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Abstract

Let p1; p2;y be the sequence of all primes in ascending order. The following result is

proved: for any given positive integer k and any given eiAf0; 1g ði ¼ 1; 2;y; kÞ; there exist

infinitely many positive integers n with

e1ðn!Þ � e1ðmod 2Þ; e2ðn!Þ � e2ðmod 2Þ;y; ekðn!Þ � ekðmod 2Þ;

where eiðn!Þ denotes the exponent of the prime pi in the standard factorization of positive

integer n!: In 1997 Berend proved a conjecture of Erd +os and Graham, that is, the conclusion

with all ei ¼ 0:
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1. Introduction

Let p1; p2;y be the sequence of all primes in ascending order. For a positive

integer n; let eiðnÞ be the nonnegative integer with p
eiðnÞ
i j n and p

eiðnÞþ1
i [ n: In 1997,

Berend [1] proved a conjecture of Erd +os and Graham (cf. [3, p. 77]) by showing that
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for every positive integer k there exist infinitely many positive integers n with

e1ðn!Þ � 0ðmod 2Þ; e2ðn!Þ � 0ðmod 2Þ;y; ekðn!Þ � 0ðmod 2Þ:

It is clear that n ¼ 1 is a solution. The initial value n ¼ 1 is very useful in Berend’s
proof. For any other pattern, we do not know if an initial value exists. An interesting
generalization is (see [2]).

Problem. Given a positive integer k and e1;y; ekAf0; 1g; does there exist some n41
with

eiðn!Þ � eiðmod 2Þ; i ¼ 1; 2;y; k?

For 2pkp5 Chen and Zhu has verified that every pattern of length k appears, and
believes that for each positive integer k; every pattern of length k appears (see [2, p.
2]). Chen and Zhu [2] showed that if there is an initial value n; then the initial value is
bounded by an explicit bound depending on k and there are infinitely many such n

with the difference of adjacent n less than an explicit bound depending on k:
Recently, Sander [4] posed the following conjecture:

Conjecture. Let q1; q2;y; qk be distinct primes, and let eiAf0; 1g ði ¼ 1; 2;y; kÞ:
Then there are infinitely many positive integers n such that

e0qi
ðn!Þ � eiðmod 2Þ;

where e0qi
ðn!Þ is the exponent of qi in the standard factorization of n!:

The conjecture is equivalent to a similar conjecture with the assumption that
q1; q2;y; qk are the first k primes if we do not fix k: Sander [4] proved the conjecture
for k ¼ 2: In the present paper, we improve the method in Sander [4] and show that
for any pattern there exists an initial value n: This implies that the answer to the
above problem is affirmative and the above conjecture is true for all k:

Theorem 1. For any given positive integer k and any eiAf0; 1g ði ¼ 1; 2;y; kÞ; there

exist infinitely many positive integers n with

e1ðn!Þ � e1ðmod 2Þ; e2ðn!Þ � e2ðmod 2Þ;y; ekðn!Þ � ekðmod 2Þ:

2. Proof

Lemma 1 (Sander [4]). Let n be a positive integer with pi-adic expansion n ¼
nsp

s
i þ?þ n1pi þ n0; 0pnjopi ðj ¼ 0; 1;y; sÞ: Then

eiðn!Þ �
P

jX1 nj ðmod 2Þ for i ¼ 1;P
2[j nj ðmod 2Þ for i41:

(
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Lemma 2. If there exist k integers n1; n2;y; nk and 2k integers m1;m2;y;m2k with

ni þ mj40 ði ¼ 1; 2;y; k; j ¼ 1; 2;y; 2kÞ and

ðe1ððn1 þ mjÞ!Þ; e2ððn2 þ mjÞ!Þ;y; ekððnk þ mjÞ!ÞÞ; j ¼ 1; 2;y; 2k

represent all parities modulo 2, then there exist infinitely many positive integers n for

each of which all n þ mj40 and

ðe1ððn þ mjÞ!Þ; e2ððn þ mjÞ!Þ;y; ekððn þ mjÞ!ÞÞ; j ¼ 1; 2;y; 2k

represent all parities modulo 2.

Proof. Assume that 22t4maxi;j fni þ mjg: By the Chinese Remainder Theorem,

there exist infinitely many positive integers n4maxi ni such that

n � niðmod p2tþ1
i Þ; i ¼ 1; 2;y; k:

Noting that

n þ mj ¼
n 
 ni

p2t
i

p2t
i þ ni þ mj; 0oni þ mjop2t

i ;

by Lemma 1, we have

eiððn þ mjÞ!Þ � ei

n 
 ni

p2t
i

� �
!

� �
þ eððni þ mjÞ!Þ ðmod 2Þ:

Thus, for j ¼ 1; 2;y; 2k; we have

ðe1ððn þ mjÞ!Þ; e2ððn þ mjÞ!Þ;y; ekððn þ mjÞ!ÞÞ

� e1
n 
 n1

p2t
1

� �
!

� �
; e2

n 
 n2

p2t
2

� �
!

� �
;y; ek

n 
 nk

p2t
k

� �
!

� �� �
þ ðe1ððn1 þ mjÞ!Þ; e2ððn2 þ mjÞ!Þ;y; ekððnk þ mjÞ!ÞÞ ðmod 2Þ:

Lemma 2 follows from the above congruent equality by the observation that for any

given ða1; a2;y; akÞAZk;

ða1; a2;y; akÞ þ ðx1; x2;y; xkÞ

goes through all 2k parities modulo 2 as ðx1; x2;y; xkÞ goes through all 2k parities
modulo 2. This completes the proof of Lemma 2. &
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Theorem 2. For any given kX1; there exist 2k positive integers l1; l2;y; l2k such that

ðe1ðlj!Þ; e2ðlj!Þ;y; ekðlj!ÞÞ; j ¼ 1; 2;y; 2k

represent all parities modulo 2.

Proof. We use induction on k: For k ¼ 1; Theorem 2 is trivial by taking l1 ¼ 1 and

l2 ¼ 2: Suppose that Theorem 2 is true for k: That is, there exist 2k positive integers
l1; l2;y; l2k such that

ðe1ðlj!Þ; e2ðlj!Þ;y; ekðlj!ÞÞ; j ¼ 1; 2;y; 2k

represent all parities modulo 2. Let t be an even integer with

2t4max
j

lj;

and let

n1 ¼ 2tþ1 þ 2t;

ni ¼ pt
i ð2pipkÞ; nkþ1 ¼ ptþ1

kþ1;

mj ¼

1
 lj for 1pjp2k;

lj
2k for 2k þ 1pjp2kþ1:

(

Then lj has the pi-adic expansion

ajitp
t
i þ ajiðt
1Þp

t
1
i þ?þ aji1pi þ aji0

with ajit ¼ 0 and 0pajivppi 
 1 for all j; i; v: For 1pjp2k; we have

n1 þ mj ¼ 2tþ1 þ ð1
 aj1ðt
1ÞÞ2t
1 þ?þ ð1
 aj11Þ2þ 1
 aj10;

n1 þ m2kþj ¼ 2tþ1 þ 2t þ aj1ðt
1Þ2
t
1 þ?þ aj112þ aj10;

ni þ mj ¼ ðpi 
 1
 ajiðt
1ÞÞpt
1
i þ?þ ðpi 
 1
 aji1Þpi þ pi 
 1
 aji0;

ni þ m2kþj ¼ pt
i þ ajiðt
1Þp

t
1
i þ?þ aji1pi þ aji0; 2pipk;
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nkþ1 þ mj ¼ðpkþ1 
 1
 ajðkþ1ÞtÞpt
kþ1 þ?þ ðpkþ1 
 1
 ajðkþ1Þ1Þpkþ1 þ pkþ1


 1
 ajðkþ1Þ0;

nkþ1 þ m2kþj ¼ ptþ1
kþ1 þ ajðkþ1Þtp

t
kþ1 þ?þ ajðkþ1Þ1pkþ1 þ ajðkþ1Þ0:

By Lemma 1 and 2jt; for 1pipk; noting that p 
 1
 a � aðmod 2Þ for prime p42;
we have

eiððni þ mjÞ!Þ � eiððljÞ!Þ ðmod 2Þ;

eiððni þ m2kþjÞ!Þ � eiððljÞ!Þ ðmod 2Þ;

ekþ1ððnkþ1 þ mjÞ!Þ � ekþ1ððljÞ!Þ ðmod 2Þ; ð1Þ

ekþ1ððnkþ1 þ m2kþjÞ!Þ � 1þ ekþ1ððljÞ!Þ ðmod 2Þ: ð2Þ

Let eiAf0; 1gði ¼ 1; 2;y; k þ 1Þ: By the induction hypothesis we may take j;

1pjp2k; such that

eiððljÞ!Þ � ei ðmod 2Þ; i ¼ 1; 2;y; k:

For the j; by (1) and (2), we may choose u ¼ j or 2k þ j such that

ekþ1ððnkþ1 þ muÞ!Þ � ekþ1 ðmod 2Þ:

Thus

eiððni þ muÞ!Þ � ei ðmod 2Þ; i ¼ 1; 2;y; k þ 1:

This means that

ðe1ððn1 þ mjÞ!Þ; e2ððn2 þ mjÞ!Þ;y; ekððnk þ mjÞ!ÞÞ; j ¼ 1; 2;y; 2kþ1

represent all parities modulo 2. By Lemma 2 there exists a positive integer n with all
n þ mj40 and

ðe1ððn þ mjÞ!Þ; e2ððn þ mjÞ!Þ;y; ekððn þ mjÞ!ÞÞ; j ¼ 1; 2;y; 2kþ1

represent all parities modulo 2. This completes the proof of Theorem 2. &

Theorem 1 follows from Theorem 2 and Lemma 2.
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