s(d,e)  a+ d)) V—iler +d) F(e*™(™), (2.2)

24 2 + 24c

where the square root is taken on the principal branch, with v/z > 0 for real z > 0.
Given a positive integer m, to transform F(e2™™7) properly for each choice of k and h
(with ged(h, k) = 1), we proceed as follows.
Let d = ged(m, k). We also write m = dm’ and k = dk’. Choosing an integer -
such that h,ym'h = —1 (mod k) (this is possible since ged(h,k) = 1) and putting

by = (hypym’h 4+ 1)/k', we obtain the following matrix in SLo(Z):

By —by
Y(m,k) = ( L _m/h) . (23)
Note that our () is different to Chan’s definition. However, they are identical if
ged(m, k) = 1.
Recalling that

h+1iz h+iz
T= =

ko dk
we have
() = ot -2 — by Ry B4 By (i 2) — (Ryym/h 4 1)
Yo AT = e iR T T ik £ K (im'z) — mURR
- 1.
T Tk

This implies that

B ged(m, k) ged®(m, k)21
V(m,k) (MT) = k( ) + (mk: ) i. (2.4)

On the other hand, since Y, k) € SL2(Z), it follows from (2.2) that

2mimT\ _ 19% (ngzn(z”zn’k) 7mz) ;. mh k
F(e )—e exp | mi-s scd(m. k) ged(m. k)

mz

" F 27ri'y(m,k)(m'r) ) 2.
ged(m, k) (e ) (2:5)
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Let G(q) be defined as in (1.3). Then

271'17'

u:j:u

The following result is an immediate consequence of (2.5

27rzm T

Lemma 2.1. For any positive integers k and h with ged(h, k) = 1, let 7 = (h +iz)/k be

defined as in §2.1. We have,

G(€2MT) _ eﬁ(A?’T(lq)-i-Azz) 241 Wh.k Ay(k) H F(e%w(mr,w(mﬂ))f&.

2.3. Some bounds

We now present several necessary bounds, most of which are given by Chan.

A standard result on Farey fractions states that (cf. [13, Chap. 3])

1
2kN =

Consequently,

< [n il < kN

We next notice that z = k(0 — i¢). Hence

This implies that

On the other hand, we have

This is because

<O s Op e < —.
h,k>Yh k kN

1 1 1 N—2
?R — = — >— =
z kEo?+¢%2 — kN-4++Ek2N—2

where we use the fact k¥ < N in the last inequality.

In the author’s recent work with Tang and Wang [7], it is shown that

:27

k

(2.7)

(2.9)

(2.10)

(2.11)

(2.12)
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Lemma 2.2. Let 7 = (h +iz)/k be defined as in §2.1. We have

(2.13)

) —m ged?(m,k)/m
‘F(€27T'L'Y(7n,k)(m‘r))‘ < exp < e > 7

(1 —e T gcd2(m,k)/m)2

efﬂ'gcd2(m,k)/m
< exp ( 5 | - (2.14)

1l—eT ngQ(m,k)/m)

1
F (6271'1”‘/(7,,,,,@) (mT))

Proof. We write in this proof ¢ = €™ with w € H. Recall that p(n) denotes the
number of partitions of n with the convention that p(0) = 1. It is clear that p(n) > 0 for
all n > 0.

We first have

(@) <> pn)lgl™ = F(lq)).

n>0

On the other hand,

|- =TT+ < [T

k
k>1 k>1 k>1 |q‘

= F(lq)-

For real 0 < x < 1, we have

xkm 1
log F'(x log(1 — = = n it
PRI SITIBILS 3 pEacil S5 o
k>1 k>1m>1 n>1 d|n
<3 -
— 2
n>1 1 x)
Noting that |q| = |62”w| = e~ 2™3(®) we have
e—27r%(w)
F(lql) < exp <—(1 — ezwg(ww) : (2.15)

We remark that the right-hand side can be treated as a decreasing function of (w).
Finally, we see from (2.4) that

S (Y (m7)) =

)

ged?(m, k) 5 (1

mk P

) - ged*(m, k) k _ ged®(m, k)
= 2

mk 2m

where we use (2.12). Hence the left-hand sides of (2.13) and (2.14) are both bounded
from above by
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7%%(62«%%“@7))
e

( e ™ ged?(m,k)/m
eXp - 2 < exp n 3 5 |- O
(1 . 6—271'%‘(62 V(m,k) ))> (]_ — e~ mged (m,k)/m)

We also extend a bound given in [7, Lemma 3.3].

Lemma 2.3. Let 11,...,nr be R integers, all non-zero, and let wy, ..., wgr be R complex
numbers in H. Then

R

H F (e2ﬂ'iw,‘)’7T -1

r=1

R 27 (w
<exp (Y e >0 3 (2.16)
- (1 _ 6727r§(w,~))2 : :

r=1

Proof. Let g, = ¢?™" for r = 1,..., R. Note that F(g,)" can be treated as the gener-
ating function of |n,.|-colored partitions when 7, is a positive integer, while when 7, is a
negative integer, it is the generating function of weighted |7,|-colored distinct partitions
where the weight is given by (—1) with # counting the total number of parts.

Hence, for r =1,..., R, if we write

F (egmw,‘)m _ Z ar(n)g® and F (ezm‘m)lml _ Z Ezr(n)q?7

n>0 n>0

then |a,(n)| < a,(n) for n > 0 with a,(0) = a,(0) = 1.

Hence
R .
H P (62mwr)"r 1 = Z Z ai(ny)---ar(nr)gy” ---qp" —1
r=1 n1>0 nr>0

= XY wm) - arma)g g

n1>0 nr>0
(n1,...,nr)#(0,...,0)

< Z Z ai(ni)---ar(ng)|q@|™ - |qr|""

where we use (2.15) in the last inequality. O
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2.4. An integral
The last task in this section is to evaluate a useful integral.
Lemma 2.4. Let a € Ryg, b€ R and c € %Zgo- Let ged(h, k) = 1. Define

I:= /eﬁ(%%z)zce*%m‘z’e%”g de. (2.17)
Eh,k

Then, for those positive integers n with 24n + b > 0, we have

c +1
2w (24n +b\
I= ?( - ) Ies (6k a(24n+b)) + E(I), (2.18)
where
2= ¢ leT N~
\E(I)] < #ew("%). (2.19)
n+ 24

Proof. We first put w = z/k = ¢ — i¢ and reverse the integral order to obtain

0+1i0}, 5,
1 ra b
I= o e 1ante 2w (nt 24)(krw)c dw.
)
gfwﬁl”k

One may separate the integral into three parts

0—i0y) o+iby, ),
Ta b
2metantn 2 (" 21) (k) dw
2m
—oo—ify ), —oo+if},
=:J; — Ja+ Js,

where
[ = (—0c0—ib} ;) — (0 — i) ) = (0 +ib}, ) — (=00 + b}, ;)

is a Hankel contour.
To compute the main term J;, we make the following change of variables t =

wk+/(24n 4 b)/a to obtain

_ef1
Iy _2m(2dntb) 1 e 18 Va(24n+b) (t+3) o gy
k a 2mi
r
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Note that the new contour I' is still a Hankel contour. Recalling the contour integral
representation of I(z):

1 @ (411
Iy(z) = 3 /t_s_lef(HY) dt (T is a Hankel contour),
i
r

we conclude
c+1

2 24 I
J = % < n—l-b) I_.4 (le\/a(24n+b)) )

a

For the error term FE(I), which comes from J; and J3, we put w = x + if with
—oo <z <pand 6 € {0, ,,—0, ,} Following Chan [6, p. 120], we have
27rw(n+%)

’6 262ﬂz(n+%)7

and

Ta Ta

Ta 1 Ta x T Ta 2
e12k2w | = e12k2 R(%) — e12k% 22407 < g12k? 92 eTonz @(2EN)T _ 5

= (el ) < () < () =@M

where we use the bound =1 < 0] < ﬁ Hence for j = 2 and 3, we have

IN

)

2kN
) 0
| J5] < o e 27 (Wt 23) (2N)~¢ dz
m
—oo
—c—1,_—1,%8 nr—c
:2 i edN e2ﬂg(n+%).
n —+ 2%
This implies that
9—¢ —1 ﬂ]\[—c
IE(D)| = | = Jo + J) < |Jo| + |Js| € S0 e2melntas)

n+ 2—1)4
3. Asymptotics

We rewrite (2.1) as follows:

g(n) _ Z Z e*% / G(€2ﬂ'i7’)6727rin¢627rng d¢

1<k<N 0<h<k ¢
ged(h,k)=1 h.k
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L
:Z Z Z e—w /G(GZﬂiT)e—Qﬂin(i)eQan d¢

1=11<k<N 0<h<k ¢
¢ ged(h,k)=1 bk

L
=y 8. (3.1)

Recalling that L = lem(my, ..., mg), we have, for those k with K = ¢ (mod L), the
following two identities hold:

Ag(k) = Ag(f) and A4(l€) = A4(€),

since ged(my, k) = ged(m,, £) for all r =1,...  R.
Throughout this section, we always assume that 24n + Ay > 0.

3.1. Estimating Sy with £ € L<g
We first assume ¢ € L<g. In this case, the contribution of Sy is relatively small.

Recalling the bounds (2.10)—(2.14) and the assumption A; < 0, it follows from (2.7)
that, if k = ¢ (mod L), then

’G (627”'7) e—27rin¢€27rng|

R 7 (A3(8)

_ F(62wi7(mr,k)(mm—))—5r em( z +Azz) A4(€)‘Z|A1€2ﬂ—ng
r=1
R

= HF(eQ’”“V(mT,m(mrT))*ér e T3k (B3(OR(2)+82R()) A ()| 2] 212770
r=1

24

r=1

22 R —T gcd?'(mr,l)/mr
< Ay(0) kAlN?QAlezwg(ywﬁ) exp (M + Z [Orfe ) .

(1 — e=meed®(mp0)/my)?

Consequently,

|S£‘ — Z Z e—w / G(eQWiT)e—Qﬂin¢62ﬂnQ dd)

1<k<N 0<h<k ¢
k=rt ged(h,k)=1 hok

< Z Z / A4<f) kA1N—2A1627rg<n+%>

I<SkSN 0<h<k .
k=t ged(h,k)=15"F

Aa(/ R 57“ - gch(mT,Z)/mr
xeXp(WQ‘Z()—i-Z(I e )2 do
r=1

1—eT ged? (myg-, L) /m
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< Z Z Ay(0) kAlN—zAleQﬁg(mr%)

1<E<N 0<h<k
k=rf ged(h,k)=1

R 2
wA3(L) |6, | e~ ged” (mrsl) /s 2
X ex — + —
P ( 24 Z (1 _ e gcdz(m,.,ﬁ)/mT.)Q

r=1

Z A4(£) kAlN—2A1627TQ(n+%)

IN

R od?
As(0) e ety /me N g
resll) Ly
X exp ( 24 + Z (1 — e gch(mT,l)/m,T)2 kN

r=1

= 2A4(¢) N—zAI_lezﬂg(M%) Z Lo

R 2
FA0) | N [T
X ex _ +
p ( 24 (]_ — e T ng2(mmZ)/mr)2

r=1

ro(nt22 TA(0)  Gn |6, e (e )/
< 20) 2+ 3) 5, () enp [ T2 : |
<2A4(0) e A, (N)exp 24 Jr; (1_e_wgcd2(m“@/mr)2

Here we use the trivial bound

N72A171 Z kAISEAl(N)7

1<k<N
kELf

where Ex, (V) is defined in (1.16).
To summarize, we have

Lemma 3.1. For ¢ € L<g, it holds that

R
ro(n+22 A
19| < 284(0) € o(r+32) Ea, (V) exp (M + Z

|5T|e—7r ged?(m,.,£) /m..
24 '

r—=1 (]_ —e gch(mmZ)/m7.)2

(3.2)
3.2. Estimating Sy with £ € L~

Assume that ¢ € L. Here g(n) is dominated by these Sy.
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We deduce from (2.7) that

SZ — Z Z e*%"h / G(€27Tir)€72ﬂ'in¢627rng d¢7

1<k<N 0<h<k ¢
k=1t ged(h,k)=1 hik

R
Z Z e / HF(eZﬂ'i'Y(mr.k)(mrT))_ér
Enk r=1

1<k<N 0<h<k
k=pl gcd(h,k)=1

iy

_n_(A3(0) .
th,k A4(£) 61%( 32 +A2z) ZAI 6727rzn¢627rng d¢

Z Z e /wh,k Ay(0)

1<k<N 0<h<k ¢
k=t ged(h,k)=1 hik

s

x e12k

R
+ Z Z e T / (H F(ez’m(’"“’”(mﬁ))Jr - 1) e Sl

(ABAZ(Z) +A22> ZAI 6727rin¢627rng d¢

1<k<N 0<h<k ¢ r=1
k=pl gcd(h,k)=1 h.k
_m_(As3(0) .
X el2k( z +A2Z) ZAI e—27rm¢e27mg d(b
=: Tg71 + Tgvg. (33)

We first deal with T} 5, which is relatively small comparing with 7, ;. The following
bound is necessary.

Lemma 3.2. If Az(¢) > 0, we have, for k= /¢ (mod L),

r=1

R 2
TA3(8) |5T‘e—7r ged® (my.,£) /m..
<e # e | ~1]. 3.4
- ( p( (1 — e=meed®(me6)/my)? (3.4)

r=1

R
. _ < Azl
‘ <H F(eQ”W(m-,k)(m”)) o _ 1) em%

Proof. It follows from Lemma 2.3 that

R o
57" =273 (Y(my, k) (MrT))
(z b ;)1

(1 — e 2 00me i (me7)))

R
H F(627ri’7(mr,k)(m,.r))76r 1

r=1

We also know from (2.4) that

%(’Y(mmk) (mrT)) N

_ ged*(my, 0) (1) .

myk P
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Hence

R
. — x Az
‘ (H F(GZWW(W,M(WM)) o _ 1) em‘i—>

r=1

R
H F(eQ”in,k)(mrr))—ér _q

r=1

Az(t
— TTHIR(D)

R M%(;)
TA3(0) g (1 J.le myk z
ge 12k ER(z) exp Z |T| 3 —-11. (35)
= (1 _ teimat) -%‘:ffé%”%(%))

Note that R (l) > % If we put

z
€T = 67%3’5[)%(%),

then x € (0,e~™23(0)/24] C (0,1) since Az(¢) > 0. Letting

_ 24gcd2(mT,£)
T T A (Om,

and recalling (1.8)

ng2<mT7€) > A3(€)
m - 24

>0,

we have u,, > 1 forallr=1,..., R.
Now (3.5) becomes

R
. _5.. Az ()
‘(H F (2o (mem)) =0 _ 1> TR 222

r=1

Let

To prove (3.4), it suffices to show that W(z) is a non-decreasing function of = on
(0, e~™23(0)/24] gince the right-hand side of (3.4) is exactly W (e~ 723(0/24) Tt is equiva-
lent to show that W’(x) > 0 on this interval. We have
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R u
W'(z) = exp Z B 1
r:l 1 — x“r
|5 |zur 2|0, [upz =1 2% |6, |y T
eXp (Z 1—,7,‘"““ Z 1—$“T 3 + (1—.’1?“““)2 :

r=1

It suffices to show that

R R
|0, |t 200, [upz®tr |6 |t
p— R — > .
P < > (1 — zur)? + (1— 2% )3 + 1—qu)2) = 1

r=1 r=1

We next observe that

XR: 203, fuy ' |8 fuy" XR: |6, |
(I—aw)3 (1 —awr)? (1 — zur)?

r=1 r=1
This is valid as for r = 1,..., R, we have
210, [upz®er |0y gt bl _ |0-]2% (=1 + up + 2% + upxt) >0
(1—zw)d  (1—aw)?2 (1—azu)? (1 —awr)3 -
s (0)/24),

since u, > 1 and z € (0,¢
Letting

we see that y > 0 when x € (0, e~ "23(0)/24],

Now it suffices to show that e™¥ +y > 1, which is obvious as e™¥ + y is increasing for
y > 0. We therefore arrive at the desired result. O

Remark 3.1. It is helpful to mention more about the necessity of the assumption (1.8).
Suppose that there exist some m,. and ¢ such that

As () - ged?(m,., £)
24 m,

>0,
then in this case 0 < w, < 1. It is not hard to compute that

lim W (z) = 0.

z—0

This means that W (z) is not bounded on the interval (0, e~723(9)/24] which is not what
we hope.
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Recalling again the bound (2.11) and the assumption A; < 0, it follows from

Lemma 3.2 that

T 2| < Z E

ISESN  0<h<k
k=r¢ ged(h,k)=1°""

R 2
|§r|677r ged® (my,0) /m,
—1
X (exp (Z (1 — o= 5o D) do

r=1

Ag(0) KO N-2812me(n+52) 2850

< Z Z A4(£) kA1N72A162wg(n+%)6wAﬁ(2)

1<k<N 0<h<k
k=rpl gcd(h,k)=1

R 2
|61’|€7ﬂ ged®(my. ,€) /m,. 2
X | ex -1
( p (Z (1 T gcd2(m,.7ﬁ)/m7»)2 kN

r=1

< Ay(0) kKA N-28 2re(nt5E) mas(0
1<k<N
k=pt
R 2
|6,.|e= ged? (mr.0) /m, 5
X | ex ) 2.
< p (TZI (1 _ e_ﬂ-ng2(m7‘7£)/mr)2 ]fN
—on,(0) N e ) O | S g
1<k<N
k=pt
R 2
5, |e~m ged” (mr,8)/my
x | exp Z |0re o
r=1 (1 —e " ngz(mr»l)/mr)
LA Ay
< oA (0) ZHL 2me(n3E) 2, ()

R —m ged? (my£) /my

X | exp Z [Orle s | —1].

=1 (1 — emmeed®(me ) /my )
To summarize, we have

Lemma 3.3. For ¢ € L+, it holds that

mA3() mTo(n 5] —
Tya| < 204(0) 357 &2 o(n+3%) Za, (N)

R 2
S a0l
— 1 . ]
X (exp ( (1 — e ngz(mr,K)/m,‘)Q (3 6)

r=1

At last, we estimate Tp ;.
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Lemma 3.4. For { € L+, it holds that

Aqtl

24n + AQ ) Sz
Asz(€)

T[,l = Dz + 27 A4(£) <

X Z Lo (GL’“\/AI:(E)(MTL_FAQ)) Z I S

1<k<N 0<h<k
k=rpt ged(h,k)=1
(3.7)
where
—Ay 1,720 A2 N
D] < 2 e 3 N e2ﬂg(n+Tf>. (3.8)
= n+ 52
24

Proof. It follows from Lemma 2.4 that

T = 6_# Wh,k A4(f)
> X

1<k<N 0<h<k ¢
k=1t ged(h,k)=1 hok

x_(A3(0) .
X em( = +A2Z)ZA16727mn¢e27rng d¢

= Z Z e ZH Wy Au(0)

1<k<N 0<h<k
k=pl gcd(h,k)=1

x_ (2300 )
X /61%( z +A2Z)ZA16—27rm¢e27rng d¢

En.k

Ap+1

24n + AQ ) oz
As(f)

= Dy + 27 Ay(0) (

a1 (FV/As (0200 + A7)

Z 727rinh
Wh,k € .
k

1<k<N 0<h<k
= ged(h,k)=1

Here
mAg(8)

Dl Y Y EEme LN (i)

AV
1<k<N 0<h<k n+ 3
k=rpl gcd(h,k)=1

—A —1 TA3(6) —A 2
2 ST le—s N/t egm(,ﬂ_%)

O
n+%
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3.8. The asymptotic formula of g(n)

We know from Lemma 3.4 that the main term of g(n) is

A1+1

> a0 (F5557)

£€£>o

Ia 1 (ZVAs(0)(2in+ A .
oy Do (BBTRIES) e

1<k<N 0<h<k
k=pt ged(h,k)=1

Furthermore, the total error term is

wl< Y 1sd+ Y (ITeal +1D01)

teL<o LeLxo

27A17T71N7A1+2

Ag A5 (8)
Fre(mhit) o o

Ay
n+ 3 teL~0

1 aeme(rrat) Ea, (V)

1

TA(f R 5, e—ﬂgcdz(mr,é)/mr
X Z Ayl exp< 21()4-2 [0,]

1<I<L (1 — e=meed®(mp0)/m,)?

-3 A S (3.10)

leLso

where we use Lemmas 3.1, 3.3 and 3.4.
At last, we set

It is easy to check that

1 if Ay =0,
1/4 . 1
n+ 52 if Ay =—32,
|E(n)] <m,s ( 24)1/2 A . ' ?
(n + 2—42) log (n + Q—Z) if Ay =—1,
(n+ 82y 1712 i Ay < -2,

‘We therefore arrive at Theorem 1.1.
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Table 1
The values of Az(£) and A4(¢) for 1 < ¢ < L.

14

1 2 3 4 5 6 7 8 9 10
Az(f) 3 _ 18 3 _ 18 3 _ 18 3 18 3 6
Ag0) B 5 X5 5 1 5 % 5 51
Table 2
The values of g \/A3z(£).
k 1 3 5 7 9 10

4. An application

We end this paper with an application of the main result. Here we will study the
asymptotic behavior of the following eta-quotient:

_ (a%q%)3, _ on
Gl = (4:0)%(0"% ¢ gg( Ja". (1)

This eta-quotient is closely related to the rank statistics for cubic partition pairs. We

refer the readers to [16] for details. In particular, (4.1) appears on p. 5 of [16] (the third
line of (3.2) therein).

Theorem 4.1. We have, as n — oo,

~ 395%(24n — 6)~ 4 (L 2 —6). 4.2
on) ~ 3151 2in )T exp (T (4.2

Proof. We have m = (1,2,10) and 8 = (—2,3,—1). It is straightforward to compute
that A; = 0 and Ay = —6. We also have L = 10. The values of A3(¢) and Ay (¢) for
1 < ¢ < L are listed in Table 1. Hence L~¢ = {1,3,5,7,9,10}.

We know from Theorem 1.1 along with (1.13) and (1.14) that g(n) is dominated by
the largest

I a1 (le VA3 (6)(24n + A2))

provided that this term does not vanish. From Table 2, we see that when k = 1, the
aforementioned modified Bessel function of the first kind has the largest order.
For k =1 (and hence ¢ = 1), we further compute that

1 __ 27winh

. E wpr e k =cos(2mn) =1
0<h<k

ged(h,k)=1
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for all n € Z~(y. We also have

N

=32m(24n — 6)
We therefore deduce that, as n — oo,

g(n) ~32m(24n — 6)"21_, ( m)

T
2v/15
3._1 3 m
~ 3451(24n —6) 1 exp| ——V24n —6 |,
( )" exp (2 T >

where we use (1.13). O
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