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REPRESENTATIONS OF INTEGERS BY CERTAIN 2k-ARY QUADRATIC
FORMS

DONGXI YE

Dedicated to my newborn nephew Haolin Li

ABSTRACT. Suppose k is a positive integer. In this work, we establish formulas for for the number
of representations of integers by the quadratic forms

ﬁ+...+xi+m(xi+1+~~'+93gk-)
for m € {2,4}.

1. INTRODUCTION

In the long history of number theory, one of the classical problems is to give an explicit formula
for the number of ways that one can express a positive integer n as a sum of 2k squares, that is,
the number of integral solutions of

T wy et w2 =,
which we denote by Ry(n). It is known from the theory of modular forms that in general,
Ri(n) = Ag(n) + Ex(n)

where Ag(n) is a divisor function and & (n) is a function of order substantially lower than that of
Ag(n). Formulas for R (n) in this fashion have been found and studied by various mathematicians.
For k = 1, 2, 3 and 4, i.e., sums of 2, 4, 6 and 8 squares, (reformulated) formulas for Ry(n) are
originally due to Jacobi [16],

—4
(1.1) Ri(n) = 4% <7> ,
(1.2) Ro(n) =8) d—32) d,
dn e

(1.3) Ra(n) = -4 (_d4> d* + 16% (JZ) %,

din
(1.4) Ra(n) =16 d*—32) d*+256) d*
dln d|5 dl

where, here and throughout this work, (—) denotes the Kronecker symbol. The result for k£ = 5, i.e.,
sum of 10 squares, was due (without proof) in part to Eisenstein [12], and fully described (without
proof) by Liouville [19]. The results for 1 < k < 9 were all proved by Glaisher [13]. In around
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1916, this classical problem was “completely” solved (without proof) by Ramanujan [28], [29, Eqs.
(145)—(147)]. To state Ramanujan’s result, we need the well-known Dedekind eta function

) =g [ -¢)
j=1

where, here and throughout this paper, 7 denotes a complex number with positive imaginary part
and ¢ = €*™". For brevity, throughout this work, we write n,, for n(m) for any positive integer
m. In addition, we define yp(-) to be the Kronecker symbol (£), and define oy (n), o p(n) and

Ug,XD (n) to be the divisor functions
— Z d*,
din
oFn () = 2 xp(d)d",
dn
oo (M) = D X0 (n/d)d"
din

with the convention that they are defined to be 0 if n is not a positive integer. Now we reformulate
and summarize Ramanujan’s result in Theorem 1.1 below.

Theorem 1.1 (Ramanujan). Suppose k is a positive integer. Then there are unique rational
numbers c; . depending on j and k such that

Ri(n)
—1)k/2 _ _1\k/2 k
2k (0o () = (0 )P/ + P/
Bk —1—|—2k
- o n)+ (=1 (k:—l)/22k—1007 n/4
- 2k k 17x_4( ) ( ) k 17X—4( / ) ka is odd
Bk74 1+5k,1

+ > crajr(n)

1<j<(k—1)/4

where, here and throughout this paper, J.. denotes the Kronecker delta, By, is the kth ordinary
Bernoulli number, By, 4 is the kth generalized Bernoulli number of order 4 defined via

ZX4 )elt = ZBn4

and the numbers aj(n) are defined via

10k 245
Z a;, K(n 2 % (77173:;) _
()™ 0y

Theorem 1.1 was proved first by Mordell [23] utilizing the theory of modular forms. An elemen-
tary proof was given by Cooper in [10] by making skillful use of Ramanujan’s 11); formula.

In recent work [11], Cooper, Kane and the author extended Ramanujan’s results and determined
equivalently the number of integral solutions of

i+ tap+p(ai o +Has,) =n
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for p € {3,7,11,23} along the “divisor function + lower order term” fashion. Motivated by the
work of Ramanujan, and Cooper et al., in this work we aim to establish analogous formulas for the
number of representations of integers by the quadratic forms

o+ A m (e + oo+ k)

for m € {2,4}.

This work is organized as follows. In Section 2, we state our main results, and as illustrations,
we also present some examples that follow from the general case we obtain. Proofs will be given
in Section 3. In the last section, we conclude this work with some remarks, which explain the
existence of these Ramanujan-Mordell type formulas.

2. STATEMENT OF RESULTS
Let us denote by 7(1¥mF¥;n) the number of integral solutions of the equation
x%—l—---—l—mz—i—m(mzﬂ—|—~~~+x§k) =n.
The main results of this work are summarized in the following theorem.

Theorem 2.1. Suppose k is a positive integer.
(1) Let ¢y be defined by

k=2  rq. s
5= if k is even.

k=1 pqp. s
fy = {T if k is odd,

Then there are unique rational numbers c; 2 depending on j and k such that

r(1%2k; n)
207° n) + 2(—8 (k_l)/Qa(); n
o k k I,X,Q( ) ( ) k 1,)(,2( ) ’Lfk is 0dd,
By 1+ 051
- k k k k
130, (=130t () — 255, 4 (2 830, 1 (2
Kk (=D20k-1(n) — ( )QUkk 1(5) 2041 () + 82031 (§) if k is even
By, 22712k — 1)

12
+ Z Cj k205 k2 (TL)
j=1

where X2, ox(n), o33, _,(n) and 02%72 (n) are as defined in Section 1, and Byg is the kth
generalized Bernoulli of order 8 defined via

o0

S tn
. it
egt 1 E X*Q(J)e] - E Bn,Bm;
=1

n=0

and the numbers ajj 2(n) are given by

(1ama)?" (nms > 8

o0
ajr2(n)g" = X
T;) ! (1) 11274

(2) Let £y be defined by
[ {k — 92 ifk is odd,
k—1 ifk is even.
Then there are unique rational numbers c; 4 depending on j and k such that

r(1k4k;n)



+

203 (n) — 205° (3) + do5° (%) =1,

k+1 k+1
—1) = o2 — (=) 7o (5)+20°, (%
k (=1) 1) —(=1) k1(2) k1(4) if k>3 and k is odd,

CBra | —(-1)Fop () + 2600 (3) - 26100 (%)
k (—1)3%71(71) - (—1)201%1 (2) — 2%0p1 (%) + 4Fop1 (%) e
B ( 21(2k — 1) if k is even
ly
> Cikaa;ra(n)
j=1

where the divisor functions oy (n), 072, (n) and oy v_4(n) are as defined in Section 1, and
the numbers aj i 4(n) are given by

ia‘kA n)q" = (r2)”" X (mane)
o (mngme)?* (112m8)%9

For k =1, 2, 3 or 4, Theorem 2.1 gives the following analogues of (1.1)—(1.4).

(2.1)

(2.2)

(2.3)

oo (7).
- ()5 (7) 42 )

r(1222n _4Zd 4Zd+82d 322d
d|z
(1242 _QZd—22d+8zd 322d+2a124
2 dl 7
r(1323;n)=—§Z(d>d2 162:(_/Qd>d2+4a132()

dln

(1343 n _—2Z< >d2+22< >d2 42( >
+2Z< ) Z( /§d>d2+6 Z( /:d>d + 6a1.3.4(n),

dlg
r(1*2%n —4Zd3 4y d*—16 d*+ 64> d® +4araa(n
dz 4z 4z
444 Z a3 — Z d®—16 Z d? + 256 Z d3 + Tay A, 4 — 12a27474(n).
dn d|z

The formula (2.1) was proved by Shen [31]. The formula (2.2) was due in part to Ramanujan [7,
Entry 25(i), (iii), p. 40], [8, Entry 18, p. 152]. The formulas (2.3) and (2.4) were stated without
proof by Liouville [20, 21] and proved by Pepin [26, 27], Bachmann [6], and Alaca et al. [1] . The
formulas (2.5), and (2.6)—(2.8) are due to Alaca et al. [2] and Alaca et al. [3, 4, 5], respectively.
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Now if we consider the generating function of r(1¥m”*; n), we note that

oo

> r(FmFin)g" = (6(7)0(m))"

n=0
where 0(7) is Ramanujan’s theta function defined by

oo

5

2
(2.9) or)= Y ¢ =—=%
n=—o0 My

where the n-quotient representation after the second equality is due to Jacobi [16]. In view of that

r(1Fm¥; n) is the nth Fourier coefficient of (A(7)f(m))* and the 5-quotient representation (2.9),
Theorem 2.1 is equivalent to the following theorem.

Theorem 2.2. Suppose k is a positive integer. Let Ey(7) be the normalized Eisenstein series of
weight k on SLy(Z) defined by

2k &
Ek(T) =1- B_k Zak_l(n)q”.

n=1

(1) Let Uy be as defined in Theorem 2.1(1). Let Fy,o(T) be defined by

B () + (=8) " DR (1)

535 if k is odd,
Fo(r) = k k’lk k 2
’ —1)2FE — (—1)2 Ex(27) — 22 B (4 2 F
(DI = (DEBCH = AR 18I B
25 (2 — 1)
where EpS, (1) and Elg,x-z(T) are Eisenstein series of weight k on I'o(8) with character

X—2 defined by

(1) = 1= = D o (m)e”
k, n=1
and
2k
E21X*2(7) = 6k71 - B— O-I?:fl,x,g(n)qn?
" n=1

and let xo = xo(T) be defined by

8
)= ()

Then there are unique rational numbers c; 2 depending on j and k such that
Lo )
(2.10) (0(1)0(27)" = Fra(r) + (0(1)0(27)" >~ ¢j k273,
j=1
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(2) Let £y be as defined in Theorem 2.1(2). Let Fy, 4(T) be defined by

5 (BiSu(r) = BiS, (2r) + 255, (47)) k=1,
(—DlE,‘;O () = () ES(2r) +2E7(47)

1
F ={5 . if k > 3 and is odd,
ka(T) 2 k —(— 1) kx 2(7.) 4 k= 1E2X 2(27.) 92k— 1E2X 2(47_)
(=1)2 By (1) — (—1)3 i (27) — 2 By(87) + 4¥ By (167) —_
2R (2F — 1) if k is even,

where EpS (1) and E,SX ,(7) are Eisenstein series of weight k on I'g(4) with character
X—4 defined by

o

B (D)=L= > oy ()"
A =1
and
B () = Gt~ S o ()
A =1
and let x4 = x4(T) be defined by
) = me)t
127)8)

Then there are unique rational numbers c; 4 depending on j and k such that
Uy
(2.11) (O(1)0(47))" = Fra(r) + (0(1)0(47)" >~ ¢ kam).
j=1

3. PROOF OF RESULTS

This section is devoted to proving Theorem 2.2. The proof hinges on the following preliminary
results.

Lemma 3.1. Let Ey(7), EpS, (7)), EISX (T ) B, (1) and E,SX ,(7) be as defined in Theorem

2.2. Then under the transformation ™ — 7 + 5, the following identities hold.

When k is even,

Ej, <7‘ + %) = —Ej(7) + (2F + 2) By, (27) — 2" By (47);
when k is odd,
BY_ <T + ;) = —ER_(r)+ 2B, (27),
E,(;Xi? <T + %) =— ,gx (1) + 2kE2x ,(27),
E,C:’X_4 <T + %) = E,C;OX_4 (1) + 2E§§?X_4(27')7
E,gxi4 (7’ + %) =— 18»(74(7) + 2kE2’X74(2T)



Proof. The proofs are similar to that of [11, Lemma 3.2], so we omit the details. O

Lemma 3.2. Let ord.(f) denote the order of vanishing of f(7) at z. Let Fj,2(T) and Fj, 4(T) be as
defined in Theorem 2.2. Then we have

L ifk is odd
3.1 d F _J)2 Zf f
(3.1) ordy /s (F.2) {1 if k is even,

2 if k is odd
3.2 d Fit) = ’
(3.2) or 1/2( k,4) {1 if k is even.

Proof. By the well-known transformation formulas for Let Ey(7), EFS, ,(7) and E? o (T); seee.g.,

[17] and [30, pp. 79-83], and Lemma 3.1, we can deduce that for k odd,

. B 10
o+ cotee, o) (5 )
1 -1 1 -1
= (2 1 —k E® - _8 (k—l)/2E0 .
@r+1) [ k’X_2<2+4T+2>+( ) kx (37 412
-1 -1
—@r+ )M —BE  (—— ) +2ER,
@r+1) { hx-2 <4T+2> T3k <2r+ 1)
+(—8)k-D/2 [ _po it R BHPYIOY it
Px-2 \4r +2 Px—2\2r +1
2k T o1 2 o T 1
= g7z Pk <§ + 1) ~ gz Phoxs (1 + g)

g2 (=g)k-b2 T 1 w [T 1
e () - (545

= Cgtl +0(¢?)

for some nonzero constant C' as 7 — ioco. For k = 2,

[—EQ(T) + EQ(QT) — 2E2(4T) + 8E2(8T)}

)

= (@2r+1)2 E2(1+4 +2> ( T+1 )
—2E2< ) ( (27 +1/4>1
() m ()

+2E, <ﬁ> +8E5 (ﬁ) ]

12 30
2 sl
s R L G s, Gy

1 1 6 1 (7 1 12

_E - 2 L lip (I, Z -
3 2<T+2>+m‘(27+1)+2 2<2+4>+m'(27'+1)
7

= 4F, (47 +2) +



1 1 1 T 1
:4E2(4T+2)_5E2(2T+1)+§E2 (T+§> +§E2 (§+Z)

= 0¢"? +0(q)

for some nonzero constant C' as 7 — 00, and for k£ > 4 and even,
2 1

=<2T+1>’“l<—1>’5Ek (3+7) - -vie (14375

(~DEEW(T) - (-1 Bu(2r) - 28 Bilar) + 85 B 37)] | <1 O>

4T + 2 T+ 1

-2 (2 g+ (4 ) |

(2% +2)Ey, (27_—+11)

[SIE

47 4 2

-0 () - A (7
28 (7))

= —(~1)22"Ey(47 +2) + (—1)2 (2" + 2)Ep (27 + 1) — (—1)2 E}, <T + %)

2(27+1)_kl—(—1)§Ek< = >+(—1)

L 1
C(C)EE@r 1) -2 b, <T n 5) LoiE, <g N Z)

= 0q¢'? +0(q)

for some nonzero constant C' as 7 — i00. Together with the fact that the width of % of T'g(8) is 2,
the above observations conclude (3.1).

Making use of corresponding transformation formulas of EpS  (7) and E27X74(7') and Lemma
3.1 together with the fact that the width of 3 of I'o(16) is 4, we can prove (3.2) in a similar fashion,
so we omit the details. O

Lemma 3.3. If f(7) = Hd}N nyt for some positive integer N with k = %Zle rq € Z, with the
additional properties that
Z drg =0 (mod 24)
N
and
Z %rd =0 (mod 24),
N
then f(7) satisfies

aT + b - k
F(25) = xaer + at )

a b . . (—1)ks
for every c da) € To(N). Here the character x is defined by Jacobi symbol x(d) = (T)
where s = [y d".

Proof. See Gordon and Hughes [14], or Newman [24, 25]. O
8



Lemma 3.4. Let a, ¢ and N be positive integers with ¢|N and ged(a,c) = 1. If f(1) = Hd\NﬁZ{d
satisfies the conditions of Lemma 3.3 for N, then the order of vanishing ord,,.(f) of f(7) at the

cusp ajc is
Z ged(c, d)?ry
gcd ¢, N/c)ed’
Proof. See Biagioli [9], Ligozat [18] or Martin [22]. O

Proof of Theorem 2.2. Let m € {2,4}. Let £,, be as defined in Theorem 2.1. Consider the functions

Fk’m(T) and T) = 1 .
O )6(m))F () =5

Both f,,(7) and g¢,,(7) are analytic on the upper half plane H. Employing the transformation

formulas for Ey(7), EpS, ,(7), ng (1), B, () and ng ,(7), see e.g., [17] and [30, pp. 79~

83|, and Lemma 3.3 we may verify that both f,,(7) and g,,(7) are invariant under I'g(4m) and

(gm (1)> Therefore, both f,,(7) and g,,(7) are invariant under I'g(4m)™, the group obtained

fm(7) =

from T'g(4m) by adjoining its Fricke involution —é(l)m (1) . Let us analyze the behavior at 7 = oo.
By observing the g-expansions, we find that f,,(7) has rational coefficients, and

1+ 0(q)
(14 0(q))*q* (14 O(q))*m

Therefore f,,(7) has a pole of order ¢, at co. Similarly, we note that g,,(7) has a simple pole at
7 = oo. It implies that there exist rational constants ai g, - - ., as,, k,m such that the function

=q¢ 4+ 0(g ).

fm(T) =

L
hm(T) = fm(T) - Zaj,k,mgm(T)j
j=1

has no pole at 7 = oo, that is,
hin(T) = ao km + O(q) as 7 — o0
for some constant ag. Let us consider the behavior of h,,(7) at 7 = % By Lemma 3.2, we have
if m =2 and k is odd,
if m =2 and k is even,

if m =4 and k is odd,

if m =4 and k is even.

Ordl/z(Fk’m) =

=N e

Moreover, by Lemma 3.4 together with the n-quotient representation (2.9) of (7),

5
2
0(r) = ==,
ming
we can compute that

if m=2and ¢, =

ord,,, (0(7)8(m7)) =

if m=4and ¢, =

if m=4and ¢, =

=N N =

o © e



and

—1 ifm=2or4andc, =3,
orde,, (zm) = o 7? 2
0 ifm=4andc, = 7.

Here c¢,,, denotes a cusp of I'g(4m). It is clear that ord.,, (Fjm) > 0 for m = 4 and ¢, = 1. Thus
we summarize that
ord,, (hm) =0 ifm=2or4andc, = %,
and
ord, (hy) >0 if m=4andc, = %.

Since the set of inequvalent cusps of I'o(4m)* is {oo, 3} if m = 2, or is {00, 3, 1} if m = 4, it
follows that h,,(7) is holomorphic on X (I'g(4m)*) = To(4m)T\H, and thus h,,(7) is a constant,
that is, hy(7) = agrm- Moreover, since ords(hm) = 0, hy(7) does not vanish at % and thus
ao k,m 7 0. Therefore, we have

lm, 4
= Z a’j,k,mgm(’r)j7
7=0

which is equivalent to

Fk,m(T) - Zajkmxé I = Zb]kmwmy

where b m = ag,,—jkm- Equating the constant term shows that b07k’m = 1. Now take bjxm =
—Cj k,m to complete the proof.

4. CONCLUDING REMARKS

In this section, we conclude this work with some remarks on the essence of existence of (2.10)
and (2.11), and an explanation of why the upper indices of the sums on the right hand sides of
(2.10) and (2.11) cannot be improved further based on the functions ., (7) we use.

(1) The essence of existence of (2.10) and (2.11) is that for [ € {2,4}, X(To(4m)™) is of genus
zero, and the function Wl(ﬂ is a Hauptmodul of X (T'o(4m)™"), i.e., a generator of the
function field C(X (T'o(4m)*)). Since the function % is in C(X(I‘O(4m)+)), and

Fk,m(T)
the locations of poles of it are the same as the locations of zeros of — ( L then O )E
is a polynomial in 2, (7).
In general, for a positive integer m, we may obtain identities for (6(7)f(m7))* similar to
(2.10) and (2.11) if we could construct a function Fj(7) by a linear combination of Eisen-

stein series of weight k such that % is invariant under some genus zero discrete
subgroup I' of SLa(R), and could construct a generator ¢(7) for the function field C(X(I"))

such that the locations of zeros of 1)(7) are the same as that of (6(7)0(m))~.

(2) We now explain that with the Hauptmodul — (T) we use in this work, the upper indices £,
cannot be improved any further, i.e., cannot be smaller. From the proof of Theorem 2.2,
we can first note that for k ﬁxed, the size of £, is determined by the order of vanishing of
the function Fj ,,,(7) at %; the higher the order is, the smaller ¢, will be. Then according
to the proof of Lemma 3.2, ord; jo(Fj,,) is directly related to the definition of Fj ,,,(7) as a
linear combination of Eisenstein series. Thus it is natural ask whether one could redefine
Fj, m(7) to have higher order at % In our cases, this is impossible. For example, for m = 2,
and k > 4 and even, first we know that (0(7)0(27))* and zo(7) are modular forms of weight

10



(1]

k on I'g(8) with trivial character by Lemma 3.3. Then we must have Fj2(7) be a linear
combination of Eisenstein series of weight k on T'g(8) with trivial character, thus we must
have

Fk72(7') = ClEk(T) + CQEk(2T) + CgEk(4T) + C4Ek(87')

for some constants C1, ...,Cy since Ei(m7) for m € {1,2,4,8} are linearly independent
Eisenstein series of weight & on I'g(8) with trivial character and the dimension of the space
spanned by such Eisenstein series is 4. According to the proof of Lemma 3.2, in order to

have ord; /o(Ff2) > 1, we must have Cy = 0. In addition, since z2(7) is invariant under
[o(8)", then % must also be invariant under I'g(8)". Following such modularity,
we can deduce that C7 =0 and Cy = 2*'“/203, and thus we have

Fra(r) = Cs (Z_k/zEk(QT) + Ek(47)) .

However, similar to the proof of Lemma 3.2, we can show that the order of vanishing of
2-F2 By (27) 4 Ex(47) at %15 0. This demonstrates our claim for the case m = 2, and k > 4
and even. For the cases m = 2 and k = 2, and m = 2 or 4 and k£ = 1, the formulas we
obtained do not involve any lower order term. For the other cases, similar arguments can
be applied by the facts that
(i) the space of Eisenstein series of weight 2 on I'g(16) is spanned by mEsy(m7t) — E2(T)
for m|16 and m # 1, and 3071 (52) 01(n)g"™;
(ii) the space of Eisenstein series of even weight & > 4 on I'y(16) is spanned by Ejx(m7)
for m|16 and Y07 | x—a(n)ok_1(n)q"™;
(iii) the space of Eisenstein series of odd weight & > 3 on I'g(8) with character x_s is

spanned by ngx_2(7') and Eg,x_2(7)§

(iv) the space of Eisenstein series of odd weight & > 3 on I'g(16) with character x_4 is
spanned by Ep°  (m7) and E,87X74 (m7) for m|4.
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