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1. Introduction

The canonical height [3] associated to a smooth projective variety V' equipped with
an endomorphism ¢ : V — V is an indispensable tool for studying the arithmetic prop-
erties of the corresponding discrete dynamical system (V,¢). However, many varieties
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of interest in number theory (e.g. projective space) possess many such maps, and since
composition is not commutative in general, the dynamical systems generated by a set
of maps can differ greatly from the dynamics of a single map. In this paper, we address
this problem and construct a new height function that measures the collective action of
a set of maps on a fixed variety.

To accurately characterize the dynamics of a set of maps, one must encode “how often”
to expect a particular map to appear at any stage of composition — a slight alteration in
the likelihood of applying a particular map can drastically change the overall dynamics.
Moreover, there is no intrinsic reason why all maps should be given equal weight. We
therefore use the language and tools of probability in our constructions. In so doing, we
are analyzing a sort of random walk on the variety (formally a Markov chain), where the
stochastic motion is generated by random evaluation of maps in some fixed set.

Example 1.1. To make this clear, the reader is encouraged to keep in mind the two
maps and a fair coin example: suppose that we have two maps S = {¢1, ¢2} on a variety
¢; : V. — V. Then for any given point P € V, we can flip a coin to determine whether
to evaluate ¢; or ¢o at P, assigning each outcome an equal probability of 1/2. Now
repeat this process for the new point ¢1(P) or ¢2(P) and continue inductively in this
way, associating to an infinite sequence of coin flips (a type) of orbit of P.

If V is equipped with a height function, then we can ask how the height of P grows as
we move along a particular path. Even more broadly, we can ask about the height growth
distribution as we vary over all possible paths (each path weighted by its probability).
To make this idea precise, we fix some notation. Let K be a global field, let V/x be
a smooth projective variety over K, and let S be a (finite or countably infinite) set of
endomorphisms on V defined over K. To define the orbits we will consider, let

Pg, =S" and Og= SN

be the set of n-term and infinite sequences of elements of S, respectively. Given an infinite
sequence v = (0,)n>1 € ®g and a positive integer m > 1, we let v, = (0;)72; € Ps.m
and define an action of 7, on V by

7m'P:(emoem—lo"'oel)(P) for Pe V.

In this way, we define the orbit of a point P € V with respect to a sequence v € ®g to
be

Orb,(P) = {ym - P:m > 1}.

Finally, we assume that S is equipped with a probability measure v, and let (S, P(S),v1)
be the corresponding probability space; here P(S) is the power set of S. We let v,
denote the product measure on the space (®s,m, Fm,Vm) = (S, P(S),11)™ of sequences
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of length m. Likewise, v; induces a unique probability measure v on the set of infinite
sequences ®g such that

k
V(A1><-~-><Ak><S><S><-~-):Hy1(Ai) (1)

for all kK > 1 and all A; € P(S); see [12, Theorem 10.4]. The triple (®g, F,v) is called
the probability space of i.i.d. sequences of elements of S distributed according to v1; here
F =P(S)®N is the smallest o-algebra on ®5 generated by all events of the form in (1).

Now for a brief discussion of canonical heights; see Chapter III, Section 10 of [18]
for the relevant background material. Let n € Pic(V) ® R be a divisor class, and let
hy, : V(K) — R be a corresponding Weil height function. To define the canonical
height for a fixed map ¢ : V — V| one requires that 7 is an eigenclass for ¢. The key
point in this case is that

hv,y o ¢ = aghyy + Ovye(1) (2)

for some ay € R; see [18, Theorem II1.10.1]. With this in mind, we let

C(V,n, @) := sup |hy,(o(P)) — aghv,,(P)
Pev

be the smallest constant needed for the bound in (2). Then, in order to generalize the
construction of canonical heights for a single map to a collection of maps (equivalently,
from constant sequences to arbitrary sequences), we define the following fundamental
notion.

Definition. A set of endomorphisms S on a projective variety V' is height controlled with
respect to a divisor class i € Pic(V) @ R if:

(1) For all ¢ € S, there exists o, such that: ¢*(n) = agn and (2151612 ag > 1.

(2) The corresponding height constants are bounded: sup C(V, 7, ¢) is finite.
PeS

These properties are easily satisfied for any projective space and any finite set S;
however, see Example 2.7 and Remark 2.8 for instances of countably infinite S. We
now state our main construction. In what follows, for a finite sequence ~,, = (6;)", €
®g5.m, we define the degree deg, (ym) = [T~ @, in what we hope is a pardonable (and
instructive) abuse of notation.

Theorem 1.2. Let K be a global field, let V)i be a smooth projective variety over K, and
let S be a collection of endomorphisms on V' equipped with the following:
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(1) A common eigendivisor class n € Pic(V) @ R such that S is height controlled with
respect to 1.
(2) A probability measure vy on S.

Let (Pg,F,v) be the probability space of i.i.d. sequences of elements of S distributed
according to vi, and let hy, be a Weil height function corresponding to n. Then for all
infinite sequences v € ®g and all points P € V(K), the canonical height,

> _ hyy (- P)
h 7)== lim —1 2
v 0) 3= 0 deg, (7)

converges. Likewise, the expected canonical height,

]E,, [hV,n] (P) = /ilv,n,p(’}/) dl/,
®s
converges. Let d,, ,, be the (deterministic) constant given by

o= (S 20)

pesS

and let v} be the new probability measure on ®g i induced by the pair (v1,7n) and given
by

ey vE(m)
(k) = W(du,n>k

Then the function E, Vlvm] : V(K) — R satisfies the following properties:

(a) Ey[hvy] = by, +0(1).
(b) Eu; [E» [Fov] (e - P)} = (dyy)* By [hyy] (P) for all k > 1 and all P € V(K).

Remark 1.3. The canonical heights fzv,n,p(y), also denoted by iLV,n,'y(P) depending on
whether we vary the path v € ®g or the basepoint P € V, were also studied in [13], and
Theorem 1.2 can be viewed as a generalization of [13, Proposition 1.3] in two ways: we
allow the generating set of functions S to be infinite (under suitable conditions), and we
allow arbitrary probability measures on S.

There are several reasons why we believe that the expected canonical height E,, [fzv,,,]
is the right height function to study the collective dynamics of the maps in S (by analogy
with the standard canonical height of Call-Silverman). First, the constructions agree
whenever S = {4} is a singleton with trivial probability measure, i.e., E, [hv,] = hv, 4.
Second, E,, [}Alv,n] satisfies a transformation law of similar shape to that of the standard
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canonical height. Finally, E, [Bv,n] detects finite S-invariant subsets of V', an analog of
preperiodic points of a fixed map. In what follows, we say that a subset F' C V' is S-stable
if o(F) C F for all ¢ € S. Moreover, we say that the probability measure vy is strictly
positive if v1(¢) > 0 for all ¢ € S.

Corollary 1.4. Let (V,n,S,v1) satisfy the conditions of Theorem 1.2. If n is an ample

divisor and vy is strictly positive, then for all P € V(K) the following are equivalent:

(1) There is a finite, S-stable subset Fp C V(K) containing P.
(2) 1/({7 € ®g : Orb,(P) is finite }) =1.
(3) E,[hv,)(P)=0.

With this characterization of the kernel of IE,,[iAsz] in place, one expects that few
points (perhaps at most finitely many) have expected height zero unless the maps in S
are dynamically dependent in some way. As an example of this heuristic, we note the
following application of [1, Theorem 1.2] and Corollary 1.4 for the projective line. In
what follows, given a rational function ¢ € Q(z), we let PrePer(¢) denote the set of
preperiodic points of ¢ in P1(Q).

Corollary 1.5. Let S be a collection of height controlled rational maps on P! defined over
a number field K, let vy be a strictly positive probability measure on S, and let h be the
absolute Weil height function on P*(Q). Then the following are equivalent:

(1) {P ePYQ) : E,[A](P) =0} is infinite.
(2) ﬂ PrePer(¢) is infinite.

s
(3) ?’erePer(gZ)) = PrePer(y)) for all ¢,9 € S.

In particular, if the set of points of expected height zero is infinite, then the Julia sets of
all of the maps in S coincide.

Remark 1.6. For example, if ¢;,ca,...,¢, € Q are distinct algebraic numbers and S is
the finite set of quadratic polynomials,

S:{x2+ci:1§i§n},

equipped with any strictly positive probability measure, then [2, §.4] and Corollary 1.5
imply that

{PePYQ) : E,[h](P) =0}

is finite. On the other hand, it is tempting to guess that there are in fact no (non-infinite)
points of expected height zero for the sets S above. However, this is not true in general,
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as is shown by the example S = {2?,2% — 1} and the point P = —1. Therefore, given
a generating set S whose elements do not all share the same Julia set, it is perhaps an
interesting problem to determine the finitely many points in P*(Q) of expected height
zero. Keep in mind that this is not the same problem as studying the intersection of
the preperiodic points of the maps in S: consider, for example S = {22, 2% — 2} and the
point P = 0.

Moreover, when V = P! and S is finite, we show that the canonical and expected
canonical heights defined in Theorem 1.2 admit a decomposition into a sum of local
heights:

1 o

R 1 R .
fry = deg(E) UEZ]V; noAvge and B, [h] = mv;ﬂ; ny Ey [ 5,8 (3)

see Theorem 4.3 and Corollary 4.5 in Section 4. We note that similar local Green functions
to those we use in Section 4 seem to have first appeared in [13, §6], although we were
unaware of [13] until after the completion of Section 4. On the other hand, the local
heights 5\,1,,77 r and the decompositions in (3) do not appear in [13]. Furthermore, since
we use A, 5.z and (3) to pose some new questions in number theory from a probabilistic
point of view, we carry out our construction of Green functions, instead of just citing
(13, §6].

Finally, as an application of canonical heights, we study the Zsigmondy sets of non-
deterministic dynamical systems. More precisely, let K be a global field, let V = P!, and
let S be a finite set of endomorphisms of V. Given a sequence v € ®g and a basepoint
P € P1(K), we say that a valuation v of K is a primitive prime divisor of 7, - P if:

(a) U<’7’I’LP)>O7
(b) v(ym-P)<O0foralll <m<n-—1

As with deterministic dynamical systems (see [5,6,9,11,16]), one expects primitive prime
divisors to exist in orbits unless the maps in S are special in some way. To test this
heuristic, we define the Zsigmondy set of a pair (v, P) € ®5 x P}(K) to be:

Z(v,P) :={n: 9, - P has no primitive prime divisor}.
In particular, when K is a number field we use the abc-conjecture and ideas from [6]
and [8] to bound the size of the elements of Z(v, P) under certain mild conditions on

the maps in S and the basepoints P € P!(K). Specifically, we restrict our attention to
(good) pairs (v, P) in the following sense:

Gg = {(V,P) € g x PL(K) : hy(P) > 0and 0,00 ¢ Orb,(P) U Oer(O)}.
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Remark 1.7. Clearly, Z(v, P) is infinite whenever Orb,(P) is finite (i.e., hy(P) = 0);
see Remark 2.3. Moreover, certain technicalities arise in our argument when the orbits
we consider contain 0 or co. However, it is possible that these latter conditions can be
relaxed.

In what follows, CritVal(S) = |, CritVal(¢) denotes the union of all critical values
of the maps ¢ € S; see [19, p. 353]. Moreover,

PrePer(®s) := {Q € PY(K) : hy(Q) =0 for some ¢ € Og}

denotes the set of points with finite orbit for some sequence in ®g (a set of bounded
height).

Theorem 1.8. Let K be a number field and suppose that S = {¢1, da,...,¢s} is a set of
rational maps on P! of degree at least 2, defined over K, and satisfying:

(1) #6;1(0) > 4 for all i,
(2) 0 ¢ CritVal(S).

Then the abc-conjecture (3.1) implies that Z(v, P) is finite for all (v, P) € Gg.

We also examine the case of global function fields of prime characteristic. However,
since our methods are different in this context, the conditions we impose are also different.
In particular, we are confined to polynomial dynamics. On the other hand, the result
we obtain is unconditional. To formally state this result, let ¢ be an indeterminate, let p
be an odd prime, and let K/F,(t) be a finite separable extension. Extending the usual
derivative 4 on F,(t) to K via implicit differentiation, we let 3’ denote the derivative
of f € K. Given a polynomial ¢(x) € K[z] of degree d > 3, write

¢($> :A0Id+A1Id71 + .. A1+ Ag, A; € K.
Then we have the following important quantities (cf. [9, Theorem 1.1]) associated to ¢:
(].) (5¢ = 2dAOA2 — (d - 1)A%,
(2) by = (dAZAL — (d — 1)AgA1 A} — dAg A A + (d — 1) ATAL) /6,

(3) fo=(d*A3AY —d(d — 1)AgA1 A} — d(d — 2)Ag A2 A + (d(d — 2) + 1) AT A}) /be.

Generalizing [9, Theorem 1.1] to dynamical systems generated by a finite set of maps,
we prove the following:

Theorem 1.9. Let K/F,(t) be a function field and suppose that S = {¢1, ¢2,...,0s} is a
set of polynomials of degree at least 3, defined over K, and satisfying:
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(1) deg(¢) deg(1)dg0y (by — fy) # 0 for all ¢, € S,
(2) 0 ¢ PrePer(®g).

Then Z(v, P) is finite for all (v, P) € Gg.

Remark 1.10. Theorem 1.9 is quite broadly applicable from the point of view of algebraic
geometry: let d = max{deg(¢) : ¢ € S} and view S as a point of (A9T1)* by associating to
each polynomial in S its (d+ 1)-tuple of coefficients. Then the sets .S satisfying condition
(1) of Theorem 1.9 are Zariski dense in (A?*1)®; compare to [9, Remark 1.1]. Moreover,
PrePer(®5) N PY(K) is finite; see Lemma 2.2 or [13, Corollary B].

Remark 1.11. The overall strategy of the proofs of Theorems 1.8 and 1.9 are similar: to
every n € Z(v, P) we may associate a rational point on some curve (over K), and then
use height bounds for rational points on curves to bound n. These height bounds are
furnished by the abe-conjecture in the number field case and the Effective Mordell Con-
jecture (a theorem) over global function fields. However, there is an added complication
in the function field setting; namely, the aforementioned curve may be isotrivial. We use
Riccati equations to circumvent this problem; see Lemma 3.6 below.

2. Expected canonical heights

To prove Theorem 1.2, we need a generalization of Tate’s telescoping argument for
the usual canonical height. To do this, we recall that the functoriality of heights implies
that

hVﬂI o= Oz¢hvm + OV7¢(1> for ¢ € S.
In particular, we have the following bound for height controlled families:

Lemma 2.1. Let S be height controlled with respect to n, let C := sup C(V,n, @), and let
PeS
= inf ay. If pr € Pgr >1, th
Q qlblésa¢ f pr € g, forr > en

hva(pr(Q)) c
W hy,(Q)| < p—

for all Q € V(K). In particular, this bound is independent of p,, v, and Q.

Proof. Suppose that p,. = (0;)7_, for 6; € S, and let 0y to be the identity map on V.
Then define

pi = (Gj)é.:l for 0 <i<r.
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Note, that pg = 6y is the identity map. In particular, inspired by Tate’s telescoping

argument, we rewrite

hv.q(pr(Q))
deg,, (pr)

Z hyn(pr—i(Q) hv,n<pr_i_1<Q>>'

(@ ‘ _
Q) = deg,(pr—i) deg, (pr—i-1)

hVn pr—i(Q)) . hVﬂ?(pT—i—l(Q))’
deg, (pr—i) deg, (pr—i-1)

]hm(pr_i(@) — deg, (6, vy (pr-i-1(Q)]
Z degn(p’f‘—’i)

=0 (4)
r—1 C
<
- — degn(pr_l)
. C
< -
< Z o~
=1
= C C
< i
- ; a’ a—1

This completes the proof of Lemma 2.1. O

It now follows easily that the canonical height ibv,n, p(7) is well-defined and is uni-
formly bounded (as we vary possible paths v € ®g) by the Weil height:

Lemma 2.2. Let P € V(K) and let v € ®5. Then the canonical height,

N hy ('Yn'P)
N — lim Y\ )
Vi, P(7) vl degnﬁwﬂ

is well defined. Moreover, ‘iLV,nvp("}/) — hy,(P)] < % for all P € V(K) and v € ®g.
Proof. This is a simple application of Lemma 2.1. Let v = (;);>1, and write
Yr = (0;)j=;  for 7 >0.

Likewise, for n >m > 0, let p = (vn \ vm) = (0;)}}—,, 1. In particular, we see that

hvaln P) v -P)|_ 1 [hya(o- (- P) |
deg, (7n) deg, (Ym) ’ degn(’ym)‘ deg, (p) hvn(Ym - P)) .
BEC
~am(a—1)
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Here we apply Lemma 2.1 to the map p and the basepoint @ := ~,, - P, and we use that
deg(vm) > a™. Letting m grow arbitrarily large, we see that the distance between the nth
and mth term of the sequence defining ﬁv,n, p(7) goes to zero. In particular, this sequence
is Cauchy and therefore converges. As for the bound \ﬁv%p(v) — hy,(P)| < %, let
m=0and n —ooin (5). O

Remark 2.3. As with the usual canonical height associated to ample divisors 7, we have
that hy,, p(v) = 0 if and only if Orb, (P) is finite. This follows readily from Lemma 2.2
and the simple identity

vamﬂm.p(v \ vm) = deg(ym) ]AIV)’,,)P(’}/) for all v € &5 and m > 1;

here, ¥\ v, = (0n)n>m+1 is the mth shift of v = (6,,)n>1 € Ps. In particular, if
]AIV)W)P(’Y) = 0 then /sz)n('ym - P) is absolutely bounded by Lemma 2.2. In particular, the
dynamical orbit Orb.(P) = {7, - P : m > 1} is finite by Northcott’s Theorem when
7 is ample. On the other hand, if Orb,(P) is finite, then hy., (7, - P) is bounded and
hv..p(7) = 0 as claimed.

We now study the expected value of these canonical height functions on the probability
space (®g, F,v) of i.i.d. sequences of elements of S distributed according to vq; see [12,
Theorem 10.4]. In what follows, we suppress S and F in the notation and simply write
® and v where appropriate.

Proof of Theorem 1.2. Fix P € V(K) and consider the sequence of random variables
hvp,pn : ® = R defined by

hvy(yn - P
hV,U-,P-,n(’Y) = ‘(;gg( ('Y ) )
n\In

It follows from the definition of (®, v) that each hy,, p, is v-measurable; see, for instance,
[12, Theorem 10.4]. On the other hand, the random variable hy, p : ® — R is the
pointwise limit of the {hv,, ppntn>1:

}Ale,P(“Y) = nh_{go hv,p,pn(y)  forall y € ®.

Moreover, the functions {hv,, pn}n>1 are absolutely bounded; see Lemma 2.1. Hence,
the Lebegue dominated convergence theorem [12, Theorem 9.1] implies that iLV,n, p is
integrable and that

]El, [}Alvm] (P) = /}ALV7»,77P(’)/) dv = lim hV,n,P,n(V) dv. (6)

n—00
] <]

Hence, Ey[ﬁv,n](P) is well defined for every P € V(K). As for properties (a) and (b),
note that Lemma 2.2 and the triangle inequality (for integrals) imply that
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‘EV[BV,W](P)—hV,n(P ) = ’/ﬁvnP )dV—hv,n(P>'/1dV

‘/hVnP hvn(P)dl/

C

a—1"

/ vy hv,n(P)’ dv <
[

Hence, E, UA“LV’,J = hv,, + O(1) as claimed. As for the transformation property in (b),
we have first that

£ |Bv [ﬁv,n](%)' P)] _ / E[hv,](yn - P) dvpi= 3 E[hv,) (7 - P)

Tl deg, (v 2 deg,, (7n) S, degy(m)

Vn(7n)

by definition. In particular, the Lebegue dominated convergence theorem [12, Theo-
rem 9.1], Fubini’s Theorem [12, Theorem 10.3], and [12, Corollary 10.2] together imply
that

" FE [Bv,n](% : P)}

degn(ﬁ/’ﬂ)
lim / hV,n(’Ym : (’Yn : P)) dy
m—>oo(b deg,, (Vm) n
= - dvy, 6) and [12, Corollary 10.2
/ deg,, () ©) [ ]
= lim / / v (- (g - P)) dvy, dvy, [12, Theorem 9.1]
Jn [ ] G

= lim // (im0 ) - P) 4y

m—00 deg, (Ym © ¥n)

hVﬂI('Vner ) P)

= lim dVptm 12, Theorem 10.3

e | degy () | |
q>n+7n

= lim /hv7,77p7n+m(’y) dv [12, Corollary 10.2]
m—ro0

— [l v (6)
o

=E[hv,,](P).
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On the other hand, v, (v,)/ deg,(vn) = (du, )" v} (yn) for all 4, € @, by definition
of v}:. Therefore, we deduce that

5 _ E [hy)( - P)] E[hv.q](yn - P)
E[th](P) =E,, [W} = 7;, W%(%)
= (i)™ Y Elhvigl (i - P () (7
Yn €Dy,

= (dvy.) " Eu; [Elhvin)(va - P)]

as claimed. This is the analog of the usual transformation property for canonical heights
defined by a fixed endomorphism. 0O

Remark 2.4. We note that if deg(¢) = d for all ¢ € S, then d,,, = d, v} = v, and we
obtain the transformation formula E,, [IEI, VLWJ (Vg - P)} =d"*E, Vlv,n} (P).

Remark 2.5. We note that for each P € V the variance of the distribution of hy., p(v)
as we vary over sequences vy € ®g is absolutely bounded by Lemma 2.2 and Popoviciu’s
inequality:

TV = / (ﬁv,n,P - ]Eu[ﬁv,n](P))QdV < %( 28 )2~

a—1
P

Example 2.6 (Finite collections). Let V := PV let S = {¢1,¢o,...,0s} be any finite
collection of endomorphisms of degree at least two, and let v, be any probability measure
on S. Then any divisor class n € Pic(PY) = Z satisfies ¢ (1) = deg(¢;)n forall 1 <i < s.
Moreover, there are constants Ow(l) for each 1 < ¢ < s such that

h’]PN,T] © ¢)2 = deg((ybi)hv,n + On,z(l)

Therefore, S is height controlled with respect to any divisor (the supremum of a finite
set is finite). In particular, one could take: V := P! S := {¢1, ¢} to be any two rational
maps in one-variable (of degree at least 2), and v1(¢1) = 1/2 = v1(d2): that is, we flip a
fair coin to determine which map to apply at every stage of composition.

Example 2.7 (Unicritical maps of bounded height). Let V := P! let n = oo, let B > 0,
and consider the set of functions

Sp = {¢ac(z) = ycicel, || <B,d> 1}.
Then, [10, Lemma 12] implies that

hy($ac(P)) = dhy(P)| < log|2| <log|2B|  forall P€PYQ\{n} =Q.  (8)
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In particular, (for simplicity) we consider only rational basepoints. Hence, (8) implies
that Sp is height controlled with respect to n. From here, we can take any probability
measure v; we like on Sp (note that Sp is set theoretically just N25+1). For instance,
one could consider any of the following well-known probability measures:

Geometric: Let r € (0,1) and let vp 1 be the measure on (Sg, 298) generated by

(1 —r)rd=2

VB,T,1(¢d,c) - 9B + 1

Then one checks via the summation formula for geometric series that > vg . 1(¢a.c) = 1.
In particular, the data (]P’l((@), 1,58, VBJ«J) satisfies the hypothesis of Theorem 1.2.

Poisson: Let A > 0 and let vp 1 be the measure on (Sp, 258) generated by

e—)\)\d—Q

vBA1(Pd,c) = @B+ 1)(d-2)

Then one checks via the exponential summation formula that > vg x1(da.c) = 1. In
particular, the data (]P’l(Q)7 1,58, I/B’)\’l) satisfies the hypothesis of Theorem 1.2.

Remark 2.8. Likewise, given any probability measure on the set of integers |¢| < B,
one can twist the usual Geometric and Poisson distributions to form new probability
measures on Sp and study the corresponding expected canonical heights. Even more
generally, for any finite set of rational maps S, the set S = {¢poa? : ¢ € S,d > 2} is an
infinite, height controlled family (generalizing the unicritical maps of bounded height).

We now prove a dynamical application of the expected canonical height function (anal-
ogous to the characterization of preperiodic points as the kernel of the usual canonical
height).

Proof of Corollary 1.4. If there exists a finite, S-stable subset Fp containing P, then
Orb, (P) is contained in F'p for all v € ®g; hence,

v({y € ®5: Orb,(P) is finite }) = 1.
Therefore, (1) = (2). On the other hand, if (2) holds, then we see immediately that

V({’}/ € &g : }Alv,n’p(’y) = 0}) =1.

In particular, the expected canonical height must vanish: Ey[ilvm] (P)= f<I>s fzv7n7p('y) dv=

0, and (2) = (3). Finally, suppose that E,[hy.,](P) = 0. Then the transformation
law in property (b) of Theorem 1.2 implies that

~

Eug [Eu[fwa] (v - P)] = (@) B [y (P) = 0
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for all k > 1. However, ®g , is countable, so that

0=Ey; [Bu [ova] (s P)] = 3 Blhwln- P )
Y €Dk

Moreover, since 7 is ample, [13, Theorem 2.3 (3)] implies that ?LV%Q is non-negative
for all Q € P*(K). Therefore, IEV[?LV,,,}(% - P) is non-negative for all 75, € ®g and all
k > 1. On the other hand, v () is positive, siPce deg, (&) is positive and vy is a strictly
positive measure. Hence, (9) implies that E, [hv,,](7% - P) = 0 for all v, € ®g, and all
k > 1. However, E, [hv.,] = hy.,, + O(1), so that

Fpi=J | (w-P) S V(K(P)) (10)

yEPs k>0

must be a set of bounded height (with respect to hyy); here K(P)/K is the field of
definition of P. In particular, Northcott’s theorem and the fact that n is ample imply
that Fp is finite. Moreover, Fp is S-stable. Therefore (3) = (1), completing the
argument. O

Remark 2.9. To summarize, if n is an ample divisor, then we have defined a height func-
tion E, [?Lvm] on V that characterizes the existence of a finite subset that is simultaneously
stable for all maps in S. In fact, we could formally define a map Eu[iLvm} :Fin(V) - R
on the set Fin(V) of finite subsets of V' given by Ey[ﬁvm](F) = per ]Ey[ﬁvm](P), and
note that E, [hy.,](F) = 0 if and only if F is S-stable.

Remark 2.10. Note that Corollary 1.4 does not depend on the probability measure 14
on S.

Proof of Corollary 1.5. If P € P!(Q) is such that E,[h](P) = 0, then Corollary 1.4
implies that P € PrePer(¢) for all ¢ € S. Therefore, if {P € P*(Q) : E,[h](P) = 0}
is infinite, then ﬂ¢>eS PrePer(¢) is infinite, and (1) implies (2). On the other hand, if
Nyes PrePer(¢) is infinite, then PrePer(¢) NPrePer(1)) is infinite for all ¢, ¢ € 5. Hence,
we deduce that PrePer(¢) = PrePer(v) for all ¢,¢ € S by [1, Theorem 1.2]. Therefore,
(2) implies (3). Finally, suppose that PrePer(¢) = PrePer(y) for all ¢ € S, and take any
point P € PrePer(¢). Then

Fp = Lg kU (& - P) C PrePer(¢) N PY(K(P));

here we use that PrePer(v) is i-stable and that PrePer(¢) = PrePer(v) for all ¢ € S.
However, PrePer(¢) is a set of bounded height by Northcott’s theorem. Therefore, Fp
is a finite set since [K(P) : K] is a finite extension. On the other hand, Fp is clearly

~

S-stable, so that Corollary 1.4 implies that E,[h](P) = 0. Hence, we have shown that
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PrePer(¢) C {P € P1(Q) : E,[A](P) =0}.

In particular, since PrePer(¢) is an infinite set by [19, Exercise 1.18], we see that (3)
implies (1) as claimed. O

3. Primitive prime divisors in generalized orbits

To begin this section, let K be a number field and let 0x be the ring of integers of K.
Given a nonzero prime ideal p C o, we let ky := ox /pox and N, := (log #k,)/[K : Q]
be the residue field and local (logarithmic) degree of p respectively, and define the Weil
height [19, §3.1] of « € K* by

1

wal Z max(log |o(a)|,0);

h(a) = = min(vy(a), 0)N, +
p o K—C

here v, is the valuation on K* attached to p. In particular, it follows from the product
formula [19, Proposition 3.3] that

Z vp(a)Np < h(a) and  — Z vp(a) Ny, < h(a) (11)

vp (@)>0 vy () <0

for all @ € K*. As in [6] and [7], the main tool we use to study the prime factors of
elements of orbits is the (Roth) abe-conjecture.

Conjecture 3.1 (abc-conjecture). Let K be a number field. Then for any € > 0, there
exists a constant Ck . such that for all a,b,c € K* satisfying a + b = ¢, we have that

h(a,b,c) < (1+ €)(rad(a,b,c)) + Ck,e.
Here rad(a,b,c) is a suitably defined radical of the tuple (a,b,c); see [6, §3].

In fact, the key idea we use here is that the abc-conjecture implies that polynomial
values are reasonably square-free in the following sense; see [6, Proposition 3.4]

Proposition 3.2. Assume that the abc-conjecture is true for K, and let F(x) € ox[x] be
a polynomial of degree at least 3 without repeated factors. Then for all € > 0 there exists
a constant C'r . such that:

Z Ny > (deg(F) —2 —€)h(z) + Cpe forall z € K.
vp (F(2))>0

As a reminder, in our study of prime factors in dynamical orbits, we restrict our
attention to pairs (v, P) € &5 x P}(K) in the following set:

Gg = {(y,P) € g x PL(K) : hy(P) > 0and 0,00 ¢ Orb.(P) U Oer(O)}.
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Proof of Theorem 1.8. For each ¢ € S, fix a representation ¢(x) = gj((i)) for some

coprime polynomials Fy, Gy € 0 [z], and let

s:={p : vp(Res(Fy,Gy)) #0, ¢ € S};

here Res(Fy, Gy) denotes the resultant of Fyy and G. In particular, s is finite and ~,, has
good reduction at all p ¢ s for all m > 1 and all v € ®g; see [19, Theorem 2.15]. To ease
notation, for a given sequences v = (0,,),>1, write F,, = Fp, and G,, = Gy, for any n > 1.
Note that Proposition 3.2 implies that for all € > 0 there exists Cg . = minlgigs{CF% er
such that:

(deg(F) — 2= h(u1-P)+Cse < S N, (12)
vy (Fr(Yn—1-P))>0

Here we use assumptions (1) and (2) of Theorem 1.8 to deduce that F), is square-free
and has degree at least 3; see also Remark 3.3. Moreover, (12) holds for all P, v, and n.

Now assume that n € Z(v, P). To study the prime ideals defining the right hand side
of (12), assume that v, (F,,(yn—1-P)) > 0. If in addition p ¢ s and vy (y,—1-P) > 0, then

Up(’yn - P) = UP(Fn(’Yn—l - P)) — Up(Gn('Yn—l - P)) = Up(Fn(’Yn—l -P)) >0 (13)

by standard properties of the resultant; see [19, Theorem 2.15]. On the other hand, we
have assumed that n € Z(v, P), so that (13) implies that vy(vm - P) > 0 for some m
in the range 1 < m < n — 1. Moreover, [19, Exercise 2.12] implies that all possible
compositional combinations of elements of S have good reduction at p, so that

('Yn\'Ym)OE('Vn\’Ym)(’YmP)EIYHPEO(mOdp)v (14)
see [19, Theorem 2.18]. Therefore, (11), (12) and (14) together imply that

(deg(Fpn) —2 — €)h(Vn-1-P)+ Cs,.

I.%J n—1
< N, + Yoo N+ >N+ D> N,
m=1 m=|2] pEs Vp (Yn—1-P)<0
BOm PO (4\9)0)50 ,, (15)
L%J n—1
< h(’ym'P)—i_ Z h((’)/n\’ym)'o)""_h(’)/n—l P)+CI(S)
m=1 m=[3]

for some constant ¢1(S) depending only on S. This is similar to the bound in [8, (15)].
Moreover, it is here that we use that oo and 0 are not in the orbit of P and 0, in order
to apply (11). Now we use properties of canonical heights. Specifically, Lemma 2.2 and
Remark 2.3 together imply that
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h(pr - Q) — deg(pr)hy(Q)| < Cs (16)

forall 7 > 1, all p € ®g, and all Q € P'(K); here Cg is the height control constant from
Theorem 1.2. In particular, by letting ¢ = 1/2 and using the fact that deg(F,) > 4, we
deduce from (15) and (16) that

LﬂJ n—1
deg(’Yn—l)h ( < Z deg 'Ym Z deg(’Yn \ 7m)h’y\"/m (0)>

m=13] (17)

+ c2(S)n + c3(5)
for some constants ¢;(S) depending only on S. Therefore, after dividing both sides of

(17) by deg('yn_l)fly(P) and noting that /., (0) < Cg for all m, we achieve a bound
of the form

deg(Yom n—1 deg(Yn\Vm
ca(8,7,P) (L aietlmls) +oleg(emc5<s,%P>(zm 3] TompnLs )
deg (Yn—1\Vins2)) deg(Vin/2))

+ 66(57’77P)n + C7(S/Y,P)
deg(vn—1)  deg(yn-1)

CS(SvryaP) + 69(5777P) + c6(S,'y,P)n + C7(S,"Y,P)
T deg (Yn-1\Vns2))  deg (Vns2)  deg(va—1)  deg(vn-1)

for some constants ¢;(.S, v, P) depending on S, v, and P. However, the right-hand side of
the inequality above goes to zero as n grows. Hence, n is bounded and Z(v, P) is finite
as claimed. O

Remark 3.3. Conditions (1) and (2) of Theorem 1.8 are equivalent to writing ¢(x) =

(
G2 with disc(Fy) # 0 and deg(Fy) > 4 for all ¢ € S.

We now study dynamical Zsigmondy sets when K/F,(t) is a finite separable ex-
tension and p is odd. To do this, we translate the proof of [9, Theorem 1.1] to the
non-deterministic setting and use properties of canonical heights from Section 2. For
completeness, we remind the reader of the definition of the Weil height in this setting.
Given a valuation v on K with residue field k, and local degree N, [20, Definition 1.1.14],
we define the height of a« € K* to be

Z min{v(a),0}N, = Z max{v(a),0}N,, (18)

where the equality above follows from the fact that on a curve, the number of zeros of a
non-constant function equals the number of poles when counted with multiplicity; see,
for instance, [20, Theorem 1.4.11].
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Before we begin our proof of Theorem 1.9, we record a few auxiliary results, including
Lemma 2.1 from [9] stated below. However, given the technical nature of the material
that follows, the reader is encouraged to keep in mind that our overall strategy (as in
the proof of [9, Theorem 1.1]) is to show that for any sufficiently long string v, € ®s.m,
there exists a root of ¥, that fails to satisfy a Riccati equation. Here a Riccati equation
is a first order differential equation of the form

y =ay* +by+c.
In what follows, K®°P denotes the separable closure of K.
Lemma 3.4. Let K/F,(t), let ¢(x) € K[x] have degree d > 3, and write
o(x) = Aozt + Azt + . Ay + Ay
If d € K* and the quantity
5 = 2dAgAy — (d —1)A3

is non-zero, then for all § € K5P such that § and ¢(B) both satisfy a Riccati equation,
i.e.

B'=af’+b8+c and ¢(B) =ed(B)* + fo(B) +g (19)

for some a,b,c,e, f,g € K, either
[K(B) : K] < 2d,
or the coefficients in (19) are uniquely determined by ¢:
a=0, b= (dAjAL —(d—1)AgA1 A} — dAgA2 A} + (d — 1)ATAp) /0,
e=0, f=(d*AAY —d(d—1)AgA1 A} —d(d —2)AgAs Ay + (d(d — 2) + 1)ATA}) /b,

c= (AQAlA/Q — 2A0A2A/1 + A1A2A6)/(5¢, g= Ad_lc — Adf + Aél
(20)

We gather another result that uses our technical assumptions from Theorem 1.9. In
particular, we show that not all roots of sufficiently long strings of elements of S can
satisfy a Riccati equation over K. It is in this step especially where we encounter the
subtlety of iterating multiple maps.
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Lemma 3.5. Let K/F,(t) be a function field and suppose that S = {¢1, d2, ..., ¢s} satisfies
the hypothesis of Theorem 1.9. Then there exists a constant M = M(S) such that for
any string Yoy = (0,)M. € ®g psr of length M there is an integer 0 < my < 2 and a oot
B of the substring (Yar \ m,,) = (Qn)fl”:mw_‘_l that satisfies:

(a) B e K™,

(b) [K(8): K] > 2d,

(c) B does not satisfy a Riccati equation over K.

Proof. To find the pair m, and §, let d := max{deg(¢) : ¢ € S} and note that
e (2d) = inf { hy(a) + [K(a) : K] < 2d, o ¢ PrePer(Ds), ¢ € Og |

is a positive number; this follows from Lemma 3.8 below. Now let m > 1 and suppose
that o € P1(K) is a root of a string 9,, € ®g,, and that [K(a) : K] < 2d. Extend v,
to some infinite sequence 1 € ®g, and note that Remark 2.3 implies that

B (0) = Tpn, (Vi (@) = deg(tm) hyp(ar) > deg(thm) h" i (2d). (21)

Here we use our assumption that 0 ¢ PrePer(®g), so that a ¢ PrePer(®g) also. Now let
Cs be the height control constant from Theorem 1.2, and note that Lemma 2.2 implies
that Ay, (0) < Cs, independent of the extension 9 of t,,. Therefore, in light of (21),
we define the constant

M :=logg (Cs/h3 " (2d)) + 3, (22)

where logy (2) = max{logs(2),0}. To see that M has the desired properties, let 15, €
®s s be any string. Note first that we may choose a separable root Bjr of 1y,: for if
every root of 1y, is inseparable, then deg(vys) is divisible by char(K); see [4, §13.5
Proposition 38]. However, this contradicts assumption (1) of Theorem 1.9. Now write
the string 1 = (0,)); explicitly. Then we claim that (my, ) in Lemma 3.5 can be
chosen to be one of the pairs below:

(my, B) = (0, Bar), (1, 01(Bar)) or (2, 62(61(Bar)))-

To see this, note that condition (a) of Lemma 3.5 is easily satisfied: since 8y is separable,
both 61 (8ar) and 02(601(5ar)) are also separable. On the other hand, the relative degrees
[K(Bum) : K], [K(601(Bum)) + K] and [K(02(61(Bar))) : K| are all at least 2d + 1 by
(21) and the definition of M in (22). Therefore, it remains to show that at least one of
the algebraic functions 3, 61 (8ar) or 82(61(8ar)) does not satisfy a Riccati equation over
K. Suppose, for a contradiction, that all three satisfy a Riccati equation over K. Then
Lemma 3.4 applied separately to the point 5 = Sj; with the map ¢ = 6; and the point
B = 01(Bar) with the map ¢ = 02 implies that
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By =bifu+c1 and  01(Bum) = f101(Bm) + 91,

23
01(Bar) = bobh (Bar) +c2 and  02(01(8))" = f202(01(8)) + g2 (2)

for the unique solutions (b1, c1, f1,91) € K* and (ba, ¢z, f2,g2) € K* in (20) correspond-
ing to ¢ = 01 and ¢ = 65 respectively. In particular, 0 = (ba — f1) 61 (Bar) + (ca — g1). But
[K(61(Ba)) = K] > 2d, so that (ba — f1) = 0. However, this again contradicts condition
(1) of Theorem 1.9. O

The importance of Riccati equations to the arithmetic of function fields is partially
explained by their ability to detect the isotriviality of hyperelliptic curves [9, Lemma 2.2].

Lemma 3.6. Let K/F,(t) and suppose that p(x) € K|x] is an irreducible (and separable)
polynomial of degree d > 5. If B € K®P is such that p(8) = 0 and § does not satisfy a
Riccati equation over K, i.e.

B #aB*+bB+c
for all a,b,c € K, then the hyperelliptic curve C :Y? = p(X) is non-isotrivial.

As a final preparation for the proof of Theorem 1.9, we replace Proposition 3.2 with
effective forms of the Mordell conjecture over global function fields [14,17,21].

Theorem 3.7. (Effective Mordell Conjecture) Let X be a non-isotrivial curve of genus at
least 2 defined over a function field K of characteristic p > 0. Then there are constants

Bx 1 and Bx o depending on X such that for all Q € X(K),

hiy (@) < Bx1d(Q) + Bx 2;
here hy, 1is a height function with respect to the canonical divisor kx of X and

_ 2genus(K(Q)) — 2
1O~ "w@ K

is the relative discriminant of the extension K(Q)/K.

Proof. Strictly speaking, the bounds in [14,17,21] are for curves with non-zero Kodaira-
Spencer class. However, the non-isotrivial case follows from this one; see [15, Theorem 5]
or [22, Theorem 2|. For if X is a non-isotrivial curve, then there is an r (a power of p) and
a separable extension L/K such that X is defined over L" and that the Kodaira-Spencer
class of X over L" is non-zero [22, Appendix]. Now, if we apply any of the bounds in
[14,17,21] to X over L", then we achieve the bound in Theorem 3.7. O

Having completed the necessary preparations, we can now prove the finiteness of some
polynomial Zsigmondy sets over global function fields.
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Proof of Theorem 1.9. Let v € &g, let P € P'(K) be such that /., (P) > 0, and suppose
that n € Z(v, P). Without loss of generality, we may assume that n > M; see (22) for a
definition of M. Write v, = (6,,),—; so that

Yo =¥ (¥) 0 Yn-nr,  where ¥ar(7) == (Om)p_prp1 and Yaoar = (0m) Y.
Now since ¥ps(7y) is a string of length M, Lemma 3.5 implies that ¢ (y) = par(7y) o

Y, (7), where ¢y, is a string of length 0, 1 or 2 and pas(y) has a root 3 satisfying
conditions (1)-(3) of Lemma 3.5. In particular, the polynomial pas(7y) has a factorization

o (V) = fyr () fry nr2(2) ol fy e ()7,

satisfying: the fy s € K[xz] are distinct and irreducible, deg(fy,ar,1) > 6, and fy a1
has a separable root 3, that does not satisfy a Riccati equation over K. In particular,
the hyperelliptic curve

Com: Y2 = fymi(X)

is non-isotrivial by Lemma 3.6. Moreover, there are only finitely many such curves Cy as
to consider since par(7y) € ®g,a—; for some 0 < ¢ < 2. In particular, there are uniform
height bound constants

Bsy:=max{Be, , 1} and Bsp:=max{Be, , 2}
from Theorem 3.7. From here, the proof that n is bounded is (mutatis mutandis) the

same as the proof of [9, Theorem 1.1] and similar to the proof of Theorem 1.8 above.
Specifically, we consider the algebraic point

Qe = (U (1) B 2)(P), \/ (fra1 © (B, (1) 0 a2 ) (P) ) € Cyaa (K,

so that Theorem 3.7 implies that

hfic%M (Qn,’y,P) < BS,I d(Qn,'y,P) + BS,2~

On the other hand, let ,, (P) = X(Qpn,,p) and yp (P) = Y?(Qn,,p) respectively.
Then

h(l'n,'y(P)) S BS,3< Z Nv + Z Ny) + BS,4; (24)
<0

V(Yn,~(P))>0 V(Yn,~ (P))

here we use [20, Proposition 3.7.3] to calculate d(Qn,~,p) and use [18, Theorem II1.10.2]
to compare the two heights Ay, (Qn.~,p) and h(z, ~(P)). However, S is a set of polyno-
mials, so that v(y,,~(P)) < 0 can only occur when P, the coefficients of the polynomials
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in S, or the coefficients of f, 7,1 have negative valuations. Therefore, we deduce from
(24) that

h(zn~(P)) <Bss > N, +Bsgh(P)+Bsz (25)
veESP
V(Yn,~(P))>0

here sp is the set valuations v satisfying the following:

e u(P) >0,
e every polynomial ¢ € S has good reduction at v, (26)

o f, ar, has good reduction at v or all ¢ and all v € ®g.

Now we use our assumption that n € Z(v, P). In particular, if v € sp and v(y, ,(P)) > 0,
then v(y,(P)) > 0. Therefore, v(y,,(P)) > 0 for some 1 < m < n — 1 by the definition
of the Zsigmondy set. However, as in (14), v(y,(P)) > 0 and v(y,,(P)) > 0 implies that
v((Yn \ ym)(0)) > 0. In particular, we see that (18) and (25) imply that

L%J n—1
W~ (P)) < Bs,s ( Y N+ > N ) + Bs,6 h(P) + Bs,7
m=1 m=_%]
'U('YWL'P)>O v .
((vn\ym)-0)>0 (27)
L%J n—1
S 83’5 < Z h(’ym : P) + Z h((’}’n \’Ym) : 0) > + BS,G h<P) + 85’7;
m=1 m=13]

compare to (15) over number fields. However, |h(p, - Q) — deg(pr)ﬁp(Q)| < (g for all
r>1,all p € &g, and all Q € P(K), where Cg is the height control constant from
Theorem 1.2; see Lemma 2.2. Therefore,

I.?J n—1
degm_mhv@)SBs,s(MP)Zdeg<vm>+ 3 deg(wn\vmﬁm,((J)) .
m=1 J

m=|

w3

+ BS,Q fAL’Y(P> + BS,IO n—+ BSJI;

compare this to the estimate (17) in the number field setting. Here we use also the trivial
bound deg(v,—nr) < deg((¢m,, () © Yn—nr)), in an attempt to make the expressions less
cumbersome.

~

Finally, h,, (0) < Cg for all m by Lemma 2.2, and we deduce that n is bounded.
Namely, we divide both sides of (28) by deg(vn)ﬁv(P) and see that the right hand
goes to zero as n grows while the left hand side is bounded below by 1/d™, where

d = max{deg(¢) : ¢ € S}. This completes the proof of Theorem 1.9. O

Please cite this article in press as: V.O. Healey, W. Hindes, Stochastic canonical heights, J. Number
Theory (2019), https://doi.org/10.1016/j.jnt.2019.02.020




YJINTH:6241

V.O. Healey, W. Hindes / Journal of Number Theory ess (sees) seo—ses 23

We conclude this section by noting that there is an absolute (positive) lower bound
on the canonical height of all non-preperiodic points of bounded degree, a fact used to
establish Lemma 3.5.

Lemma 3.8. Let K be a global field and let S = {¢1, a2, ..., 05} be a set of rational maps
on P all defined over K and of degree at least 2. Then for all D > 0, the quantity

Pginge (D) i= inf { hy(a) + [K(a): K] < D, a ¢ PrePer(®s), ¥ € ds
is strictly positive.

Proof. Choose any Qp € P! such that [K(Qo) : K] < D and Qg ¢ PrePer(®g); this is
possible by Northcott’s Theorem and Lemma 2.2. Then for any p € &g, we have that

Pginge (D) = inf { hy(a) + hy(0) < hy(Qo),

[K(a): K] <D, a ¢ PrePer(®g), ¢ q»s}. (29)

On the other hand, if iLd,(a) < fzp(QO), then h(a) < pr(Qo) + Cs by Lemma 2.2.
Moreover, the set of points

Tp = {a e PY(K) : [K(a): K] < D, h(a) < hy(Qo) + Cs, a ¢ PrePer(cps)} (30)

is finite by Northcott’s theorem. In particular, since

R (D) > min inf h
@S,K( )_alg%lj wlen% w(a)

by (29) and (30) above and Tp is finite, it suffices to show that d)ing iw(a) is strictly
€ds

positive for any non-preperiodic « to prove that E¢S7K(D) > 0: the minimum value of a
finite set of positive numbers is positive. To do this, we note first that

lho () — ho(¥)| < Cs A(y,4)  for all Q € PY(K) and all 7,7 € g,

where A(y,7p) = 27 min{nim#¥n} gives a metric on ®g; this follows easily from
Lemma 2.2 and Remark 2.3 above. In particular, for any fixed o the canonical height
map, he @ Pg — R>o given by v — fAl,Y(Oz), is continuous; in fact, h, is uniformly
continuous. In particular, since ®g is compact (S is finite), he must attain its mini-
mum value somewhere on ®g. In particular, this minimum value must be positive when
a ¢ PrePer(®g) by definition. O

Remark 3.9. In fact, for non-preperiodic basepoints, we have established a uniform bound
on the elements of the corresponding Zsigmondy sets: assuming the hypothesis of The-
orems 1.8 and 1.9, there exists an integer N = N(S, K) such that if n € Z(y, P) for
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some (v, P) € Gg with P ¢ PrePer(®g), then n < N. This follows from (17), (28), and
Lemma 3.8.

4. Local height decomposition

As with the usual canonical height (associated to a single endomorphism), the canon-
ical and expected canonical heights defined in Theorem 1.2 can be written as a sum of
local heights. To do this, we follow the construction given in [19, §5.9]. In particular, we
assume that V' = P! and that our generating set of self maps S = {¢1,da,...,ds} is
finite. Moreover, since most of the results in this section are straightforward adaptations
of Lemma 2.1, Lemma 2.2, and results in [19, §5.9], we simply provide an outline here.

First some notation. Let Mg be a complete set of absolute values on K. To each place
|- |» € Mg, we define a norm ||-||, on A?(K,) given by

Gz, )l = max{|2[y, [yl },

where K, is the completion of K at |-|,; let n, be its local degree [19, §3.1]. Now choose
and fix a lift ¢; : A2 — A2 over K for each ¢; € S, and associate a “lift” to a sequence

v = (On)n>1 € Ps by ¥ = (6,)n>1. Then we define an associated Green function to ¥
and | - |, by analogy with the canonical height:

1 ~7L ) v
G, n(o9) = tim “ENTEEINe o) € a2, (31)

n— 00 deg(~n

here A%(K,) = {(z,y) € A%2(K,) : 2 #0 or y # 0}. We collect some facts about these
Green functions below; compare to [19, Proposition 5.58 and Theorem 5.59].

Proposition 4.1. The functions G, 5 are well defined and satisfy the following properties:
(1) Let (z,y) € A%2(K,). Then
Go5(z,y) =log||(z,y)llv + Ou(1)

for all v € M. Moreover, O,(1) =0 for all but finitely many v € M.
(2) Let (z,y) € A2(K) be any representative of P = [x,y] € P1(K). Then

ha(P) = " n,Gos(e.y)

vEMg

for any choice of lifts (over K ) of the elements of S.

Proof. The argument that the limit defining G, 5 exists is, mutatis mutandis, the same
as that given to establish that h., is well defined: one uses Tate’s telescoping argument
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plus the fact that S is finite (and thus height controlled). In particular, the key fact in
this setting is that there exist positive constants c; , such that

log [|¢i(x, y)llo — deg(di) log l|(z, y)llo| < i forall (z,y) € AX(K,);  (32)

see [19, Proposition 5.57(a)]. Hence, (32) and the adapted version of Tate’s telescoping
argument given in (4) and (5) imply that

max;{¢; ,}
~am(a—1)’

0<m< n; (33)

10g [Yn (@, y)llo _ log[1Fm (2, y)ll
deg(9n) deg(Fm)

here v = min{deg(¢;)} > 2. Hence, the limit defining G, »(z,y) is Cauchy and therefore
converges. Moreover, letting m = 0 and n — oo establishes statement (1). On the other
hand, if v € M satisfies:

v is nonarchimedean, ||¢;|l, = 1, and | Res(¢;)], = 1, (34)

then ¢; , = 0; see [19, Proposition 5.57(b)]. Hence, for all but finitely v € M, we have
that G, 5(z,y) = log (@, )], for all (z,y) € A%(K,); to see this, note that (34) holds
for all i for all but finitely many places (recall that we fix the lifts ¢; at the outset). This
completes the proof of statement (1). As for statement (2), we note first that if ¢ € K,
then

g’u,’?(cm7 Cy) = gv,’?(m7 y) + log |C|U; (35)

the proof is identical to [19, (5.38), pp. 289]. In particular, if ¢ € K*, then

Z NGy 5(cx, cy) = Z Gy 5(x,y) forall (z,y) € AY(K), (36)

vEMK vE My,

by the product formula [19, Proposition 3.3]. Hence, the right hand side of statement (2)
of Proposition 4.1 is independent of the choice of representative for P = [z,y]. Now fix
P € P1(K) and a representative (z,y), and note that the sum in (36) is a finite sum, since
Gv5(x,y) = log||(x,y)|l, = 0 for all but finitely many v € M of course this time the
finitely many primes depend on (z,y). In fact, the stronger statement holds: there exists
a finite set T (,,) C M, depending on 4 and (z,y), such that for all |- |, & T5 (5.,

_log |3m (2, )|
)

Gnovs(z,y) = deg(5 =log||(z,y)|l, =0 for all n > 1;

see (32) and (34) above. Hence,
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Z Ty g’u,‘/ (1’, y) - Z Ny gv,ﬁ/(x7 y) = Z uz nh~>n<§0 gn,'u,ﬁ/ (1’, y)

veMx VETS, () VET, (a,y)
= lim E Ny Gnow5(2,y) = lim g N Gn w5 (T, Y)
n—oo n—roo
UET:Y,(J%Q) vEMK

Lovert W18 |V (@ ) (- P)
p = mm ———F——
n— o0 deg(7n) n—oo deg(y)

|
>
2
—
=

as claimed. This completes the proof of Proposition 4.1. O

Remark 4.2. We note that G, 5 : A?2(K) — R is continuous, since the sequence of
continuous functions G, , 5 converges uniformly to G, 5 by (33); compare to [19, Propo-
sition 5.58(e)].

Following [19, §5.9], we use Green functions to define local canonical heights, which in
some sense measure the v-adic distance from points to divisors. Moreover, these functions
are defined on Zariski open subsets of P! (the ambient space), unlike the Green functions.

To do this, let E € K[z,y] be a homogenous polynomial of degree deg(E) = e (which
determines a divisor of P!). For a lift 4 of v € ®g, determined by fixed lifts of the
elements of S, we define the local canonical height at v associated to the pair (%, E) to
be the function:

~

Ao, B([2,9]) = €Go 5 (2,y) —log [E(z, )| (37)

for all [z,y] € PY(K,) with E(x,y) # 0. We collect some properties of these local
canonical height functions below; compare to [19, Theorems 5.60, 5.61].

Theorem 4.3. Let E € K[xz,y| be a homogenous polynomial of degree e and let 7 be a lift
of v € ®g. Then the following statements hold:

(1) Aos.m: PYE,)\{E =0} = R is a well defined function.

(2) The function P — X\, 5.5(P) + log ﬁgﬂ)el“ extends to a bounded continuous function
on all of PY(K,). ’

(3) The canonical height has a decomposition as a sum of local canonical heights:

n(P)= G 3 me s (P)

vEME
for all P € PL(K)\ {E = 0}.

Proof. The proof of statement (1) follows directly from (35). As for statement (2), note
that
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[E(P)]

S\U,’V,E(P) + ]Og W

= e(gw’y(p) - log HPHU)

is bounded by Proposition 4.1 part (1). Moreover, both G, 5 and log |||, are continuous

functions on A2(K,), and hence their difference is also continuous on A%(K,). Further-
[E(P)]w
1P

more, since this difference is invariant under scaling, the map P — S\U,:% g(P)+log
is continuous as claimed. Finally, if P = [z,y] € P}(K) \ {E = 0}, then

In(P)= 3 mGuslwn) = 3 gt (Al 3]) +log [z y)l)
vEM], vEM]),

1 -
= M Z Ty, AU7,~),7E(P)

vEMK
1

4+ — Ny log |E(x,y)|s
T 2 " o Ew)

1

L S W) =
deg(FE) UGXM:K 5.2(P)

as claimed; here, we use (37), Proposition 4.1 part (2), and the product formula, which
implies that }_ ,,. 1o log [E(z,y)|, vanishes. O

We now fix the point P € P(K) and vary its orbit in P! by varying v € ®5. In
particular, we consider the functions v — 5\U7E7P('y) = 5\U7@)E(P) for each v € Mk. As a
first observation, note that we may interpret Theorem 4.3 part (3) as a way of writing

the random variable v — h p(7) as a sum of (local) random variables:

hP(’y): Z Ny 5\v,E',P(’y)'

vEMg

Since it is often a useful technique in probability theory to decompose a complicated
random variable into a sum of independent random variables, we ask the following ques-
tion:

Question 4.4. For what points P € P}(K), is {5\U7E7P(’Y)} d collection of indepen-
veMk
dent random variables on ®g7

Finally, we note that Ey[ﬁ] : P! — R, a height function that in some sense pack-
ages together the collective dynamics of the functions in S at the point P, also has a
decomposition into a sum of local pieces.

Corollary 4.5. Let K be a global field, let E € K|x,y] be a homogenous polynomial, and
let S = {¢1,02,...,0s} be a finite set of rational maps (over K) on P, all of degree
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at least 2. Fiz lifts ¢; : A2 — A2 for each ¢;, and extend these to lifts of each element
in ®g. Then

(1) For allv € My, the local expected canonical height,

EV[:\U»%E](P) = /5\U7E7P(’Y) dv,

®s

is well defined for all P € PY(K,)\ {E = 0}.
(2) The expected canonical height has a decomposition as a sum local expected canonical
heights:

E, [h](P) = @ ZM: nyEy [ 5,58] (P)

for all P € PL(K)\ {E = 0}.

Proof. The first statement follows from the Lebegue dominated convergence theorem:
for each n define the random variables A, g pn : ®5 — R given by

log|[¥n (2, y) [l»

M) = des(B) ZE L

—log |E(z,y)[v;

here (z,y) € A%(K,) is any representative of P. Then (33) implies that A\, g p, is
a sequence of uniformly bounded functions (take m = 0). Furthermore, A, g p is the
pointwise limit of the A, g p,. Hence, [12, Theorem 9.1] implies that A, g p is integrable
and

n—oo
Dg o

]Eu[)\v,:/,E} (P) = /:\v,E,P('Y) dv = lim /\'U,E‘,P,n('}/) dv.

Moreover, the decomposition in statement (2) follows directly from Theorem 4.3 part
(3) and the linearity of the integral: for any fixed P, the sum is in fact a finite sum;
see (34). O
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