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1. Introduction

Consider the affine line A} over a finite field k of characteristic p > 0. Let £ # p be
a prime, and F an f-adic sheaf on A} of rank n, which can be regarded as a continuous
representation
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p: (A, 7) = GL(n, Q)

where 7] is a geometric generic point of A}« The arithmetic and geometric monodromy
groups G and G9°°™ of F are defined to be the Zariski closures of the images of p
(vesp. of its subgroup 71 (A}, 7)). According to [Del80] (see [Kat88, Chapter 3] for a more
explicit statement), under certain conditions (which are usually fulfilled after taking a
Tate twist of F), these groups govern the distribution of the Frobenius traces of the
sheaf F: more precisely, if G9¢°™ = G%"*" the Frobenius traces are equidistributed as
the traces of random elements of a maximal compact subgroup of G9¢°™ as #k grows.

These groups also determine the asymptotic values of the higher moments associated
to the trace function of F, which are related to the dimension of the invariant subspaces
of certain tensor powers of the given representation of G9°°™ via p. See [Kat05] for a
detailed exposition of the topic.

In this article we will be concerned with a special class of sheaves, which are a subset
of the class of so-called Airy sheaves, lisse sheaves on A} of rank n with a single slope
"TH at infinity, which can also be characterized as the Fourier transform of lisse sheaves
of rank 1 with slope > 1 at infinity. The monodromy of these sheaves was extensively
studied by O. Such in [Suc00], who gave a full classification of their possible non-finite
monodromy groups [Suc()()7 Propositions 11.6, 11.7].

Let d > 2 be a prime to p integer. Let k = F, and let ¢ : K — C be the additive
character given by t(t) = exp(2mit/p). Let [d] : A} — Al be the d-th power map, and
Ly sy = [d]*Ly the pull-back of the Artin-Schreier sheaf Ly on A} associated to 1.
It is a lisse sheaf on A} of rank 1, with slope d at infinity. Its Fourier transform Fy is
then a lisse Airy sheaf on A} of rank d — 1 with a single slope % at infinity [Kat90,

Theorem 7.5.4]. The Frobenius trace of Fy at a point ¢ € k is given (up to sign) by

Z Y(x? + tx).

zek

The main goal of this article is giving a numerical criterion to determine whether
the geometric monodromy (and therefore the arithmetic one after a suitable Tate twist)
of Fy is finite. This is done in Proposition 1, and some specific cases are worked out
explicitly in section 4. Moreover we show that, in the case where the monodromy is not
finite, the given representation of the monodromy group is Lie irreducible, which allows
to completely determine the arithmetic and geometric monodromy groups via the results
in [Suc00].

The most important case for applications is p = 2. In that case, we show that the
E
these are the only cases where the monodromy is finite. This case is important for its

monodromy of Fy is finite for d of the form 2% 4+ 1 or and we conjecture that
relation with almost perfect nonlinear and exceptional functions. A function Fan — Fan
is almost perfect nonlinear (APN) if the equation f(x 4+ a) 4+ f(z) = b has at most two
solutions for every a # 0,b € Fan. These functions are quite useful in cryptography, see
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e.g. [BLCCCO6]. A function is exceptional if it is APN on Fa» and also on infinitely many
extensions of Fon.

If the monodromy of Fy is not finite, then both G9¢°™ and G***" are the full
symplectic group Sp(d — 1,C). In particular, the (arithmetic) fourth moment of the
trace function of Fy is 3. But this fourth moment can be computed explicitly, and
it is equal to the number of (absolute) irreducible components of the polynomial
rétyd 294 (r+y+2)¢ € k[z,y, 2] minus one. So, if F,; does not have finite monodromy,
the polynomial

eyl 29+ (x+y+ 2)¢
(z+y)(z+2)(y+2)

is absolutely irreducible. By [AMR10] this implies that the function f(z) = x¢ is not
almost perfect nonlinear on Fo» for any sufficiently large n, and therefore is not excep-
tional. This gives a new algebro-geometric approach to the study of such problems.

The author would like to thank Daqing Wan for bringing this problem to his attention,
and the anonymous referees for their useful comments and suggestions, particularly the
simplified proofs of Lemma 2 and Proposition 4.

2. A numerical criterion for the finiteness of the monodromy of F

Let k£ = F, and F4 be as in the introduction, with d > 3 prime to p. We want to
determine the values of (p,d) such that F,; has finite geometric monodromy.

Lemma 1. The determinant of the Tate-twisted sheaf Fy4(1/2) is geometrically trivial and
arithmetically of finite order.

Proof. The determinant det F;(1/2) is a lisse rank one sheaf on A}, which is geometri-
cally trivial by [Kat87, Theorem 17]. So it is of the form a® for some ¢-adic unit a.
Then det F4(1/2) will be arithmetically of finite order over A} if and only if « is a
root of unity. In order to prove this, we will explicitly evaluate the action of Frobenius
on det F4(1/2) at t = 0, which is equal to «. By replacing k with a finite extension if
necessary, we may assume that d|q — 1, where ¢ = #k.

Let > 1, and let k, be the extension of k of degree r inside a fixed algebraic closure k.
The trace of the action of Frobenius on Fy4(1/2) at t =0 € k, is given by

1
72 Z wr(l‘d)
q /2 .’,Kek‘r
where ¢, (z) = 1(Try, g, (2)). Let Sp:= > o) thr(29), then we have

Se= D we(u) - #a=up =Y o) Y x(w)

uck, u€k, x4=1
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where the inner sum is taken over the set of multiplicative characters of k, with trivial
d-th power. Since d|q¢ — 1, every such character is obtained, by composition with the
norm map, from one such multiplicative character of k. Then we have

S e Y xw =5 S =— ¥ Gy

u€k, x4=1 x4=1u€k, x#L;x4=1

where

Gr) == 3 (W)

u€ky

is the Gauss sum associated to x. Using the Hasse-Davenport relation G(v¢,,x) =
G(¢1,x)", we deduce

expzsrgzexp —Z Z M =

r>1 r>1 X;ﬁl;xd:]_

= I ew -2V D T - Gwwn)

x#Lix?=1 r>1 " x#Lix4=1

So the Frobenius eigenvalues at t = 0 € k are G(31,x) for the d — 1 non-trivial
multiplicative characters y of k such that y¢ = 1. The determinant is then the product
of these Gauss sums. Using the well-known relation G(31, x)G(¥1,x 1) = x(—1)q we
see that this product is +¢(@~1/2 if d is odd, or +q¢(4=2)/2G(¢)1, p) if d is even, where in
the latter case p denotes the unique order 2 multiplicative character. Since G (11, p)? =
G (11, p)G (11, p~1) = p(—1)q, in both cases the product is ¢{*~1)/2 times a root of unity.
So Frobenius acts on det F4(1/2) = (det F4)((d — 1)/2) by multiplication by a root of
unity. 0O

The following corollary is simply a restatement of [Kat90, Theorem 8.14.4]:
Corollary 1. The sheaf F4(1/2) has finite arithmetic monodromy if and only if it has
finite geometric monodromy, if and only if for every finite extension k, of k and every

t € k,., the trace of the action of Frobenius on F4(1/2) att is an algebraic integer.

The last condition is equivalent to the trace of the action of Frobenius on F,; being a
multiple of /g as an algebraic integer. Let us spell out what this means explicitly:

Corollary 2. The sheaf Fy4 has finite geometric monodromy if and only if for every r > 1
and every t € ky, Y, cp (2 + tx) is divisible by p"/? as an algebraic integer.

For our purposes we will need the following equivalent statement:
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Proposition 1. The sheaf F4 has finite geometric monodromy if and only if for every
r > 1 the sum Y U (z4) is divisible by p™/? as an algebraic integer and, for every
non-trivial multiplicative character x : k) — C*, Gp(x) - 2o, cpx Ur(xh)X () is divisible
by p'/? as an algebraic integer. It is sufficient that the condition holds for every r which
is a multiple of a certain ro > 1.

Proof. This is an explicit version of [Kat90, Theorem 8.14.6]. Suppose that for every
r > 1and every t € ky, Y., ¢, tr(z? + tz) is divisible by p™/? as an algebraic integer.
Then, in particular, ) k. Y. (24) is divisible by p™/2. Furthermore, for every non-trivial
multiplicative character x : kX — C*, the sum

DoX®) Y @+ tw) =Y (@) Y x(On(tr) = =G () - Y ()X (@)

tekX z€k, €k, teky zek

is also divisible by p/2.

/2

Conversely, if Y, (z?) is divisible by p"/2, so is

SO @t tr) =D wpat tta) = Y (@) =p = > e(a?)

tekX gekX tek gek) z€kX z€kX

Since >, cpx X(8) D pcr, P (x? + tz) is also divisible by p'/2? for every non-trivial
X : kY — C*, by Fourier inversion } V(2 4 tz) is divisible by p'/? for every
tekx.

The last statement is a consequence of the fact that having finite geometric mon-
odromy is invariant under extension of scalars to a finite extension of the base field. O

Lemma 2. Let z € k) and x : k) — C* be a multiplicative character. Then

zlzd=z2 nlnt=x
Proof. Let @, W : kX x lgr; — C* be the functions defined by
zx) = Y x@), V)= Y. 0.

zlrd=2z nlnd=x

—

We will show that their Fourier transforms coincide as functions on & x kX, so ® = 0.
The Fourier transform of @ is given by

&y) = Y &) Y x(@) =D &@h)x(ey) = (0" — D& ™)

xd=z

Please cite this article in press as: A. Rojas-Leén, Finite monodromy of some families of exponential
sums, J. Number Theory (2018), https://doi.org/10.1016/j.jnt.2018.06.012




YJINTH:6077

6 A. Rojas-Leén / Journal of Number Theory sss (seee) sso—ses

and, similarly, the Fourier transform of ¥ is

(Ey) =D @) Y nz) = &@my'z) = " - Dy ). o

ni=x
Using this lemma, we get
Do eahx@) = Y de(z) D x(@) = Y W(2) D iiz) =~ Y Gr(n)
€k 2€kX zd=z 2€kX nt=x nt=x

and

Do) =14 ) @ #{alz? =2} =1+ Y d(2) Y n(z) =

€k, Z2€kX 2€kX nd=1
=1+ D welemz) == 3 G
=1 zekX n#1,nd=1

This allows us to give yet another criterion for finite monodromy:

Proposition 2. The sheaf F4 has finite geometric monodromy if and only if for every
r > 1 and every non-trivial multiplicative character n : kY — C*, the Gauss sum G,(n)
is divisible by p™/? if n® is trivial, and the product G,.(n)G,(7?) is divisible by p"/? if n?
is non-trivial. It is sufficient that the condition holds for every r which is a multiple of
a certain rg > 1.

Proof. By Proposition 1 and the previous remark, if these products of Gauss sums are
divisible by p’/? then F, has finite monodromy. Conversely, suppose that F; has finite
monodromy. Then for every r > 1 and every non-trivial x : k* — C*| the sums A, =
>onz1mi=1 Gr(n) and B.(x) = >2,4_ Gr(x)G.(1) are divisible by p'/? as algebraic
integers. We need to show that the individual summands are also divisible by p"/2. By
the Hasse-Davenport relation, by passing to a finite extension of k, we may assume that
dlp” — 1. Then for every m > 1 there are either 0 (in which case there is nothing to
prove) or d characters 1 of k%, such that n¢ = x, which are obtained from those of
k) by composition with the norm map. By the Hasse-Davenport relation we have that
Ars =+, 44 piy Gr(n)® and Brg(x) = 30—, Gr(x)* G (7))* are divisible by p™/? as
algebraic integers. The result is then a consequence of the following lemma. 0O

Lemma 3. Let vy, ..., aq be algebraic integers such that of + - - -+ «f is divisible by p*/?

12 for everyi=1,...,d.

for every s > 1. Then «; is divisible by p
Proof. This is a well known result, see e.g. [Ax64]. Let K be the completion of
Q(ay,...,aq) at a prime over p. Since af + --- + af is divisible by p*/2, the power
series
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o
g(T) =) (af +- +ap)T
s=0

converges for |T|, < p'/2, so all the poles x must have |z|, > p'/?, that is, (p!/2z)~! are
1 1

p-adic integers. But the poles are o7 *, ..., ", since
1 1
T = — 4.4y
IO =1t T et
So (])1/2%71)_1 = p~'/2q; is an algebraic integer for all i = 1,. .., d, that is, o is divisible

by p'/2. O

Finally we can make this more explicit thanks to Stickelberger’s theorem. Fix r > 1.
For every integer 1 < x < p" — 1 let [z],, be the sum of the p-adic digits of . It is an
integer between 1 and r(p—1): for instance, [1],, = [plp» =1, and [p" — 1], , = r(p—1).
If = is an arbitrary integer, we define [z], , := [y]p.», where 1 <y < p" — 1 is the unique
integer such that x =y (mod p” — 1).

It is easy to see from this definition that [px],, = [z]p, and [—z]p, =7(p—1) — [z]pr
for every x € Z which is not a multiple of p” — 1. If z is not a multiple of p” — 1 we have
the following well-known explicit formula for [z], ,, where {«} denotes the fractional part
of a real number z:

r—1 i
ptx
= -3 {0
— pr—1
=0
Theorem 1. The sheaf Fy has finite geometric monodromy if and only if for every r > 1
and every integer 1 < x < p" — 2, we have

rip—1)

[dx]pﬂ” S [:dpﬂ" + 9

It is sufficient that the condition holds for every r which is a multiple of a certain ro > 1.

Proof. Fixr > 1. The Gauss sums on k¢ take values in the finite extension of Q generated
by the p(p"—1)-th roots of unity. By the Stickelberger theorem [BEW98, Theorem 11.2.1],
if w denotes the Teichmiiller character of kX (which generates the character group), the
p-adic valuation of the Gauss sum associated to w’ for 1 < j < p” — 2 is given by
[l

Applying this to the criterion of Proposition 2, we get that F; has finite monodromy

if and only if for every 1 < j < p" — 2 we have [j], , > T(pz_l) if dj is divisible by p” — 1,
and [jlp,» + [—djlpr > % otherwise.
If dj is divisible by p” — 1 this can be rewritten as

r(p—1)
2

Please cite this article in press as: A. Rojas-Leén, Finite monodromy of some families of exponential
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and, if dj is not a multiple of p — 1, it is equivalent to

, , : rip=1) _ . rip—1)
[dilpr =70 =1) = [=djlpr <70 = 1) + [jlpy = —5— =llpr + —5—- O
For computational purposes, it is convenient to have a sufficient condition for the
monodromy of Fy to be finite. We have the following criterion, which is a generalization

of [Kat07, Lemma 13.5].

Proposition 3. For r > 1 an integer, let f,. : [0,1] — R be the piecewise linear function
defined by

r—1 r—1
fr(z) =D {p'z} + > _{—dp'a}.
i=0 i=0
Suppose that for some integer ro > 1 we have

L fr(8)>% fora=1,...,d—1
,zldffm(x) > %forazl,...,pm*ld

2. lim,_,
p"0

Then the monodromy of Fq is finite.

Proof. Since the function f, is piecewise linear with constant negative slope and its
points of discontinuity are ﬁ for a = 1,...,p""'d, the two conditions imply that
fro(x) > 5 for every x € Zg,y N (0,1).

Let 7 be a multiple of ry, and 1 < x < p" — 1 an integer. Then

x x prox p(T/TO*l)Tox
f () =t (rg) + o () oo (P ) 2

T To r
To 2 2.

>

Then, if dz is a multiple of p" — 1,

el = -0 3 {2

LA—
=0 p

b=o-r (5) 2 -,

and otherwise,

xT

el + [dalyr = 0= 0F (57 > -5,

pr—1

S0 Fg has finite monodromy by Theorem 1. O

For instance, for p = 2, d = 5 satisfies the condition for » = 4, as one can easily check.

Please cite this article in press as: A. Rojas-Le6n, Finite monodromy of some families of exponential
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3. Explicit results

In this section we will use Theorem 1 to give some explicit results. First of all, we
can recover the known fact [Kat87, Proposition 5] that, if p > 2d — 1 > 5, then the
monodromy is not finite.

Corollary 3. Suppose that p > 2d+ 1 > 7. Then Fyq does not have finite monodromy.

Proof. Let p =gd+r with ¢ > 2 and 1 < r < d. We claim that [dq],1 > [g]p,1 + p—;l, SO
Fg4 can not have finite monodromy by Theorem 1.

Since ¢ < dg < p—1, [dg]p1 = dg and [g],1 = ¢. So the inequality is equivalent to
2(d—1)g >p—1=gqd+r —1 or, equivalently, g(d — 2) > r — 1. Now

gd—2)>2(d—-2)=d+d—-4>d—-1>r—-1
with equality if and only if d = r = 3, ¢ = 2, in which case p =9 is not prime. O
Lemma 4. For every r > 1 and z,y € Z we have [x + ylpr < [T]p.r + [Y]p.r-
Proof. It suffices to prove it for 1 < z,y < p" — 1. First of all, it is clear that, if an
integer z > 1 can be written as a sum of m powers of p, then [z], , < m for every r > 1.
Conversely, if 1 < z < p” — 1, then z can be written as a sum of [z],, powers of p.
So x (resp. y) can be written as a sum of [z], . (resp. [y]p,» powers of p), and therefore

x4y can be written as a sum of [z], , + [y]p.» powers of p. We conclude that [x 4y, <
[@]p.r + [Ylp.r O

Corollary 4. Let d = p® + 1 for some integer a > 1. Then Fq has finite monodromy.

Proof. We need to show that [dz],, < [z]p, + T(pQ_I) for every r > 1 and every 1 <
x < pt—2.If [z],, > % this is obvious, since [dx],, < 7(p — 1). Suppose that

[@]pr < @. Then

r(p—1)

[dz]p,r = [(p" + D)a]p,r < [P2]p,r + [@]p,r = 2[z]pr < [2]p,r + D)

forevery 1<z <p"—2. O
Corollary 5. Let d = Z;Z—_ﬁ, with a > b > 1. Then Fy has finite monodromy.

Proof. By Lemma 4, [(p® + 1)z],.» < 2[z]p,, for every z € Z. Taking z = —dz and using
that [—z],, =7(p — 1) — [z]p,r, We get

Please cite this article in press as: A. Rojas-Leén, Finite monodromy of some families of exponential
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r(p—1) = [(p* + Dalpr = r(p—1) = [(p" + Ddaly,, = [-(p" + 1)dal, » <
< 2[—dzx]p, =2r(p — 1) — 2[dzx]p,» =
rip—1) 1 r(p—1)

= [dx]pw < 9 + 5[(17“ + 1)$]p,r < [x}p,r + 9 g

Remark 1. In the situation of the previous corollary, a must be of the form bec with ¢
odd. Indeed, let @ = be + 7 with 0 < r < b. Since p® + 1 is a multiple of p® + 1, we have

0=p*+1=p"p" +1=(-1)" + 1(mod p° + 1).

Since |(=1)p” + 1| < |p® + 1], we conclude that (—1)°p" = —1, that is, 7 = 0 and c is
odd.

In the case p = 2 we conjecture that the only cases where the monodromy is fi-
nite are the ones covered in the previous corollaries. This has been checked to be true
computationally for d up to 10000.

Conjecture 1. Let p = 2. Then Fy has finite monodromy if and only if d has the form

2 +1 for somea >1 or 3:3: for some b > 1 and a = bc with odd ¢ > 3.

4. The monodromy in the non-finite case

In this section we will completely determine the geometric monodromy group of Fy
in the case where it is infinite. By [Suc00, Proposition 11.1], if the monodromy is not
finite, then Fy is either Lie-irreducible or Artin—Schreier induced. We will see that the
latter case is not possible.

Proposition 4. Suppose that the monodromy of Fy is not finite. Then Fy is Lie-
irreducible.

Proof. Suppose that F; were Artin-Schreier induced. Then the proof of [Suc00, Propo-
sition 11.1] shows that Fyq ® Fq contains an Artin-Schreier subsheaf Ly ) for some
a € k*. That is,
Hom(Fy © Fa, Lop(ar)) # 0
for some a € k* or, equivalently (since F is irreducible),
Fa = Fa @ Lyat)-

By taking Fourier transform this implies

Loty = TaLy(ea) = Ly ((t+ay)

Please cite this article in press as: A. Rojas-Le6n, Finite monodromy of some families of exponential
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where 7, : A]% — A% is the translation by a. Then Ly a_(11.q)¢) would be geometrically
trivial, which is only possible if ¢ — (¢ + a)? is Artin-Schreier equivalent to a constant,
that is, 27 — (z + a)* = g(z)? — g(z) for some g(z) € k[z].

Since 2% — (z + a)? = — Zle (?)aiwd_i has degree < d — 1, such a polynomial g
would have degree < %. In particular, every monomial with non-zero coefficient in f
%
such that d — i is not a multiple of p, the binomial coefficient (il) would be a multiple

of degree > % would have degree a multiple of p. In other words, for every i < d —

of p.
We already know that for d of the form p” 4+ 1 the monodromy of F; is finite, so the
result is then a consequence of the following lemma. O

Lemma 5. Suppose that d is not of the form p” + 1 for some r > 1. Then there exists

some positive integer | < d — % such that d — 1 is not a multiple of p and (7) is not a

multiple of p.

Proof. Let r = ord,(d — 1). We will see that [ = p” satisfies the stated conditions. Since
d — 1 is not a power of p, we have d — 1 > 2p” = 2[, so
d—-1 d+1 d—-1 d—1

d— <d-——.
2 2 < 2 = P

Also, d — [ is not a multiple of p: if r = 0 then d — [ = d — 1 is not a multiple of p by
definition of r. If » > 0 then d — I = (d — 1) — I + 1 with d — 1 and [ multiples of p, so d
is not a multiple of p. It remains to check that (‘li) is not a multiple of p. That is, that
ord,(d(d—1)---(d—14+1)) =ord,((d—1)---(d =1+ 1)) = ord,(I!).

In fact, we will check that ord,(d — 1 — j) = ord,(l — j) for every j =0,1,...,1 —2.
For j = 0 it is clear by definition of {. For j > 1, since j < I = p", we have ord,(j) < r,
so ord,(l — j) = ord,(j) = ord,(d—1—j). O

Using results of Katz and Such, this allows to completely determine the geometric
monodromy groups in the non-finite case

Corollary 6. Let G be the geometric monodromy group of Fy. If G is not finite, then

1. If p=2, then G = Spy_;-
2. If p#2 and d is odd, then G = Sp,_;.
3. If p#£2 and d is even, then G = SLg_1.

Proof. By Proposition 4, G is Lie-irreducible in its given representation. If p = 2, then
Fg is self-dual (as it has real Frobenius traces), so by [Suc00, Proposition 11.7], the Lie

algebra of G is either sp,; ; in its standard representation or ez in its 56-dimensional
2941

representation. But for d = 57 = 5577 the monodromy of Fy is finite by Corollary 4, so
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we must be in the former case. So the identity component G° of G must be Sp,_;, and
therefore G = Sp,_; by self-duality of Fy.

Suppose now that p # 2. By [Suc00, Proposition 11.6], G® is then either Sp, ; or
SL4_1 in their standard representations. If d is even the former case is not possible, so
G® = SL4_; and G = det™!(det(G)). But by [Kat87, Theorem 17], the determinant of
Fa is geometrically trivial, so G = SLy_1. If d is odd, then Fy is again self-dual (as it
has real Frobenius traces), so by the previous argument G must be Sp,;_;. O
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