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1. Introduction

Let K be an algebraic number field, and let Ok be its integer ring. Let X be a

regular connected scheme which is proper flat over B := Spec(Og), and such that
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Xr = X ®o, K is geometrically connected over K. We fix a prime number p, and
assume that

(%) X has good or log smooth reduction at all places v of K dividing p.

In this paper, we give a new approach to the values or residue of the zeta function of X
at integers r = dim(X) using étale cohomology of X with Q,(r) and Z,(r)-coefficients,
cf. [KCT], [Li2], [Mo], [FM], [FS].

1.1. Selmer groups

Let H}(K,V*(r)) be the Selmer group of Bloch-Kato associated with the p-adic Galois
representation Vi(r) := H'(X, Q,)(r). The first aim of this paper is to relate this group
with the étale cohomology group H'™!(X, Q,(r)), assuming that r = d := dim(X). Here
H*(X,Qp(r)) is defined as

H*(X,Qp(r)) == Qp @z, lim H"(X,Ty(r))

n>1

and T,,(r) (n = 1) denotes the complex of étale Z /p"Z-sheaves on X introduced in [SH]
under the assumption that X has good or semi-stable reduction at all places v dividing
p; we have H*(X, T (r)) = H*(X[p~'], pin') when r > d. See §2 below for details on this
object under the setting of this paper. The first main result of this paper is the following
comparison (cf. [FM] Proposition 5.18, [Sa2] Theorem 9.1, §10):

Theorem 1.1. Assume that r = d. Then we have

Q, (when (i,7) = (2d,d)),

HY(X, Qp(r)) = )
( ( )) {H}(K, VZ(T")) (otherfwise).

The key idea of Theorem 1.1 is as follows. By a duality result of Jannsen-Saito-Sato
[JSS] and the adjunction between Rmx/pi(= Rmx/p.) and R7r!X/B7 we have

Rﬁx/B*(zn(T)X = R%()mB,Z/p"Z(RWX/B!Sn(d — ’)")X, ‘In(l)B)p — Qd] (111)

in D" (Be, Z/p"Z) (see Lemma 3.1 below), where the assumption r = d is crucial and
Tn(d —r)x is a constructible sheaf placed in degree 0 by definition. Using this fact, we
introduce the following complexes:

HZH X, Tn(r)) := RAomp, 7z (T<za—o— i RrxmiTn(d —r)x, Tu(1) p)[2 — 2d),
HYX,Ty(r)) = RAomp, 7,/pmz(R** > 1y Tn(d — 1) x, Tn(1) p).

By the proper base change theorem for Rmx/p;, we have
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H(X,Tp(r)) =0 unless 0<i<2d—2,

and the filtration {$Z%(X,%,,(r))}; on the right hand side of (1.1.1) yields a convergent
spectral sequence

Byt = H(B,$'(X,T,(r) = H*"'(X, Tu(r)).

The FEs-terms of this spectral sequence are finite (see Proposition 4.1 below), and we
obtain the following spectral sequence of finite-dimensional Qp-vector spaces:

By = (B (X, Qy(r)) = H™ (X, Qu{r)), (112)
where

HYB,$'(X,Q,(r)) == Q, ®gz, lim HY(B,$H(X, %, (r))).

n>1

Concerning the spectral sequence (1.1.2), we will prove

Theorem 1.2 (§6). Assume r = d. Then the Qp-vector space E;” is zero, unless a = 1
or (a,i,7) = (3,2d — 2,d). Consequently, the spectral sequence (1.1.2) degenerates at
FEs-terms. Moreover, we have

Ey' = HY(K,Vi(r))

for any i and r = d, which is zero unless 0 £ i < 2d — 2. We have E;”Qd_Q = Qp, if
r=d.

Theorem 1.1 is a consequence of this result. An important point of Theorem 1.2 is
the vanishing of Eg " for any 4, which we will prove by computing the cohomology of all
local integer rings with $¢(X, Qj(r))-coefficients and by a local-global argument using a
Hasse principle of Jannsen [J] p. 337, Theorem 3 (c). As a consequence of the vanishing
of E2" (and E2' with (i,r) # (2d — 2,d)), we obtain the following result on Galois
cohomology (cf. [J] p. 317, Conjecture 1, p. 349, Question 2, [F12] §3, [Kil] 1.1.7, [Lil]
9.1, [So2] Théoréme 5):

Corollary 1.3 (Corollary 6.10(2)). Let S be a finite set of places of K including all places
which divide p-oco or where X has bad reduction. Assume r = d. Then the restriction
map

H*(Gs,Vi(r)) — @ H* (K, Vi(r)
veS

is bijective for any (i,r) # (2d —2,d), and injective for (i,r) = (2d — 2,d). In particular,
if r > d or Xk has potentially good reduction at all finite places of K, then we have
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H*(Gs,Vi(r) =0 for any (i,r) # (2d — 2,d).
1.2. p-Tate-Shafarevich groups (d = 2)

We assume that X is an arithmetic surface, i.e., d = 2. Put 7% := H (X3, Z,). In
their paper [BK2] §5, Bloch and Kato introduced a homomorphism

ir . Hl(Kv T ®QP/ZP(T)) N @ Hl(vaTi ®Qp/Zp(r))

¢ HNK T Q,/Z,(r)) HY (Ko, T7® Qp/Zy (1))

(1.2.1)
veEP

where P denotes the set of all places of K, and for each v € P, K, denotes the local field
of K at v; H}(K, T'® Q,/Z,(r)) (resp. H}(KU,Ti ® Qp/Zy(r))) denotes the image of
H}(K,V*(r)) (resp. Hy(K,,V*(r))). The cokernel Coker(a*") is finite and canonically
isomorphic to the Pontryagin dual of H>~%( X3, Q,/Z,(2 — r))%, if i — 2r < —3. They
also proved that Ker(o/") =: IIL®) (Hi(X)(r)), the p-Tate-Shafarevich group of the
motive H*(Xf)(r), is finite for the same (i,7). The second main result of this paper
compares the maps a®” with p-adic Abel-Jacobi mappings

ajy

W Hy (X, Z(r) © 2, — HE(K, T (r)

assuming r = 2. Here H),(X,Z(r)) denotes the motivic cohomology of X (see §7.1
below), and for an abelian group M, M ® Z,, denotes its p-adic completion linn M/p™.
We will calculate the above Abel-Jacobi mapping using the Merkur’ev-Suslin theorem
[MS] and the Rost-Voevodsky theorem [V1], [V2], which together with Theorem 1.2 will
play important roles in the following comparison formula:

Theorem 1.4 (§7 + Corollary 8.2). Assume r 2 2, and that p 2 3 or B(R) = ). Assume
further that H3,(X,Z(r)){p}, the p-primary torsion part of H5,(X,Z(r)), is finite. Let
S’ be the set of the finite places of K which divide p or where X has bad reduction. Then
aj;’r has finite kernel and cokernel for i = 2,3, and we have

x@?) M) #OH(X)(p) pp el 0 (r=2)
x(a%:2) X(ajf)’g) #Pic(Og ) {p} 1L v T20,2 3,12 63,1,2

o) XOD Lz [T S (r23)

y(a07) - x(a?r) X(&]fﬂ) il 20T 22 B = 3),

where we put x(f) := #Coker(f)/#Ker(f) for a homomorphism f: M — N of abelian
groups with finite kernel and cokernel; for each v € S" and a = 2,3, we put

el = # H(By, 9" (X, Zp(r))), B, := the completion of B at v.

See Corollary 5.6(2) below for the finiteness of e%*".
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The finiteness of CHg(X) is due to Bloch [B1], Kato and Saito [KSa]. By the local-
ization theorem of Levine [Le], H%, (X, Z(r)) is zero for any i > r+ 2 (see Lemma 7.1 (1)
below). As natural extensions of these facts, we will prove that H%, (X, Z(r)){p} is finite
for any r = 3, and that H, (X, Z(r)) is uniquely p-divisible for any i = 5 and r = 3, see
Propositions 7.5 and 7.6 below. The formulas in Theorem 1.4 are based on these facts
and results.

1.8. Zeta values modulo rational numbers prime to p (d = 2)

Assuming a weak version of p-Tamagawa number conjecture (see Conjecture 9.1), we
will relate the formula in Theorem 1.4 with the residue or value at s = r of the zeta
function

C(X,s):= H T (¢ := #K(x)),

xeXo

where the product on the right hand side runs through all closed points of X and con-
verges absolutely for any s with Re(s) > 2(= d). Recall that ((X, s) is meromorphically
continued to Re(s) > 3/2 and has a simple pole at s = 2, see [Sel].

Theorem 1.5 (Proposition 9.3). Assume r = 2 and the following conditions:

i) pzr+2.
(ii) For any v € By dividing p, v is absolutely unramified and X has good reduction at
v.
(iii) A weak p-Tamagawa number conjecture (see Conjecture 9.1 below) holds for the
motives H (X ) (r) with i = 0,1 (resp. i =0,1,2), if r = 2 (resp. r = 3).

Then H3,(X,Z(r)){p} is finite, and we have

X(aj3?) - #CHo(X) - R” .
A(i2?) #Pic(Og) By
p D
X(aid") - # HY (X, Z(r){p} - Ry - Ry
x(aj2") - Ry"

Res (X, 5) = Res (ke (s)- (r=2)

¢(X,r)

mod ZE;) (r 23)

where 7, denotes the localization of Z at (p). See Conjecture 9.1 below for the definition
of the number Ry € ]RX/Z(XP), which is a p-adic modification of the Beilinson regulator
of the motive H'(X ) (r).

This result is deduced from Theorem 1.4 and certain comparison results between the
alternating products of local terms that appear in Theorem 1.4 with zeta values of the
closed fibers of X — B, see Theorems 8.4 and 8.5 below. The assumptions (i) and (ii) are
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essential in this comparison at present, while the reduction at the closed points v € By
with vfp is arbitrary.

Example 1.6. Let K be an imaginary quadratic field, and let E be an elliptic curve over
K with complex multiplication by the integer ring Ok of K. Let D (resp. w) be the
discriminant of K (resp. the number of roots of unity contained in K). Let X be a
regular model of F which is proper flat over O. Let p be a prime number which is
prime to 6 and good for X in the sense that X has good reduction at each place of K
lying above p. Then we obtain a formula (without assuming any conjectures)

21 - X(ajy?) - #CHo(X) - Ry
wv=D - x(aj3?)- Ry’
from Corollary 1.3, Theorem 1.5 and results of Kings [Kil] Theorem 1.1.5 and Huber-

Kings [HKi] Theorem 1.3.1 (see also [Ki2] Theorems 2.1.3 and 2.2.2). If we assume that
ijjl(X, Z(2)) is a finitely generated abelian group for i = 0,1, 2, then we have

S — X
1;{:(3% ((X,s) = mod Zg,,

rankz H),(X,Z(2)) =1,  rankg H%(X,Z(2)) = 2, #H2(X,7Z(2)) < o0

by Theorem 1.2 (and Proposition 7.3, Corollary 7.7 (1)—(3) below), and obtain a stronger
formula

27 - RB/ : #Ker(regéﬁ) -#CHy(X)
V=D - #Ker(regyy) - R - #H% (X, Z(2))

Res (X, 5) mod Z[T~*)*

by Theorem 9.6 below, where T denotes the set of all prime numbers which divide 6 or
which are bad for X; 1regg'l’2 for i = 0,1 denotes the regulator map to the real Deligne

cohomology with Z(2)-coefficients
regy 2 HIf N (X, 7(2)) — H ' (E/r, Z(2)).

Fori=0,1, Rj; denotes the volume of Coker(reggl’Q) with respect to the same Z-lattice
of Hip(E/K) as used in the definition of RY’.

1.4. Organization of this paper

In §2, we review the definition of the étale complexes ¥, (r) on X and establish their
fundamental properties under the setting of this paper. In §3-§4, we further introduce
the étale complexes H=4(X, %, (r)) and H°(X, %, (r)) on Be assuming r = d and prove
some preliminary results on those new complexes. In §5-§6 we will prove Theorems 1.1
and 1.2. In §7, we will compute p-adic cycle class maps and p-adic Abel-Jacobi mappings
assuming r = d = 2, and then prove the formulas in Theorem 1.4. In §8, we will relate the
alternating product of local terms in Theorem 1.4 with zeta values of fibers of X — B.
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Finally in §9, we will relate the formulas in Theorem 1.4 with zeta values assuming a
weak version of p-Tamagawa number conjecture.

1.5. Notation
Throughout this paper, we fix a prime number p, and put A,, := Z/p"Z.

If p is invertible on a scheme X, we write ppn = ppn x (n 2 1) for the étale sheaf of
p"-th roots of unity on X, and define a A,-sheaf A, (r) = A,(r)x (r € Z) on X as

Mo (rz1)
Ap(r) = q A, (r =0) (1.5.1)
Hom(An(—1), Ay) (r <0).

This notation will be useful mainly in the case that r is negative.

On the other hand, if X is an Fj,-scheme, then we write W, Q% ., (r 2 0, n = 1)
for the étale subsheaf of the logarithmic part of the Hodge-Witt sheaf W, % (see [I11] I
(1.12.1)). If r < 0, then we define W, Q2% |, as the zero sheaf. If X is an equi-dimensional
scheme which is of finite type over a field k of characteristic p, then we write v , for
the sheaf on Xg; defined as the kernel of Kato’s boundary map [KKCT]

. . r . r—1
0: P eV roe — P WU,
zeX0 zeX!

where i, : © — X denotes the canonical map for any x € X. If X is smooth over k, then
we have vy |, =W, Q% . by Gros-Suwa [GS] and Shiho [Sh].

Unless indicated otherwise, all cohomology groups of schemes are taken over the étale
topology.

2. Etale coefficients

Let 9 be a Dedekind ring whose fraction field K has characteristic 0, and let p be a
prime number. We put

B := Spec(D), Blp™'] :==Spec(O[p~']) and ¥:= Spec(f)/\/@).

Let X be a regular connected scheme which is separated, flat of finite type over B =
Spec(9). For a closed point v € B, we put BI°® := Spec(9!°°) and Y, := X xp v, where
Oloc denotes the localization of O at v. Throughout this paper, we assume

(%1) for any v € X, the reduced part (Y,)rea of Y, has normal crossings on X and
the morphism X xp B¢ — B¢ is log smooth with respect to the log structure on
X xp B¢ associated with (Yy,)rea and that on B¢ associated with v.
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See also Remark 2.2 below for a remark on this assumption. We write 7xp : X — B
for the structure morphism, and put d := dim(X), the absolute dimension of X. Let
Y be the disjoint union of Y,’s for all v € X. Let j (resp. ¢) be the open immersion
X[p~'] < X (resp. closed immersion Y — X).

In this section, we define a family of complexes of étale sheaves {%,,(7)},>1 ez on X
and check several fundamental properties of them using the main results of [SS], which
have been established in [SH] and [Sa2] in the case that X has semi-stable reduction at
all v € ¥. The coefficients {%,,(r) }»,» play key roles throughout this paper.

2.1. Etale complex T, (r)

For 7 = 0, we define a complex T,,(r) = T,(r)x € D*(Xg, A,) by the distinguished
triangle
r—1 9 t . Qr O r—1
Ly, =1 = 1] = T (1) — 7<, Rijupipn — tavy [—=7]. (2.1.1)
See [SH] (3.2.5) and (4.2.1) for the morphism o. By the same arguments as in [SH]

4.2.2, T, (r) is concentrated in [0, 7], and the pair (T, (r),t) is unique up to a unique
isomorphism. For r < 0, we define T,,(r) as

Tn(r) = A, (7).
See (1.5.1) for the definition of the (locally constant) sheaf A, (r) on (X[p~!])es.

Lemma 2.1.

(1) If p is invertible in O, then we have T, (r) = A, (r) for any r € Z.
(2) Assume that

(%2) any residue field of O of characteristic p is perfect.

Then we have Ty, (r) = Rj, Ay (r) = Rjpgi for any r > d.

Proof. (1) is obvious. We prove (2). Without loss of generality, we may assume that
9 is local and strict henselian. Let k be the residue field of 9. Since k is algebraically
closed by assumption, we have cd,(K) < 1 ([Se2] Chapter II, §3.3). By this fact and the
cohomological dimension of affine varieties [SGA4] X.3.2, we have 1<, Rj.piin = Rj.pin
for any r 2 d. On the other hand, we have I/{,;Ll = 0 for any r > d again because k
is algebraically closed (note that dim(Y) = d — 1). The assertion follows from these
facts. O

Remark 2.2. Under (x2) of Lemma 2.1 (2), one does not need the log-smoothness assump-
tion (1) to define T, (r) for r > d, but has only to define T,,(r) := Rj.u%. Moreover,
one can check that all the results in §§2—6 (resp. in §7) with ‘(r)’ in coefficients (e.g.
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Tn(r), H°(X, T, (1), H(X, Zp(1)), H*(X,Qp(1)), Zp(r), Qp(r) and V™ (r), in particu-
lar, Corollary 6.10) hold true for r > d (resp. r > 2) without the assumption (x1), by
similar arguments to those in this paper. We will not get into those details, but leave
them to the reader as exercises to simplify the presentation.

Proposition 2.3 (cf. [SH] 4.2.8). Let O’ be another Dedekind ring which is flat over O,
and let X' be a scheme which is reqular and flat of finite type over B’ and satisfies (1)
over B'. Let f : X' — X be an arbitrary morphism, and let g : X'[p~] — X[p~!] be the
induced morphism. Then for any n 21 and r € Z, there exists a unique morphism

() x — Tu(r)x:  in DU(XY, Ay)
that extends the natural isomorphism g* Ay (r) xp—1) = An(r) x/[p-1) 0N X'[p~1].

Proof. The case r < 0 is obvious. Assume r = 1 and put U' 0% := Ker(0% — 1. ﬁ{ﬁred).
We define a filtration

0 C U'R"jupull C FR jupuS! C R jopus
on the sheaf R"j, /,L;?nr as

U'R"j, u?f := the subsheaf generated étale locally by symbols of the form
{a,b1,...,by_1} with a € U'0% and b; € j*ﬁ’;é[p,l],
F Rrj*uf?{ := the subsheaf generated étale locally by U'R"j, uf?[ and the symbols

{al,ag, o ,ar} with a; € ﬁ;

We have R™j,pit [FR"jo s = L*l/;,_nl by [SS] 1.1 (see also Remark 2.4 below) and the

Pt
same arguments as in [SH] 3.4.2, and hence

A (Tn(r) = FR jupsr . (2.1.2)
The assertion follows from this fact and [SH] 2.1.2(1). O

Remark 2.4. The assumption in [SS] 1.1 that the base field K contains a primitive p-th
root of unity can be removed by the following argument due to Kazuya Kato, [KSS].
Without loss of generality, we may assume that © is henselian local and that X is an
affine scheme of the from

X = Spec(Olto, t1, ..., ta] /(5 - - - tee — m))

for some integers 0 £ ¢ £ d and eq,e1,...,e. = 1 and some prime element 7 € 9. Put
w = *=/m and O” := the valuation ring of K(w). There is a finite flat extension of X
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X” = Spec(D”[To,Tl, . ,Td]/(TOCOTfl s T — w))

C

with Ty := »=/1;, which is quasi-log smooth over 9” and K (w) contains a primitive
p-th root of unity. Hence [SS] 1.1 is applicable for X", and we obtain the same assertion
for X by a standard norm argument.

Proposition 2.5 (¢f. [SH] 4.3.1). For any r € Z and m,n = 1, there exists a canonical
distinguished triangle of the following form:

m

To(r) — Toam(r) e T (1) 2 %, ()] in DY(X ).

Here p™ (resp. Z™) is a unique morphism that extends the natural inclusion A, (r) <
Apim(r) (resp. the natural surjection Ay ym(r) — Ap(r)) on (X[p~Y)e and satisfies

pr oA = Xp™ 7 Apym(r) — Angm(r)

The arrow dp, p, s a canonical morphism which extends the Bockstein morphism Ay, (r) —
An(T)[1] in D°((X[p~1))st) associated with the exact sequence 0 — A, (1) = Apym(r) —
Ap(r) — 0.

Proof. On obtains the assertion by repeating the proof of [SH] 4.3.1, using [SS] 1.1 in
place of [SH] 3.3.7(1). O

2.2. Purity and duality

Let Z be an integral closed subscheme of Y, and let iy : Z — Y and 1z : Z — X be
the natural closed immersions. Put ¢ := codimx (Z). We define the Gysin morphism for
Lz as the composite

Gys;
Gys,, : vy [-r— ] Ty Riguy M=r =1 =5 Ry T,(r) in DT (Zy, An). (22.1)

See (2.1.1) for g, and [SH] 2.2.1 for Gys,_ (see also [Sal] 2.4.1).

Proposition 2.6.

(1) Gys,, induces an isomorphism vy ’[—r —c] = T<ry R T (r) for any r € Z.
(2) Assume further the condition (x2) of Lemma 2.1(2). Then the above Gys,, is an
isomorphism for any r = d.

Proof. (1) We obtain the assertion by repeating the proof of [SH] 4.4.7, using [SS] 1.1
and 4.5 in place of [SH] 3.3.7. More precisely, our task is to prove that

. .
T<rte1iy (T§r+1L*RJ*M§:) =0,
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which is reduced, by a standard argument using [SS] 1.1, to showing the semi-purity of
Hagihara in our situation:

qu!Z(L*ij*uff’T) =0 for any m and ¢ with ¢ < ¢ — 2.

This last vanishing is further reduced to the case that K contains a primitive p-th root
of unity by the argument in Remark 2.4, and then checked by the arguments in [SH]
A.2.9 and the fact that the sheaf Ulij*ufj)m introduced in the proof of Proposition 2.3
has a finite descending filtration for which each graded quotient is a free (€r)P-modules
for some irreducible component T of Y, see [SS] 4.5 and the last display in the proof of
[SS] 4.4.

(2) Under the assumptions, the left arrow in (2.2.1) is an isomorphism by [Sal]
1.3.2 and 4.3.2. The right arrow in (2.2.1) is an isomorphism as well by the facts
that Tg,,Rj*uf?f =~ Rj*,u?f for any r = d (see the proof of Lemma 2.1(2)) and that
R'Rj, =0. O

Corollary 2.7 (c¢f. [SH] 4.4.9). For any closed immersion 1z : Z < X of codimension
>r+1 and any ¢ < 2r + 1, we have RU,%,,(r) = 0.

Proof. One obtains the corollary by the same arguments as in the proof [SH] 4.4.9, using
Proposition 2.6 (1) in place of [SH] 4.4.7. O

Let = and y be points of X such that y € {z} and such that ¢ := codimx(y) =
codimx () + 1. To proceed our preliminaries on the complex T, (r), we introduce the
following residue diagram:

H = (a, Ay (r — ¢+ 1)) —— H™(y, A (r — ¢)) (22.2)

Gys,, \L l GysLy

5
Hi 71 (Spec(Ox 2), T (1)) —— Hyte(Spec(Ox y), Tn(r)),

where the coefficient A,,(s) = A,(s), on a point z denotes the étale complex W}, Qg’log[—s]
(resp. the étale sheaf defined in (1.5.1)) if ch(z) = p (resp. ch(z) # p). If ch(z) # p, then
the Gysin map Gys,_ for ¢, : z < Spec(Ox ) is defined as the cup product with Gabber’s
cycle class clx (z) € H2 (Spec(Ox..), uf?fl), where ¢’ := codimx (z). The arrow 9 denotes
the boundary map of Galois cohomology [KCT], and ¢ denotes the connecting map of a

localization long exact sequence of étale cohomology.
Lemma 2.8. The diagram (2.2.2) is anti-commutative.

Proof. See [JSS] Theorem 3.1.1 for the case ch(y) # p. The case ch(z) = ch(y) = p
follows from the definition of the Gysin morphism in [SH] 2.2.1. We check the case that
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ch(z) = 0 and ch(y) = p, using the results in [SH] as follows. Put Z := {y}, the Zariski
closure of {y} in X. We write RD(X, z,y,r) for the diagram (2.2.2). Since the problem
is étale local on X, we may assume that X is affine and that X is a closed subscheme of
an affine space Ag =: X'. Let £ be the generic point of X and put ¢’ := codimx/(X).
The diagram RD(X',&,n,r + ¢’) is anti-commutative for any generic point 7 of Y by
[SH] 6.1.1. Hence there exists a Gysin morphism for ¢ : X < X’

Cys; : Tn(r)[-2¢] — Ri'T,(r+¢) in DT (Xg,An),

which induces an isomorphism T, (r)[—2¢] & 7<,, » Ri'T,,(r+¢), by the same arguments
as in [SH] §6.3. Moreover, one obtains the transitivity assertion in [SH] 6.3.3 for the closed
immersions Z — X < X’ by the same arguments as in the proof of [SH] 6.3.3, where
we have again used the fact that the diagram RD(X', &, n,r + ¢/) is anti-commutative
for any generic point 7 of Y. Thus the anti-commutativity of RD(X, z,y,r) follows from
that of RD(X', z,y,r + ¢) ([SH] 6.1.1) and the purity in Proposition 2.6 (1) for Z — X
and Z — X'. O

The compatibility in Lemma 2.8 plays an important role in the following results:
Proposition 2.9.

(1) Let 9’ be another Dedekind ring which is flat of finite type over O, and let X' be a
scheme which is reqular and separated flat of finite type over B’ and satisfies (%1)
over B'. Let f : X' — X be an arbitrary morphism, and let ¢ : X'[p~!] — X[p~1] be
the induced morphism. Put ¢ := dim(X[p~!]) — dim(X'[p~']). Then for any n = 1

and r 2 0, there exists a unique morphism
try: RAS,(r—c)x/[—2c] — Tp(r)x in DT (Xet, Arn)

that extends the push-forward map try : R A, (r — ¢)[—2¢] — An(r) on (X[p~)et.
We will often write trx.x for try in what follows.

(2) Assume further the condition (x3) of Lemma 2.1(2). Then the adjunction morphism
of trx/p = trryp is an isomorphism for any r 2 d:

Tn(r)x[2(d — 1)] = Rry pTn(r+ 1 —d)p in D (X, Ay).

Proof. If f is a locally closed immersion, the assertion (1) follows from Lemma 2.8,
see [SH] 6.3.4(2). One can check (1) in the general case, using [SS] 1.1 and 4.5 and
the arguments in [SH] §§7.1-7.2; in the step corresponding to [SH] 7.1.2, it is enough
to consider locally free (€r)P-modules .# for each irreducible component 7' of Y in
place of ‘locally free (Oy)P-modules #’ (and the assumption on the perfectness of k is
unnecessary).
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As for the assertion (2) with r» = d, see [SH] 7.3.1, where we have used the absolute
purity [FG] and the duality in [JSS] Theorem 4.6.2. The assertion (2) in the case r > d
directly follows from the absolute purity, Lemma 2.1 (2) and the base change isomor-
phism RW!X/BRjU* = Rj*RWIXU/U ([SGA4] XVIII.3.1.12.3), where jy denotes the open
immersion U := B[p~!] < B. O

Corollary 2.10. Let 8 : B’ — B be a flat morphism such that B’ is reqular of dimension
< 1 and such that X' := X xp B’ satisfies (x1) over B'. Let a : X' — X be the first
projection. Then the following diagram commutes in DT (Bl , Ay,) for any r = d — 1:

tTX//B/

Rt o) x [2(d — 1) Tu(r+1-d)p

a* T Tﬂ*
B trx/p

B* Rty T (r) x [2(d — 1)] — = B*T,(r + 1 — d) 5.

Proof. The assertion follows from the uniqueness of the trace morphisms for T, (r) and
the base change property in [SGA4] XVIIL.2.9. O

Corollary 2.11.

(1) Assume that O is a strict henselian discrete valuation ring with algebraically closed
residue field, and let v be the closed point of B. Then there is a trace map

Gys,,

2d ! X
trxy : Hi%(X, L. RVT,(d)) —— Hy(B,Tu(1) <— Ay,
where 1, : v — B denotes the closed point of B and the subscript ¢ means the étale
cohomology with proper support over B. Moreover, for any constructible A, -sheaf F
on X and any i = 0, the induced pairing

HU(X, Z) x Exti{ ' (1. R/'T,(d) — A,

is a mon-degenerate pairing of finite A,-modules.
(2) Assume that O is an algebraic integer ring. Then there is a trace map

trx/p trp

trx « H2HH(X, T (d)) —— HY(B,Tu(1) —= An,

where the subscript ¢ means the étale cohomology with compact support (see e.g.
[KCT] §3). Moreover, for any constructible A,-sheaf F on X and any i 2 0, the
induced pairing

HUX, Z) x Ext3 1 7U(Z, Tp(d) — Ay
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is a non-degenerate pairing of finite A,-modules.

Proof. (1) By Proposition 2.9 (2) for » = d and the purity in Proposition 2.6 (2), we have
isomorphisms

Ry (d) = R Ry pTn (1)[-2(d — 1)] = Ry, Re, T (1)[—2(d — 1)] = Ry, ), Ay [—2d).

The assertion follows from this fact and the isomorphisms compatible with Yoneda pair-
ings

Hi(X, )= Hy(Y,"F),  Exty s (FuRIT,(d) = Exty 4 (°F, R'T,(d)),

where we have used the proper base change theorem to obtain the left isomorphism. See
e.g. [KSc] Chapter II, Proposition 2.6.4 for the right isomorphism.

(2) The assertion follows from Proposition 2.9 (2) and [JSS] Proposition 2.4.1(3),
Corollary 2.5.1. O

Remark 2.12. The push-forward morphism try in Proposition 2.9 (1) satisfies the projec-
tion formula in [SH] 7.2.4, by the same arguments as in [SH] 7.2.4. See also the proof of
Proposition 2.9 (1) as to how we modified [SH] 7.1.2 in our situation.

2.3. Cycle class morphism

To construct a cycle class morphism from Bloch’s cycle complex (see (2.3.2) below),
we formulate a version of T, (r) with log poles and a purity for this coefficient; see also
[Z] for a construction assuming Gersten’s conjecture for Bloch’s cycle complex. Let D be
a reduced normal crossing divisor on X which is flat over B and such that D U Y;q also
has simple normal crossings on X and such that the pair (X, D) is quasi-log smooth over
B in the sense of [SS] 5.2. We define T,,(r)(x,p) by the following distinguished triangle
analogous to (2.1.1):

Ly b ol = 1 -5 T )~ e Rl gk ], (2.3.1)

)

where we put E := Y;.q N D and 1/67}3) n = (;S*V;/:lE with ¢ : Y N\ F < Y; ¢ denotes the
open immersion X \ (Y U D) — X. See also [Sa2] 3.5 and 3.6. When D = (), we have
Tn(r)(x,0) = Tu(r)x. The following propositions concerning the complex T, (r)x, p)

play fundamental roles in our construction of cycle class maps.

Proposition 2.13 (cf. [Sa2] 6.5). Let Z be a closed subset of X of codimension = c. Then
we have

0 (g<r+c

Hz (X, %a () xp) = {H}tCD(X ND,T(r)  (g=r+o0).
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In particular, if Z has pure codimension ¢ on X, then we have

0 (g <2¢)

H’IZ(X,{ZH(C)(X,D)) = {A [ZO N D] (q = 26)

where A,[Z° \. D] means the free A,,-module generated over the set Z° \. D.

Proof. One obtains the assertion by repeating the arguments in the proof of [Sa2] 6.5,
using [SS] 1.1 and 4.5 (resp. Corollary 2.7 of the previous subsection) in place of [Sa2]
3.3 (resp. [SH] 4.4.9). We do not need to assume the existence of primitive p-th roots of
unity in K by the argument in Remark 2.4. 0O

Proposition 2.14 (c¢f. [Sa2] 4.3). Let E — X be a vector bundle of rank a, and let
f:P:=PE®1) = X be its projective completion. Let P’ := P(FE) the projective
bundle associated with E, regarded as the infinite hyperplane section of P. Then the
composite morphism

Tn(r)x — REZu(r)p — RET.(r) @)
is an isomorphism in DT (X, Ay).

Proof. One can extend the Dold-Thom isomorphism ([Sa2] 4.1) and the distinguished
triangle in [Sa2] 3.12 to the situation of this section, by repeating the same arguments
as in the proofs of [Sa2] 4.1 and 3.12, using [SS] 1.1 and 4.5 (note also Remark 2.4 of
this section). The assertion follows from those facts and Remark 2.12. 0O

Let Et /X be the underlying category of X-schemes of the étale site X;. For a scheme
U and r 2 0, let 2"(U, *) be Bloch’s cycle complex [B2]. We define a complex Z(r) of
presheaves on Et /X by the assignment

Z(r): U € Ob(Et/X) — 2"(U,*)[—2r],

which is in fact a complex of sheaves in the Zariski and the étale topologies. We call Z(r)
the motivic complex of X of weight 7. For a closed subset C € X and U € Ob(Et/X),
put Cy == C xx U and let 2¢, (U, q) be the subgroup of 2" (U, q) consisting of the cycles
on U x A? of codimension r whose support is contained in Cy x A? (and which satisfies
the face condition). The collection {z¢, (U,q)},>o forms a subcomplex of 2"(U, %), and
we define a subcomplex Z(r)ccx C Z(r) by the assignment

Z(r)ccx : U € Ob(Et/X) +— 28, (U,*)[—2r].

By Propositions 2.13 and 2.14, Lemma 2.8 and the same arguments as in [Sa2] §7 (see
also Remark 2.15 below), one obtains a cycle class morphism
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cdecxoa, 1 Z(r)cex ® Ay — RLo(X,Tu(r)  in D(Xeg, An) (2.3.2)

for any r = 0, which yields the cycle class map on hypercohomology groups
clecxa,  Ho(Xzar, Z(r) @ Ay) — HH(X, T, (1)).

When C = X, the group on the left hand side will be denoted by H7,(X, A, (r)), and the
map clx 4, = clxcx, 4, will be computed in Lemma 7.1 (3) below under the assumption
that d = 2.

Remark 2.15. To follow the arguments in [Sa2] §7, we have used the projection formula
in [SH] Corollary 7.2.4, which has been extended to our situation in Remark 2.12. We
also need to extend the compatibility fact in [SH] Corollary 6.3.3 to our situation, where
the push-forward morphism in Proposition 2.9 (1) plays the role of Gys; of [SH] 6.3.3.
One can easily check the details by Lemma 2.8 and the proof of [SH] 6.3.3.

Let Cy C C; be closed subsets of X, and let ¢ : X’ := X \ Cy — X be the natural
open immersion. Put C’ := Cy \ Cs. Then the squares in D(Xg, Ay,)

¢ﬁ
Z(T)CQC)( ® A, — Z(T)CICX QR A, —— R¢*Z(T)C/Cx/ ® A, (233)

cleycx,an l cleycx,an l clorexr A, l

RLc, (X, %n(r)) —— RLo, (X, Tn(r)) —— Ro.RLoi (X', Tn(r))

are commutative by the construction of cycle class morphisms. From this commutative
diagram, one obtains another commutative diagram in D(Xg;, Ay,)

)
R$Z(r)crcx: @ Ay — = RLy (X, Z(r)c,cx © Aa)[l] =—— Z(r)cyex © Au[l]

clerexr a, clegcx, A,
clegex, Ay,
4

R RL oo (X', Tn(r)) RLc, (X, Tn(r)],

(2.3.4)
where the arrows § are the connecting morphisms of localization triangles (see [SH] 1.9).

Remark 2.16. The arrow 7 of (2.3.4) is not an isomorphism, or equivalently, the upper
row of (2.3.3) does not fit into any distinguished triangle in D(Xg, A,,). If one considers
localization triangles in the Zariski topology, then the morphism corresponding to ~ of
(2.3.4) is an isomorphism by Levine [Le] Theorem 1.7.
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2.4. Cospecialization and a residue diagram

In this subsection, we consider a residue map and prove its contravariance, which
will be useful in §5.3 below. We suppose that mx/p : X — B is proper, and that O
is a henselian discrete valuation ring with algebraically closed residue field. Put Ix :=
Gal(K/K). By the duality in Corollary 2.11 (1) and the Poincaré duality for X7, the
cospecialization map

cospy : H(Y, A,) =2 H(X, A,,) — H (X7, A,)'%
induces a canonical homomorphism
Resx : Hi/(Xf, ufﬁfifl)zk — H§;+2(X, Tn(d)),
where we put i’ :=2(d — 1) — i.

Proposition 2.17. For any i = 0, the following diagram is anti-commutative:

. e ; —
Hl(IKaHz(Xfa :U’?’ii)) - Hl(anu?'fi 1)1K

. ) .
HAY (X, 8 ———— HPF(X,T0(d)),

where the left vertical arrow is an edge map of a Hochschild-Serre spectral sequence, and
the upper horizontal arrow denotes the composite map

H' (Ic, H' (Xge, pipih)) — H' (I, prym) @ H' (X, pipd ™) 1

i _ ord i —
~ K*QH (Xf,ﬂ?fi 1)IK — Z®H (va:u'?'ﬂd 1)IK'

The bottom horizontal arrow is the connecting map of a localization long eract sequence.
Proof. The following diagram of trace maps and boundary maps are commutative:

trx/p

HQd_l(XK7M§”d) Hl(IKaIU/p") = K> ®An

trx/p tre v

H%’d(Xa ‘In(d)) - HQ(B,f{n(l)) — A,

where v denotes the closed point of B, and trp, means trxy for (X,Y) = (B,v)
(see Corollary 2.11(1)). See Lemma 2.8 for the commutativity of the right square. The
assertion follows from this commutativity and the following obvious commutative square:
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H(Ic, H (X, An)) == H" (X7, An)'*

| |

H' (Xk, Ap) ~—— H' (X, Ay).
The details are straight-forward and left to the reader. O
The following consequence of Proposition 2.17 will be useful later. Let O’ be another
strict henselian local ring which is flat over O and whose residue field &’ is algebraically

closed. Let X’ be a scheme which is regular, proper flat of finite type over B’ and satisfies
(x1) over B'. Put L := Frac(9’), I, := Gal(L/L) and Y’ := X’ ®¢/ k. Assume that

dim(X’) = dim(X) =d
(hence that dim(X}) = dim(Xk) = d — 1). Under this setting we obtain:
Corollary 2.18. For any morphism f : X' — X and any i 2 0, the diagram

#

. _ f i _
HZ(X/faﬂf?"d 1)1L ~—H (X?, :uf?"d 1)IK

Resx/ l \LRCSX
#

, f .
HYP (X', T (d) =—— HyP?(X, T, (d))
is commutative, that is, the map Resx is contravariant in X.
Proof. In the diagram of Proposition 2.17, the composite map § o € is contravariant in

X by Proposition 2.3, and the map « is surjective by the fact that cd(Ix) = 1. The
corollary follows from these facts and Proposition 2.17. O

3. A filtration on the direct image

Let mx/p : X — B = Spec(9D) be as in the beginning of §2. In this section, we assume
(%2) any residue field of O of characteristic p is perfect.
Under this assumption, we introduce objects H*(X,%,,(r)) of Dt (Be, Ay,) for r =2 d =
dim(X), which play central roles throughout this paper. The étale cohomology of B

with coefficients in these new objects will be related to the étale cohomology of X with
coefficients in T, (r) by the spectral sequence (3.1.6) below.
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3.1. Etale complex (X, T, (r))
Lemma 3.1. For any r 2 d, we have
Rrx/pTn(r) &2 Rt omp 2, (R x/pTn(d —1),%,(1))[2 — 2d] (3.1.1)
in DT (B, Ap).
Proof. Since r 2 d by assumption, there exists a canonical isomorphism
Tp(r) = Rtomx a, (Tn(d—1),Tn(d)) in DV (Xe, An), (3.1.2)

which is obvious if r = d, and otherwise a consequence of Lemma 2.1 (2) and the adjunc-
tion in [SGA4] XVIIL.3.1.10 for the open immersion X[p~!] < X. Hence we have

R7x/p«Tn(r) = Rrx/pRAHomx A, (Tn(d — 1), RW!X/B‘IH(I)P —2d])
= R%OmB’An(R’]Tx/B!Sn(d - 7‘), Sn(l))[Q — Qd]

in D*(Bet, Ay), by Proposition 2.9 (2) and [SGA4] XVIIL.3.1.10 for 7x/5. O
Definition 3.2. For each m € Z, we define

HE(X, T (1)) 1= RA#omp 4, (Toz(a—1)—m BT x5 Tn(d = 1) x, Tn(1) )[2 — 24],
H™ (X, Tn(r)) := RAomp a, (R*D " 105 Ty (d — r)x, Tn(1)B),

which are objects of DV (Bg, Ay,).
Caution 3.3. H™ (X, T, (r)) is NOT the sheaf R™mx/5,%,(r), but a complex of sheaves.

By Lemma 3.1 and the proper base change theorem (for Rmx/p:), we have

0 (

m= (3.1.3)
RWX/B*‘In<T)X (m 2 2<d - 1))
<

HE(X, Tp(r)) = {
H(X, Zn(r) =0 unless 0 < m < 2(d — 1). (3.1.4)
For any m € Z, we have a natural distinguished triangle of the form

HEHX, T (1) — HEX, Ta(r) — X To () [-m)
— HE X, T, ()1, (3.1.5)

The data {H="(X, (7)) }n<a(d—1) form a finite ascending filtration on H=2A-1) (X,
Tn(r)) = Rrx/p«Tn(r)x, and yield a convergent spectral sequence
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Ey" = H'(B,$"(X,Tu(r)) = H"(X, Tu(r)). (3.1.6)

To illustrate our complex H™ (X, T, (r)), we show here the following proposition as-
suming that 7y/p is proper. See Proposition 3.6 below for more detailed computations
without the properness assumption.

Proposition 3.4. Assume that nx/p : X — B is proper and that r = d.

(1) Let U C B[p~'] be an open subset for which nx, v : Xu = X xg U — U is smooth
(and proper). Then H™(X, T, (r))|v is the locally constant constructible sheaf placed
in degree 0, associated with H™( Xz, puon ).

(2) Assume further that the generic fiber Xx is geometrically connected over K. Then the
trace map trx/p : Rrx/pTn(r)x[2(d—1)] = T, (r+1—d)p induces an isomorphism

H2@D(X %, (r) 2 Z(r+1—d)p. (3.1.7)
To prove this proposition, we need the following lemma:

Lemma 3.5. Let Z be a scheme and let F be a locally constant constructible A, -sheaf on
Ze.. Then we have

Hom(ZF, Az

1

Hom(Fz, Ay) and 6xty 4, (F,4,)=0 (¢21).

Proof of Lemma 3.5. Since .# is a pseudo-coherent A,-module on Zg in the sense of
[Mil] p. 80, we have

@("xtqZ’An (ng, An)f = EthAn (gf, An)

for any ¢ = 0 by [Mil] II1.3.20. The assertions follow from this fact and the fact that A,
is an injective A,-module. O

Proof of Proposition 3.4. (1) By definition, we have
H™(X, Tn(r)|v = Ritomy, 4, (R*D "1 paAn(d — 1), A (1)).
Since RQ(dfl)*mﬂXU/U*An(d —r) is locally constant and constructible by the proper

smooth base change theorem, the object on the right hand side is isomorphic to the
sheaf

%OmU,An (RQ(d_l)_mﬂ-XU/U*An (d - ’I“), An(l))

placed in degree 0, by Lemma 3.5. Then the assertion follows from the Poincaré duality.
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(2) We have
9D (X, T, (r) = R#omp a, (Tx/3:Tn(d —1)x,F0n(1)B)

by definition, and mx/p. %, (d —r)x = T, (d —r)p for r = d by the connectedness of the
geometric fibers. The assertion follows from this fact and Lemma 2.1 (2) for B. O

3.2. Local computations

We investigate here the local structure of ™ (X, %, (r)) around the closed points on
B without assuming that mx/p is proper. For a closed point v € B, we often write Y,
(resp. Yz, Xy) for X xp v (resp. X xp v, X xp B), where BS" denotes the spectrum
of the strict henselization of O, = O, at its maximal ideal.

Proposition 3.6. Let v be a closed point on B, and let ¢ and m be integers. We write t,
for the closed immersion v < B and j, for the open immersion B ~ v < B. Assume
r = d. Then

(1) We have R1) 9™ (X, %, (r)) = 0 unless ¢ = 2, and a canonical isomorphism
(R20,9™ (X, T (r)))w = Hy, (X, T (1)),

Moreover, we have Ri, 5™ (X, T, (r)) =0, if ch(v) = p and r > d.
(2) We have

(R ey ™ (X, B0 (r))w = HU(Ly, H™ (Xg, i)
where I, denotes the inertia subgroup of Gk at v. Consequently, we have
quv*j;'ﬁm(Xv {In(r)) =0

unless ¢ =0 or 1, by the fact that cd,(I,) = 1 (see [Se2] Chapter II, §3.3).
(3) We have

H™( X7, 18 ifg=0
%q(ﬁm(X7Tn(r)))g%’ ( K Mp ) .fq
0 ifq#£0,1 or2
and an exact sequence
0 — A O™ (X, Tn(r)w — H' (L, H™ (X7, p5))
St gm+2, v 2/ am B
— Hy 7 (Xg, T (r)) — A7 (9" (X, Tn(r)))w — 0.

Here #(—) denotes the q-th cohomology sheaf, and 6 denotes the composite map
dx o€ in the diagram of Proposition 2.17.
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Proof of Proposition 3.6. (1) By the definition of $™(X,%,(r)) in Definition 3.2 and
the adjunction in [SGA4] XVII.3.1.12.2, we have

RU,H™(X,T,(r)) = Ru,RAomp 4, (R* D" 15T (d — 7)x, Tn(1)B)
> RAomy, A, (LR " 1wy T (d — 1) x, RubTo(1)p) (3.2.1)
= R om, A, (RZ(dfl)fmﬂyv/v;(L;ufn(d —1r)x), An)[=2],
where vy, denotes the closed immersion Y, — X, and we have used the proper base
change theorem for Rmx/p and the purity in Proposition 2.6 (2) for T,,(1)p in the last
isomorphism. In particular if ch(v) = p and r > d, then (3, T,,(d—r)x is zero by definition
and we have Ri)$H™(X, T, (r)) = 0, which shows the third assertion of (1). If ch(v) # p

or r = d, then Ri} $™(X,%,(r)) is acyclic outside of degree 2 by (3.2.1) and Lemma 3.5
for Z = v. Moreover, if r = d, then we have

(3.2.1)
RYH™(X, Tp(d)) =2 Homga, (R*HD " ry, 1, Ar)

= pm =24 (R A omy, 4, (Ry, o Ay An))
~ %m—Q(d—l) (R’]TYU/U*R,]T!YU/UATI)

again by Lemma 3.5 for Z = v and adjunction, and we have
Ry, j, An & Rry, ), R, T (1) 3[2] 2 Ry, T (d) x[2d] (3.2.2)
by the purity in Proposition 2.6 (2) for v < B and Proposition 2.9 (2). Hence we have
(R2,9™ (X, T (d))e = HY. 2 (Xy, Tn(d)).-

The isomorphism in the case that r > d and ch(v) # p is similar and left to the reader.

(2) We may assume that B is local with closed point v, without loss of generality. Put
7 := B N\ v, which is the generic point of B. The sheaf j;RQ(d*I)’mWX/B!Tn(d —r)is
locally constant on ¢, and the object

JiH™ (X, T (r)) = Rotomy a, (uR* D" 1m0 T (d — 1), ppn)

is isomorphic to the sheaf (on 7¢;) associated with H™ (X, s ) placed in degree 0 by
Lemma 3.5 for Z = 7 and the Poincaré duality. The assertion follows from this fact.

(3) The assertion follows from Proposition 3.6 (1), (2) and the fact that the stalk at
v of the connecting homomorphism

5B,B\U : lev*j::f]m(Xa (zn(r)) — LU*RQLLme(Xa (En(r))

agrees with 47 up to a sign. O
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The following corollary follows from Proposition 3.6 (1) and (3).

Corollary 3.7.

(1) If ch(v) =p and r > d, then H™(X, T (1)) = RjujiH™ (X, Tn(r)).
(2) 9™(X,Tn(r)) is concentrated in [0,2], and Rmx/p.Tn(r) is concentrated in [0, 2d].

3.3. Rigidity

In this subsection, we assume further that O is henselian local with finite residue field.
Let O’ be the completion of O at its maximal ideal, and put

B’ :=Spec(9D) and X':=X xp B

Let v be the closed point of B’, which we identify with the closed point of B. Let Y’ be
the special fiber of Tx/p : X' — B’, and let Y be the special fiber of 7x/5 : X — B.
We have cartesian squares

v  —x gty (3.3.1)
Vi
TX/B 1

Y%XHBQ’U

We prove here the following preliminary result, where we do not assume that mx/p is
proper:

Proposition 3.8 (rigidity). For any r 2 d, there exist canonical isomorphisms

¢1 : RWX/B*‘In(T)X i> Rﬂ*Rﬂ-X’/B’*(sn(T)X’

U5 HE(X, T (1) > RBHE(X!, T(r)) ("Ymez)
P H(X, Tu(r) — RBH™(X, Tu(r)) (Ymez)
G i REH™(X, T (1) — i RAH™ (X', T (7)) ("mez)

in D®(Be, Ay,), where iy, : v < B and 1, : v — B’ are canonical closed immersions.

Corollary 3.9. We have canonical isomorphisms for any ¢,m € Z and any v 2 d

HI(X, T (r)x) & HU(X', T, (r) x0),

HY (X, T (r)x) = Hy (X T (r) x),

HY(B, fo’"( »Tn(r)) = HYB', H™ (X', Tn(r))),
HY(B,9™(X,Tn(r))) = H{(B', 5™ (X', Tn(r))).

IIZ -
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Proof of Proposition 3.8. Let Resx and Resp be the pull-back morphisms
Resx : "%, (r)x — Tu(r)xr and  Resp: "T,(1)p = Tn(1)p -
We define 91 as the composite

Y1 RrxpaTn(r)x — Rrx/pRaTn(r)x = RBRrx g Tn(r)x,
where the first arrow is the adjunction map of Resx. We define 95" as the composite

U HE(X, Tu(r) = RAomp, A, (To(a-1)—m RTxymTn(d — 7)x, Tn(1)5)[2 — 2d]
— RB.RAomp: 4, (T3(d-1)—m B RxymTa(d — ) x, B°Tn(1)5)[2 — 2d]
— RB.RAomp 4, (T3(d-1)—m BT x5 T (d — 1) x0T (1) )2 — 2d]
= RB.H="(X', T, (1)),

where the second arrow is induced by Resp and the isomorphisms

B* R x/p1%n(d — r)x = Rrxypna™ T, (d —1)x (proper base change)
& RrxypnTn(d —1)x/ (r = d).

We define ¢5* in a similar way. Note that the following square commutes by Corol-
lary 2.10:

R x5 (1) x (;—T;)> HE24-D(X, T, (r)) (3.3.2)

Y1 lwg(dl)

RB Rty Tn (1) x7 (%) RBHZD(X, T (1)

We define ¢} as the composite

base change

e R B (X, T () s i R 5™ (X, T (1)),

YT i RiLH™(X, T (7))

See [SGA4]XVIIL.3.1.14.2 for the base change morphism. This 1J* is an isomorphism,
because both Ri\$H™ (X, %, (r)) and R\ $H™ (X', %, (r)) are isomorphic to

RAom, a, (R* D =mry 0 A (d — 1), A,)[=2]  (if ch(v) # p or 7 = d)
0 (if ch(v) = p and r > d)

by (3.2.1) and Proposition 3.6 (1). We prove that 1, 15" and ¢§* are isomorphisms. By
the triangle (3.1.5) and the commutative diagram (3.3.2), we are reduced to showing
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that 5" is an isomorphism for any m € Z. Put K’ := Frac(9D’), and let us note the
following facts:

(i) H™(Xg, pgi ) = H™ (X0, gt ), see [Mil] VL.4.3.
(ii) Gk = Gk, see [Mi3] p. 160, Case 2 (i) and (ii).
(iii) 4" is an isomorphism.

By these facts and Proposition 3.6 (2), we see that %" is an isomorphism, which com-
pletes the proof of Proposition 3.8. O

4. Projective and inductive limits

Let mx/p : X — B = Spec(9) be as in §2. We do not assume that mx/p is proper
in this section, but assume that O and K = Frac(D) satisfy either of the following
conditions:

(L) K is a non-archimedean local field of characterictic 0, i.e., a finite field extension of
Q¢ for some prime number ¢, and £ is the valuation ring of K.

(G) K is an algebraic number field, i.e., a finite field extension of Q, and B = Spec(D)
is an open subset of Spec(Of), where Ok denotes the integer ring of K.

The main aims of this section are to prove some standard finiteness results and to
construct spectral sequences (4.1.1)—(4.1.3) below, under these assumptions.

Proposition 4.1. There is a canonical isomorphism
HY(B,H™(X,Tu(r))) = Extg (RX D" 15T (d — 1), G (4.0.1)

for any ¢,m 20, n 21 and r = d. Moreover, H1(X,%,,(r)) and H1(B,H™(X,%,(r)))
are finite for the same (q, m,n,r).

Proof. The isomorphism (4.0.1) follows from the definition of $™ (X, %, (r)) (see Defini-
tion 3.2) and the canonical isomorphism

RAomp(Ay,, Gn) = T,(1)

(a variant of [SH] Proposition 4.5.1). See also [JSS] (2.3.4). The finiteness of the groups in
(4.0.1) follows from the finiteness of Ext-groups in the Artin-Verdier duality ([Ma] (2.4))
and the constructibility of R*4=D=mmyp T, (d — r). The finiteness of H9(X,T,(r))
follows from the spectral sequence (3.1.6) and that of Ep-terms. O
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4.1. Spectral sequences

For r 2 d, we introduce the following groups:

HY(X,Z,(r)) = li

n

g

HY (X, T (1)), HI(X,Qp(r)) = HI(X, Zy(r)) ®z, Qp,

\D‘/T

HYX,Qp/Zy(r)) :=lim HY(X,Z,(r)),

|

3
v
—

HY(B,H™(X, Zy(r))) :

a—

i H’I(B7f)m(X,‘In(T>))7

3
HVT
a4

Hq(B7*6m(Xﬂ QP(T))) = Hq(B7'6m(Xﬂ Z;D(T))) ®Zp Qpﬂ
HY(B, 5™ (X, Qp/Zp(r))) := lim HI(B,H™ (X, Tn(r))).

I
15

3
1Y
—

Here the transition maps in the fourth group is defined by the commutative diagram

HI(B, (X, Tnya(r))) > HY(B, 5™ (X, Tn(r)))

(4.0.1) l o (4.0.1) l =

Ext% (R24=D "1 5 Tpi1(d — 1), G) — ExtG(R24"D "5 T, (d — 1), G)

with the bottom arrow induced by p : Tp,(d —r) < T,,41(d — ) of Proposition 2.5. The
transition maps in the last group is defined by the commutative diagram

HI(B, H™(X,Tn(r))) > HY(B, 5™ (X, Ty (1))

(4.0.1) l o (4.0.1) l o~

Ext%(RQ(d_l)_mWX/B!Tn(d -7),Gp) —— Exth(Rz(d_l)_mﬂX/BginH(d —7),Gp)

with the bottom arrow induced by #! : T,,41(d —r) - T, (d — r) of Proposition 2.5.
Taking the projective limit of the spectral sequence (3.1.6) with respect to n = 1, we
obtain a convergent spectral sequence of Z,-modules

EYY = HYB, 9 (X, Z,(r))) = H (X, Z,(r)). (4.1.1)
This spectral sequence yields a spectral sequence of QQ,-vector spaces:
By* = H'(B,5"(X,Qy(r)) = H"'(X,Qy(r)). (4.1.2)

On the other hand, taking the inductive limit of (3.1.6) with respect to n = 1, we obtain
another convergent spectral sequence of Z,-modules

B = HY(B,9"(X.Qp/Zy(r)) = H™V'(X.Qp/Zy(r)). (413
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4.2. Finite and cofinite generation

The following preliminary results will be useful later:

Theorem 4.2.

(1) HY(X,Zy(r)) and HI(B,H™(X,Z,(r))) are finitely generated over Z, for any g, m €
Z and any r 2 d.

(2) H1(X,Qp/Zy(r)) and H1(B,H™(X,Q,/Z,(r))) are cofinitely generated over Z,, for
any ¢,m € Z and any r = d.

(3) We have rankz,  HY(B,$™(X,Z,(r))) = corankz, H(B,$H™(X,Q,/Zy(r))) for
any ¢,m € Z and any r = d.

Proof. The assertions for H4(X,Z,(r)) and H1(X,Q,/Z,(r)) follow from a standard ar-
gument using Propositions 4.1 and 2.5. We prove the assertions for H4(B, ™ (X, Z,(r)))
and HY(B,H™(X,Qp/Z,(r))) in the case (G); the case (L) is similar and left to the
reader.

We first show that H9(B,H™ (X, Z,(r))) is finitely generated over Z,. By the Artin-
Verdier duality, it is enough to show that its Pontryagin dual

H (B, R™ nx/51Qp/Zp(d — 1)) := lim H2~9(B, R™ x5 % (d — 1))
n>1

is cofinitely generated over Z,, where m’ := 2(d — 1) — m. Let M}, to be the maximal
p-divisible subsheaf of M* := R*mx/pQy/Zy(d — 1), i.e.,

Mpy, = T (Homp(Qy, M*) = M*),

where Q,, denotes the constant sheaf on By, with values in Q,. For each n 2 1, put

oo (Mpy,) = Ker(xp™ : Mf;, — Mg;,), which is a subquotient of R*mx/pT,(d — 1),
hence constructible. Moreover, there is a short exact sequence

0— p" (M]%w) - prtn’ (ME)IV) — pr’ (M]%w) —0

for any n,n’ = 1, and H%(B, Mg, ) is cofinitely generated over Z,, for any i by a standard
argument. On the other hand, the quotient sheaf Mg, = := M?®/M}.  is the torsion part

of Rt 7y /g1 Z,, hence constructible ([SGAS]VL.2.2.2), and H.(B,M3,,.) is finite for

cotor
any 4. Therefore by the long exact sequence

cotor

) — Hi+1(BaM]?)iv) — (421)

H(B, M?*) is cofinitely generated over Z, for any i and s, and HY(B,$H™(X,Z,(r))) is
finitely generated over Z, for any ¢ and m.
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We next show that H4(B,$™(X,Q,/Z,(r))) is cofinitely generated over Z,,. By sim-
ilar arguments as before, it is enough to show that the group

HY (B, RenxpiZy(d—1)) = li

n

[z

Hgiq(B’ RSWX/B!Tn(d - T))

v
—

is finitely generated over Z,, for any ¢ and s. Let M?® and My);, be as before, and put

Ty = pn(Mpyy) (n21) and T°:=(T7),2

Note that T := (T},),,>; is a constructible Z,-sheaf. Put

H (B, T*) = Lgl H((B,T),

—

which is finitely generated over Z,, for any ¢ by a standard argument. Noting that there

is a short exact sequence of constructible Z,-sheaves

0— Mo — RemxpZy(d—1) — T° — 0

we obtain a long exact sequence

C HZ (B Mcsot;r) - H’é(BaRSﬂ-X/B!ZP(d - ’I’)) - HZ(B TS)

— HN (B, MGor) =

(4.2.2)

which shows that H:(B, R x/p1Z,(d—7)) is finitely generated over Z,, for any i. Finally
from the long exact sequence of Z,-modules

= HY(B,T%) — H.(B, Rt xpQp(d — 7)) — HL(B, Mpy,)

— HY B, T%) — -+, (4.2.3)
we obtain

rankz, H(B,H"(X,Zy(r))) (duatiy) corankz, H39(B,M™)

)Corankz H3>™ (B, Mgiv)( 2:3)

[

(m':=2(d—-1)—m)
(4.2.1

rankz, H39(B,T™)
(1;2 rankZp Hiiq(B, Rm/ﬂ_X/B!Zp(d _ ’/‘)) (duazlity) COI"ankZp Hq(B,.VJm(X, Qp/Zp(T)))7

which shows the assertion (3). O



194 K. Sato / Journal of Number Theory 227 (2021) 166—234

5. Comparison with Selmer groups, local case

Let mxp : X — B = Spec(9) be as in §2. In this section, we always assume the
following;:

e mx/p is proper, and the generic fiber X is geometrically connected over K.
e K is a non-archimedean local field of characteristic 0, and O is the valuation ring of
K, i.e., the case (L) of §4.

Let k be the residue field of O and put £ := ch(k). We will often write Y (resp. Y) for
X ®p k (resp. X ®p k). We put V™ := H™(X7, Q,). A main aim of this section is
to compare H™ (X, Q,(r)) with H} (K,V™=1(r)), the local Selmer group of Bloch-Kato
[BK2] §3. We will often write H/E‘ (K, —) for the quotient of H'(K, —) by H}(K, —). The
following fundamental fact ([BK2], Proposition 3.8) will be useful:
Lemma 5.1 (Bloch-Kato). Let V' be a finite-dimensional Qp-vector space on which the
Galois group Gk acts continuously. If £ = p, then assume further that V is a de Rham

representation. Put V* := Homgq, (V,Q,). Then under the perfect pairing of local Tate
duality

HY (K, V) x HY(K,V*(1)) = H*(K,Q,(1)) = Q,
the subspaces Hy(K,V) and H(K,V*(1)) are the exact annihilators of each other.

The following standard fact will be useful later in §§6—8 below.

Lemma 5.2. Assume that { # p, and that wx/p : X — B is smooth and proper. Then we
have H*(B,H™(X,%,(r))) =0 foranya =22, m=20,n=1andr = d.

Proof. Under the assumptions, (X, T, (r)) is a locally constant sheaf on Be, placed
in degree 0, whose stalk at v is H™ (Y, u%/) by Lemma 2.1 (1), Proposition 3.4 (1) and
the proper smooth base change theorem. Hence we have

HY(B,$™(X,Tp(r))) = H* (v, H"(Y , p30)) = 0
for any a = 2, as claimed. 0O
5.1. Comparison results

The main result of this section is the following:



K. Sato / Journal of Number Theory 227 (2021) 166—234 195

Theorem 5.3. For any m =2 0 and v = d, we have canonical isomorphisms

HY(K,V™(r) (g =1)
Hq B’ m X7 g f b
(B,9™(X,Qp(r))) {O (otherwise)
Moreover, if £ # p, then we have Hl(B,S’Jm(X, Qp(r))) =0 for anym 20 and r 2 d.

Remark 5.4. If ¢ # p, then we have H™(X,Q,(r)) = 0 for any m € Z and r 2 d by the
proper base change theorem

H™(X,Qp(r)) = H™ (Y, Qp(r))

and a theorem of Deligne [De] 3.3.4 on weights of H*(Y,Q,,) (note that dim(Y) = d—1).
Theorem 5.3 for ¢ # p refines this fact.

We first state a few consequences of Theorem 5.3. By the theorem and the spectral
sequence (4.1.2), we obtain the following corollary:

Corollary 5.5. The spectral sequence (4.1.2) degenerates at Es, and we have
H™(X,Qp(r)) = Hy(K, V™"~ (r))
for any m =20 and any r = d.
The following corollary will be useful later:
Corollary 5.6.
(1) There exists a natural map
Hp(K,V™(r)) — H'(B, 5™ (X, Qp/Zy(r)))
which fits into a commutative diagram

H(K,V™(r)

W
N

HY(B,5™(X, Qp/Zy(r))) —— H'(K, H™ (X5, Qp/ZLp(r)))-

See Proposition 3.6(1) for the injectivity of the bottom arrow.
(2) H*(B,H™(X,Zy(r))) and H*(B,9H™(X,Qp/Z,(r))) are finite for anya#1, m 20
andr 2 d.
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Proof. The claim (1) immediately follows from Theorem 5.3, and the claim (2) follows

from Theorems 5.3 and 4.2. 0O

We start the proof of Theorem 5.3. A key step is to show Theorem 5.7 below. Fix

integers m = 0 and r = d, and put

HY(B, R"mx/p«Qp(d — 1)) := Qp ®z, im HY(B, R"7x/p.Tn(d —1)).

Under this notation, we will prove

Theorem 5.7. We have

vr(d = (4=0)
Hq(B,Rmfo/B*Qp(d—’/’)) = H;(K, Vm(d—T)) (qz 1)
0 (@ #0,1)
and
V™ (r)E = 0.

(5.1.1)

(5.1.2)

We have HY(B, R™mx/p.Qp(d — 1)) = 0 if r > d. Indeed, if £ = p, then this vanishing
follows from the definition of T, (d — r) and the proper base change theorem; the case

¢ # p follows from similar arguments as in Remark 5.4. Consequently, the isomorphism

(5.1.1) asserts the vanishing of the right hand side for r > d. We will prove Theorem 5.7

in §5.2 and §5.3 below.

Proof of “Theorem 5.7 = Theorem 5.3”. Let v be the closed point of B. Put s :=
d — (£ 0) for simplicity. By the isomorphisms in (5.1.1) and the localization long exact

sequence

o — HTY(B, R x5, Qp(s)) — HT 1 (B, R™mx/5.Qp(s)) — H (K, V™(s))

— H,lq)(B, Rmﬂx/B*Qp(S)) —_—
we have

0 (¢ #2,3)
(B, R"mx/5:Qp(s)) = { HY (K, V™(s))  (q=2)

HY (K, V™(s))  (¢=3).

(5.1.3)

Theorem 5.3 for ¢ # 0 follows from (5.1.3) with 2(d — 1) —m in place of m, Lemma 5.1

and the Tate duality for cohomology of B (see [Ma] (2.4)):
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HY(B, 5™ (X,Qp(r))) x Hy (B, R*" V"5, Q,(s)) — Hy(B,Qp(1)) = Q.
The assertion for ¢ = 0 of Theorem 5.3 is a consequence of the isomorphism
HY(B, 5™ (X, Qp(r))) = V"™ (r)%

(see Proposition 3.6 (1)) and the vanishing (5.1.2). Finally if £ # p, then H}(K, Vm(r)) =
HY(k,V™(r)'x) = 0 again by (5.1.2) and the equality of dimensions

dimg, V"™ (r)%¢ = dimg, H' (k, V"™ (r)"=), (5.1.4)
which is a consequence of the duality of Galois cohomology of G. O
5.2. Proof of Theorem 5.7 (the case £ # p)

Let K be the maximal unramified extension of K, and let I = Gal(K/K") be
the inertia group of K. Let O" be the valuation ring of K", and let cosp’y be the
cospecialization map

cosp : H™(Y,Q,) = H™(X",Q,) — H™ (X7, Q,)'* = (Vv™)Ix (5.2.1)

for m = 0, where X" (resp. Y) denotes X ®o O (resp. Y ®; k). We first reduce
m

Theorem 5.7 for ¢ # p to the following proposition:

Proposition 5.8. Assume that £ # p, and let m = 0 be an integer. Then:

(1) We have V™ (r)% =0 for any r = d.
(2) For any s £0 and g = 0,1, the map cosp’y induces an isomorphism

H(k, H™ (Y, Qyp(s))) = H(k, V™ (5)™).
Proposition 5.8 (1) is the same as (5.1.2) of Theorem 5.7.
Proof of “Proposition 5.8 = Theorem 5.7”. We have

HY(B, R"7x/p:«Qp(s)) = H(k, H™ (Y, Q,(s)))

and the last group is zero unless ¢ = 0 or 1, because c¢d(Gy) = 1. The isomorphisms for
g=0,10f (5.1.1) follow from Proposition 5.8 (1) and the fact that

HA(K, V™ (5)) = HY(k, V™" (5)%)

by definition. Thus we obtain Theorem 5.7, admitting Proposition 5.8. O
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Proof of Proposition 5.8. If X is smooth over B, then the assertions are clear by the
proper smooth base change theorem and Deligne’s proof of the Weil conjecture [De] 3.3.9.
We are concerned with the case that mx/p : X — B is not smooth, in what follows.

(I) Strict semi-stable reduction case. We first prove Proposition 5.8 assuming that
X has strict semi-stable reduction. We introduce some notation. Let j be the canonical
map Xiz = X" = X ®p O, and let 7 be the closed immersion Y — X', By the
properness of X/B, we have the following Leray spectral sequence for any n = 1:

EPY = HY(Y, 7" R"j, A,)) = H (X, Ay). (5.2.2)

By a theorem of Rapoport and Zink [RZ] 2.23, there is an exact sequence on (Y )gt

00— L*ij*/l — ubJrlA ( )Z(b+1) — ub+2/1 ( )Z(b+2) —

L Uy /1 ( )Z(d) — 0 (523)

where for each m > 0, Z(™ denotes the disjoint union of m-fold intersections distinct
irreducible components of ¥ and u™ denotes the canonical (finite) map Z(™ — Y see
(1.5.1) for A, (—b). Hence the Es-terms of the spectral sequence of (5.2.2) are finite and
we obtain a spectral sequence

b= HY(Y,7*R"},Q,) = H*"(X%,Q,) = Vot (5.2.4)

by taking the projective limit with respect to n = 1 and the tensor product with Q,
over Z,. Note that the canonical map E;”’O = H™(Y,Q,) — E™ = V™ agrees with the
cospecialization map cosp’y of (5.2.1), and that the inertia group I acts trivially on the
Es-terms of (5.2.4). We will prove the following:

Lemma 5.9. In the spectral sequence (5.2.4), we have ES* = 0 unless 0 < a < 2(d—b—1)
and 0 £ b £ d — 1. Furthermore, for a pair (a,b) with 0 < a < 2(d —b—1) and
0 < b<d—1, the weights of ES" are at least max{2b,2(a +2b+ 1 — d)} and at most
a+ 2b.

:

By this lemma, the kernel and the cokernel of the map cosp’y in (5.2.1) have only
positive weights and hence we obtain the assertion of Proposition 5.8 (2). Similarly, one

can easily derive Proposition 5.8 (1) from this lemma.

Proof of Lemma 5.9. By (5.2.3), the sheaf 7 R'j, A,, (hence ES"" of (5.2.4)) is zero unless
0=b=<d-1.Fixab =0 in what follows. By the exact sequence (5.2.3), we have a
spectral sequence of finite-dimensional G-Q,-vector spaces:

B} = H(ZCHD,Q,(-b) — BT T RTLQ,). (525)
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Here 'E}" is zero unless
05t<2(d—s—b—1) and 0=Zs<d-b-1, (5.2.6)

because dim(ZT0+1)) =d —s—b—1 and Z+t0+D) = ) if s+ b = d. Using this spectral
sequence, one can easily check that ES° of (5.2.4)) is zero unless 0 < a < 2(d — b — 1).
Moreover, 'E"" has weight ¢ + 2b by [De] 3.3.9. Therefore one obtains the lemma by
computing the span of ¢ + 2b under the conditions (5.2.6) and a = s+¢t. O

This completes the proof Proposition 5.8 in the strict semi-stable reduction case.

(Il) General case. We prove Proposition 5.8 in the general case. By the alteration
theorem of de Jong [dJ] 6.5, there exists a proper generically étale morphism f: X' — X
such that X’ is regular and flat over B and has strict semi-stable reduction over the
normalization B’ of B in X’. Let L (resp. k') be the function field of B’ (resp. the
residue field of L), Y for the special fiber of 7x/5 : X’ — B’. Then Proposition 5.8 (2)
immediately follows from those for X', proved in Step (I), and the fact that V™ =
H™(X%,Q,) is a direct summand of Hm(X’f, Q,) as Gr-Q,-vector spaces. To prove
Proposition 5.8 (1), we consider the following commutative diagram:

H(k, H™ (Y, Qy(s))) S HO(K, H™(V7,Q,(5)) — > HO(k, H"(V,Q,(s))

cosp'y l cosp'y/ l cospy \L
Vi

HO(k, V™ (5)1%) HI(K, H™ (XL, Qp(5))'0) — > HA(k, V™(5)'5),

where the right horizontal arrows are induced by the following homomorphism of étale
sheaves on B:

(*)
try : TpyB R Tx g An(8)x1 = R mx gy An(s) x = RmWX//B*(Rf!An(S)X)

adjunction

= RmWX/B*(Rf*RfIAn(S)X)

R™mx e An(8)x
and we have used the absolute purity [FG] to obtain the isomorphism (k). Since the

middle vertical arrow in the above diagram is bijective by Step (I), the assertion of
Proposition 5.8 (1) for X follows from the fact that the composite map

# tr
Rm’ﬂx/B*An (S)X f—) WB//B*Rmﬂ'X//B/*An(S)X/ —f> Rmﬁx/B*An(S)X

on Bg agrees with the multiplication by the extension degree of function fields of f :
X’ — X. This completes the proof. O
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5.3. Proof of Theorem 5.7 (the case £ =p)

By the same arguments as in the proof of “Proposition 5.8 = Theorem 5.7” in §5.2,
the assertions of Theorem 5.7 with ¢ = p is reduced to the following:

Proposition 5.10. Assume that £ = p. Let m = 0 be an integer, and put V := V™. Then:

(1) We have V(r)'% =0 for any r = d.
(2) For any s < 0, we have V(s)/x = 0. For s =0, the cospecialization map

cospy : H™(Y, Q,) — H"(X%, Qp)IK =Vix

is bijective.
(3) Forany s <0, we have H*(k,V (s)Ix) = H}(K,V(s)) in H(K,V(s)). In particular,
we have H(K,V (s)) =0 if s <0.

We will first prove Proposition 5.10 assuming that X has semi-stable reduction, and
then prove the log smooth reduction case.

Proof. (I) Semi-stable reduction case. See [Fo]1.5.5 for BcryS,BSt,B;R and Bgr. Put
D = H{}, ..,s(Y/W(k)). By the Fontaine-Jannsen conjecture ([HKa], [T5]0.2), we have
a p-adic period isomorphism

V ®q, Bst = D @wik) Bst, (5.3.1)

which preserves the Frobenius operator ¢, the monodromy operator N, the action of Gy,
and the Hodge filtration F; after taking ® g, Bqr. By the isomorphism (5.3.1), we have

) N=0, p=p"

V(T) = (D Qw(k) Byt n F;I (D Qwi(k) BdR)

and
V(1) C (Hiyerys (Y /W(E))o, )P, (5.3.2)

for any r € Z. Here ¢ denotes the Frobenius operator acting on H{J, . (Y /W(k)), and

we have used the fact that (Bg)'* = Frac(W(k)) ([Fo] 5.1.2, 5.1.3). Proposition 5.10 (1)
and the case s < 0 of Proposition 5.10 (2) follow from (5.3.2) and the fact that

( {’gg_crys(?/W(E))QpV:V =0 ifr=dorr<0.

As for the case s = 0 of Proposition 5.10 (2), the map cosp™ is bijective by [W] Theorem
1. To prove Proposition 5.10 (3), it is enough to show the following two claims:
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(i) The restriction map
HY(K,V ®Q, Berys) — Hl(Kurv V ®q, Berys)
is injective. Consequently, the image of the inflation map
HY(h, V(5)') = HY(K, V(s))

is contained in H}(K, V(s)) for any s € Z.
(i) We have dimg, H*(k,V (s)'%) = dimq, H}(K,V(s)) for any s = 0.

Proof of the claim (i). By the inflation-restriction exact sequence
(0 _>) Hl(ka (V ®Qp BCFYS)1K> — Hl(Ka V ®Qp BCF}’S) — Hl(Kurv V ®Qp BCY}’S)Gkv
it is enough to show that the first term is zero. We have

(V ®Qp BcryS)IK = Hrgg-crys

(¥ /W),
by the exact sequence ([Fo] 3.2.3)

0 — Berys — Bst L By — 0
and the period isomorphism (5.3.1). Hence we have

Y /W (R)N0).

Hl(k7 (V ®Qp BCYYS)IK) = QP ®Zp LILH Hl(k’ legg-crys(

n>1

Finally, the group on the right hand side is zero, because Hig, . . (Y /W (k)N=0is a

finite successive extension of Gx-modules which are isomorphic to the additive group of
k. O

Proof of the claim (ii). Since V' is a de Rham representation [Fa], there is an exact se-
quence of finite-dimensional Q,-vector spaces ([BK2] Corollary 3.8.4):

0 — V(s)“ — Cris(V) @ DR(V(s))°
— Cris(V) ® DR(V) — H}(K,V(s)) — 0, (5.3.3)

where Cris(V), DR(V (s))? and DR(V) denote (V ®q, Berys) <, (V(s) ®q, Biz) < and
(V ®q, Bar)“, respectively. Moreover we have

DR(V) = Hiy (Xk/K) = Fiy Hi (Xk /K) = DR(V(s))° (5.3.4)

for any s < 0. Hence we obtain the claim (ii) from the equalities
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dimg, V(s)“ = dimg, H'(k,V(s)"),

where the right equality is similar to the equality of (5.1.4). This completes the proof of
Proposition 5.10 in the semi-stable reduction case. O

(Il) Log smooth reduction case. Let f : X’ — X, B and L be as in Step (I) in the proof
of Proposition 5.8. The assertions in Proposition 5.10 other than the bijectivity of cosp™
are reduced to the semi-stable reduction case directly by a standard norm argument for
fx + X — Xk. We derive the bijectivity of cosp™ for X from that for X’. Indeed, there
exists a homomorphism try : T /g R"7x/pr Ay — R™7x /g An of sheaves on Bgy for
each n 2 1 given by the following upper commutative square, which is by definition the
Pontryagin dual of the lower commutative square (m’ := 2d’ — m):

H"(Y'", A,) ——— H™(Y, A,)

cospy, l cosp'y l

Hm(X/f’ An)IL - Hm(va AH)IK’

/ f* /
m' +2 ur m'+2 ur
HW (X %,(d) ~— H? (X %,.(d))

Res x/ T Resx T

, st '
d— d—
H™ (X, 5, <——— H™ (X, 15 1
where we put (X')* := X’ x g/ (B)* and X" := X x g B", and the lower square is the
commutative diagram in Corollary 2.18. Thus we see that cosp’y is bijective by a similar

norm argument as in Step (II) in the proof of Proposition 5.8. This completes the proof
of Proposition 5.10 and Theorem 5.7. O

By Proposition 5.10 (1) and [BK2] Corollary 3.8.4 for V™(r) = H™ (X%, Q,(r)), we
obtain the following corollary:

Corollary 5.11. The exponential map of Bloch-Kato induces an isomorphism
exp : ik (Xic/K) = H}(K,V™(r))

for anym =0 and r = d.

6. Comparison with Selmer groups, global case

Let mx/p : X — B = Spec(9) be as in §2. In the rest of this paper, we always assume:

e mx/p is proper, and the generic fiber X is geometrically connected over K.
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o K is an algebraic number field, and O is the integer ring of K, i.e., the case (G) of
§4.

Put V™ := H™(X%,Qp). In this section, we compare H™(X,Q,(r)) with the Selmer
group H}(K, V™m=1(r)), using the results of the previous section. See [BK2]§5 for the
definition of H}(K,~) = H} g(K,—). For a place v of K, we often write K, for the
completion of K at v. For a finite place v of K, we put B, := Spec(O,) and X, :=
X xp By, where O, denotes the valuation ring of K,.

6.1. Fast computations
Proposition 6.1. Assume r = d. Then:

(1) HY(B,9H™(X,Zy(r))) is finite in each of the following cases:
(i) m<0 (i) m > 2(d—1) (iii) ¢ =0 (iv) ¢ > 3
(v) ¢ =3 and (m,r) # (2(d —1),d)
Consequently, the spectral sequence (4.1.1) degenerates at Ea-terms up to finite p-
primary torsion.
(2) For any m = 0, we have

HY(B, 5™ (X, Qp(r))) = Hf (K, V™ (r)).
Proof of Proposition 6.1. (1) We put
HE™ = Hq(Bv‘ﬁm(X7 ZP(T)))

for simplicity. The cases (i) and (ii) are clear by the definition of H™ (X, %, (r)) (see
Definition 3.2). The case (iii) with ¢ < 0 follows from the fact that $H™(X, %, (r)) is
concentrated in degrees = 0 (see Proposition 3.6 (3)). When ¢ = 0, the restriction map

HO™" — H™ (X, Zp(r))

is injective by Proposition 3.6 (1) and the last group is finite by [De] 3.3.9. Hence H%™"
is finite. The case (iv) follows from the Artin-Verdier duality [Ma] (2.4). Indeed, we have

HI(B,H™(X,Tu(r))) = Extg(RX D1y 5. T (d — 1), Gm)
by (4.0.1), and its dual
H3 9B, R* D" T (d — 1))

is finite 2-torsion for any n = 1 and ¢ > 3. Finally we prove the case (v). Fix a dense
open subset U C B[p~!] such that Xy — U is smooth (and proper). Let j be the open
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immersion U — B, and for each v € B let ¢, : v < B be the canonical map. There is
an exact sequence

HY (B, jij* ™ (X, Z,(r))) — H>™ — D H*(By, 5™ (Xo, Zy(r))),
veEB\U

where we identified H?(v, 9™ (X, Z,(r))) with H3(B,, 5™ (Xy, Z,(r))) for each v €
B~\U by Corollary 3.9. The first term in this sequence is finite unless (m, ) = (2(d—1), d)
by the Artin-Verdier duality and a weight argument which is similar as for the case ¢ = 0.
The last term is finite as well by Corollary 5.6 (2). Thus H>™" is finite in the case (v),
which completes the proof of Proposition 6.1 (1).

(2) Let S be a finite set of places of K containing all places dividing p or oo, and all
finite places where X has bad reduction. Let Kg be the maximal S-ramified extension of
K (i.e., the maximal Galois extension of K which is unramified at every finite place of K
outside of S), and let Gg be the Galois group Gal(Ks/K). To prove Proposition 6.1 (2),
it is enough to check the following:

Lemma 6.2. There is an exact sequence of Qp-vector spaces
1,m,r 1 m Res 1 m
0— H'™ @z, Q, — H'(Gs,V™(r) =3 @ HY K, V™ (r)),
vESNBy

where By denotes the set of closed points of B. See §5 for the definition of H/lf(KU7 —).
Proof. Consider the localization long exact sequence of cohomology groups for each n = 1

= HI(B, O™ (X, T (r))) — HY(Gs, H™ (Xgz, )
= D HI(Bo 5" (X, Tulr) = HH(BH(X, Tu(r) = -

veSNBy

where we have used the fact that $™ (X, T,,(r))|s<s is a locally constant sheaf on B~
associated with the Gg-module H™ (X, pust) (see Proposition 3.4 (1)). We have also
used the isomorphisms

Hi(B,5™(X,Tp(r)) 2 Hi(By, 9™ (Xy, Tu(r))) (v E€ SN P)

obtained from étale excision and the rigidity of Corollary 3.9. The groups in this long
exact sequence are finite by Proposition 4.1. Therefore we obtain the following long exact
sequence by taking the projective limit with respect to n = 1 and then ®z,Qp:

RUIEN @ HY(By, 5™(Xy, Qp(r))) — HO™ @7 Q, — H(Gs, V™(r))
veS
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— P HI By, 5™ (X0, Qp(r))) — -
veS

Moreover we have

o
I
—

Il

H{(By, 5™ (X, Qp(r))) = ¢ Hi (Ko, V™(r))  (q=2)

H*(K,,V™(r))  (¢=3)

by Theorem 5.3; the case ¢ = 3 will be useful later in the proof of Corollary 6.10 (2)
below. The assertion follows from these facts. O

This completes the proof of Proposition 6.1. O

Corollary 6.3. For any r = d, the spectral sequence (4.1.2) degenerates at Eo, and we

have
HYy (K, V") @ H*(B,H™*(X,Qu(r))) (1=m<2d-1)
H™(X, QP(T» =0Q ((m,r) = (2d +1,d))
0 (otherwise).

See Corollary 2.11 (2) for the isomorphism H?4T1(X,Q,(d)) & Q,. We will prove that
H?(B,$™(X,Q,(r))) = 0 for any (m,r) with 7 = d, in Theorem 6.6 below. The following
consequence of Proposition 6.1(2) is a global analogue of Corollary 5.6 (1), which will
be useful later.

Corollary 6.4. For any r 2 d, there exists a natural map
H}(Kv Vm(r)) — Hl(Bvﬁm(Xﬂ QP/ZP(T)))
which fits into a commutative diagram

Hp(K,V™(r))

\

HY (B, 5™(X,Qp/Zy(r))) — H' (K, H" (X7, Qp/Zy(7))).
See Proposition 3.6(1) for the injectivity of the bottom arrow.

Remark 6.5. For any s < 0, one can easily check the following canonical isomorphism by
(5.1.1), (5.1.3) and similar arguments as for the proof of Proposition 6.1:

H' (B, R™mx/5.Qp(s)) = H (K, V™(s)).
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6.2. A global finiteness of étale cohomology
In this subsection, we prove the following vanishing and finiteness result:
Theorem 6.6. For any m =0 and r = d, we have
H?(B, ™ (X, Qy(r))) =0,
and the groups H*(B,$™(X,Z,(r))) and H*(B,$H™(X,Q,/Z,(r))) are finite.
As a direct consequence of this theorem and Corollary 6.3, we obtain:
Corollary 6.7. For any m 2 0 and r = d with (m,r) # (2d + 1,d), we have
H™(X,Q, (1) 2 HY (K, V" (1),

On the other hand, Theorem 6.6 and Remark 6.5 imply the following vanishing result
by the Artin-Verdier duality:

Corollary 6.8. For any m = 0 and s < 0, we have H}(K, H™(X%,Qu(s))) =0.

Proof of Theorem 6.6. By Theorem 4.2, it is enough to show that H?(B,$H™(X,
Qp/Zy(r))) is finite. When (m,r) = (2(d — 1),d), we have

w

(¢

(B, 524 D(X,Q,/Z,(d))) = H(B,Qu/Zy(1)) = Br(Ox){p}.

by the finiteness of Pic(Of ), and Br(Ok) is finite 2-torsion by the classical Hasse principle
for Brauer groups, which implies the finiteness in question.

In what follows, we assume (m,r) # (2(d—1),d) and consider the following commuta-
tive diagram with exact rows, where both rows are obtained from localization sequences
of étale cohomology, and the coefficients $™ (X, Q,/Z,(r)) (resp. H™( Xy, Qp/Zy(1))) in
the upper row (resp. the lower row) are omitted:

H'(K) D Hi(B) H?*(B) H*(K) D H(B)

| ) | | -

P H)(K.) AN P Hi(B,) — P H*(B,) — P H*(K,) — P Hi(B.).

v€E By vEBy vEBy vE By vEBy

Here we put

HY (K,) = Coker(H (Ky, V™ (r)) = H(Ky, H™ (X5, Qp/Zy(r))))
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for each v € By (note also Proposition 3.4 (1)), and used Corollary 5.6 (1) to verify the
existence of the bottom left arrow (). The arrows § are bijective by étale excision and the
rigidity (Corollary 3.9). The arrow v has finite kernel and cokernel by the Hasse principle
of Jannsen [J] p. 337, Theorem 3 (c). The arrow « has finite cokernel by [BK2] Proposition
5.14 (ii). Hence 3 is bijective up to finite groups. Finally, H?(B,, H™(X,, Q,/Z,(r))) is
finite for all v € By by Corollary 5.6 (2), and zero for any v € (B[p~!])o at which X has
good reduction by Lemma 5.2. Thus H?(B,H™ (X, Q,/Z,(r))) is finite. O

Remark 6.9.

(1) By Theorem 6.6 for r = d = 2 and m = 1 and Lemma 7.1(3) below, Bloch’s
conjecture ([B1] Remark 1.24) for a projective smooth curve C over K is reduced to
a variant of Bass’ conjecture (cf. [Ba]) that the motivic cohomology H?, (X, Z(2)) is
finitely generated for a proper regular model X/B of C.

(2) Corollary 6.8 answers affirmatively to a conjecture of Flach ([F11] Conjecture 1.6) in
a special case, and removes an assumption of [Mo] Theorem 1.5 (3).

The following corollary of Theorem 6.6 follows from a similar argument as for the
proof of Lemma 6.2 (see also [J] p. 349, Question 2):

Corollary 6.10. Assume r = d, and let S and Gg be as in the proof of Theorem 6.1(2).
Then:

(1) For any m, the following map is surjective:

HY(Gs, V™ (r)) — @ H(K,,V™(r)).
veS

(2) The restriction map

H*(Gs, V™ (r)) — € H*(K,,V™(r))
vES

is bijective for any (m,r) # (2(d — 1),d) and injective for (m,r) = (2(d —1),d). In
particular, if r > d or Xg has potentially good reduction at all finite places of K,
then

H?(Gs,V™(r)) =0  for any (m,r) # (2(d — 1),d).
See Remark 2.2 for a remark on our log-smoothness assumption.
7. p-adic Abel-Jacobi mappings (d = 2)

The setting remains as in §6. From this section on, we assume further that d = 2.
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7.1. Cycle class maps

See §2.3 for the definition of the motivic complex Z(r) on (Et/X)z... We regard Z(r)
as a complex on Xz, by restriction of topology. We define the motivic cohomology of
X as

Hy (X, 2(r)) = Hzo (X, Z(r)),

Zar

and define the motivic cohomology with A, (= Z /p"Z)-coefficients as
Hy (X, An(r) i= Hz,, (X, Z(r) © An) (0 2 1).

In this paper we do not consider the motivic complex Z(r) on Xg;, mainly because it is
not necessarily compared with T, (r) directly for the lack of the Gersten resolution for
Z(r) ® Ay, unless X is smooth over B, cf. [SH] Conjecture 1.4.1, [Sa2] Remark 7.2, [Z]
Conjecture 2.2, Theorem 4.8, [Gel] Theorem 1.2 (5).

Lemma 7.1.

(1) We have

H?(K(X), Z(2 m<1,r=2
B (X 2() = 0//1( (X),Z(2)) E o )

where K(X) denotes the function field of X.
(2) H}(X,Z(2)) is isomorphic to the cohomology at deree m —2 of the Gersten complex
of Milnor K-groups

K'(K(X)— @ s@)— @ z

zeX! zeX?
(deg 0) (deg 1) (deg 2)
for any m = 2. In particular, we have H3,(X,Z(2)) = CHy(X), the Chow group of
0-cycles modulo rational equivalence.
(3) Assume thatr = 2, and that p 2 3 or B(R) = 0. Then the cycle class map (see §2.3)
cl%’tr cHP(X, Ay (r)) — H™(X,%,(r))

is bijective for any m € Z with (m,r) # (5,2) and any n = 1. Consequently, there
exists a short exact sequence

0— HP(X,Z(r))/p" — H™(X,Z,(r)) — angJ“l(X,Z(r)) —0
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for the same (m,n), where for an abelian group M, pn M (resp. M/p™) denotes the

kernel (resp. cokernel) of the map M LIV

Proof. There exists a coniveau spectral sequence

Ef™ = @ B (e, Z(r - a) = HY ™ (X, Z(r)) (7.1.1)
reXa

by [Ge2] Proposition 2.1, whose E}""-terms are zero in each of the following cases for
the reason of the dimension of cycles and the codimension of points:

om>r o a<0 oa>?2 om<a=r omZa=r-—1

See [B2] Theorem 6.1 for the vanishing in the last case. The assertions (1) and (2) follow
from these facts and the Nesterenko-Suslin-Totaro theorem

Hj, (Spec(F), Z(q)) = K" (F)

for any field F and any ¢ 2 0, see [NS], [To].
To prove the assertion (3), we consider a coniveau spectral sequence analogous to
(7.1.1)

B = @ Hp @, Au(r — a) = Hy (X, Au(r)), (7.1.2)
reXa

whose E}""-terms are zero in each of the following cases:
om>r oca<0 °oa>2

On the other hand, since r = 2, there is a coniveau spectral sequence of étale cohomology
(see [JSS] (5.10.1))

Ef™ = @ B, An(r — a)) = HT™(X, T (1)), (7.1.3)
reX®

where the coefficients A,,(s) (s € Z) on the points are those in (2.2.2). The E{""-terms
of (7.1.3) are zero in each of the following cases:

om>3 om<a oca<0 oa>2.
Here we have used the well-known fact that cd,(k(z)) = 3 —a for any a = 0 and

x € X® (see e.g., [T] Theorem 3.1, [Se2] Chapter II, §4.2 Proposition 11). There is a
map of spectral sequences from (7.1.2) to (7.1.3) induced by cycle class maps of motivic
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cohomology groups by the commutative diagrams (2.3.3) and (2.3.4) in §2.3. The cycle
class map

HY %z, Ay (r —a)) — H™ (2, An(r — a))

is bijective for any a = 0, any point x € X and any m < r by Rost-Voevodsky [V1],
[V2] Theorem 6.16 and Geisser-Levine [GL2] Theorem 7.5 (resp. Bloch-Gabber-Kato
[BK1] Theorem 2.1 and Geisser-Levine [GL1] Theorem 1.1), when ch(z) # p (resp. when
ch(z) = p). If r = 3, then the map cl’y"" in question is bijective by these facts. As for
the case r = 2, it remains to check that the E%3-terms of (7.1.3) are zero for a = 0 and
1, which is a consequence of Kato’s Hasse principle [KCT] p. 145, Corollary. O

Remark 7.2. If we assume the Beilinson-Soulé vanishing conjecture ([So3] p. 501, Con-
jecture) for points of X, then we would have

Hy (K(X),Z(r))  (m
0 (m

)

HI(X, Z(r) = { (1))

A

up to small torsion for any r = 2, by the same arguments as in the proof of Lemma 7.1 (1).
7.2. p-adic Abel-Jacobi mappings and finiteness results

Let 7 be an integer with r = 2. We define a p-adic cycle class map
I (X, Z(r) ® Zy, — H™(X, Zy(r))
as the projective limit with respect to n = 1 of the cycle class map

o™ H/;?(X, Z(r))/p" SN H/;?(X, An('r)) ¢ l‘v{m<)(7 (Sn('l"))

/p™

=3

R

See Lemma 7.1 (3) for the isomorphism cl’y"". Since Xz is a curve, H™ (X4, Zy(r)) is
torsion-free, and

HO(B, 5™ (X, Z,(r))) € H™ (X3¢, Zp(r))% =0 (7.2.1)

by Proposition 3.6 (1) and for the reason of weights. We define a p-adic Abel-Jacobi
mapping

ajy " Hyp (X, Z(r) ® Zp — H' (B, 5™ (X, Zy(r)))
as the map induced by clj" and an edge map of the spectral sequence (4.1.1):

B5" = HY(B.9"(X,Z,(r) = H*"'(X.Z,(r)). (722)
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We first observe the following straight-forward remarks:

Proposition 7.3. Let m and r be integers with v = 2 and (m,r) # (5,2). Assume that
p 2 3 or B(R) = 0. Then the following five conditions are equivalent to one another:

(i
(ii

) ajy"" has finite cokernel.
)
(iii) el"" is surjective.
)
)

cly"" has finite cokernel.
P

H7TN X, Z(r)){p} is finite.

H X, Z(r))p-piv s uniquely p-divisible.

(iv

(v
Moreover if m < 1, these conditions are equivalent to
(i) ajp"" is surjective.

Proof. The term E5™ of (7.2.2) is finite for any a = 2 by Theorems 6.1 (1) and 6.6,
which shows (iii) = (i). The assertion (i) = (ii) is a consequence of the following fact (a),
and the assertion (ii) = (iii) is a consequence of the fact (b) below, where T, denotes the
p-Tate module:

(a) The canonical map
H™(X, Zy(r)) — H'(B, 9™ (X, Zy(r)))

has finite kernel by Theorem 6.6.
(b) By taking the projective limit with respect to n 2 1 of the short exact sequence of
Lemma 7.1(3), we have Coker(cl)"") = T,(H ™ (X, Z(r))), which are torsion-free.

We next prove (iii) < (iv). Indeed, by taking the inductive limit with respect to n = 1
of the short exact sequence of Lemma 7.1 (3), we get an exact sequence

0— HJ(X,Z(r) @ Qp/Z, - H™(X,Qp/Zy(r)) — HJ/["“(X,Z(T)){p} —0, (7.2.3)

which imply that H ™' (X, Z(r)){p} is cofinitely generated over Z,, see Theorem 4.2 (2).
Hence

(i) & T, (HT (X Z(r) =0 < (iv).

The assertion (iv) = (v) is obvious, and the assertion (v) = (iv) also follows from the fact
that H " (X,Z(r)){p} is cofinitely generated over Z,. Finally, if m < 1, the canonical
map in (a) is bijective by (7.2.1), which shows that (iii) is equivalent to (i'). O

The following lemma will be useful in what follows.
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Lemma 7.4. Assume that p =2 3 or B(R) = (. Then:

(1) cly"" ids injective for any m € Z and r = 2.

(2) We have H®(X,%,(2)) & A, for anyn =1, and H™(X,%,,(r)) = 0 for any m =5,
r=22andn 21 with (m,r) # (5,2).

Proof. The assertion (1) follows from Lemma 7.1 (1) and (3). The assertions in (2) follow
from the duality (see Corollary 2.11(2), (3.1.2))

H™(X,T,(r) = H™(X,%,(2 —7))".
The details are straight-forward and left to the reader. O
The following result gives an extension of the vanishing assertion in Lemma 7.1 (1):
Proposition 7.5. Assume that p 2 3 or B(R) = 0. Then
Hy(X, Z(){p}, HZ(X.Z(r))®Z, and H™(X,Zy(r))

are zero for any m 2 5 and r 2 3. In particular, Hy (X, Z(r)) is uniquely p-divisible for
the same (m,r).

Proof. We have H™(X,Z,(r)) = 0 by Lemma 7.4(2), so HZ(X,Z(r))®Z, = 0 by
Lemma 7.4 (1). To show that H'}}(X,Z(r)){p} = 0, we use the surjectivity of the bound-

ary map

H™ X, Qp/Zy(r)) — Hy (X, Z(r)){p}
of (7.2.3). By Lemma 7.4(2), we have H"*(X,Q,/Z,(r)) = 0 for any m = 6, which
implies that H}(X,Z(r)){p} is zero for any m = 6. As for the case m = 5, we have

H*(X,Q,/Z,(r)) = 0. Indeed, it is finite by Corollary 6.7, and p-divisible by the exact
sequence (see Proposition 2.5)

s BY(X,Qp/Zy(r)) =B BHY(X,Qp/Zy(r)) — H*(X,Ta(r)) — -+
and Lemma 7.4 (2). Thus H5, (X, Z(r)){p} is zero. O
Proposition 7.6. Assume that p =2 3 or B(R) = 0. Then for any v = 3, we have

Hy (X, Z(r){p} = Hy (X, Z(r) © L, % HY(X, Z, (1)),

which are all finite.
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Proof. The cycle class map clf,’r is injective by Lemma 7.4 (1), and surjective by Propo-
sition 7.3 (iv) = (iii) and the vanishing of H5,(X, Z(r)){p} in Proposition 7.5. The finite-
ness of H*(X,Z,(r)) follows from Corollary 6.7.

We next prove that H%, (X, Z(r)){p} is finite. By Proposition 7.3 (i) = (iv), it is enough
to check that the map

ajy” Hy (X, Z(r) ® Zp — H'(B, (X, Zy(r))) = H'(B[p~*], Zy(r — 1))

has finite cokernel, where the last isomorphism follows from Proposition 3.4(2) and
Lemma 2.1(2) for B. Take a finite morphism f : B’ — X such that B’ is regular 1-
dimensional, and such that the composite g : B’ —+ X — B is finite flat. To check the
finiteness of Coker(ajz’T), we construct a Chern character (7.2.6) below, using the fact
due to Quillen ([Q1] Theorem 8) that the algebraic K-group K;(k) of a finite field k is
finite for any ¢« = 1. By this fact and the localization sequence of algebraic K-groups
([Q2] p. 113, Corollary of Theorem 5), we have

K,(BYoQ=2K;(L)®Q for any 722, (7.2.4)
where L denotes the function field of B’. On the other hand, the Chern character

chiy  Ki(F)® Q — P HY (F.2(j)) @ Q

320

is bijective for any field F' by Bloch [B2] Theorem 9.1. Applying this fact to the closed
points of B’ and Levine’s localization [Le] Theorem 1.7 to B’, we obtain

H (B Z()®Q= Hy (L, Z(j)) ®Q  for any i=2. (7.2.5)
By (7.2.4) and (7.2.5), the Chern character Chiférf‘g defines a Chern character

chifp s Kor 3(B)®Q — HYy (B, Z(r—1))®Q  (r23), (7.2.6)
which fits into the following commutative diagram:

Kar—3(B') @ Qp
pétr—1

c
B’,2r—3
M, r—1 . ’
ChB’, 27_3®1de \L \

Hy (B, Z(r —1)) @ Qy ——= H'(B'[p™"],Qp(r - 1))

H(X,Z(r)) ® Q, —— HY(B[p~1],Q,(r — 1)).

Here ch%?é’réﬁg denotes the étale Chern character, and the middle and the bottom hori-

zontal arrows are the Q,-linear extension of the following composite maps, respectively:
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1,r—1

HY(B',Z(r —1)) — H, (B, Z(r —1))®Z, d”—> HY(B'p™',Z,(r — 1))
HY (X, Z(r)) — BY(X2(r) B2, s H' (Blp ), Zy(r — 1)).

The arrow g, is surjective by a standard norm argument. Now the finiteness of
Coker(ajy") in question follows from the surjectivity of chéBt};;£3 ([Sol] Theorem 1,
[Ka] Theorem 5.3). Thus H%,(X,Z(r)){p} is finite.

Finally, the natural map H% (X, Z(r)){p} — H%(X,Z(r))®Z, is injective by the
finiteness of H7, (X, Z(r)){p}. To show the surjectivity of this map, consider the following
commutative triangle:

H3 (X, Qp/Z,(r)) —= HY(X,Z(r)){p}

cldr |tors
5 l ?

HY(X, Zy(r)),

where the arrow § denotes the boundary map of (7.2.3), and the arrow §’ denotes the
boundary map of the long exact sequence obtained from Proposition 2.5

e HY(X, Q) = HA(X, Qp/Z (1) - HA(X, Z,y(r)) = HY(X,Qy(r)) = -+

The arrow clﬁ’r ltors means the restriction of clﬁ’r to H%,(X,Z(r)){p}. Since ¢ is surjective
by the finiteness of H*(X,Z,(r)), cl;l)’r|tors is surjective as well, which completes the
proof. O

The following corollary is a summary of known facts and our results on ch” and
ajm,r.
o

Corollary 7.7. Let r be an integer with v = 2, and assume that p = 3 or B(R) = (. Then:

(0) HR(X,Z(r)) is uniquely p-divisible for any m < 0 and any m 2 5, and zero for any
m>r+ 2.

T

1 . .. .
clp’r and ajzl,’ are injective.

clf’f is bijective, and ajf;’” has finite kernel and cokernel.

clz‘,”' is bijective, and H, (X, Z(r)){p} is finite. Moreover, we have H3, (X, Z(r)){p} =

HY(X,Z(r))®Z,, and aj;l;r is zero.

)

2) clff s injective, and ajf,’r has finite kernel.
)
)

Proof. The assertion (0) for m < 0 follows from Lemmas 7.1 (3) (for m < 0) and 7.4 (1)
(for m = 0) and the vanishing of H™(X,%,(r)) for m < 0 and H°(X,Z,(r)). See
Lemma 7.1 (1) and Proposition 7.5 for the other claims in (0). The injectivity of cl;"" in
(1)-(4) is nothing other than Lemma 7.4 (1), and the finiteness of Ker(aj;"") in (2)-(4)
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follows from (a) in the proof of Proposition 7.3. The injectivity of ajll;r in (1) is that
of clzl,’r. By Proposition 7.3, the surjectivity of cl;”" and the finiteness of Coker(aj,"")
are both equivalent to the finiteness of H) ™ (X, Z(r)){p}. This last finiteness for the
case m = 4 has been mentioned in (0); the case (m,r) = (3,2) is due to Bloch [B1],
Kato-Saito [KSal, see also Lemma 7.1 (2); the case m = 3 and r 2 3 is a consequence of
Proposition 7.6. Finally, ajy" is zero for any r 2 2, because H'(B, (X, Z,(r))) = 0 by
(3.1.4). O

7.3. p-Tate-Shafarevich groups
Let r be an integer with r = 2. We put T™ := H™ (X, Z,), V™ :=T™ ®z, Q, and

1 m g K,Tm@)(@p Zpr
(K. T © Qu/2,(r)) = i = (K,/me))) |

Note that T ®Q,,/Z, = H™ (X%, Qp/Z)p), because X is a curve by assumption. Let P
(resp. Py,) be the set of all places of K (resp. all infinite places of K). We often identify
a finite place of K with a closed point of B. For each v € P, we put

_ H' (K, T™ @ Qp/Zy(r))
Image of H(K,,V™(r))

H/lf(KvaTm ® Qp/Zy(r)) :

where H}(KU, V™ (r)) means zero for any v € Py. This group for v € By has been used
in the proof of Theorem 6.6. For m = 0 and r 2 2 with (m,r) # (2,2), the natural map

™" H/1f<Ka T ®Qp/Zy(r)) — @ H/;(KvaTm ® Qp/Zp(r)) (7.3.1)
veEP

has finite kernel and cokernel, and we have
Coker(a™") 2 (T*™™ ® Q,/Z,(2 — 1)) %)* (7.3.2)

by [BK2] Proposition 5.14 (i), (ii). The p-Tate-Shafarevich group of the motive
H™(Xg)(r) is defined as Ker(a™") and often denoted by IILP) (H™ (X )(r)). We fix a
finite subset S’ C By containing all points of characteristic p and all points where X has
bad reduction.

Theorem 7.8. Assume that p = 3 or B(R) = 0, and assume further that H>,(X, Z(r)){p}
is finite. For each v € 8" and a = 2,3, we put

eﬁ’m’r = #HG(BM ~6m(Xv7 Z;D(T)))’

which is finite by Corollary 5.6(2). Then we have
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X(a1,2) _ X(aj?,’2) - #CHO(X){p} . H 63’1’2 63’0’2 (r _ 2)
@) = @) #Pcon | U g
x(al") X(ajz’T) 4 e2lr. e 0r. ¢3.2r
= — o #Hy (X, Z(r){p}- - (r23),
) X Xl I Grmar

where we put x(f) := #Coker(f)/#Ker(f) for a homomorphism f: M — N of abelian
groups with finite kernel and cokernel.

See Proposition 7.6 for the finiteness of H?%, (X, Z(r)){p}. The alternating products of
local terms e%™" will be computed in §8 below. To prove Theorem 7.8, we first prove
Lemma 7.9 below as a preparation, which relies on the assumption that d = 2. We put

HY (B, 5™ (X, Qp/Zy (1)) = Ifmgi?%%/vzi((:)))))

using Corollary 6.4. For each v € By, we put

1 m L HI(BU’ﬁm(X7QP/ZP(T)))
I{/f(BvafJ (XaQP/ZZD(T))) T Image of H}(K’me(r))

using Corollary 5.6 (1).
Lemma 7.9. There are canonical isomorphisms of finite p-groups

HJy (B, 5™ (X, Qp/Zy(r))) = HA(B, 5™ (X, Z,(1))), (7.3.3)
H?*(B, 5™ (X,Qp/Zp(r))) = H* (B, H™ (X, Zy(1))), (7.3.4)

for any m 2 0 and r 2 2. Similarly, there are canonical isomorphisms of finite p-groups

11

H} (By, ™ (X0, Qp/Zp (1)) 2 H*(By, 5™ (X, Zy (1)), (7.3.5)
HZ(vaﬁm(Xanp/Zz)(T))) = HB(vame(XvaZp(T))% (7.3.6)

foranym =0, r = 2 and v € By. Moreover, the groups in (7.3.5) and (7.3.6) are zero
for any v € By N\ 5.

Proof. We prove only (7.3.3) and (7.3.4), and omit the proof of (7.3.5) and (7.3.6).

We start with the following short exact sequence on Xg;, which is a simple case of
Proposition 2.5:

00— T (2—1)x 2 Tpan(2—1)x 25 Tn(2—1)x — 0.

Concerning this exact sequence of étale sheaves, we first prove the following claim:
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(&) The associated long exact sequence of higher direct image sheaves breaks up into
short exact sequences on By

0— RZ_mTFX/B*Tn/ (2 — T)X — RZ_mWX/B*(Zn/+n(2 — ’I“)X

— R " rxpTa(2—1r)x =0 form=0,1,2.

Proof of the claim (). We write &,, = S, o n for the sequence on B in the display,
and prove that &,, is exact for m = 0,1,2. We first note that S, is isomorphic to the
short exact sequence (of sheaves) on Bt

00— FT(2—1)5 = Twin(2— 1) 25 T2 —1)g — 0

by the connectedness of geometric fibers of 7 : X — B and the assumption that r > 2.
The stalks of the sheaves in &y at v € By are zero if ch(v) = p by [SGA4] X.5.2
(and those in &1 at v € By are zero if ch(v) = p and r > 2 by the proper base-
change theorem). Thus it remains to check that the stalk of Gy at T is exact for any
point x € B with ch(xz) # p. Indeed, if ch(x) # p, then one can check that the stalk
(R?7x/B+%n(2 — 1) x )7 is isomorphic to the direct sum of copies of A,(1 —r) over the
set of the irreducible components of X x g T, by taking a smooth dense open subset U
of X xp 7 and comparing the stalk in question with the cohomology of U with compact
support. This completes the proof of (&). O

We return to the proof of Lemma 7.9. From the short exact sequences in the claim
(&) for n,n’ = 1, one obtains distinguished triangles in D(Bg)

H"X, T (1)) — H™(X, T (1) — H™(X, T (1)) — H™(X, T (r) 1],

which yield the following long exact sequence by Proposition 4.1 and a standard argu-
ment:

o= HY(B,9™(X,Q,(r))) = HY(B,9™(X,Q,/Zy(r))) = H* (B, 9™(X, Zy(r)))
— HPY(B,H™(X,Qu(r))) — -+ - .

Now (7.3.4) follows from the finiteness of H*(B,$™(X,Q,/Z,(r))) (Theorem 6.6) and
the vanishing of H3(B,$H™(X,Q,(r))) (Theorem 6.1 (1)). Similarly, (7.3.3) follows from
Theorems 4.2 (2) and 6.1(2) and the vanishing of H?(B,$H™(X,Q,(r))). Finally, the
groups on the right hand side of (7.3.5) and (7.3.6) are zero for any v € By \ S’ by
Lemma 5.2. O

Proof of Theorem 7.8. The map cl;"" is bijective for m = 2 by the finiteness assump-
tion on H% (X, Z(r)){p} (see Proposition 7.3 (iv) = (iii)), and bijective for m = 3,4 by
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Corollary 7.7(3), (4). In particular for m = 2,3, the map aj,;»" is identified with the
canonical map

H™(X,Zy(r)) — H'(B.H" (X, Zy(r))).

We put e»™" = #HB,H™(X,Z,(r))) for each a =2 2, m =2 0 and r = 2 with
(a,m,r) # (3,2,2), which is finite by Theorems 6.1 (1) and 6.6. One can easily derive an
equality

x(ajf’;’") B 2.0, 2,20 o3,1,r
X(@jZ7) AT (X Z, (1))

for any r 2 2, from the spectral sequence (7.2.2) and the vanishing (7.2.1). Therefore by
Corollary 7.7 (4) and the isomorphisms

H(B.52(X,2,(2)) = H(B.Z,(1)) = Pie(Ox) © Ty = Pic(Ok ) {p}.

HY(B.9(X,Z,(r)) = H*(B,Z,(r—1))= H¥Bp"],Z,(r 1) =0  (r23)

we are reduced to showing that

eS,m,r e2,m,7‘

X(am,r) — X H % for v(m’r) ;é (272)’ r Z 2. (737)

2,m,r
e, e
veS’ v

To prove (7.3.7), we use the same notation as in the proof of Theorem 6.6, and consider
the following commutative diagram with exact rows for (m,r) # (2,2) with r = 2, where
the coefficients H™ (X, Q,/Z,(r)) in the upper row and H™(X,,Q,/Z,(r)) in the lower
row are omitted:

- (%)

):(B) > H},

(K) ——— P HI(B)

vEBy

5lz
D 1;(B.) —— D Hj(K.) — D H(B)
vE By vE DBy vE By

m,r

(%)

()

H%(B) H*(K)

& #3(B)

vEBg

B R él?

P rEB) —— @ HAK) —— ) HAB)

vEBy vEBy vE By
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In this diagram, the arrows § are bijective as explained in the proof of Theorem 6.6. The
arrow <y is bijective by the Hasse principle of Jannsen ([J] p. 337, Theorem 3 (d)) and
the fact that H™ (X%, Q,/Zy(r)) is divisible. From the above commutative diagram, we
obtain a six-term exact sequence

0 — Ker(a™") = Hjy(B,5"™(X, Qp/Zy(r)) = €D Hfy(Bo, 5™ (X0, Qp/Zy(r)))

— Coker(a™") = H*(B,H™(X,Qu/Zy(r))) = @D H*(By, 5™ (Xo, Qp/Zy(r))) — 0.
vE By

By Lemma 7.9, this sequence yields an exact sequence of the following from:

0 — Ker(a™") — H*(B, 9™ (X, Zy(r))) — € H*(Bu, ™ (X, Zy(1)))
vesS’

— Coker(a™") — H*(B,H™(X,Z,(r))) — @ H3(By, 9™(Xy, Zp(r))) — 0,
veS’

which implies the formula (7.3.7). O
8. Local terms and zeta values (d = 2)

In this section, we compute the local terms e2™" and e3™" that appear in The-
orem 7.8. The results in §§8.1-8.2 below were obtained in discussions with Takao
Yamazaki.

The setting and the notation remain as in §7. In particular, we assume d = 2. Put
T = H™( X%, Zp) and V™ := T™ @z Q,. We further fix the following notation. For a
finite place v of K, we write k,, (resp. Y, Yy) for the residue field at v (resp. X Qo kv,
X ®0y kv), and X, (resp. Xz) for X @0, O, (resp. X ®¢, O), where O,, (resp. Oh)
denotes the completion of Ok at v (resp. the strict henselization of O, at its maximal
ideal). We put g, := #k,.

8.1. Comparison with local points

We first show the following lemma, which refines the case of ¢ = 1 of Theorem 5.3
under the assumption that d = 2.

Lemma 8.1. We have
H'(By, 9" (X, Zp(r))) = Hy(K,, T™(r))

as subgroups of H'(K,,T™(r)), for any finite place v of K, m = 0 and r = 2.
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Proof. Consider a commutative diagram (see §5 for the definition of H/lf (K,,V™(r)))

HY(K,, 5™ (X, Z,(r))) ‘ H2(B,, 5™ (X,, Z,(r)))

lb

HY (K, T (1)) "= B (Ko, V() s H2 (By, 57Xy, Qp(r))),

where the arrows d and d’ are connecting maps of localization sequences of cohomology of
B,, and the existence and the injectivity of d’ is a consequence of Theorem 5.3 for ¢ = 1.
The arrow a is the natural map, and we have Ker(a) = H}(K,,T™(r)) by definition.
On the other hand, since H.(B,,$H™(X,,Z,(r))) = 0 by Proposition 3.6 (1), we have

Ker(d) = H'(By, 5™ (X0, Zy(r))).
Thus it remains to check that the arrow b is injective, which follows from the facts that
H2(By, 5™ (X, Zp(r))) = 0 if vlp and r =3 (Corollary 3.7(1))
and that otherwise
H2(By, 5™ (X, Zy(1)) = H (b, B (Yo, Qp/Zy (2= 1)) ([Ma] (2.4))
is torsion-free because dim(Y,) =1 and cd(k,) =1. O

The following corollary follows from Proposition 3.6 (1), Lemma 8.1 and a similar
argument as in the proof of Lemma 6.2:

Corollary 8.2. We have

H' (B, ™ (X, Zy(r))) = Hy(K,T™(r))
as subgroups of H(K,T™(r)), for any m = 0 and r = 2.
8.2. Comparison with zeta values of the fibers (the case vfp)

In this subsection, we always assume that v{p and r = 2. Note that H*(B,, H™(X,,
Z,(r))) is finite for any (a,m,r) by Theorems 4.2 (1) and 5.3, and zero unless a = 0, 1,2,3
and m = 0,1,2. We put
ey ™" = #H By, 9" ( Xy, Zp(1)))

v

for each (a,m,r). Note that ((Y,,r) is a non-zero rational number, since dim(Y;) = 1.

Let | |, be the p-adic absolute value on Q,, such that |p|, = p~.
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Lemma 8.3. We have

— a,m,r\(—=1)¢tm™
Yoyt = T (egmn DT,

(a,m)
where (a,m) on the right hand side runs through all pairs with0 < a <3 and 0 < m < 2.

Proof. Let G, be the absolute Galois group of k,, and let 7}, be a free Z,-module of
finite rank on which G, acts continuously and Z,-linearly. Let ¢, € G, be the arithmetic
Frobenius element, and assume that ¢, does not have eigenvalue 1 on T), ®z, Q. Then
it is well-known that

_ —1
#H' (ky, Tp) = |detq, (1 — ¢, ' | T, ®z, Qp)}p : (8.2.1)

Now let Fr, be the geometric Frobenius operator acting on H'(Yz, Q,). We have ¢, =
gy Fr;" on H'(Yy,Qy(r)), and

(Yo, )|, H |detq, (1 —q," - Fr, | H (Yy,Qp)) ’( b’ (trace formula [G], §2)
i20
= [T " (ko 1 (Y5, 2, () D (by (3:2.1))
i=0
DT #H (Ve Z, () (see below)
120
H (#H (X, Zy(r )))(’W (proper base change)
i>0
emT ( 1)atm )
H (spectral sequence (4.1.1))

as claimed, where the first equality is the trace formula in [G], §2 and the equality (x)
follows from the fact that H(Yz, Z,(r))% = 0 for any i = 0 (because dim(Y,) = 1 and
r=2). 0O

If X, is smooth over O, (and ufp), then one obtains easily from (8.2.1) that

r -1
#Hf(KU7T1 ‘detQ 1_q'u FI"U‘H ( i?QP)Hp

See also [BK2] Theorem 4.1 (i). The following theorem extends this fact to the general
vfp case (see also Lemma 5.2):
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Theorem 8.4. We have e»?" =1 for a = 2,3, and

#HYE, T ) lr eaor
I i C R A

Proof. We first show that 22" = 1 for a = 2, 3. Indeed, we have

H(By, $5*(Xy, Z (1)) Bg) H(By, Zp(r — 1)) = H*(v,Zp(r — 1)) =0

for any a 2 2. To prove the second assertion, we note the following facts:

(a) 2™ =1 for any m = 0, by Proposition 5.6(1), Theorem 5.5 and the fact that T™
is torsion-free.

(b) elmr = #H}(KU,Tm(r)) by Lemma §.1.

(c) ed®" =1 —gq;"[;" and el®" = [1—q} 7" |1, by (b) and [BK2] Theorem 4.1 (i).

v

Combining these facts with Lemma 8.3, we have

_ -
€Yo, ) (L —q, (1 —q,7)],

1,1,r 2,2,r 2,0,r 3,1,r
B . 1 elilr . 02,2, 20,7, 03,1,
*|(1*% T)(lfqu)|p ’ 170,: 1,2: 327 S,l,r g,O,r
ey e ey ey e

s
v v

(Lemma 8.3 and (a))

62,0,7" . eg,l,r

= #H; (Ko, TN (1) 51755, ((b), (c), eg®" = ep?" =1)
L. 30,
which shows the assertion. O
8.3. Comparison with zeta values of the fibers (the case v|p)

Let v be a finite place of K dividing p. We assume here that X, is smooth over O,.
For each m = 0,1, 2, we fix a Haar measure p' on HJ}(Xg,/K,) such that

/J:)n(HénR(Xv/Ov)) =1,

where H1j}; (X,/0,) denotes the (usual) algebraic de Rham cohomology of X,/0,. Via
the exponential isomorphism of Corollary 5.11:

exp : Hii (Xk, /Ky) — Hp(K,,V™(r)  (r=2),

we regard p;' as a Haar measure on H}(KU,V’”(T)). Let Ky = K, be the fraction
field of the Witt ring W := W(k,), and let o be the Frobenius automorphism of Kj.
Let | |, be the p-adic absolute value on Q such that |p|, = p~!. We prove here a p-adic
counterpart of Theorem 8.4 under some assumptions.
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Theorem 8.5. Assume that p —2 2 r 2 2 and that K,/Qy is unramified (i.e., X, is
smooth over Z,). Then we have e%*" =1 for a = 2,3, and

ub (H} (K, T (1))
JS R I a IO b |

where we put 2" = #H*(B,, 9" (X, Zy(r))) for a # 1.

To prove this theorem, we first show Lemma 8.6 below, which is a p-adic analogue
of Lemma 8.3 (compare with [FM] Proposition 5.10). For a continuous homomorphism
¢ : M — N of locally compact groups with finite kernel and with open image, and for a
Haar measure v on N, we define a Haar measure v/ on M by

V(2) =) v(é(Z:)

i=1

for any Borel subset Z C M, where Z = Z1 Il Zo 11 - - - 11 Z,. is a partition of Z by Borel
subsets 21, Zs, ..., Z, with each ¢
often denote it by v.

z, injective. We call v/ the measure induced by v and

Lemma 8.6. Under the same assumptions as in Theorem 8.5, we have

— a,m,r\(—1)%t™
Vo)t =TT (et

(a,m)

where (a,m) on the right hand side runs through all pairs with0 < a £ 3 and 0 £ m < 2;
we put

elmr .— ,LLT(Hl (By, 9™ (X, Zp(r))))

v

with p™ the measure on H*(B,,H™(X,Z,(r))) induced by that on H}(KU, Vm(r)).

Proof. We first note that €%™" = 1 for any m = 0, by Proposition 3.6 (1), Theorem 5.3
and the fact that H™ (X, Z,) is torsion-free. Hence there exists an edge map induced
by the spectral sequence (4.1.1)

Hm—H(va ZP(T)) — Hl(Bvaﬁm(Xv ZP(T)))v

which has finite kernel and cokernel by Theorem 5.3. Concerning the Haar measure pu"
on H™ (X, Z,(r)) induced by that on H'(B,,H™(X,Z,(r))), we have

[T s (H (X 2y () = T (om0

i20 (a,m)
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by the spectral sequence (4.1.1). It remains to show that

Yoyt = T b (X, Z,(r)) TV (8.3.1)
i20

By the assumption on O,, it is isomorphic to W := W (k,), the ring of Witt vectors
in k,. For each n 2 1, we put X,, := X, Qw W, and let S,(r)x, be the syntomic
complex associated with the smooth scheme X, over W = O,. Let p(r)Q% , (resp.
p(r)Q%, jw) be the subcomplex

d _ d _
p-Ox, —p" 1 .an/Wn (resp. p-Ox, —p" 1 ~Q§<U/W)

of the de Rham complex Q% - (resp. Q% /W). We note the following facts:

(a) There exists an isomorphism

(P(M) Q% jw,. ), [71] = (Sn(r)x,)n

for any v with 2 < r < p in the derived category of complexes of pro-sheaves on
(Yy)et by [BEK] Theorem 5.4.
(b) The Euler characteristic

XX, %, o /), ) = [ [ H#H (X0, %, jw /p(r) Q% )Y
i20

=[] #H (Y., Q% )0 0D
a.b)

agrees with |((Yy,r)|, " for any r = 2 ([Mi2] Theorem 0.1).

(¢) We have S, (r)x, = i*T,(r) in D(Yy, Ay) for any v withr <p—1 and anyn =1
([Ku] p. 275, Theorem), where i denotes the closed immersion Y, — X,.

By these facts, we have

C(Yo, )] = X(Xo, Ok, yw /P(1)2%, ) (by (b))

i (Hl (X, /W)
N%(Hl(Xva p(?‘) Q;(v/w))(il)l

i20
= [ (X p() 2%, ) (W (HiR (X, /W) = 1)
i20
=TT w7 (X, 2y () O (by (a), (¢)).

IV
o

Thus we obtain (8.3.1) and Lemma 8.6. O
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Proof of Theorem 8.5. We first show that e®?” = 1 for any a = 2. Indeed, we have

O (B, 52(X0, Zy(r)) | = HO(By, Z(r — 1))

If r = 2, then the last group is zero for any a 2 2 because H*(B,,, Gy,) = 0 for any a = 1.
On the other hand, if r 2 3, then by the Tate duality, we have

HY(By, Zy(r —1)) = H*(Ky, Zp(r — 1)) = HQia(va Qp/Zp(2 —1))",
which is zero for any a 2 2 by the assumptions on K, and p. Noting that

(at) e®" =[1—¢,"[,; " and ey®” = [1—q) 77|, by [BK2] Theorem 4.2 for V = Q,(r)
and Qp(r — 1), and again by the assumptions on K, and p,

one obtains the second assertion from the same computations as in Theorem 8.4. 0O
9. Global points and zeta values (d = 2)

The setting and the notation remain as in §7 (in particular, d = 2). Put T™ :=
H™( X4, Z,) and V™ := T™®z,Qp. In this section, we relate the formula in Theorem 7.8
with zeta values assuming Conjecture 9.1 below for the motives H™(Xk)(r) with m =
0,1,2, a weak version of p-Tamagawa number conjecture [BK2] §5. Let S’ be a finite set
of closed points of B containing all points of characteristic p, and all points where X has
bad reduction. For m = 0,1,2 and r = 2 with (m,r) # (2,2), we put

Le/(H™(Xg),r) =[] det(1—gqy" Fr,|V™)~".
vEBo\S’

This infinite product on the right hand side converges, because m — 2r < —3. Let Z
be the localization of Z at the prime ideal (p).

9.1. p-Tamagawa number conjecture

Conjecture 9.1 (Bloch-Kato). For any m = 0,1,2 and r = 2 with (m,r) # (2,2), there
exists a finite-dimensional Q-subspace ™" = " of the Q-vector space

Hp N Xk, Q(r)z == Im(H (X, Q(r)) = Hp ™ (Xk,Q(r)))
satisfying the following conditions (i) and (ii):
(i) The p-adic Abel-Jacobi map

Hy ™ Xk, Q(r)) — H'(K,V™(r))
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induces an isomorphism " @ Q) = H} (K,V™(r)), and Beilinson’s regulator map
to the real Deligne cohomology

Hp M ( Xk, Q(r) — HptH (X)r,R(r))

induces an isomorphism ®™" @ R = HP (X g, R(r)).
We define Apt"(K), the group of p-global points as the pull-back of ®™" under the
natural map

Hy(K,T™(r)) — H}(K,V™(r)) 2 ™" @ Q,,

which is a finitely generated Z(,)-module. We further fiz an Og-lattice L™ of the
de Rham cohomology Hiy (X /K), and define a number Ry € R* /Z(, to be the

volume of the space
HgH(X/R, Zp(r))/Image of A;"’T(K)

with respect to L™. See Remark 9.2(1) below for an explicit description of the
Deligne cohomology Hg“(X/R,Z(p)(r)). On the other hand, for each v € By we
put

APVT(EK) = H (K, T (r),
which we call the group of p-local points at v. Then we have

Lo (H™(Xg),r) = x(@™") "Ry [ wy'(Ap7(K,)  mod Z(), (9.1.1)
veS’

where pl™* for vfp means the cardinality, and pl* for v|p denotes the Haar measure on
AT (K) constructed from that on Hig (Xk, /Ky) such that py' (L™ @0, Oy) = 1;
see (7.3.1) for the map ™.

Remark 9.2.

(1)

(2)

The map AJ""(K) — Hg“(X/R, Zpy(r)) induced by the regulator map is injective,
by the condition (i) for ®™" and [BK2] Lemma 5.10. Here

H7(X/Z) ® C >+
)

m—+1 _

sing

for any m = 0,1,2 and r = 2, by definition.
The product on the right hand side of (9.1.1) is independent of the choice of L™.
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(3) Conjecture 9.1 for m = 0 (resp. m = 2) implies that

Ck(r) = X(ao’r)_l -Rg;r (resp. (k(r—1) = X(a07r_1)_1 -R%Tﬁl)

modulo Z(Xp ) ifr = 2 (resp. r 2 3) and p is unramified in K. Here we have used the
fact (c) in the proof of Theorem 8.4 for all vfp belonging to S’, and the fact (a™) in
the proof of Theorem 8.5. See also [FM] §5.8.3.
(4) We have R7"" =1 for any m = 3, because H’g“(X/R, Zp)(r)) is zero for such m’s.
(5) If (m,r) = (2,2), there exists a Q-subspace %2 of HY,(Xg, Q(2))z which is isomor-
phic to HY, (B, Q(1)) under the push-forward map

Hy (X, Q(2)) — Hy (Spec(K),Q(1)) 2 K* @ Q.
Indeed, by a standard norm argument, the push-forward map
Hy(X,Q(2)) — Hy(B,Q(1)) 2 O ®Q

is surjective, and there is a Q-subspace ®22 C H?,(X,Q(2)) which maps bijectively
onto H!,(B,Q(1)). One can define a desired space ®*? by

22 .= Tm(9>? - H%(Xk,Q(2))).
By this construction of ®22, we have
2 ® Q, = Hy(K,V?(2)) (= Hj(K,Qp(1))).

See also Corollary 7.7 (3). For (m,r) = (2,2), we will use the classical class number
formula instead of (9.1.1), later in Theorem 9.6 below.

Proposition 9.3. Let r be an integer, and let p be a prime number. Assume all the fol-
lowing conditions:

i)p—22r=2.
(ii) For any v € By dividing p, v is absolutely unramified and X has good reduction at
.
(iii) Conjecture 9.1 holds for m = 0,1 (resp. m = 0,1,2), if r =2 (resp. r = 3).

Then the equivalent conditions (i)—(v) of Proposition 7.3 are satisfied for m = 1,2 (resp.
m=1,2,3), if r =2 (resp. if r = 3). Moreover, we have

x(aj>?) - #CHo(X) - Ry
x(ai2?) - #Pic(Ok) - Ry’

RSQS ((X,s) = Rflﬁ‘, Cr(s)- mod Z(Xp) (r=2)
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x(aiy”) #HY (X 20} Ry Ry

((X,r)= ' - >
X(aJIQ),r) . Rg (p)

Proof. The first assertion is obvious. For any r = 2, we have

fim — S8 1 I C(Yo,m)
S ()= 1) Le(H (X)) AL T—q) 1—q )

| [, Y
- Rl,r 1 Al,r K 2,1,r 3,0,r (p)
[} veS’ :u"U( 4 ( U)) veS’ €y =
- X(alﬂ‘) H 612),0,7‘ A eg,l,r
R(lﬁr s 612),1,7‘ . eg,O,r

by the assumptions (i)—(iii) for m = 1 and Theorems 8.4 and 8.5 (see Remark 9.2 (2)).
Hence for » = 2, we have

RO’2 ~X(a1’2) €202, ¢3,1,2
Res ¢(X,s) = Res (x(s) —= . < - mod Z
s=2 (X, ) s=1 (s) X(a0,2).R(11;2 Ug/ e 12 . 3,02 (p)

X(aj3?) - #CHo (X) - R
X (aj2?) - #Pic(Ok) - Ry’

= §ep o)

by the assumption (iii) for m = 0 and Theorem 7.8. See also Remark 9.2 (3). Similarly
for any r 2 3, we have

0,7 1,r 2,7 2,0,r . ,3,1,r
R<I> i X(Oé ) i R<P . H €y =
2,1,r  3,0,r

X,r) =
CT) = ) R X0

X
mod Z »)

veS’ €y * €y

x(ais") - # 1Y (X Z(r) (v} - By - Ry
x(aj2") - Rg"

as claimed. O
9.2. Zeta value formula without étale cohomology

Let p be an arbitrary prime number. Assuming Conjecture 9.1 for p, we define a
number Ry = Ryt € R*/Z) (m 2 0, 7 2 2) as follows. We first take the inverse

image Z;’”” of A7*"(K) under the composite map
Hyp P X, Z(r) @ Ly — Hy P (XK, Z(r) @ Ly — H' (K, T™(r)),

where for (m,r) = (2,2), A2?(K) is considered with respect to ®** constructed in
Remark 9.2 (5). Since A7 (K) is finitely generated over Z,), the canonical map ﬁ;’” —
Apv"(K) induces a homomorphism
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T AT = AT (AT s AT (K.

Here ‘Div’ means the maximal divisible subgroup. This map fits into a commutative

diagram
_ m,r a nL+1 T
AT R Ly H (X, 2(r) B 2, ——= HY(B, 5™(X,Z,(r))) (9.2.1)
A (K) @ Zy, = HY(K, T™(r

where ™" denotes the natural map. See Corollary 8.2 for the right vertical equality.

Lemma 9.4. Assume that p 2 3 or B(R) = 0, and that Conjecture 9.1 holds. Then ~™"
and c™" have finite cokernel for any m 20 and r = 2.

Proof. Coker(c™") is finite, because it is finitely generated over Z,) and torsion by
the definition of Xz“’ (essentially by Conjecture 9.1). The map 7™ has finite cokernel
as well, because ¢"™" ® idz, has finite cokernel and aj;”'H”" has finite kernel by Corol-
lary 7.7. O

By the finiteness of Coker(c¢™"), we define R € RX/Z(XP) to be the volume of the
space

HZ N (X/R, Zy)(r))/Image of A" (for (m,r) # (2,2))
H%,(X/r. Z,)(2))/Image of A2? (for (m,7) = (2,2))

with respect to L™ that we fixed in Conjecture 9.1, where H 5(X/R, Z(p)(2)) denotes the
kernel of the canonical trace map

tr: Hy(X/r, Zp)(2)) — R.
We have R)"" =1 for any m = 3 by definition.
Proposition 9.5. If p = 3 or B(R) = (), then " is bijective for any r > 2.
Proof. Since 7% = 0, we have A3"(K) = 0 and
A7 = HY(X.Z(r) @ L (Y (X, Z(r)) @ iy )
by definition. Since H%, (X, Z(r)){p} is finite by Corollary 7.7 (4), the natural maps

Hy (X, Z(r){p} — A3" — Hy (X, Z(r)) S L,



230 K. Sato / Journal of Number Theory 227 (2021) 166—234

are injective, and moreover bijective by Corollary 7.7 (4), which shows the assertion. O
Theorem 9.6. Under the same assumptions as in Proposition 9.3, assume further that
(iv) ™" of (9.2.1) is bijective for any m =0,1,2.

Then ¢™" has finite kernel for any m = 0,1,2,3, and we have

3 BT (1™
where (*(X,r) denotes 5:625 C(X,s) (resp. C(X,7)) if r =2 (resp. r 2 3).
Remark 9.7. A stronger version of Conjecture 9.1 asserts that
(hl) The Q-space ™" agrees with H/;[”H(XK, Q(r))z for any m=0,1,2 and r = 2.

The above condition (iv) holds true, under this stronger hypothesis and the following
variant of Bass’ conjecture (cf. [Bal):

(h2) H7 (X, Z(r)) is finitely generated for any m = 0,1,2 and r = 2.

Under the hypotheses (hl) and (h2), Ker(¢™") agrees with the p-primary torsion part
of the kernel of the regulator map

regy UL HYYN(XZ(r)) — Hy T (XR, Z(1))
by Remark 9.2 (1), and R}, is exactly the volume of its cokernel (modulo Z (Xp ))-

Proof of Theorem 9.6. The hypothesis (iv) and Proposition 9.5 imply that ™" is injec-
tive for m = 0, 1, 2, 3. Hence the finiteness of ker(aj;,"+1’r) (see Corollary 7.7) implies that
™" @id in (9.2.1) has finite kernel. Thus ¢"™" has finite kernel, because Z,, is faithfully
flat over Z,).

We rewrite the number on the right hand side in the formulas in Proposition 9.3. By

the classical class number formula, we have
Rfls Ck (s) = vol(Coker(p)) - #Pic(Ok),

where ¢ = pi denotes the regulator map to (the reduced part of) the integral Deligne
cohomology

0: 0% — HY(B/r, Z(1)) := Ker(tr : H,(B/g,Z(1)) — R)
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and the volume of Coker(p) has been taken with respect to Ox C K = HYy (Spec(K)/K)
(note that o is injective). To prove the formula in Theorem 9.6, it remains to check

Ry! (m =0)
x(ajp") - Ry" (m=1)

m,r aj>?) - vol(Coker m,r) = (2,2

R i
(# CHo(X){p})~* ((m,r) = (3,2))
(#Hy (X, Z(r){p}) " (m=3,r23)
We have
Ker(aj"") = Ker(c™") and Coker(ajp") & Coker(c™") (9.2.3)

for any (m,r) by the diagram (9.2.1), the hypothesis (iv) and Proposition 9.5. This
fact implies (9.2.2) for m = 0,1,2 with (m,r) # (2,2). See also Proposition 7.3 and
Corollary 7.7 (1) for the fact that x(aj,”) = #Ker(c"") = 1. The formula (9.2.2) for

m = 3 follows from (9.2.3) and the fact that Rj;"" = 1 for m = 3. Finally, noting that
2,2

~v** is bijective by assumption, consider the diagram (9.2.1) for (m,r) = (2,2):
A2.2 reid o ~ x
As* @ Ly A (K) @ 7Ly == Og ® L,
ajj?l ! 2
HY(B,$9%(X, 2,(2))) === H}(K,T*(2)) == H}(K,Z,(1)),

which shows (9.2.2) for (m,r) = (2,2). This completes the proof. O
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