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1. Introduction

Let G and $),, be the real symplectic group of degree n and the Siegel upper half
space of degree n, respectively. Let K be the maximal compact subgroup of G which
stabilizes i = i -1, € 9,. We denote by K¢ the complexification of K. Let g and ¢
be the complexification of the Lie algebra of G and K, respectively. We then have the
well-known decomposition

g=p+ +E+p_ (1.1)
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where py (resp. p_) is corresponding to the holomorphic tangent space (resp. anti-
holomorphic tangent space) at i € £),,. For an element g = (¢ Z) € G and a,d € Mat, (R),
we let ag = a, by, = b, ¢, = ¢, and dy = d. For a finite-dimensional representation (p, V)
of K¢ and a V-valued C* function f, we define a V-valued function f? on G by

fP(g9) = plegi+dg) ' fg(i),  geG. (1.2)

Then, by [12], a function f is nearly holomorphic if and only if f* is p_-finite under the
right translation. We then call a C'*° function ¢ on G nearly holomorphic type if the
function ¢ is p_-finite. Fix a congruence subgroup IT" of Sp,,,(Q). We define the space of
nearly holomorphic automorphic forms A(T"), _sn on G with respect to I by the space
of scalar valued C*° functions ¢ which satisfy the following conditions:

e ¢ is nearly holomorphic type.
e @ is left T" invariant.

e ( is right K-finite.

e  is right Z-finite.

e  is slowly increasing.

Here, the algebra Z is the center of the universal enveloping algebra of g. Then the space
AM)p__fin is a (g, K)-module by the right translation. Pitale-Saha-Schmidt proved the
structure theorem of A(T"), _sn for n = 1,2 in [7] and [8]. For a dominant weight A, let
N(A) and N(A\)Y be a parabolic Verma module of highest weight A\ with respect to a
parabolic subalgebra p = p_ + ¢ and its contragredient module, respectively. Then the
module N(\) has a unique irreducible quotient L(\).

Theorem 1.1 ([7]). If n =1, as a (g, K)-module, we have a decomposition

AD)p_ fin = @ niL(k) ® N(0)".

k€Z~g

Here the multiplicity ny is the dimension of holomorphic modular forms of weight k with
respect to T'. Moreover the weight 2 Eisenstein series Eo generates N(0)Y.

Theorem 1.2 (/8]). If n =2, as a (g, K)-module, we have a decomposition

AD)py_am=Ce P niLGj)e @ miNG+3,1).

(i.§)€Z2,i25>1 i€Zso

Here the multiplicities n; ; and m; are the dimension of the suitable subspace of nearly
holomorphic modular forms with respect to I'. Moreover, if I' is the full modular group
Sps,(Z), the multiplicities m; are zero for all i.
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Unfortunately, no examples of modular forms, except Eo, which generate indecompos-
able reducible modules are known. In this paper, we give new examples of such modular
forms.

For an element a € G and z € §),,, we define a factor of automorphy j by j(«a,2) =
det(cqz + do). Let P be the Siegel parabolic subgroup of G. Then we consider the
Eisenstein series

E(z,8) = E(z,8;k,x,N) = Z x(det(do))j(a, z)7F|j(a, z)| /2.
a€(PAD)\D

Here 2 € §,,, s € C, k € 27'Z, N € Z~y, x is a Dirichlet character modulo N and I is a
congruence subgroup of Sp,,, (Q) depending on k and N. Suppose n > 1, k = (n+ 3)/2,

2 =1, and N > 1. Then the Eisenstein series F(z,k/2) is not a holomorphic function
but a nearly holomorphic function. Note that when n =1, we let y =1 and N =1 and
then the Eisenstein series is equal to Fs.

Let E*(z,8) = E*(z,s;k,x, N) be the Eisenstein series defined by Shimura. Here E*
is given by the right translation of certain Siegel Eisenstein series F by the suitable
element at finite places, i.e., there exists an element v € Sp,,,(Q) such that we have
E*(2,5) = (E|xy)(z,s). We suppose that n > 1, k = (n+3)/2, x> = 1, and N > 1. Then
the Eisenstein series E*(z, k/2) is a nearly holomorphic modular form. We now state the
main theorem of this paper. For simplicity, we let

k=(k,....k)eQ", k—2=(k-2,... k-2 cQm

Theorem 1.3. Under the above assumptions, the FEisenstein series E*(z,k/2) generates
N(k—2)V as a (g, K)-module.

Note that there exists a unique non-split exact sequence
0— L(k—=2) — N(k=2)" — L(k) — 0.

In particular the module N(k — 2)V has length 2. These are new examples of indecom-
posable reducible modules generated by nearly holomorphic modular forms. The Fourier
coefficients and the constant term of E*(z, k/2), calculated by Shimura, play the key roll
of our proof.

Acknowledgment The author would like to thank my supervisor Tamotsu Ikeda for
his kind advice and helpful discussions.

2. Notation

1. The symbols Z, Q, R, C, Z, and Q,, have the usual meaning. The symbol A be the
adele ring of Q.
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2. For any commutative ring R and a positive integer n, Mat,, (R) is the ring of n x n
matrices with entries in R. If A € Mat,,(R), we let A be its transpose. Let Sym,, (R)
be the set of symmetric matrices in Mat,, (R). For a Hermitian matrix M, we say
M > 0 if M is positive definite. For 1 < i, j < n, let

€ij = (5i,k5j7l)k,lMatn(R).

Here 6 is the Kronecker’s delta function.
3. We denote by GL,, and Sp,,, the algebraic groups defined by

GL,(R) = {g € Mat,(R) | detg € R},
Sps, (R) = {g € GLa,(R) | tg']ng = Jn},

10 _é" ), respectively. For any element in

g= (‘ZZ) € Matg, (R) with a,d € Mat,,(R), write a = a4, b = by, ¢ = ¢4 and d = d,,.
We define a maximal compact subgroup K of Sp,,, (R) by

where R is a commutative ring and J,, = (

K ={g €8p,,(R) | ag = dy,by = —c,}.

Let K¢ be the complexification of K.
4. For z € Mat,,(C), we let Z its complex conjugate. We also let

LMEAY). A-NEeAl)

where z = ¢ + /-1y € Mat,(C) and z,y € Mat, (R).
5. The Siegel upper half space of degree n is defined by

9, = {z € Mat,(C) | 'z = 2,v/—1(2 — 2) > 0}.

6. Let g be the Lie algebra of Sp,,, (C), i.e., we have g = {X € Mat,,(C) | { X J,+J, X =
0}. For a Lie algebra a, we let (a) denote the universal enveloping algebra of a.

7. For manifolds M and N, we denote by C°°(M, N) the space of C*° functions from
M to N.

3. The category OF

In this section, we will review the theory of the category OF. A more complete theory
may be found in [3]. It is well-known that there exists a decomposition g =py +€+p_
as in (1.1).

Here Lie algebras g, ¥ and p4 are described as follows

g = {z € Maty,(C) | 'zJ, + Jox = 0}, t={reg|a, =d;, b, = —cz},
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pr={xe€g|a,=—V-1b,=—vV—-1c, = —d,},
p-={zxe€g|la,=v—-1b,=v—-1c, = —d,}.

It is well-known that the Lie algebras g and ¢ have the same Cartan subalgebra. The
root system of g is

O={+(e;+e), tleg—e) |[1<i<j<n1<k<I<n}.
We declare the set
dt={—(e;+e), er—e|1<i<j<nl<k<i<n}

to be a positive root system.

Let p be half the sum of positive roots. Welet A = {A = (A1,...,A,) ER™ | \i—Xiq1 €
Zso, i =1,...,n —1}. We regard e; as a vector (0,...,0,1,0,...,0) € A canonically.
We say that a weight A = (A\1,..., ;) € R™ is dominant if A\; > --- > A, holds. Note
that a dominant weight is dominant with respect to the positive root system of ¢ and is
not dominant with respect to g in general. Let A™ be the set of dominant weights. For a
dominant weight A € AT, we denote by py an irreducible U (€)-module of highest weight
A. Let V) be any model of py. We consider V) a module for p = p_ + & by letting p_ act
trivially. Let

N(A) =U(g) @u(p) Va

The modules N()\) are often called the parabolic Verma module of highest weight A with
respect to p. It is well-known that the module N(\) has a unique irreducible quotient
L(X). We denote by x an infinitesimal character of L(\). By Harish-Chandra’s Theorem,
an infinitesimal character x is equal to x,, if and only if A = w- y holds for some w € W/,
where W is the Weyl group of g and w - A = w(A + p) — p.

The category OF is defined to be the full subcategory of the category of U(g)-modules
whose objects M satisfy the conditions (O*1), (OP2), and (OP3).

(OP1) M is a finitely generated U(g)-module.

(OP2) Viewed as a U(t)-module, M is a direct sum of finite-dimensional irreducible
modules.

(O*3) M is locally p_-finite.

In this section, for simplicity, let

k:”;?’, k—2=(k—2,....,k—2), k=(k...,k),
n+3 n+1 n+1 n+1 n+1 n-—1
’\_( 2 7 2 9 ) _( 2 7T 9 09 )
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Here, we have k — 2, k, A and p € Q™.
We will classify indecomposable U(g)-modules in O with an infinitesimal charac-
ter Xk-

Lemma 3.1. Let X' be the set of dominant weights w such that w = w-k for some w € W.
We then have

X = {_k — 27 Ea K, >\}

Proof. For each w € W = &,, x (Z/2Z)", there exist elements o € &,, and 7 € (Z/2Z)"
such that w = o7. For a subset I C {1,...,n}, we define 77 € (Z/2Z)" by

Tr((W1y .. ywn)) = (er(Dwr, ... er(n)wn),

where we let

. 1 ifjér
er(j) = .
-1 ifjel

Note that for any 7 € (Z/2Z)" there exists a unique subset I C {1,...,n} such that
T = 771. Given 7 € (Z/2Z)", it is easy to see that the weight (o7) - k is dominant for

some o € &,, only if the weight (w1,...,w,) = 7(k + p) satisfies w; # w; for every i # j.
Therefore we have (o77) - k is dominant for some o € &,, if and only if we have

n+3—j€lforanyjel. (3.1)

It is easy to see that 77 - k is equal to one of the following weights up to the action of
ceG,

k — 27 E7 H, A

for any I which satisfy (3.1). Indeed, up to the action of 0 € &,,, weights 7 - k and
(T1Ugj,n+3—51) - k are same for any 3 < j < n. This completes the proof. O

We note that a highest weight of a parabolic Verma module with an infinitesimal
character xj, are equal to one of the elements in X.

Lemma 3.2. The following non-split exact sequences exist:

0 — N(k) — N(k=2) — L(k=2) — 0,

0— N(A\) — N(u) — L(u) — 0.
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Proof. By the calculation of first reduction points in the sense of [1], the modules N (k)
and N(A) are irreducible (see the proof of Proposition 4.2). Moreover, we can prove
that the modules N(k — 2) and N(u) are reducible. Indeed, the weights k — 2 and p are
exactly same as the first reduction points. Let AT = {(w1,...,w,) € ATNZ" | w, > 0}.
Since the polynomial algebra U(p ) is isomorphic to P ,cop++ Vi as a U(€)-module, the
modules N(k — 2) and N(u) are isomorphic to the following modules

N(k—2) = < oy Vw> @ Vo, N(p)= ( &y Vw> ® Vi,
wE2AT+ we2A++

as U(E)-modules, respectively. Therefore, the modules N(k —2) and N(u) are multipli-
city-free as U(t)-modules. By the same method, the modules N(k) and N(u) are
multiplicity-free as U (€)-modules. Since N (k) and N(X) are reducible, they have proper
submodules. Since U (¢)-modules py and py do not occur in N(p) and N(k — 2), respec-
tively, the following exact sequences exist:

0— N(k) — N(k=2), 0—NQ)— N

Neither N(k —2)/N (k) nor N(u)/N(\) contain the modules N (k) = L(k) and N(\) =
L(\) as U()-modules. Therefore the quotient modules N(k — 2)/N (k) and N(u)/N(X)
must be irreducible. We then obtain the desired exact sequences

0 — N(k) — N(k=2) — L(k=2) — 0, (3.2)
0 — N(A\) — N(u) — L(p) — 0. (3.3)

Since a Verma module has a unique irreducible quotient, the exact sequences (3.2) and
(3.3) are non-split. O

Lemma 3.3. Suppose that weights x and y belong to X. Then the following assertions
hold.

1 (l‘, y) = (Ea u% (ua E)a (/\’ :u)v (H? >‘)

0 otherwise.

dime Exton (L(x), L(y)) = { 1)
Extor (L(z), N(k=2)") =0,  Extos(L(x), N(k=2)) =0, (2)

for all € {k—2, X, u}.
Extor (L(2), N(1)") =0, Exton(L(x), N(1)) = 0, (3)

forallx € {k—2,k,u}.

Extor (N(z),N(y)) =0, Extor (N(z)Y,N(y)¥) =0, (4)
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for all z,y € {k—2,u}.

Extor (N(2), N()*) =0, Extos(N(2)", N(y)) = 0, (5)
for all z,y € {k—2,u}.

Extos (N(k), N(k=2)) =0,  Exton(N(X), N()) = 0. (6)

Proof. We first prove (1). By [3, Proposition 3.1 (d)], the case = y is clear. Since we
have A £ k and N(\) = L(\), we have

Extor (L(k), L()\)) = Extor (L(\), L(k)) = 0

by [3, Proposition 3.1 (a) and Theorem 3.2 (c) and (e)]. Since L(k) and L(A) are the
maximal submodules in N(k — 2) and N(u), respectively, we have

C = Homon (L(k), L(k)) = Extos (L(k = 2), L(k)),
C = Homon (L(N), L()) 2 Exton (L(1), L(N)),

by [3, Proposition (c)]. Consider the dual modules, then this proves the case (z,y) =
(k,k—=2),(k—=2,k),(\ ), (i, \). Let & = k — 2. We then consider the following exact
sequence

0— Ly — M — Lk—2)—0

for y = A\, and a module M. We may assume that the exact sequence is non-split. Let
v be a non-zero vector of weight k — 2 in M. Then the vector v generates M and hence
M is a quotient of N(k —2). By Lemma 3.2, we have M = N(k — 2). This contradicts
to the condition on y. Therefore we have

Exton (L(k = 2), L(\)) = Extos (L(k = 2), L(n))) = 0.

This proves the case that x or y is equal to k — 2. Similarly we proved the case that x

or y is equal to u. This completes the proof of (1).
Next, we will prove (2). By Lemma 3.2, we have a long exact sequence

0 — Hom(L(w), L(k = 2)) — Hom(L(z), N (k= 2)") — Hom(L(x), L(k))

— Ext(L(x), L(k — 2)) — Ext(L(z), N(k — 2)¥) — Ext(L(z), L(k)) — - - -

Here we set Hom = Homer and Ext = Exter If £ = X or pu, it is easy to see that
Extor (L(z), N(k —2)¥) = 0 by (1) and by computing the long exact sequence. If z = k
or k — 2, we have

Extor (L(k), N (k = 2)") = Extor (N(k = 2), L(k)) = 0,
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Extor (L(k—=2), N(k=2)") = Extos (N(k=2),L(k=2)) =0

by Proposition 3.1 and Proposition 3.12 of [3] and k — 2 > k. We can prove (3) similarly.
Calculating long exact sequences, we obtain (4), (5) and (6). We omit the details. O

In order to give the complete classification, we recall properties of indecomposable
projectives. For a dominant weight w € AT, let P(w) be the projective cover of L(w), i.e.,
the surjective map P(w) — L(w) is essential (cf. [3, section 3.9]). Then the projective
cover P(w) is indecomposable. For an object M in OP, we say that the module M has
a standard filtration if there exists a filtration 0 = My C M, C --- C M, = M such
that each quotient module M, /M; is isomorphic to some parabolic Verma module with
respect to p. If a module M has a standard filtration, let (M : N(w)) be the multiplicity of
N(w) in the standard filtration. By the universality of Verma modules, the multiplicity
(M: N(w)) is well-defined. We also let [M : L(A)] be the multiplicity of L(\) in the
Jordan-Holder sequence.

Theorem 3.4 (/3] Chapter 9). The following statements hold:
(1) The category OF has enough projectives.

(2) The projective cover P(\) has a standard filtration.
(3) If z,y € AT, we have

We then get the following Lemma.
Lemma 3.5. For x € X, we have the following assertions:

(1) For x =k — 2, u, the projective cover P(x) is isomorphic to N(z).
(2) The projective cover P(k) has a filtration 0 C Py C P(k) such that we have

Pi=N(k=2), P/P,=N(k) = L(k).

Moreover the projective module P(k) is self-dual, i.e., P(k) = P(k)V.
(3) The projective cover P(\) has a filtration 0 C Py C P(X\) such that we have

P2 N(N), P/Pp 2 N(\) 2 L(\).
Moreover the projective module P(X) is self-dual, i.e., P(A\) = P(\)V.

Proof. By Theorem 3.4, it is sufficient to prove the self-duality of projective covers. By
some computations of long exact sequences, we have
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dime Extos (L(k), N(k—2)) <1,  dime Extos (L(\), N(1)) < 1.
Since projective covers P(\) and P(k) are indecomposable, we have

dim¢ Extor (L(k), N(k —2)) =1, dimg Extor (L(A), N(p)) = 1.
By taking the dual, we have

0 — L(k) — P(k)Y — N(k)¥ —0

Let v be a non-zero vector of weight k — 2 in P(k). Then, the vector v generates L(k — 2)
or N(k — 2). If the vector v generates L(k — 2), the quotient P(k)Y/L(k — 2) is isomor-
phic to L(k) ® L(k) by Lemme 3.3. Since the socle of P(k) is L(k) and the module P(k)

has a unique quotient L(k), it is contradiction. Hence the vector v generates N(k — 2).
Therefore we have a non-split exact sequence

0 — N(k) — P(k)" — L(k) — 0.

Hence the projective cover P(k) is self-dual. Similarly, the projective cover P(\) is self-
dual. This completes the proof. O

Let (9;@1 and (’);@2 be the full subcategory of OP whose an object is a direct sum of

L(k=2), N(k=2), NE=2)"  Lk), Pk),

and

respectively.
Lemma 3.3 and 3.5 imply the following two corollaries:

Corollary 3.6. Let M be an indecomposable U(g)-module with an infinitesimal character
Xi- Then the module M is isomorphic to one of the following modules

L(k)a L(k72)7 N(u)v7 N(k*Q)v P(E)a
L(p), L), N(w)*, N(u), PO

Corollary 3.7. The categories O;hl and Oika are closed under extension and we have
EXtop (Nl, NQ) = EXt(Qp (NQ, Nl) =0

for any Ny € (’)ibl and Ny € Oigﬁ'
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By the calculation of K-types and Lemma 3.2, we have

Corollary 3.8. Let py be an irreducible U(¥)-module of highest weight k. Then the K -type

p

pi does not occur in modules L(k —2) and M for any object M in (’)X&’z.

4. Modular forms and differential operators

We define the functions 7; ; on $,, by Im(2)~! = (r; ;(2));,; for z € §,,. For a polyno-
mial P in n(n+1)/2 variables with coefficients in C, we let rp = P((r; j)1<i<j<n). Given
a representation of (p, V') of K¢, we call a V-valued C* function f nearly holomorphic if
there exist finite number of polynomials P and V-valued holomorphic functions fp such
that we have

f(z):ZrP(Z)fP(Z)v Z € Nn-
P

For a congruence subgroup I" and a representation (p, V') of K¢, we say that a V-valued
C*° function f is a nearly holomorphic modular form of K-representation p with respect
to T if f satisfies the following conditions (NH1), (NH2) and (NH3).

(NH1) f is a nearly holomorphic function.
(NH2) f(v(2)) = p(cyz+dy)f(2) for all v € " and z € §,,.
(NH3) f satisfies the cusp condition.

The cusp condition means that for any nearly holomorphic function f which satisfies the
conditions (NH1) and (NH2) with Fourier expansion

f2)=" Y clhy) expmitr(hz)),

h€Sym,, (Q)

we have c¢(h,y) = 0 for any non-semipositive definite matrix h. We denote by N,(I") the
space of nearly holomorphic function of K-representation p with respect to I'. By Koecher
principle, we can remove the condition (NH3) if n > 1. For simplicity, if p = det®, we
say that a modular form which is of K-representation det® is a modular form of weight
k.

For the convenience, we prove the Koecher principle.

Proposition 4.1 (Koecher principle). Let f: $, — V be a nearly holomorphic function
of K-representation (p,V') which satisfies the conditions (NH1) and (NH2). We denote
Fourier expansion of f by

f(z) = Z c(h,y) exp(2mitr(hz)).

heSym,, (Q)

If n > 1, the condition (NH3) is automatically satisfied.
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Proof. Let N be a level of f. Take a non-semipositive definite matrix h = (h; ;). Then
there exists a vector v = (vq,...,v,) such that vh'v is negative. We may assume that
integers v; are divisible by N for ¢ > 2 and the greatest common divisor vy, ..., v, is 1.
Let a be an element in GL,,(Z) such that the first row is v and a = 1,, (mod. N) holds.
Then, the matrix ah’a = (w; ;) satisfies wy; < 0.

Since the function f has a level N, we have

F(B2-18) = p(BF(2), B EGCLL(Z),B =1, (mod. N).
Hence the equality
p("B)e("B7 R, By B) = c(h,y)
holds. In particular, we have
pla™"e(ah'a,' o ya™") = e(h, y).

Hence we may assume hy; < 0.
Fix an imaginary part y. By the definition of nearly holomorphy, there exists a poly-
nomial P, depending on h, such that Py((r;;(2))) = c(h,y). For a positive integer ¢,

let
1 (N
ap = 1 .
1n72

Since h and y are fixed, there exists a rational polynomial Q(¢) with the variable ¢ such
that the inequality

le(h. y)l < 1QO]e(h, ary - 'ap)]

holds as a function of £ where | - | is some norm on V.
Combine the above formulas, the following inequality holds:

le(h, )| < 1QO|le(h, agy'ae)l = 1QOlp("ag e(achar, y)|.

Therefore, for a certain norm for matrices, we have

le(h, )] < 1QOlp("ag M)lle(*achar, y)l.

The Fourier coefficient ¢(h,y) can be expressed by

clh,y) = / f(z +iy) exp(2mitr(hz)) dx | x exp(27 tr(hy)),
Sym,, (R)/L
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where L and dz is a lattice of Sym,,(R) and a normalized measure, respectively. By
taking the absolute value, we have

|e(h, y)| < |M(y)] exp(27 tr(hy)),

where M (y) is a constant depending only on the fixed imaginary part y. To sum it up,
there exists a polynomial R(¢) such that we have

le(h, )| < [R(O)||M (y)| exp(27 tr(“achagy)).

Then tr(tashaey) is equal to hy 192202 + O(f). Since we assume hy; < 0 and y22 > 0,
the right hand side is an exponential decay function in £. Take a limit / — oo, we have
le(h,y)| = 0. This completes the proof. O

Let o be a representation of K¢ 2 GL,,(C) on the dual space of Sym,, (C) defined by
(o(k)h)(x) = h(k o - TE™Y), h € Homc (Sym,,(C),C), k € K°.

For a finite-dimensional representation (p, V') of K¢, we regard the representation p ® o
as the representation on Homc (Sym,,(C), V') defined by

(p® o) (K)h)(2) = pk)h(k "2 - 'k~1), b € Home (Sym, (C), V), k € GL,(C).

Let €;; = (ei,; + €j,) be basis of Sym, (C). For u € Sym,,(C) define u = -, ;u; je; ;.
We also put z =}, ; z;,j€;,; with 2; ; for the variable z € $,, C Sym,,(C). Then, for any
function f € C*°($),,,V), we define Df and Ef € C*($,,, Homc (Sym,,(C),V)) by

Df(u) =) u;;0f/0zij,  Ef(u)(2) = Df(Im(z)ulm(z))(2)

i,J

for u € Sym,,(C) and z € $),,. Then a C* function f is a nearly holomorphic function if
and only if we have E™ f = 0 for some m (cf. [13].)

Given a representation of (p, V) of K, we denote by C*(G, p) the set of all functions
fin C*(G,V) such that f(gk) = p(k~=1)f(g) for every g € G and k € K. We denote by
p¢ the holomorphic representation of K¢ corresponding to p. For the sake of simplicity,
let us say p° to p. For such a (p,V) and f € C®(9,,V), we define f? € C*(G,p) by
(1.2). Then a map f —— f* is a C-linear isomorphism of C*°(9,,,V) onto C*(G, p).
Now we have

(u)g” = (Eg)"®(u), g€ C>®($Hn,V),u € Sym,(C) (4.1)
where ¢: Sym,,(C) — p_ defined by

o(u) = g (—\/t—iltu gtu)
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by [12, section 7]. Hence a C'*° function f is nearly holomorphic if and only if f* is
p_-finite. More complete theory of correspondences (4.1) can be found in [12] and [13].

Let T' be a congruence subgroup of G. Let A(T"), _an be the space of a scalar valued
C* functions ¢ which satisfy the following conditions (NH’1), (NH’2), (NH’3), (NH4)
and (NH’5).

(NH'1) ¢ is left T invariant.
(NH’2) ¢ is right U(¢) finite.
(NH’3)

(NH4) ¢ is slowly increasing.
(NH’5) ¢ is p_-finite.

 is right Z finite.

Here, the algebra Z is the center of U(g). Then the space A(I'), -an is a (g, K )-module by
the right translation. For f € C*°($,,V) and v* € V*, we have a scalar valued function
vro(g) = (fP(g),v*) on G. Then, if f is a nearly holomorphic modular form, we have
©foe € A(D)p__an by [9] and, moreover, a map f ® v* — @y, is a C-linear injective
map from N,®V* to A(T")y__fin. The (g, K)-module M generated by ¢y .+ is independent
of the choice of v* if p is irreducible. Indeed, let v] be a highest weight vector in V*. There
exists an element X € U(¢) such that X - v* = vj. Then, we have —X - @y« = @ or.
Conversely, there exists an element Y € U(£) such that =Y - = = @y ,~. Hence, the
module M is independent of the choice of v*. Let My = U(g)py . for v* # 0. We denote
by My the (g, K)-module generated by f.

Proposition 4.2. Let f be a holomorphic modular form. Then the (g, K)-module My is
semisimple.

Proof. We may assume that f is a holomorphic modular form of an irreducible
K-representation py. Here, the weight A = (A1,...,\,,) is a highest weight of p). Then,
there exists a canonical exact sequence

N(A) — My — 0.

Hence, if the Verma module N()) is irreducible, the module My is irreducible. Let
p=#{i| N\ = Ay} and ¢ = #{i | \; = A\, +1}. By the calculation of first reduction point
as in [1], we may assume that A\, <n — (p+ ¢+ 1)/2. Then, by the square-integrability
theorem of Weissauer [14, Satz 3], the holomorphic modular form f is square-integrable
if

p/2<n—M\,.

Therefore, the holomorphic modular form f is square-integrable and, moreover, the
module My is unitarizable. Since N(A) has the unique irreducible quotient, we have
My = L(\). This completes the proof. O
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5. Eisenstein series
5.1. Degenerate principal series representation

In this section, we review briefly the degenerate principal series representation of
the metaplectic groups. For the details, see [5] and [6]. For any real symplectic group
G = Sp,, (R), we denote by G its metaplectic two fold cover. Let pr: G — G be the
canonical projection. We let K = pr=}(K). For the sake of simplicity, we denote K by
K. We shall identify G as a set with

GXZ/2Z = {(g,¢) | g € G,e = £1}.
The multiplicative relation is described by

(91, €1)(92, €2) = (9192, €1€2¢(91, 92))

where ¢ is the Rao’s 2-cocycle of G as in [10]. For a € GL,(R) and b € Sym,,(R), we
define I(a),n(b) € G by

Let
L={((a),e) | a € GLy(R), e = +1}
and
N ={(n(b),1) | b € Sym,, (R)}.

Then P = LN is a maximal parabolic subgroup of é, called the Siegel parabolic sub-

group.
Let x: L — C* be given by

x((Ua), €)) = e

7 ifdeta <0
1 ifdeta > 0.

This is a character of L of order 4. For s € C and « € {1, 2, 3,4}, let x¢ be the character

of P given by

Xs ((l(a), €) - (n(b), 1)) = |det a|*x((m(a), €))*.
For « = 0,1,2, and 3, let I1¢(s) be the normalized induced representation

I%(s) = Indgxg‘.
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We have multiplicity-free decomposition

I%(s)|x = EB Part s

AEATT

as a K-module. Fix vax1 2 to be the unique (up to constant) K-highest weight vector in
p2x+< . We then consider the K-map given by

m: (P4 +p-) ® paayy — 17(8)|x
m(puv)=p-v.

Since py +p- = p2,0,...,0) D P(0,...,0,—2), highest weights p in (p +p_) ® px are of the
form

AEe; Ly, 1<i<jij<n

for a dominant weight A = (A1,..., ;). For each 1 < j < n, there exists an element
X in U(g) such that X; - vaxi 2 is a constant multiple of vaxi o to2¢,. Then we have the
coefficients ¢ j,+ € C such that X;-voxta = i j 1+ V2r+ g £2¢;. Note that the coefficients
cx,j,+ is depending only on the choice of the highest weight vectors vy and elements X ;.
For suitable choices of vy and X; in [5] and [6], we have

__+]_)\‘

n+1l « .
2 J)

Crj+=—s—1=x (

Let Ad: G —» Aut(g) be the adjoint representation of G. Then the algebra U(py) is
stable under Ad(k) for k € K. The algebra U(p,) (resp. U(p—)) decompose into

@P,\
A

where X runs through weights in AT N2ZY, (resp. A runs through weights in ATN 27%,)
as a representation of K.

Lemma 5.1. Let o € {0,1,2,3} and k = (n+3)/2. Suppose 2k = a (mod. 4). Let © be an
irreducible K-subrepresentation in I*(—1) of highest weight k. Then the representation
7 generates N(k —2)V as a (g, K)-module.

Proof. Let M be the (g, K)-module generated by 7. By calculations of ¢y ; +, there exists
a non-split exact sequence

0— L(k—2) — M — L(k) — 0.

For details, see [5, section 5]. By Lemma 3.2, the module M is isomorphic to N(k — 2)V.
This completes the proof. 0O
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5.2. Fisenstein series and Fourier coefficients

In this section, we consider the metaplectic group Mp,,, as a non-trivial central exten-
sion of Sp,,, by the circle S'. We denote by G the central extension by Z/2Z as in the
previous section. We consider the group Gasa subgroup of Mp,,,. The map G — Mps,,
may found in Kudla’s note [4, Chapter 1] and [10].

Let k = (n+3)/2. We let N be a positive integer greater than 1 if k is an integer. We
also let N =4 if k is not an integer. Define a congruence subgroup I" of Sp,,, (Q) by

. {{g € 8p2n(Z) | ¢ =0 (mod. )} (k €2),
{9 € Spon(Z) | by = ¢y =0 (mod. 2)} (k¢ 7).

If a weight k is not an integer, the congruence subgroup I' is a subgroup of the theta
subgroup (cf. [13]). Fix a Dirichlet character x modulo N of order 2. Let j(g,z) be a
factor of automorphy on G x §,, defined by

j(g,z) = det(cyz +dy), (g,2) € G X .

Let h be a factor of automorphy of weight 1/2 defined in [13, Appendix 2]. Then the
factor of automorphy h satisfies

h((g,e),i)2 :t'j(cgi+dg)7 (976) 6Mp2n(R)’
with some ¢ € S'. Let j* be a factor of automorphy of weight & defined by
T gk if k£ is an integer
j =
j*=12h if k is not an integer.

For every s € C and a € {0, 1, 2,3}, we take an element d, which belongs to I*(2s—k)
defined by

35(g) = j(g,1)* det(Im(g(i)))*~*/2.

We then define the Eisenstein series F(g, s) on the metaplectic group by

E(g,s) = E(g,s:k,x, N) = Y x(detd,)ds(7g), g € Mpy,(R).
~ye'NP\T'

The Eisenstein series E(g,s) is absolutely convergent for Re(s) > (n + 1)/2. Due to
Langlands’ theory for Eisenstein series, E(g,s) is meromorphically continued to whole
s-plane. Note that if k is an integer, E(g,s) can be defined on G via the canonical
projection pr: Mp,,, —> Sp,,,. For z € 9,,, we define the function E(z,s) on £, by

E(z,5) = h(g,i)**E(g, s), g € G such that g(i) = .
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This is a well-defined function. In order to compute the Fourier coefficients of Eisenstein
series, we will twist the Eisenstein series at finite places. Let K4 be a subgroup of
Sp,,, (A), the adele valued points of G, defined by

KA = Kﬁn X K7
Kein = {9 € Spa, (Agin) | ag,dy € Mat,,(Z),b, € Mat,,(b"'Z), c, € Mat,,(bNZ)},

where b = 1 and N is a positive integer if k is an integer and b = 1/2 and N = 4
if k£ is not an integer. Note that the open compact subgroup Kg, is the closure of the
congruence subgroup I' in Sp,,, (Agy). By the strong approximation in Sp,,, (A), for every
g € Mp,,,(A), there exist ¥ € Spy, (Q), goo € Mpy,,(R) and k € K4 such that g = vgook.
Then we define the Eisenstein series Ey (g, s) on Spy, (A) or Mp,,, (A) by

Ea(g,5) = j(k,1)*E(goo, 5).

Define an element ¢ € Sp,,,(A) by

0 -1,
<O<> = 12”’ Cp - <1n 0 ) .

We also define an element ¢ of Mp,, (A) by

pI‘(C) =(, h(Z’C) =1

Define a function E} (g,s) by

Bi(g.s) = {Emg, 5) (€ 8pon(A) kE2)
T Ba(ls) (g€ Mpy,(A) ¢ 2).

We also define the function E*(z,s) on $),, similarly. Eisenstein series E*(z, s) have
the Fourier expansion of the form

E*(z,s) = Z cnly, s)exp(2ny/—1tr(hz)), z=x++/—1y € Hy.

heSym,, (@) >0

The Fourier coeflicients cp,(y, s) are already calculated by Shimura. For the details,
see [11] and [13]. In order to obtain the formula, we first put

£(g,his,s") = / exp(—2mv/~1tr(ha)) det(z + ig)* det(a — ig)~* dz,
Sym,, (R)

where s, s € C, 0 < g € Sym,(R) and h € Sym,,(R). We also put, for a half integral
matrix 7 € Mat,, (Q,),
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aR(rs,x) =[] > exp,(—tr(ro))x" (vo(0))v(0) "

p {N 0€Sym,, (Qp)/Sym,,(Zy)

ay(rs,x) =[] > exp, (—tr(70))x" (vo(0))w(o)v(0) ™%

p tN o€Sym,, (Q,)/Sym,,(Zy)

Here, for x € Q,, exp,(z) = exp(—2my/—1y) with y € Ups_1p™™Z and x —y € Z;, X*
is the ideal character associated to x, vg(o) is the denominator ideal, v(o) is the norm
of vy(0), and w is described as follows. For a € Sym,, (A), we put

v@) =[[w@, W= /expp(tx-axﬂ)d% w(a) = ~y(a)/|y(a)l;
P Zn

where p runs finite places, the measure dz is the Haar measure of Z such that on de =1
p

and we assume that v(a) # 0. The following Proposition is due to Shimura.

Proposition 5.2 (/13]). Let g € GL,(R). Suppose that N > 1 and det ¢ > 0. Let y = 'qq.
Then cp(y, s) # 0 only if h € Sym,, (b= N~1Z,) for every finite places p, in which case

cn(y, s) exp(—2m tr(hy))
=C- (b]\f)_"(m'l)/2 det(y)s_k/Qf(y, hys+k/2,s — k/2)a% (*qhq, 25, X),

where C =1 and e =0 if k is an integer and C = exp(my/—1n/4) and e = 1 if k is not
an integer.

Let bo(x) =1, bj(z) = Hin_:lo(x + (m/2)) if 7 > 0. For an indeterminate T, we define

det(T1, — X) = Zn:(_nr@(X)Tn*T, X € Mat,(C).
7=0

By the explicit formula of confluent hypergeometric functions and Siegel series, we have
the following Lemma.

Lemma 5.3. Suppose n > 1 and k = (n+3)/2, x> = 1 and N > 1. Then the Fourier
coefficient cp(y, k/2) is described as follows: If h = 0, we have

co(y,k/2) =cdety ' with ceC.

If h > 0, the Fourier coefficient cp(y,k/2) is a constant independent of y. If h > 0 and
0 < rank(h) < n, we have

rank(h)
cnl(y,k/2) = c dety™* Z bi((n—r7)/2)¢,_;(dmhy), ceC.

Jj=0
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Moreover, the Fourier coefficients co(y, k) and cp(y, k) are non-zero for some h > 0.

Proof. It is sufficient to prove that Fourier coefficients cq(y, s) and ¢, (y, s) are non-zero
at s = k/2 for some h > 0 by [13]. By the explicit formula of Siegel series, ¢o(y, s) is
described as follows. Define A(s) and Ag(s) by

(n—1)/2
L(2s,x) [ L(4s—2i,x*) ne2Z+1
=1
A =
(s) o
[[L¢s—2i+1,x%) ne2z
=1
(n—1)/2
L2s—n,x) [] L@s—2n+2i-1,x*) ne2Z+1
=1
AO(S) - n/2
[[L¢s—2n+2i-2,x* ne2z
1=1

where L(s, x) is the Dirichlet L function. Then, up to bad local factor, we have

co(y, s) = (A(25)/Ao(25)) - det(y) .
Then it is easy to see that co(y, k/2) # 0. By some computation of L-factors as in [13,
Proposition 16.10], it is clear that cp(y, k/2) # 0 for some h > 0. This completes the
proof. O

5.3. Main theorem
We define a function ¢ on G or G by
6(g) = h(g, 1)~ ") det(Im g(i)) .
It is what is often called the constant term of E* along the Siegel parabolic subgroup.

Lemma 5.4. Let k = (n + 3)/2. The constant term ¢ generates N(k—2)V as a
(9, K)-module. In particular, the constant term ¢ has an infinitesimal character xj.

Proof. It is easy to see that ¢ belongs to I*(—1) for « = 2k (mod. 4). By Lemma 5.1,
¢ generates N(k—2)V. 0O

Then we can prove the main theorem.
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Theorem 5.5. With the same assumption as in Lemma 5.3, let M be the (g, K)-module
generated by E*(g,k/2). We then have

M = N(k—2)".

Proof. In this proof, we follow the notation as in section 2. By the definition of E*, the
Eisenstein series E* has the same infinitesimal character as the Siegel Eisenstein series
E. Note that Eisenstein series E has the same infinitesimal character as its constant term
¢'. Since the constant terms ¢ and ¢’ are different only in finite places, they have the
same infinitesimal character. Hence the action of Z on M is equal to the character xy.
By Corollary 3.6 and Corollary 3.8, the module M is a direct sum of following modules:

L(k), N(k=2)", N(k=2), P(k).

Let M’ be the submodule of M generated by the functions X - E* for X € p_. Since
E*(g,k/2) is non-holomorphic, the submodule M’ is non-zero. By (4.1) and Lemma 5.3,
for a non-constant vector X € U(p_), the Fourier coefficient ¢(X,h,y) of X - E* at
a positive definite matrices h is 0. Therefore, the submodule M’ is a non-zero proper
submodule of M. Let L(w) = L((w1,...,w,)) and v be an irreducible submodule of
M’ and its highest weight vector, respectively. Let f be the holomorphic modular form
corresponding to v. Since we have ¢(X, h,y) = 0 for a non-constant X € U(p_) and a
positive definite matrix & > 0, the modular form f is a singular form. By [2] and [14],
we have w, < n/2. Therefore we have w = k — 2. Since the module M /M’ is a non-zero
module of highest weight k and the module M is generated by only one element of weight
k, we have the following exact sequence

0— M — M — L(k) — 0. (5.1)

Since the socle of N(k — 2) and P(k) are L(k), there exist integers a and b such that we
have

M = aL(k) & bN (k —2)".

Then, by definition of M’, we have M’ = bL(k —2) and hence the multiplicity b is
non-zero. By the exact sequence (5.1), we have a + b = 1. Hence, we have a = 0 and
b = 1. This completes the proof. O

Remark 5.6. We define a complex number ¢;, for a semi-positive matrices h by
E*(z,k/2) = Z cn(dety™! 4 fr(Im(2) 1)) exp(2mi tr(hz))
h>0,h%0

+ Z cp exp(2mitr(hz)).
h>0
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Here, the function f, is a polynomial with n(n + 1)/2 variables of degree less than n
(cf. section 4). We can compute ¢, by Lemma 5.3. Then, by the computation of the
differential operator D = ¢,, det(9/0r; ;) with some normalization factor ¢, the singular
form

DE*(z) = Z cpexp(2mitr(hz))
h>0,h 40

generates L(k — 2). Note that, the singular form DE™* is a residue of some Eisenstein
series (see [13, section 17]).
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