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1. Introduction

In this paper we will prove the following result concerning the p-adic L-function of the
symmetric square of an elliptic curve over Q, denoted Lp(Sym2 E,s) for s € Z,. More
specifically, Theorem 1 gives a generalization of the result obtained in [14] concerning
p-adic L-functions of elliptic curves over Q:

Theorem 1. Let p be an odd prime and E, E’ be elliptic curves over Q with semistable
reduction at p. Suppose
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L,(Sym® E,n) = CL,(Sym* E',n) (1.1)

for all integers n prime to p in an infinite set Y and some constant C € Q. Then E' is
isogenous to a quadratic twist Ep of E. If E and E' have square free conductors, then
E and E’' are isogenous over Q.

Suppose E has good reduction at p. We follow the definition in [5] of the p-adic
L-function for the symmetric square of an elliptic curve E over Q which is defined as the
Mazur—Mellin transform of a p-adic measure p, := i, (E). If x : Z)) — C is a non-trivial
wild p-adic character of conductor p™x, which can be identified with a primitive Dirichlet
character, then

Ly (Sym® E, x) = / it = Cip - a2 ™er (R L(Sym? B, x.2)  (1.2)

Z

where CF is a constant that depends on E, 7(x) is the Gauss sum of x and «,, is a root
of the polynomial X2 — a,X + p, with a, = p+ 1 — #E(F,). It is proved in [5] that if
E has good ordinary reduction at p then 1, (E) is a bounded measure on Z,5, while if £
has good supersingular reduction at p then pu,(E) is h-admissible with h = 2 (cf. [23]).

Similarly, if F has bad multiplicative reduction at p, then for a non-trivial even Dirich-
let character as above we have

L,(Sym* E,x) = /xdup = Cpr(X)*p™ L(Sym® E, X, 2), (1.3)
7y

with p1,(E) a bounded measure on Z.
Set

Lp(Sym2 E;x,s):= Lp(Sym2 E,x - (x)®)

where () : Z) — 1+ pZ,, with (r) = oGy and w: Zy — Z, the Teichmiiller character.
Using the theory of h-admissible measures developed in [23], by Lemma 4 in Section 6

identity (1.1) implies that
Ly(Sym? E, x, s) = CLy(Sym® E', x, 5)
holds for all s € Z,, and x a wild p-adic character.
Let f, f/ be the newforms of weight 2 associated to F and E’, and 7, 7’ the unitary
cuspidal automorphic representations of GL(2, Ag) generated by f and f’ respectively.
Then

L(Sym® E,s) = L(Sym* 7,5 — 1) (1.4)
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where Sym? 7 is the automorphic representation of GL(3, Ag) associated to 7 by Gelbart
and Jacquet in [6]. Sym? 7 is cuspidal only if E is non-CM, otherwise it is an isobaric
sum of unitary cuspidal automorphic representations. Note that the critical strip for
L(Sym® E,s) is 1 < Re(s) < 2, with the center at s = 3/2. This corresponds to the
critical strip 0 < Re(s) < 1 of L(Sym?® 7, s), with the center at s = 1/2.

Theorem 1 is then a consequence of the following result on the determination of
isobaric automorphic representations of GL(3) over Q:

Theorem 2. Suppose m and ©' are two isobaric sums of unitary cuspidal automorphic
representations of GL(3,Aq) with the same central character w. Let XZ‘;)) be the set of
p-power order characters of conductor p® for some a. Suppose L(r®x, s) and L(1' ®x;, )

are entire for all x € Xa;), and that there exist constants B,C € C such that

L(r ® x,3) = B*CL(7" ® x, B) (1.5)

for some 1 > (8 > % and for all x € X(lgm primitive p-power order characters of
conductor p® for all but a finite number of a. Then m = 7’. Moreover, if m and 7' are
isobaric sums of tempered unitary cuspidal automorphic representations then the same
result holds if (1.5) is satisfied for some 1 > [ > % (if the generalized Ramanujan

conjecture is true this condition is automatically satisfied).

Note that in [17] a result was proved concerning the determination of GL(3) forms
by twists of characters of almost prime modulus of the central L-values. In our case, we
twist over a more sparse set of characters.

Using Theorem 4.1.2 in [18], the following is a consequence of Theorem 2:

Theorem 3. Suppose m and 7' are two unitary cuspidal automorphic representations of
GL(2,Aq) with the same central character w. Suppose there exist constants B,C € C
such that

L(Ad(m) ® x, 8) = B*CL(Ad(r") ® x, B) (1.6)

for some 1 > 8 > % and for all x € X(lg) . brimitive p-power order characters of
conductor p* for all but a finite number of a. Then there exists a quadratic character v
such that 2 7' @v. If m and ©’ are tempered then the same result holds if (1.6) is true

1
for some 1> > 3.

To prove Theorem 2, we will show the following more general result on isobaric sums
of unitary cuspidal automorphic representations of GL(n, Ag) for n > 3:

Theorem 4. Let m be an isobaric sum of unitary cuspidal automorphic representations
of GL(n,Aq) with n > 3 and s, r be integers relatively prime to p. If L(m ® x, s) and
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L(7’' ® x, s) are entire for all x p-power order characters of conductor p* for some a,
then

dn S ReLEe s =5 (1-1) =)

where Y" denotes the sum over primitive p-power order characters of conductor p®
and 1 > 3 > Z—;} if ™ is an isobaric sum of tempered unitary cuspidal automorphic
representations and 1 > > "T_l in general. Here the elements ar(s/r) represent the
coefficients of the Dirichlet series that defines L(m,s) in the right half-plane Re(s) > 1,

with a-(1) =1 and ar(s/r) =0 if rts.

This result generalizes Proposition 2.2 in [14]. Theorem 4, together with the General-
ized Strong Multiplicity One Theorem (see Section 2) can be used to prove Theorem 2.

Even though the identity in Theorem 4 holds for isobaric sums of unitary cuspidal au-
tomorphic representation of GL(n, Ag), we cannot generalize the result of Theorem 2 to
GL(n, Ag), because knowing the coefficients a,(n) will no longer be enough to determine
the two representations if n > 3. Moreover, if 7 is an arbitrary cuspidal automorphic
representation of GL(2,Ar) with F a number field, it is known that Sym™ 7 is auto-
morphic only when m < 4 (see [10,11]). If F = Q and = is holomorphic of weight 2,
these results have been extended to small m > 5 by recent work of Clozel and Thorne,
and of Dieulefait. The author is not aware of any constructions of p-adic L-functions for
Sym™ E with m > 3. However, in [1] a p-adic L-function was constructed for certain
automorphic representations 7 of GL(2n, Ag) under certain conditions, such as the non-
vanishing of the twisted complex L-function L(m ® x,1/2) by some Hecke character y
trivial at infinity.

As a consequence of Theorem 4, the following non-vanishing result holds:

Corollary 1. Let w be an isobaric sum of unitary cuspidal automorphic representations of
GL(n,Aq) with n > 3. There are infinitely many primitive p-power order characters x
of conductor p* for some a, such that if L(m ® x, s) is entire for all such characters then

Lir®x,B) #0 forall 8 ¢ [nil ,1— %] if ™ is an isobaric sum of tempered unitary
1

cuspidal automorphic representations and for B ¢ [%, 11—

] in general.

A similar nonvanishing result involving p-power twists of cuspidal automorphic repre-

sentations of GL(n, Ag) was proved in [24] for § ¢ %H’ 1- 2n2+1:|' In [2] a nonvanishing
result for 3 in the same intervals as in Corollary 1 was proved for all twists of L-functions
of GL(n), instead of just for p-power twists. In [13], the result in [2] was further improved
to the interval 3 ¢ [2,1 — 2]. Note that the set of primitive characters of p-power order
and conductor p® for some a is more sparse than the set of characters considered in [2]

and [13].
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We should also note that for n = 2 Rohrlich [19] proves that if f is a newform of
weight 2, then for all but finitely many twists by Dirichlet characters the L-function is
nonvanishing at s = 1.

We now present an outline of the rest of the paper. In Section 2 we give an overview of
the basic properties of the standard L-function associated to an isobaric representation
of GL(n,Ag). In Section 3 we prove a simple lemma involving Gauss sums. In Section 4
we present a proof of Theorem 4, while in Section 5 we provide proofs of Theorem 2 and
Theorem 3. In Section 6 we recall the basic properties of the symmetric square p-adic
L-function of an elliptic curve and prove a lemma that will be crucial for the proof of
Theorem 1. In Section 7 we provide a proof for Theorem 1.

2. Preliminaries
2.1. The standard L-function of GL(n)

Let m be an irreducible automorphic representation of GL(n,Ag) and L(w,s) its as-
sociated standard L-function. Write 7 = ®! m, as a restricted direct product with m,
admissible irreducible representations of the local groups GL(n,Q,). The Euler product

L(m,s) = HL(WU,S) (2.1)

converges for Re(s) large. There exist conjugacy classes of matrices A,(m) € GL(n,C)
such that the local L-functions at finite places v with m, unramified are

L(my,s) = det(1 — Ay (r)v=*)"! (2.2)

We can take A, () = [o1,4(7), -, an,o(m)] to be diagonal representatives of the conju-
gacy classes.
For S a set of places of Q we can define

L(m,s) = H L,(m,s) (2.3)

vgS

called the incomplete L-function associated to set S.

Let B be the isobaric sum introduced in [9]. We can define an irreducible automorphic
representation, called an isobaric representation, w1 H- - ‘B, of GL(n, Ag), n = Y. i" | n;,
for m cuspidal automorphic representations m; € GL(n;,Ag). Such a representation
satisfies

m
LS(EH?“:ﬂrj, s) = H L% (7, 8)
j=1

with S a finite set of places.
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We say that an isobaric representation is tempered if each m; in the isobaric sum
m = m 8- B, is a tempered cuspidal automorphic representation, or more specifically
if each local factor m; , is tempered.

Since we will want bound (2.6) on the coefficients of the Dirichlet series (2.5) to hold,
we will consider a subset of the set of isobaric representations of GL(n, Ag), more specif-
ically those given by an isobaric sum of unitary cuspidal automorphic representations.
We denote this subset by A, (n). We will also consider the case when the unitary cuspi-
dal automorphic representations in the isobaric sum are tempered, which is expected to
always hold given the generalized Ramanujan conjecture.

The following generalization of the Strong Multiplicity One Theorem for isobaric
representations is due to Jacquet and Shalika [9]:

Theorem (Generalized Strong Multiplicity One). Consider two isobaric representations
m1 and wa of GL(n,Ag) and S a finite set of places of Q that contains oo, such that m
and wy are unramified outside set S. Then 1, = w2, for allv ¢ S implies T = mo.

Let n > 3 and let m € A,(n) be an isobaric sum of unitary cuspidal automorphic

representations of GL(n,Ag) with (unitary) central character w, and contragredient
representation 7. We have

L(mo,s) = [[7 *'T (S _2’“> , L(fs) = [[ 7 #'T (%) (2.4)
j=1 j=1

for some p; € C, with 7 in this context denoting the transcendental number.
The L-function is defined for Re(s) > 1 by the absolutely convergent Dirichlet series

o~ ar(m)
L = = 2.5
() = 3 8 (25)
with a,(1) = 1. This extends to a meromorphic function on C with a finite number of
poles.

It is known that the coefficients a,(m) of the Dirichlet series satisfy

Z |ax(m)[* < M (2.6)

m<M

for M > 1 (cf. Theorem 4 in [16], see also [8,9,20,21]). For this property to hold, it is
necessary that 7 be an isobaric sum of unitary cuspidal automorphic representations,
rather than any unitary isobaric representation.

If 7 is in fact an isobaric sum of tempered cuspidal automorphic representations, then
we have that the coefficients a,(m) satisfy

\aﬂ(m)| < m°.
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The completed L-function A(7, s) = L(7s, $)L(7, s) obeys the functional equation
A(m,s) = e(m, $)A(7,1 — s) (2.7)
where the e-factor is given by
e(m,s) = [Y25 W () (2.8)

and f, and W (r) are the conductor and the root number of .

Let x denote an even primitive Dirichlet character that is unramified at oo and with
odd conductor g coprime to fr. The twisted L-function obeys the functional equation
(see for example [8])

Mm@ x,5) = e(m@x, s)A(TRX,1—5) (2.9)

where A(m ® x,8) = L(Too, $)L(m @ X, ). The e-factor is given by

—ns

e(mr®@x,s) = e(m, s)wr(@)x(f)g " *(X)" (2.10)

with 7(x) the Gauss sum of the character x (cf. Proposition 4.1 in [2]).

Since L(w ® x, s) does not vanish in the half-plane Re(s) > 1, it is enough to consider
1/2 < Re(s) < 1. Twisting m by a unitary character | - [ if needed, we can take s € R.
Hence, from now on,

IN
w

IN
—_

(2.11)

DN | =

2.2. Approzimate functional equation

We present a construction introduced in [13,14]. For a smooth function g with compact

support on (0,00), normalized such that fooo g(u)%“ = 1, we can introduce an entire

function k given by

k(s) = 7g(u)us_1du

such that k£(0) = 1 by normalization and k decreases rapidly in vertical strips. We then
define two functions for y > 0,

Fi(y) = i/k(S)y‘sﬁ, (2.12)

Faly) = 5 [ -8G5+ B (2.13)
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with G(s) = % and the integrals above over Re(s) = 2. The functions Fi(y) and

F5(y) obey the following relations (see [13]):

. Fia(y) < Cpy ™ for all m > 1, as y — oo.
2. Fi(y) =1+ 0O(y™) for all m > 1 for y small enough.
(y) <c 1+ y' 717 Re®=¢ for any e > 0, where 7 = max;<j<, Re(y;) and p; as
in (2.4). If 7w is tempered then n = 0 and in general the following inequality holds

):

—~

see [15

1
Cn24 1

0<n< (2.14)

N)I»—A

The following approximate functional equation was first used in [14] for cuspidal
automorphic representations of GL(n) over Q. It also holds for 7 € A,(n) such that
L(m®x, s) is entire (see for example [7]). A similar approximate functional equation was
proved in [3] for L(m, 3) at the center § = %, for slightly different rapidly decreasing
functions.

Proposition. If 7 € A,(n) and x is a primitive Dirichlet character of conductor q such
that L(m ® x, s) is entire, then for any % <p<l1

TR X, ) :iaw (ny>
+ wr(@)e(0,m)7(x)" (fxq") Bﬂia mi- ;nf’) (?J>

where fl is the multiplicative inverse of fr modulo q.
2.3. Dihedral representations

We now review some results on dihedral representations. Let m be a cuspidal auto-
morphic representation of GL(2, Ag) with conductor fr. We have the symmetric square
L-function L(r, s, Sym?) given by an Euler product with local factors

L,(7, s, Sme) =(1- %2}1}75)71(1 - avﬂvvfs)fl(l - ,812}1175)71

for primes v with v t fr and A,(7) = {aw, Sy} the diagonal representatives of the
conjugacy classes attached to .

By [6], there exists an isobaric automorphic representation Sym?(w) of GL(3,Aq)
whose standard L-function agrees with L(m,s, Sym?) at least at primes v with v { f,.
We have that Sym?(r) is cuspidal if and only if 7 is dihedral. A dihedral representation
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is a representation induced by an idele class character n of a quadratic extension K of
Q Ifr= I%(n) is a dihedral representation then

L(IZ(n),s) = L(n.5).

Let 7 be a (unitary) cuspidal automorphic representation of GL(2, Ag). Suppose 7 is
dihedral, of the form I%(n) for a (unitary) character 5 of Cx. We can express Sym?> 7 as
follows (see also [12]). Let 7 be the non-trivial automorphism of the degree 2 extension
K/Q. Note that

" =mno o Nk/q, (2.15)
where 79 is the restriction of n to Cy. We have
I (") = no B o6 (2.16)

where § is the quadratic character of Q associated to K/Q.
If A\, u are characters of C'x, then by applying Mackey:

TR RIE () = TE () B IE (7). (2.17)
Taking A = p=mnin (2.17) and using (2.15) and (2.16),
~ 7Q/ 2
m R = Iz (n°) B ne B nd.
Since 7 & 7 = Sym?(7) B w with w = 196,
Sym? () =2 IZ(n?) B no- (2.18)
3. A simple lemma involving Gauss sums
For an odd prime p, define the sets (following the notations in [14])

X = {x a Dirichlet character of conductor p* for some a},

Xy = {x € X(»)[x has p-power order}.

The characters of X “1’7 are called wild at p.

If x € X(p), then x : (Z/p*Z)* — C* for some a. Note that (Z/p*Z)* = Z/p"~'Z x
Z/(p — 1)Z. A character in X(,) is an element in Xy if and only if it is trivial on the
elements of exponent p — 1.

We denote the integers mod p® of exponent p— 1 by S, and the sum over all primitive

wild characters of conductor p* by Z; mod pa-
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Consider the set
G(p*) = ker((Z/p"Z)* — (Z/p)*) = L/p"~'L. (3.1)
Using the orthogonality of characters we get that summing over the primitive wild

characters of conductor p® gives (see [14])

*

> X =1GM)as, =G H)ds, s, (3.2)
x mod p

with |G(p®)| = p*~! from (3.1) and dg, the characteristic function of S,.
The following result for hyper-Kloosterman sums was proved in [25]:

Lemma 1. Let p be a prime number, 1 < n < p and ¢ = p* with a > 1. Let =’ denote
the inverse of * mod q and let e(x) := €?™. Then for any integer z coprime to p the
hyper-Kloosterman sum

T (e

21,000 sm(mod q) 4
(zi,p)=1

is bounded by

g(n—i—l)q"/2 fl<n<p-1l,a>1

<p'¢"?  ifn=p-1la>5

< pg"/? ifn=p—1a=4 (33)
<p'?¢"*  ifn=p-1la=3

Sq”/z fn=p—1,a=2.

As a consequence of Lemma 1 we prove the following result:

Lemma 2. Let 7(x) denote the Gauss sum of the character x. If (r,p) = 1, then the
following bound holds:

* - n 1/24a(n+1)/2
> T 0| <D (3.4)
for2 <n <p.
Proof. If y is a primitive character of conductor p*, then
p*—1
0='3 atmpenn
m=0

Let
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A=) ROT,

then

p—1
N5 |00 xme

We rewrite the above sum as

pa_l [)a—l
B * _ 2mizy /p* | 27Ty, [P
TR DA LC1 6 SRR ES B SRR et

I1:0

This in turn gives

T SIS S DR CC I BRERA CRatE |

Xy =0 Tn =0
Hence,

pa—l pa—l

E R el (2

xr =0 EW,IO

which by Eq. (3.2) gives

pezlopil 144z
A= Z Z e (#) (p*'0s, (F'ay - ap) — p*20s,  (F'zy - an)).

pa

11:0 117,:0

p—1
A=p+t Z T(br,p*) — p*~2 Z ZT(cr +ip®~t p®)

beSa c€Sq_1 1=0

where

o xl_’_..._i_xnil_i_ux/...x’/ni
QUNE D S LT ),
@1, Tn—1(mod p)
(wi,p)=1

From Lemma 1, for (u,p) = 1 and a sufficiently large
|T(u, p")| < p*/2Taln=1/2,

From (3.5) and (3.6) it follows that

(3.5)
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|A| < pa—l(p o 1)p1/2+a(n—1)/2 +pa—2(p _ 1)2p1/2+a(n—1)/2.
Thus |A] < pop!/2te(r=1/2 g
4. Non-vanishing of p-power twists on GL(n,Aq)

Let s, r be integers relatively prime to p. For 7w an isobaric sum of unitary cuspidal
automorphic representations of GL(n, Ag) define

*

Seyr(p®,m,B) =p~° ZX o o XEX() LT @, B) (4.1)

where Y " denotes the sum over primitive wild characters of conductor p®.
In this section we prove Theorem 4, which states that:

. o 1 1Y ax(s/r)
Jim S (p?, 7, f) = 5 (1 p) (5/1)? (4.2)

for 8> 2= 1f 7 is tempered, and for § > ®=— in general.

Note that in this section by 7 tempered we will mean an isobaric sum of tempered
(unitary) cuspidal automorphic representations. If r 4 s above, then we define a.(s/r) to
be zero.

Proof of Theorem 4. We generalize the proof of Proposition 2.2 in [14] and use meth-
ods also developed in [13,24]. The following approximate functional equation holds (see
Section 2):

> ar(m my
T X, B) = ( n>
Zl fxp

+ wr (p)e(0, 7)7(x)" (Frp™ Bi X (y)

1 T8
-t m
where y is a character of conductor p® and f. is the multiplicative inverse of f, mod-

ulo p®.
Define x such that xy = p®". Write

Ss/r(pa7ﬁ) = Sl,s/r<paa5> + S2,s/r(paa5>7 (43)

where

Sis/r(P*,8) =p~" ZX - > an (m)x(ms MF (%) (4.4)

m=1
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and
So,s/r(P": 8) = P~ "wx(p®) ZX mod e e(0,m)T(X)" (f=p™™) "
o e () (9
=1
Let

Z 8 =Y. > “j,i?)ﬂ (%) (4.6)

beSs rm=bs(p?)
m>1

Then applying Eq. (3.2) gives

—a = Ax TN m a— a—
Suarnlp) =57t 3 2 E () [ s ')~ 20 )]
m=1 4

hence
1
Sl,s/r = 5 [Zs/r(pa7ﬁ) _p_lzs/r(pa_lvﬁ):l . (47)

If r|s, consider the term in (4.6) with b = 1 and m = s/r. This is a solution to the
equation rm = bs(mod p*) for all a. We will want to set the necessary condition for
this to be the only dominant contribution. If r { s this term will not appear in the sum
and the argument remains as below, requiring the condition that there is no dominant
contribution and that the limit of S;,,.(p®, 7, ) as a — oo is zero.

Now if m # s/r, then m = bs/r + kp®. If k = 0 then b # 1 and since b € Sy, it follows
that b > p® ®—1 which implies

m > p/ @1,

If k # 0, then m < kp®.
Decompose

Zs/r(paa 5) = 21»0« + EQ,GV

where

= S0 ()

and
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o= Y a;i?)Fl (fo) (4.9)

beS, rm=bs(p?)
m>1,m#s/r

Since F} (fT_w) =14+0 (%}

Sia = C‘(z(/i/);) <1 +0 (i)) . (4.10)

Following [14], let

1 ifm=0» kp®
bm.a ;{ ifm =bs/r + hp (4.11)
0 otherwise.
Then
2 ax(m)y g (2 ax(m)y, gy (2 412
o] X EFmen ()] X e (7)) @12
1<m<zx te m>az'te
m#s/r m#s/r
Define
Az (T m A (M m
=] X han ()] @u=| X ()]
1§7n<<:t1JrE g m>xlte 4
m#s/r m#s/r

Since Fy (fmz) =1+ 0(z°) for m < #1*¢ and (fm—r) < ffl—tt for any integer ¢ and
m > :L.1+e

a,(m ar\(m
Ppa <] Y %bm,a and Qz,a<<xt’ > %bm,a. (4.13)
1<m<alte m>ztte

m#s/r m#s/r

If 7 is tempered then by (4.13)

Poa<a® > m Ty <p 2! TP and Quo < pat T (414)

1<m<aite
m#s/r

hence
Yoo K p talThtre (4.15)

We want ¥, , — 0 as a — oc. Substituting with x = p?(1=?) gives the condition

1

- (4.16)

v>1
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If 7 is not tempered, then applying Cauchy—Schwarz’s inequality in (4.13) gives

1/2

x |ax(m)|?
Pro < I > 2B
1<m<xlte

By inequality (2.6) and summation by parts we get
Pyo < p~2g1he, (4.17)

Write t = t1 + t2 in (4.13), with ¢1, to large integers, and apply Cauchy—Schwarz’s

inequality:
1/2 1/2
2 b2
ty+t laz(m)| m,a
Quste (3 )y
m>xlte m>glte
12 1/2
<ol oy BRE) | Y g e
v m2B+2t, (kpe)2ta -\
> (14€) log(z) 2t~ 1 <m<2? > m;;ré
Using (2.6) gives
Q2,0 < p~ 2l TFte (4.19)
hence
Yoo <L p~ W 2gtPre (4.20)
Since we want s , — 0, we get the condition
>1 ! (4.21)
v - .
n(l—-F+e)
For v as above,
. p— 1 aﬂ(s/r)
lim S @ = . . 4.22
aLHolo l,s/r(p 7ﬁ) pg (8/7")5 ( )
In (4.5) write
|SQ,S/T’| < A2,s/r + B2,s/ra (423)

where

Ao =yt (B (M) ST x| a2

m
m<ylte Y
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and

By g =p “p P Z P(ngﬂFQ (%) ‘Z;(mod pu)f((ms/rfTIr)T"(X)H . (4.25)

m>>yl+e

1-B—¢
If 7 is tempered then |az(m)| < mc. Also, F (%) <1+ <%> for m < y'*e,
which gives Fy (%) < y<(1=8) Applying Lemma 2,
1+e

Y
‘A27S/T’| < p—ap—aan1/2+a(n+1)/de(l—ﬁ) Z me+6—1

m=1

hence for any € > 0
|A2,s/r| < p—an,ﬁ—i-a(n—l)/Zys-i—ﬁ. (426)

Assume now 7 is not tempered. By Cauchy—Schwarz’s inequality we obtain

1/2
2
—a, —anf, e |a7~r(m)|
|A2,s/r| <p 'p Yy Z W
mylte
S m * 5 1/2
jiad _ L e
X < Z H(y)’zxmodpax(msrfﬂ)r (X)‘ > 7
m=—oo
where
1
H = .
) =~
A simple computation shows that
2
az{m B .
> % <yt (127
mylte m

Hence,

| Ao, | < yP 1/ FFepmazans

>0 * 2\ /2
x ( ; H (%) 'ZX . )‘((ms’rf,’r)T"(x)‘ ) . (4.28)

Define
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o0

D= Z a (%) ‘Z: mod p¢ X(mS/rfT/r)TnO()

m=—0oQ

‘2. (4.29)

We have

*

b= ZX mod pe Zw o pe | OOT" () > xW(ms'r L) H (%) ’

m=—oo

Following the general approach of [13,24], we consider the diagonal and off-diagonal
contributions separately. Let’s first compute the terms corresponding to x = :

()" (%) i H(%)‘«p‘”"a i H(ﬁ)

m=—oo m=—oo Yy

*

ZX mod pe

since there are < p® primitive p-power characters and since |77 (x)| = p®*/? from the
properties of the Gauss sum of a primitive character. Using the Fourier transform prop-
erty F{g(zA)} = %9 (%) for A > 0 (see also [13,24]) we get that

o0 o0

3 H(T> =y > T(yw).

m=—0o0 y V=—00

Function T'(v) is the Fourier transform of H(m) and is given by T(v) = e=27"I, hence
Yomez H (%) < y. Note we have used the Poisson summation formula. Thus the con-

tribution to D is < p@tnay,

For the terms in D that have x # %, even if x and v are primitive the product Y
can be non-primitive because the conductors are not relatively prime. We have that for
g:72/qZ — C:

o0 b o0 R
> s (%)= ¥ awr (1) = X at-nie
m=—o00 b mod ¢q V=—00
where F(z) = 350 f(v)e=2"»*. Applying this in our case,
S V. E — ﬁ - = —27ivb/p® %
H = b T .
> (2)-2 | T wo (%)

The interior sum is < p® since the number of characters is < p®, and for v = 0 it is zero
since ¥4 is non-trivial. Thus,

£ en (e £ (2)

m=—o00 VEZ,v#0
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Assuming v > % (which will be part of our constraint) gives that y/p® — co. We have
v 2 1

> T @—a) g 1<y

vEZ,v#0

Putting everything together, these terms of D contribute < p?2*"2. Thus, we conclude
that the two contributions for x = 1 and x # ¥ combined give

D < p*tnay, (4.30)
From (4.28) and (4.30), even if 7 is not tempered,
|As,gjr| < yPtepmenftaln=n/2, (4.31)
For m > y'te, Fy (%) < gl—ft for any integer ¢ > 1, and applying Cauchy—Schwarz’s
inequality in (4.25) gives
1/2

. s
Bosrl <™ 0™ | Y ot | DV

m>>y1+e

Using summation by parts and (2.6), as well as the bound in (4.30) gives
‘B2,s/r‘ < y/j‘-l-ep—an@—i-a(n—l)/Q. (432)
From (4.23), (4.31) and (4.32) we conclude that

|Sa,s/r| < y/5+ép—an,3+a(n—1)/2. (4.33)

anuv

We want S5 5/ — 0 as a — oo. Taking y = p™" in (4.33) gives the condition

1—n+2ng

If 7 is tempered then we need to check that v satisfies conditions (4.16) and (4.34).
Thus, for a general n, the desired condition is

n—1
n+1

B> (4.35)

If 7 is not tempered, then conditions (4.21) and (4.34) need to be satisfied. This gives
the condition

n—1

8>

n
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Proof of Corollary 1. Take s = r = 1 in Theorem 4 and use the functional equation. Note
that if 5 > 1, L(m®x, ) has an Euler product expansion and hence is nonvanishing. O

5. Determination of GL(3) cusp forms

Let m € A,(3) be an isobaric sum of unitary cuspidal automorphic representations
of GL(3,Ag). The local components 7y are determined by the set of nonzero complex
numbers {ay, B¢, v¢}, which we represent by the diagonal matrix Ay (7).

The L-factor of w at a prime £ is given by

L(mg, s) = det(I — Al(ﬂ)g—S)—l

= ﬁ(l — gl TN = Bl ) T — ) T (5.1)

Let Sy = {¢ : m; unramified and tempered}, and let S; = {¢ : 7 is ramified}. Note that
S is finite. Take the union

S = SyUS; U{oo}.
Since 7 is unitary, mp is tempered iff |o| = |Be] = || = 1.
Lemma 3. If ¢ ¢ S then
Ag(m) = {ult,ul™ w}, (5.2)
with |u| = |w| =1 and t # 0 a real number. If £ € Sy then
Ay(m) = {a, ,7}
with |a] = 8] = |y = 1.

Proof. Suppose first that £ ¢ S. We may assume that |ay| # 1. Then it can be written
as ay = ul’, for some |u| = 1 complex and ¢ # 0 real. By unitarity,

{07@75[775} = {af_l’ﬁf_l’,yf_l :

Clearly ay # oz[l. Without loss of generality, take 3, 1 — @,. Hence, this gives 8, = u-0.
So, we must have 7, = v, *, thus 7, = w with |w| = 1. Hence

Ap(m) = {ult,ul™ w}

with |u| = Jw| = 1.
Now suppose that £ € Sy. Then |ag| = [Be] = |7¢| =1. O
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Proof of Theorem 2. Let T' = {{|m; or 7, is ramified}. This is a finite set.

Consider ¢ ¢ T an arbitrary finite place with ¢ # p. Let Ay(m) = {ap, Be, ¢} and
A(r") = {4, By, vy} Applying Theorem 4, ar(n) = B*Cay (n) for all (n,p) = 1 and
all but finitely many a. Since ar(1) = a (1), we conclude that B = C = 1. Thus,
ax(£) = ap(0).

We want to show that 4;(m) = A;(7"). Indeed,

e+ Be+ve =y + B+ (5.3)
and since 7 and 7’ have the same central character
o Beve = ayByyp- (5.4)

To show that {ay Be,ve} = {, 5},7v;}, by Vieta’s formulas (cf. [22]) and the above
two relations, it is enough to check that

B + aeye + Beve = By + oy + By

Suppose Ag(m) = {ult, ul~t w} with |u| = |w| = 1. Then

1 1

agBe+ e + Beye = v +uw(l + 07 = — + — (P07 =
U uw

outBete

hence ayB¢ + cye + Beye = aBeve
Now suppose that Ag(m) = {a, B, ve} with |og| = |B¢| = |v¢| = 1. Then

1 1 1 _Oée-i-ﬁe‘f"}’l

+
aBe  ouve  Beve ayBeve

aeBe + aye + Beve =

Thus, whenever oy + B¢ + v = o) + 8y + v; and auBeye = afyy;, we obtain that
B+ aeve + Beve = By + oy + By

We have thus shown that for ¢ ¢ T U {p} U {oco}, Aj(m) = Ae(n’), hence 7, = .
Since T'U {p} U {oo} is a finite set, this implies that m & 7’ by the Generalized Strong
Multiplicity One Theorem. 0O

Let 7 be a unitary cuspidal automorphic representation of GL(2, Ag) with Ay(7w) =
{ay, Be}. At an unramified place ¢, it has ay = ay+ 5, and central character w(wy) = o fy,
with @, the uniformizer at ¢. There exists an isobaric automorphic representation Ad(m)
of GL(3,Aq) (cf. [6]) such that at an unramified place ¢,

ag(Ad(m)) = cau/Be + B/ e + 1.

Proof of Theorem 3. Theorem 2 implies that Ad(w) & Ad(n’). Then, by Theorem 4.1.2
in [18], we deduce that since m and «’ have the same central character, there exists
a quadratic character v such that 7t = 7' Qv. O
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6. Adjoint p-adic L-functions

Fix p an odd prime and let E be an elliptic curve over Q with semistable reduction
at p. We now describe a p-adic analogue to L(Sym2 E, s) by the Mazur—Mellin transform
of a p-adic measure 1, on Z, as introduced in [5]. For a review of the complex L-function
associated to the symmetric square of an elliptic curve see also [4].

Consider the real and imaginary periods of a Néron differential of a minimal Weier-
strass equation for E over Z which we denote by Q% (E). Let

QF (Sym? E(1)) := (2mi) 'QT(E)Q (E) and QF (Sym? E(2)) := 27iQH (E)Q ™ (E)

be the periods for Sym®E at the critical twists. In [5] two p-adic distributions
1, (2 (Sym® E(1))) and p,(QF (Sym? E(2))) are defined. In the present paper we will
use the latter distribution.

Let X, be the set of continuous characters of Z; into C. For x € X, let p™x be the
conductor of x. Since Z) = (1+pZy) x (Z/p)*, we can write X := X, as the product of
X((Z/p)*) with Xo = X(1+pZ,). The elements of X are called wild p-adic characters.
By Section 2.1 in [23] we can give Xy a Cp-structure through the isomorphism of Xy to
the disk

U:=f{ueCllu—1] <1} (6.1)

constructed by mapping v € X to v(1+4p), with 1+p a topological generator of 1+ pZ,.

We follow the definition of the p-adic distribution p,(Q*(Sym* E(2))) on Z, in [5].
Suppose E has good reduction at p. Let x € Xy be a non-trivial wild p-adic character,
with conductor p™x which can be identified with a primitive Dirichlet character. Then
given a,(E) the root of X% —a,X + p with a, the trace of the Frobenius at p, we define

L(Sym® E,x,2)

[ i@ (Sym? B2) 1= ay () (0™ QF (Sym? B(2)’

Zy

(6.2)

If E has good ordinary reduction at p then the distributions u,(Q(Sym? E(2))) are
bounded measures on Z). If E has supersingular reduction at p then the distributions
1 (QF (Sym? E(2))) give h-admissible measures on Z), with h = 2. Note that the set of
h-admissible measures with h = 1 is larger, but contains the bounded measures.

Now suppose that E has bad multiplicative reduction at p (either split or non-split).
Let x € X denote a Dirichlet character of conductor p™x as above. Then

L(Sym® E, x,2)

| @ Sy B@)) = (- A

Zy

(6.3)

and the distributions p,(Q(Sym? E(2))) are bounded measures on 7).
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Consider 4 an h-admissible measure as above. Then

X = Lu(x) = /xdu (6.4)

Zy

is an analytic function of type o(log™) (cf. [23]). Note that for an analytic function F to
be of type o(log") it must satisfy

sup ||[F(u)]| =0 < sup |logZ(u)|> forr — 1_.

lu—1|,<r lu—1],<r

An h-admissible measure p is determined by the values L, (xz;), where x is a wild p-adic
character and z, is the p-th cyclotomic character given by the action on the p-power
roots of unity, with r =0,1,---,h — 1.

Consider the p-adic distribution p = p,(Q*(Sym® E(2))) as defined above. Denote
by L, the corresponding p-adic L-function. We have

Ly(Sym® E, x, ) = / x(@) (@) d,
7y

where (-) : Z) — 1+ pZy, (v) = oGy With w: ZF — Z the Teichmiiller character.
We prove the following lemma:

Lemma 4. Let p be an odd prime. Let E, E' be elliptic curves over Q with semistable
reduction at p such that L,(Sym® E,n) = CL,(Sym® E',n), for an infinite number of
integers m prime to p in some set Y, and some constant C € Q. Then for every finite
order wild p-adic character x,

L,(Sym* E, x,s) = CL,(Sym* E', x, s)
holds for all s € Zj,.
Proof. We follow the approach in [14]. Let
G(v) = L,(Sym® E,v) — CL,(Sym® E', v)
for every v € Xj. G vanishes on X; = {a,, = (z)"|n € Y} by hypothesis; we want to
show that G vanishes on Xy. We use the fact that G is an analytic function on Xg of

type o(log") (as in (6.4)). G considered as an analytic function on U (see (6.1)) vanishes
on the subset

U ={(1+p)"neY}.
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There exists » = 1/p such that the number of zeros z of G with |z — 1| = r is infinite.
Indeed, for all n € Y elements in an infinite set with n relatively prime to p as above,
zn = (14 p)™ € Uy is a zero of G and

20— 1] = [(L+2)" - 1, ]jz_jl(j)pflp L

By Section 2.5 in [23], G is identically zero on U. O
7. Proof of Theorem 1
7.1. Proof of Theorem 1 in the non-CM case
By Lemma 4, for every finite order wild p-power character x, the identity
L,(Sym® E,x,s) = CL,(Sym* E', x, s) (7.1)
holds for all s € Z,,. By Eq. (6.2), if E has good reduction at p then
ap(E) ™2™ L(Sym® E, x,2) = C'ap,(E") 2™ L(Sym® E', x, 2) (7.2)
for some C’ € Q. If E has bad multiplicative reduction at p, then by (6.3),
L(Sym* E, x,2) = C'L(Sym* E', x,2). (7.3)
Let 7 and 7’ be the unitary cuspidal automorphic representations over GL(3,Ag)
associated to Sym? E and Sym? E' respectively. Then the unitarized L-functions L,

corresponding to 7 and 7’ satisfy Ly (m,s) = L(Sym?® E, s+1). Hence, if E has semistable
reduction at p, from (7.2) and (7.3) there exist constants C7,Cy € C such that

L(r®x,1) = C1Cy *L(7' @ x, 1)

for all wild p-power characters x of conductor p™x with m, sufficiently large. Then
by Theorem 2, we conclude that 7 = 7’ and thus Ad(n) = Ad(n’) where n and 7’
are the unitary cuspidal automorphic representations of GL(2,Q) associated to E. By
Theorem 4.1.2 in [18] we conclude that ' = n ® v with v a quadratic character since
wy = wy = 1. Write v(-) = (5). It then follows by Faltings’ isogeny theorem that E’ is
isogenous to Ep, where for the elliptic curve E given by the equation y? = f(x) we have
that Ep is given by the equation Dy? = f(x). Clearly if the conductors of E and E’ are

square free, then F and E’ are isogenous.
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7.2. Proof of Theorem 1 in the CM case

An elliptic curve E over Q is of CM-type if End(E) ® Q = K, with K = Q(v/—D) an
imaginary quadratic number field. We have that L(E, s) = L(n, s—1/2) for some unitary
Hecke character 7 of the idele class group Ck. Let m = Ig (n) be the associated dihe-
dral representation of GL(2, Ag). Denote by 7’ the cuspidal automorphic representation
IZ(n?) of GL(2,Aq). By (2.18) we have

L(Sym?m,s) = L(n', s)L(no, s),
where 19 is the restriction of n to Cp. Twisting by some character x gives
L(Sym® 7 @ x,s) = L(n' ® x, ) L(110 ® X, 5)-
Note that L(n" ® x, s)L(no ® x, s) is entire unless 1y ® x is trivial, in which case
L(Sym*m @nyt,s) = L' @nyt, s)C(s)
has a pole at s = 1. Hence, we have that L(Sym® 7 ® ¥, s) is entire unless x = 7, *.

Proof of Theorem 1 in the CM case. Let m and 7’ be the isobaric sums of unitary
cuspidal automorphic representations over GL(3, Ag) associated to Sym? E and Sym? E'
respectively. Just as in the non-CM case, it follows that if F has semistable reduction at
p we have that

Lir®x,1) = C1Cy™* L(7' @ x, 1)

for all wild p-power characters x of conductor px with m, sufficiently large and by the
discussion above, the twisted L-functions are entire. Then by Theorem 2 we conclude
that m = 7/, and the proof proceeds as in the non-CM case. O

Remark. Suppose E and E’ are CM elliptic curves and let n and 1’ be their associated
idele class characters over the imaginary quadratic number fields K and K’ respectively.
If we let 7, ' be the representations induced by the characters 7, 7', then they are
dihedral. Just as before,

L(Sym’7,5) = L (I3 (n*).s) L{no, s) (7.4)

where 79 denotes the restriction of 1 to Q, and similarly for 7/. If K = K’ then 1y = 7.
Hence, Theorem 1 for E, E' as above is a consequence of Lemma 4 and Theorem A
in [14], since I}%(UQ) is a cuspidal automorphic representation of GL(2, Ag).

It is unclear if for K # K’ Theorem 1 can be reduced to a consequence of a result on the
determination of GL(2) cusp forms. The special values L(ny®yx, 1) and L(ny®x, 2) can be
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expressed in terms of the generalized Bernoulli numbers By g5 and Bs 55y respectively,
but there is no clear way to separate the contributions from 79 and x in L(ng ® x, 1).
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