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In this note, we provide a large class of moderate expanders
with the exponents 3

8 and 5
13 over arbitrary finite fields and 

prime fields, respectively. Our main ingredients are an energy 
result due to the third, fourth, sixth listed authors and Shen 
(2019) and a theorem on two-variable expanding functions 
given by Hegyvári and Hennecart (2009). Using the same 
approach, we derive similar results in the setting of finite local 
and principal rings.
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1. Introduction

Let Fq be an arbitrary finite field of order q, where q is a prime power. We first recall 
the following definition from [5].
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Definition 1.1. Let f : F l
q → Fq.

• The function f is called a strong expander with the exponent ε if for all A ⊂ Fq with 
|A| � q1−ε, we have |f(A, . . . , A)| ≥ q − k, for some fixed positive constant k.

• The function f is called a moderate expander with the exponent ε if for all A ⊂ Fq

with |A| � q1−ε, we have |f(A, . . . , A)| � q.
• The function f is called a weak expander with parameters 0 < ε < 1 and 0 < δ < 1

if for all A ⊂ Fq with |A| � q1−ε, we have |f(A, . . . , A)| ≥ |A|δq1−δ.

Throughout this paper, we use X � Y if X ≤ CY for some constant C > 0 inde-
pendent of the parameters related to X and Y , and write X � Y for Y � X. The 
notation X ∼ Y means that both X � Y and Y � X hold. In addition, we use X � Y

to indicate that X � (log Y )C′
Y for some constant C ′ > 0.

Over the past 10 years, there has been an intensive progress on seeking moderate 
expanders with biggest exponents. For instance, the followings are moderate expanders 
with the exponent 1

3 : x + yz [15], x + (y− z)2 and x(y + z) [19], (x − y)2 + (z− t)2 [2,4], 
xy+ zt [3], xy+ z+ t [14]. We also know that (x − y)(z− t) is a moderate expander with 
the exponent 1

3 in [1], which has been slightly improved to 1
3 + 1

13542 in [9].
Using spectral graph theory techniques, Vinh [19] proved that the polynomial xy +

(z − t)2 is a moderate expander with the exponent 3
8 = 1

3 + 1
24 . To the best knowledge 

of the authors, this is the only known polynomial moderate expander with the exponent 
3
8 over arbitrary finite fields in the literature. In the setting of prime fields, Rudnev, 
Shkredov, and Stevens [13] also proved that the function xy−z

x−t is a moderate expander 
with the exponent 17

42 = 1
3 + 1

14 over prime fields.
In the case of two-variable polynomial expanders, Tao [17] proved that any polynomial 

in two variables which is not of the form Q(F (x) + G(y)) or Q(F (x)G(y)), for some 
polynomials Q, F, G, is a moderate expander over Fq with the exponent 1

16 .
In this note, we provide a large class of polynomial moderate expanders with the 

exponents 3
8 and 5

13 over arbitrary finite fields and prime fields, respectively. Our main 
ingredients are an energy result due to the third, fourth, sixth listed authors and Shen 
(2019) and a theorem on two-variable expanding functions given by Hegyvári and Hen-
necart (2009). Using the same approach, we derive similar results in the setting of finite 
local and principal rings.

We will see in our first result that there are actually many moderate expanders with 
the exponent 3

8 over arbitrary finite fields.
Let m(x) and n(x) be polynomials with integer coefficients. We say that m(x) and 

n(x) are affinely independent if there is no (λ, β) ∈ Z ×Z such that m(x) = λ · n(x) + β

or n(x) = λ ·m(x) + β. Our first result is as follows.

Theorem 1.1. Let Fq be an arbitrary finite field. Let f ∈ Fq[x, y, z] be a quadratic polyno-
mial that depends on each variable and that does not have the form g(h(x) +k(y) + l(z)). 
Let m(x) and n(x) be affinely independent polynomials with bounded degrees. Define 
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Q(u, v) := m(u) +ukn(v), and F (u, v, y, z) := f (Q(u, v), y, z), where k is a fixed positive 
integer. For A ⊂ Fq with |A| � q

5
8 , we have

|F (A,A,A,A)| � q.

Corollary 1.2. The following 4-variable polynomials are moderate expanders with the ex-
ponent 3

8 over arbitrary finite fields:

u(u + v)y + z, u(u + v) + yz, u(u + v)(y + z)

y (u(u + v) + z) , (u(u + v) − y)2 + z, (y − z)2 + u(u + v).

Proof. This follows directly from Theorem 1.1 with the following polynomials:
xy + z, x + yz, x(y + z), y(x + z), (x − y)2 + z, (y − z)2 + x, respectively. �

In the setting of prime fields, using recent new results in incidence geometry, one can 
prove that polynomials in Theorem 1.1 are moderate expanders with bigger exponents.

Theorem 1.3. Let Fp be a prime field. Let f ∈ Fp[x, y, z] be a quadratic polynomial 
that depends on each variable and that does not have the form g(h(x) + k(y) + l(z)). 
Let m(x) and n(x) be affinely independent polynomials with bounded degrees. Define 
Q(u, v) := m(u) +ukn(v), and F (u, v, y, z) := f (Q(u, v), y, z), where k is a fixed positive 
integer. For A ⊂ Fp with |A| � p

8
13 , we have

|F (A,A,A,A)| � p.

Corollary 1.4. The following 4-variable polynomials are moderate expanders with the ex-
ponent 5

13 over prime fields:

u(u + v)y + z, u(u + v) + yz, u(u + v)(y + z)

y (u(u + v) + z) , (u(u + v) − y)2 + z, (y − z)2 + u(u + v).

Proof. This follows directly from Theorem 1.3 with the following polynomials:
xy + z, x + yz, x(y + z), y(x + z), (x − y)2 + z, (y − z)2 + x, respectively. �
An extension to finite local and principal rings A ring R is local if R has a unique 
maximal ideal that contains every proper ideal of R. A finite valuation ring R is a finite 
ring that is local and principle.

Let R be a finite valuation ring of order qr, where q = pn is an odd prime number. 
Throughout this paper, we assume R is commutative, and also it has an identity. Let 
R× denote the set of units in R. Likewise, let R0 denote the set of non-units in R. Since 
R has a unique maximal ideal that contains every proper ideals of R, we have a non-unit 
z ∈ R so that the maximal ideal is generated by z. Let (z) denote the maximal ideal of 
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R. Throughout, q and r will denote the structural parameters associated to R. For the 
maximal ideal (z), r is the smallest positive integer such that zr = 0, and also q is the 
size of the residue field R/(z). We assume q is an odd prime number. Hence, 2 is a unit 
in R.

For more details on finite valuation rings and earlier sum-product results over R, we 
refer the interested reader to [8,10,11] and references therein.

Here are some examples of finite valuation rings.

(1) Finite fields Fq, q = pn for some n > 0.
(2) Finite rings Z/prZ, where p is a prime.
(3) Fq[x]/ (fr), where f ∈ Fq[x] is an irreducible polynomial.
(4) O/ (pr) where O is the ring of integers in a number field and p ∈ O is a prime.

In general, there are many zero divisors in R, so it seems difficult to extend Theo-
rem 1.1 to the setting of finite valuation rings. However, we are able to put Corollary 1.2
in this setting.

Theorem 1.5. Let R be a finite valuation ring of order qr, and A be a set in R.
Let F1(u, v, y, z) = u(u + v)y + z, F2(u, v, y, z) = u(u + v) + yz, F3(u, v, y, z) =

u(u +v)(y+z), F4(u, v, y, z) = y (u(u + v) + z) , F5(u, v, y, z) = (u(u + v) − y)2+z, and 
F6(u, v, y, z) = (y−z)2+u(u +v). Suppose that |A| � q

8r−3
8 , then, for each i ∈ {1, . . . , 6}, 

we have

|Fi(A,A,A,A)| � qr.

2. Moderate expanders over arbitrary finite fields (Theorem 1.1)

Using a point-plane incidence bound due to Rudnev [12], the third, fourth, sixth listed 
authors and Shen [7] proved the following general theorem on the energy of a polynomial 
in three variables over prime fields.

Theorem 2.1 ([7], Lemma 2.5). Suppose that f ∈ Fp[x, y, z] is a quadratic polynomial 
which depends on each variable and which does not take the form g(h(x) +k(y) +l(z)). For 
U, V, W ⊂ F×

p with |U ||V ||W | � p2, let E be the number of tuples (u, v, w, u′, v′, w′) ∈
(U × V ×W )2 such that f(u, v, w) = f(u′, v′, w′). Then we have

E � (|U ||V ||W |)3/2 + max{|V |2|W |2, |V |2|U |2, |U |2|W |2}.

One can follow the proof of this theorem in [7] identically and use Vinh’s point-
plane incidence bound [18] in the place of Rudnev’s point-plane incidence bound and the 
Kövari-Sós-Turán theorem to obtain a version over arbitrary finite fields. For simplicity, 
we omit the proof.
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Theorem 2.2. Suppose that f ∈ Fq[x, y, z] is a quadratic polynomial which depends on 
each variable and which does not take the form g(h(x) +k(y) + l(z)). For U, V, W ⊂ F×

q , 
let E be the number of tuples (u, v, w, u′, v′, w′) ∈ (U × V ×W )2 such that f(u, v, w) =
f(u′, v′, w′). If |U ||V ||W | ≥ q2, then

E � |U |2|V |2|W |2
q

+ max{|V |2|W |2, |V |2|U |2, |U |2|W |2}.

The next corollary is a direct application of the Cauchy-Schwarz inequality and The-
orem 2.2.

Corollary 2.3. Suppose that f ∈ Fq[x, y, z] is a quadratic polynomial which depends on 
each variable and which does not take the form g(h(x) + k(y) + l(z)). If U, V, W ⊂ F×

q

with |U ||V ||W | � q2, then

|f(U, V,W )| � min
{
q, |U |2, |V |2, |W |2

}
.

Let m(x) and n(x) be affinely independent polynomials. Suppose that the degrees 
of m and n are bounded. In [6], Hegyvári and Hennecart proved that the polynomial 
Q(u, v) = m(u) + ukn(v) is an expander. More precisely, for A ⊂ Fp with |A| ≤ p1−ε for 
some 0 < ε < 1, we have

|Q(A,A)| � |A|1+ε′ ,

where ε′ > 0 depending on ε.
Using the point-line incidence bound for large sets over arbitrary finite fields due to 

Vinh [18], and the point-line incidence bound for small Cartesian product sets over prime 
fields due to Stevens and De Zeeuw [16], the following is a consequence of [6, Theorem 
4] due to Hegyvári and Hennecart.

Lemma 2.4 ([6]). Let m(x) and n(x) be affinely independent polynomials. Suppose that 
the degrees of m and n are bounded. Define Q(u, v) := m(u) + ukn(v).

1. For A ⊂ Fq, we have

|Q(A,A)| � min
{
q,

|A|2
q1/2

}
.

2. For A ⊂ Fp with |A| ≤ p2/3, we have

|Q(A,A)| � |A|5/4.

We are now ready to prove Theorem 1.1.
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Proof of Theorem 1.1. Since |A| > 2, without loss of generality, we may assume that 
0 /∈ A. We define U := {Q(a, b) : a, b ∈ A}. It follows from Lemma 2.4 that

|U | � min
{
q,

|A|2
q1/2

}
.

Let U∗ = U \ {0}. We also have

|U∗| � min
{
q,

|A|2
q1/2

}
.

When |A| � q5/8, this inequality implies that |A||A||U∗| � q2. Thus we can apply 
Corollary 2.3 so that

|F (A,A,A,A)| = |f(U,A,A)| ≥ |f(U∗, A,A)| � min
{
q, |U∗|2, |A|2

}
� q,

under the assumption |A| � q5/8. This completes the proof of the theorem. �
3. Moderate expanders over prime fields (Theorem 1.3)

As in the previous section, the following corollary is a direct application of Theorem 2.1
and the Cauchy-Schwarz inequality.

Corollary 3.1. Suppose that f ∈ Fp[x, y, z] is a quadratic polynomial which depends on 
each variable and which does not take the form g(h(x) + k(y) + l(z)). For U, V, W ⊂ F×

p

with |U ||V ||W | � p2, we have

|f(U, V,W )| � min
{

(|U ||V ||W |)1/2, |U |2, |V |2, |W |2
}
.

We are now ready to prove Theorem 1.3.

Proof of Theorem 1.3. Since |A| > 2, without loss of generality, we may assume that 
0 /∈ A.

Set U := {Q(a, b) : a, b ∈ A}. It follows from Lemma 2.4 that

|U | � |A|5/4,

under the condition |A| ≤ p2/3.
Since 8

13 ≤ 2
3 , for our purpose, there is no harm to assume that |A| ≤ p

2
3 in the rest 

of the proof.
Let U∗ = U \ {0}. We also have |U∗| � |A|5/4.
Set V = W = A. It is not hard to see that F (A, A, A, A) = f(U, V, W ).
If |U ||A|2 � p2, then it follows from Corollary 2.3 that |F (A, A, A, A)| � p and we 

are done.
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Therefore, we assume that |U ||A|2 � p2, and apply Corollary 3.1 to get

|F (A,A,A,A)| = |f(U, V,W )| ≥ |f(U∗, V,W )| � min
{

(|U∗||A|2)1/2, |A|2, |U∗|2
}
.

Using the fact that |U∗| � |A|5/4, the theorem follows. �
4. Moderate expanders over finite valuation rings (Theorem 1.5)

In order to prove Theorem 1.5, the following results play crucial roles. Recall that R
denotes the finite valuation ring of order qr.

The first result is a point-line incidence bound over finite valuation rings due to 
Pham and Vinh [11], where a line over R is defined of the form ax + by + c = 0 with 
(a, b, c) /∈ (R0)3.

Theorem 4.1. Let P be a set of points in R2 and L be a set of lines in R2. The number 
of incidences between P and L, denoted by I(P, L), satisfies

I(P,L) ≤ |P ||L|
qr

+ qr−
1
2
√

|P ||L|.

The second result is due to Yazici in [20].

Lemma 4.2. Let X, Y, Z be sets in R. We have

|XY + Z| � min
{
qr,

|X||Y ||Z|
q2r−1

}
.

Our next two lemmas are consequences of Theorem 4.1.

Lemma 4.3. Let X, Y, Z be sets in R. If |X| ≥ 2qr−1, then

|X(Y + Z)| � min
{
qr,

|X||Y ||Z|
q2r−1

}
.

Proof. We recall that R0 is the set of non-units in R. Since |X| ≥ 2qr−1 and |R0| = qr−1, 
without loss of generality we may assume that X ⊂ R×. Let T = X(Y + Z) and let us 
consider the following equation

y = a(x + c)

with a ∈ X, x ∈ Y, c ∈ Z, and y ∈ T . Let N denote the number of solutions of the above 
equation. It is clear that

|X||Y ||Z| ≤ N. (1)
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We now find an upper bound of N . Let L be a collection of lines of the form y = a(x +c)
with a ∈ X and c ∈ Z. In addition, define P as the set of points (x, y) with x ∈ Y

and y ∈ T . Since a ∈ R×, the lines in L are distinct. It is clear that |L| = |X||Z| and 
|P | = |Y ||T |. It is not hard to see that N = I(P, L) which is the number of incidences 
between L and P . Hence, using Theorem 4.1, we have

N ≤ |X||Y ||Z||T |
qr

+ qr−
1
2
√
|X||Y ||Z||T |.

Combining the above inequality with (1), we have

|T | = |X(Y + Z)| � min
{
qr,

|X||Y ||Z|
q2r−1

}
,

as required. �
Lemma 4.4. Let X, Y, Z be sets in R. We have

|(X − Y )2 + Z| � min
{
qr,

|X||Y ||Z|
q2r−1

}
.

Notice that Lemma 4.4 will also be used to give a new distance result in the p-adic 
perspective in the next section.

Proof. We consider the following equation

(x− y)2 + z = t,

where x ∈ X, y ∈ Y, z ∈ Z, t ∈ T := (X − Y )2 + Z.
Let N be the number of solutions of this equation. We can see that N ≥ |X||Y ||Z|.
Define P := X × T and C being the set of curves of the form t = (x − a)2 + c with 

a ∈ Y and c ∈ Z. It is clear that N is bounded by the number of incidences between 
points in P and curves in C.

Let ϕ be a map from R2 to R2, which maps the point (x, t) to (x, t − x2). It is clear 
that ϕ is a bijection. Under this map, the curve t = (x − a)2 + c in C will be sent to 
the line t′ = −2xa + c + a2. Furthermore, we also have that the number of incidences 
between P and C is equal to the number of incidences between the point set ϕ(P ) and 
the line set ϕ(C).

Applying Theorem 4.1, we have

N ≤ |P ||C|
qr

+ q
2r−1

2
√
|P ||C|,

where we have used the fact that |ϕ(P )| = |P |, |ϕ(C)| = |C|.
By using |P | = |X||T |, |C| = |Y ||Z|, and N ≥ |X||Y ||Z|, we obtain the desired 

estimate. �
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The following result is very important in the proof of Theorem 1.5.

Lemma 4.5. Let A be a set in R. Suppose that |A| ≥ 2qr−1, then we have

|{a(a + b) : a, b ∈ A}| � min
{
qr,

|A|2

q
2r−1

2

}
.

Proof. Since |A| � qr−1 = |(z)|, we may assume that A ⊂ R×. Let N be the size of the 
set {a2 + ab : a, b ∈ A}. By the Cauchy-Schwarz inequality, we have

N ≥ |A|4
E

,

where E is the number of quadruples (a, b, a′, b′) ∈ A4 such that

a2 + ab = a′ 2 + a′b′.

Let L be the set of lines of the form ax − a′y = a′ 2 − a2 with a, a′ ∈ A, and P be the 
set of points (b, b′) with b, b′ ∈ A. It is not hard to see that |L| = |P | = |A|2. We have 
E = I(P, L).

Let L′ be the subset of L that contains lines ax − a′y = a′ 2 − a2 with a′ 2 − a2 ∈ R0. 
Since |R0| = qr−1 and A ⊂ R×, we have the number of pairs (a, a′) ∈ A2 such that 
a′ 2 − a2 ∈ R0 is bounded by 2qr−1|A|. On the other hand, for each such pair (a, a′) and 
each b ∈ A, the number of b′ ∈ A satisfying a2 + ab = a′ 2 + a′b′ is at most one. Thus, 
I(P, L′) ≤ 2|A|2qr−1.

It is not hard to check that the lines in L \ L′ are distinct.
Applying Theorem 4.1 we have

I(P,L \ L′) ≤ |P ||L|
qr

+ qr−
1
2
√

|P ||L| = |A|4
qr

+ qr−
1
2 |A|2.

By an elementary calculation, we have

E = I(P,L \ L′) + I(P,L′) � |A|4
qr

+ qr−
1
2 |A|2,

which implies that

N � min
{
qr,

|A|2

q
2r−1

2

}
,

and the theorem follows. �
We are now ready to prove Theorem 1.5.
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Proof of Theorem 1.5. Since |A| � qr−
3
8 > |(z)| = qr−1, without loss of generality, we 

assume that A is a subset of R×.
We now start with the case of F1 = u(u + v)y + z.
Set X = {u(u + v) : u, v ∈ A}, Y = Z = A. It follows from Lemma 4.5 that

|X| � min
{
qr,

|A|2

q
2r−1

2

}
.

On the other hand, it is not hard to see that

|F1(A,A,A,A)| = |XA + A|.

Lemma 4.2 tells us that

|XA + A| � min
{
qr,

|A|2
qr−1 ,

|A|4

q
6r−3

2

}
� qr,

whenever |A| � q
8r−3

8 . This completes the proof in the case of F1. The same proof holds 
for the case of F2 by switching the roles of X, Y , and Z if necessary.

For any Fi with 3 ≤ i ≤ 6, the proof is almost the same as that for F1 except that 
we have to use Lemma 4.3 (for F3 and F4) or Lemma 4.4 (for F5 and F6) instead of 
Lemma 4.2 �
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