Available online at www.sciencedirect.com
JOURNAL OF

ScienceDirect Number
Theory

ELSEVIER Journal of Number Theory 128 (2008) 2520-2537

www.elsevier.com/locate/jnt

The equation x1x2 = x3x4 + A in fields of prime order
and applications

M.Z. Garaev, V.C. Garcia *

Instituto de Matemdticas, Universidad Nacional Autonoma de México, Campus Morelia,
Apartado Postal 61-3 (Xangari), CP 58089, Morelia, Michoacdn, Mexico

Received 14 March 2007; revised 7 February 2008
Available online 13 June 2008

Communicated by K. Soundararajan

Abstract

Let p be a prime number, A be an integer. We obtain new results related to the congruence xjxp =
x3X4 + A (mod p).
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1. Introduction

The congruence
Xx1x2 =x3x4 (mod p), @))

where p is a large prime, arises in many problems of number theory. Distribution properties of
its solutions are proved to be important in many applications, see, for example, [1,5,7,9,13,14].

¥ Corresponding author.
E-mail addresses: garaev@matmor.unam.mx (M.Z. Garaev), garci @matmor.unam.mx (V.C. Garcia).

0022-314X/$ — see front matter © 2008 Elsevier Inc. All rights reserved.
doi:10.1016/j.jnt.2008.02.017



M.Z. Garaev, V.C. Garcia / Journal of Number Theory 128 (2008) 2520-2537 2521

Let L;, N;, 1 <i <4, be integers with 0 < L; < L; + N; < p. Denote by J the number of
solutions of congruence (1) in the box

Li+1<x<Li+N; (1<i<4). ()

In view of the identity

_fo, ifuz1 (mod p),
Zx(u)— {p— 1, ifu=1 (mod p),
X
where x runs through the set of multiplicative characters modulo p, the value J can be expressed
in terms of character sums

J:ﬁz >0 x(xixaxix}),

X X1,X2,X3,X4

where x* denotes the multiplicative inverse of x (mod p) and the range for the variables in
summations over xi, X2, x3, x4 is defined by (2). The principal character x = yo contributes to
the sum the quantity N1NoN3N4/(p — 1), which in many occasions indicates the asymptotic
behavior of the value J. Ayyad, Cochrane and Zheng [1] proved that

N{Ny;N3Ny
J= — + O(v/NiN2N3Nslog? p). (3)

They expressed the hope that the factor log? p can be replaced by log p which would be the best
possible error term in general settings, see the discussion [1, p. 399]. In the special case N1 = N3,
N3 = N4 or N1 = N3, N> = Ny, they proved that

NiNyN3Ny
I~ R O (y/N1N2N3Nylog p), @)

saving one factor log p at the cost of the asymptotic formula.
As consequences of (3) and (4) the authors of [1] claimed the following bounds for the fourth
moments of character sums: for any integers L and N > 0 we have

1 L+N 4
— 2| 2 x| < Nlog’ p; 5)
P x#F#xolx=L+1
if in addition N < +/plog p, then
1 L+N 4
— DD x| < N*logp. (6)
p x#xolx=L+1

These results sharpen the one of Friedlander and Iwaniec [6, Lemma 3] where they had N2 log6 p
instead of N21og? p in the right-hand side of (5); we remark that the proof of [6, Lemma 3] seems
to contain a minor omission in the power of the logarithmic factor when Holder’s inequality is
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applied and there apparently should be N?1og® p instead of N?1og® p. Similar estimates can be
found in Vaughan [16, p. 184], see also Harman [11, Lemma 2]. The methods of [6,11] and [16]
apply for general modulus, but restricted to L = 0.

As it was mentioned in [1], the work of Montgomery and Vaughan [12] implies the bound

4
< p%

N
D x @)

—_— max
N

in particular, when N is close to p in (5) one can remove the factor log? p. The work of
Burgess [4] implies the inequality

1L 1 L+N 4
2
;z{ﬁz 3 s }<<N,
L=1 x#xo | x=L+1

which illustrates that on average over L one also can remove the factor log” p.
2. New error term for J
The first result of our present paper is as follows:

Theorem 1. The following asymptotic formula holds:

J— N{Ny;N3Ny

=+ O NNV N (Vo p +5(NiN) (Viog p + 5(Ns V). (D)

where
0, if X <p,

S(X)z{log%, ifX>p.

The equality in (7) also holds if the products N1 N, and N3Ny are replaced with any other pairing
of the N;.

Theorem 1 implies the following bound on the fourth moment of character sums:

L+N 4

> xw

x=L+1

1

N2
<« N? (logp + log2 —)
p—1 P

XFX0

In particular, estimate (6) holds in the range N < p'/2e¢V19¢P for any fixed positive constant c.
Furthermore, Theorem 1 implies the asymptotic behavior J ~ N1 N> N3 N4/ p in a wider range
of parameters than the one suggested by (3). For example, if Ny = N = N3 = N4 = N and if

N

————— —> 00O, p — 00,
p'/2(log p)'/?
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then
N4
J=—(1+0(1)),
(1 o)

while formula (3) implies this asymptotic formula when

N

——— —> 00, p— 0.
p'/%logp

Using our Theorem 1 we can get the following result on the representability of residue classes
by products of small integers.

Theorem 2. Let N| N> = Aplog p, where A = A(p) — o0 as p — 00. Then the set
{xy mod p): L1 +1<x<Li+Ni, La+1<y<Ly+ N2}

2
contains (1 + 0(% + lelgOgAp )) p residue classes modulo p. In particular, this set contains almost

all residue classes modulo p.

We recall that the work of Tenenbaum [15] implies that if
Li=L,=0, Nj=Ny=N<p"*Uogp)®>*2,

where k = 1 — (log(elog?2))/log2 ~ 0.08607 ..., then the set defined in Theorem 2 contains
only o(p) residue classes modulo p. The result of [9] implies that the set

{gy (mod p): ¢ < p'/%, L+1<y <L+ Ap'*logp}.

where ¢ denotes prime numbers, contains (1 + O (A1) p residue classes modulo p. This result
can be stated in more general settings and has its version for composite modulus as well. For
further information on this subject we refer the reader to [9], to the works of Shparlinski [13,14],
and therein references.

3. Combinatorial properties and solvability

From (3) it is immediate that if Ny NoN3N4 > cp2 log4 p, where c is a suitable constant, then
the box (2) contains a solution of (1). Ayyad, Cochrane and Zheng [1] asked whether the factor
log* p can be removed altogether. Our next result shows that the factor log4 p can be relaxed to
log p. In the case if N1 N3 and N N4 are of the same order of magnitude, we will prove that one
indeed can remove log* p altogether.

Theorem 3. There exists a constant ¢ such that if N{NoN3N4 > cp2 log p then the box (2) con-
tains a solution of (1).

The proof of Theorem 3 uses an idea from [9, Theorem 1.7] and relies upon trigonometric
sums.
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It is to be remarked that in a series of papers the problem of representability of the zero by a
nonsingular quadratic form Q(xy, x2, x3, x4) (mod p) in short intervals has been investigated. It
is known that in the problem of solvability of the congruence

O(x1,x2,x3,x4) =1 (mod p)

the case A =% 0 (mod p) essentially differs from the case A =0 (mod p), see the question raised
in [5, p. 176]. A similar situation occurs in our problem as well. Consider the equation

X1x2 =x3x4+A (mod p). (8)

Theorem 3 corresponds to the case A =0 (mod p). For arbitrary A, Theorems 1, 2 together with
Lemmas 3, 4 imply that for some numerical constant ¢ > 0, if NN N3N4 > cp2 log3 p, then for
any integer A the box (2) contains a solution of (8). The question is whether the factor log® p can
be removed altogether (note that if, for example, N1 N, is about of the same order of magnitude
as N3 N4, one can change log> p to log® p). A possible approach to this question is the study of
combinatorial aspects of Eq. (8). For given subsets ¢/ and V of the residue field F,, we recall
that
U+ V={u+v:ueld, veV}, U-—V={u—v:ueld, veV},
kU={ur+ - +up: u; eld, 1 <i <k}, UV ={uv:ueld, veV}.

By |U4| we denote the cardinality of /. Glibichuk [10] proved that if .4 and B are subsets of I,
with | A||B| > 2p, then

SAB=T,.

One can observe that the result of [10] (see the inequality at the end of the proof of [10, Theo-
rem 1]) also implies that

22A)(2B) =F,, QA@2B) — 2A)(2B) =T),.
In particular, for any integer A, if N1N> > 10p, the congruence (8) is solvable with
Li+1<x1,x3< L1+ Ny, Ly+1<x2,x4< Ly + N».
This observation naturally leads to the following conjecture.

Conjecture 1. There exists a positive constant ¢ such that if A, B,C, D are subsets of F), \ {0}
with | A||B||C||D| > cp?, then

2A)(2B) + (20)(2D) =F),.

Validity of this conjecture would remove the logarithmic factors in the above mentioned re-
sults and, in particular, would affirmatively solve the mentioned question from [1]. The use of
trigonometric sums in conjunction with combinatorial arguments from [2,3,10] allows us to es-
tablish Conjecture 1 in certain important cases.
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Theorem 4. Let A, B, C, D be subsets of F, \ {0} such that
JAICI> 2+ v2p,  IBIDI> 2+ VD)p.
Then
2A)(2B)+ 20)2D) =F

In particular, if N1N3 > 15p, NoN4 > 15p, then for any integer A the box (2) contains a
solution of the congruence

X1x2 =x3x4 +A (mod p).
4. Notations and lemmas

Throughout the text we will use the abbreviation

e,(z) =exp(2miz/p).

For a given nonzero element x € I, we use x* to denote its multiplicative inverse. We also recall
the basic identity

p—1 .
10, ifuz0 (mod p),
z%%“m)—{p, if =0 (mod p),

which is useful in calculations of the number of solutions of various congruences.
The underlying idea of the proof of Theorem 1 is based on the combination of the methods
from [1] and [8]. In particular, we need the following lemma from [1].

Lemma 1. The following bound holds:

N{N2N3N
J«:—L_%j_i+%p+JWAbk%pﬂﬂ%p+JWAhbngﬂ~

Moreover, the inequality holds if the products N1 N> and N3Ny are replaced with any other
pairing of the Nj.

Lemma 2. In order to prove Theorem 1 it is sufficient to establish (7) in the case L1 = L3,
Ly =L4, Ny = N3, Ny = Na.

Proof. The proof is similar to the argument described in [1, p. 408]. We have

Li+Ny Lr+N> L3+N3 L4+Ny

= —Z Z Z Z Z xlxzx;‘xjf).

X xi=L1+1xo=Lr+1x3=L3+1 x4=Lyg+1
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Picking up the term corresponding to the principal character x = yo and then applying the

Cauchy—Schwarz inequality, we obtain

N{NyN3Ny
- ? K +/51%2,
where
Li+N; L+N; 2
S = Y xx)
P X#XO x1=Li+1x2=Ly+1
L3+N3  L4+Ny 2
§2= > 2 x(hgx)
P X#Xo x3=L3+1x4=L4+1
Clearly,
272 272
S]:J/—N1N3 SZZJ//_N2N4
p—1 p—1
where J' is the number of solutions of the congruence
xix2=yry2 (modp), Li+1<x;,yi<Li+Ni, Lo+1<x, <L+ N

and J” is the number of solutions of the congruence

x3x4g=y3y4 (mod p), L3+1<x3,y3<

Therefore, assuming that (7) holds in the case L

S1 < N1Nz(y/log p + 8(N; Nz))z,

L3+ N3, La+1< x4, 94 <

= L3, Ly = L4, Ny

< La+ Ng.

= N3, N» = N4, we obtain

Sy < N3Na(y/log p + 8(N3Ng))>.

The case of pairing 6(N1N3) and §(N2Ny) is dealt with analogously; the only difference is

that in this case we define S, S as

Li+N; L3+N3 2
Si= Yo x| .
X#Xo x1=L1+1x3=L3+1
Ly+Ny L4+Ny 2
Sy =— Z Z x2x4 O
P x;éx() xp=Ly+1x4=Ls4+1

The following well-known statement is very useful in estimating of cardinalities of sets via

the number of solutions of the associated equation.
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Lemma 3. Let s, be any sequence of elements (not necessarily distinct) of the residue field T .
Let M > 1 be an integer. If I denotes the number of solutions of the equation

then
2
#s,: 1<n< M} > -

Proof. Indeed, for a given A € {s;,: 1 <n < M} denote by 7 ()) the number of solutions of the
equation s, = A. Then,

Y1 =M, Y rw=1I,
A A

where in the summations A runs through the set {s,: 1 <n < M}. The required estimate now
follows from the Cauchy—Schwarz inequality. O

The following lemma is a weaker form of the mentioned in Section 1 result from [1].

Lemma 4. [f N| = N>, N3 = N4 and NaN4 < p, then
J < NaNylog p.

Note that Lemma 4 can also be viewed as a particular case of Theorem 1.
5. Proof of Theorem 1

According to Lemma 2 it is sufficient to deal with the case

L, =Lsj, Ly = La, Ni = N3, Ny = Ng.
Thus, in this case J denotes the number of solutions of the congruence
x1x2x3 =x4 (mod p)
with variables subject to the conditions
Li+1<x1,x3< L1+ Ny, Ly +1<x2,x4< L+ Ny

Our aim is to prove that

NZN?
J— % &K NN (log p + (8(N1N2))2).
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We can assume that N1 > 10, N> > 10. Following the idea of [8], we first take two positive
integer parameters M1 < N1/2, My < N2 /2, to be explicitly defined later on. Define J; to be the
number of solutions of the congruence

(x1 + y)x2x3 = x4+ y4 (mod p)
subject to the conditions
Li+1<x1 <L+ N — M, L<y <My,

Lry+1<x<Ly+ Ns, Li+1<x3< L+ Ny,
Ly+1<x4 < Ly+ Ny — M, 1< ys < M. &)

By J> we denote the number of solutions of the congruence
(x1 — y1)x2x3 =x4 — y4 (mod p)
subject to the conditions
Li+1<x1 <L+ N+ M, 1<y <My,

Ly+1<x2<Ly+ Ny, Li+1<x3< L1+ Ny,
Ly +1<x4 <L+ Ny + M, 1 <ys < M. (10

Then,

Ji J
<J < .
MM MM

(11)

We shall prove that for suitably chosen M1 and M> the following estimates hold:

I NN (log p + (S(N1N2))°),
(0]
MMy p 1zilogp 12
Lo NN} )
ML <K NNz (log p + (8(N1N2))").

This will finish the proof of Theorem 1.
We express Jj in terms of trigonometric sums, that is

J1 =

Z Z ep(a((x1 + yi)xox3 — x4 — y4)),

1
p —(p—1)/2<a<(p—1)/2 X1.X2,X3,X4, Y1, Y4

where the variables are subject to (9). Picking up the term corresponding to a = 0, we obtain
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_ NiN2 (N1 — My) (N2 — Ma) M M
P

1
<= Y f@

I1<a<(p—1/2

J1

Z ep(alxr + yDx2x3)|,

X1,X2,X3,¥1

where
f(a) =min(Ny, p/lal) min(M2, p/|al).
For 1 < |b| < (p —1)/2let I(a, b) be the number of solutions of the congruence

axax3=b (mod p), Lr+1<x2<Ly+ Ny, Li+1<x3<Li+Ny.

Then,
Ji— NNy (Ny — My)(Ny — My)M i M»
P
1
<= Y Y. fl@g®a,b),
P 1<a<r-1/2 1<IBI<(p-1)/2
where

g(b) = min(Ni, p/|b|) min(M1, p/|bl).

Without loss of generality, we can remove the sign of the modulus from |b| (by reflecting the
interval of the range of x3 with respect to the point p/2). Define the following intervals:

Ar=[Lp/NNZ, A =[p/N2, p/M2INZL,  A3=[p/Ma,(p—1)/2]NZ,
Bi=[1,p/NiINZ,  Bo=[p/Ni,p/M\INZ,  Bs=[p/Mi,(p—1/2]NZ.

Thus, we have

303
N1N> (N1 — M1)(N2 — Ma)Mi M»
- p <<ZZT\)[L7

Ji (12)

v=1 pu=1
where
1

Tw=22 ) f@s®) >, L

acA, beB, axp=bx3 (mod p)
Ly+1<x0<Ly+Ny
Li+1<x3<L1+N;

In order to estimate 7, we use Lemma 1. For T7; we immediately get

Tiy K N\NoM Mz log p. (13)
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To estimate Tip, we split the interval of summation of b into subintervals of the form
e/~Ip/N1 <b<elp/Ny, where 1 < j < log %‘1 Then application of Lemma 1 gives

Ty, K NoM M Z ef(p/Nl) Z Z Z 1

. Ny a<p/N2rb<ei p/N; axy=bx3 (mod p)
j<log g7y Lot 1<5 <L+ N>
L1+1<x3<L1+N;

N{N M| M- 1 . .
L Z ;(eprre’/zplng) K NN MMz log p.

j<log }\A/;_ll
The same estimate holds for 731, so we get
T + To1 K NyNaM i M, log p. (14)

For T13 we get

T]3<<pN2MQZ 2/(p2/M2) Z Z Z 1

a<p/N2b<el p/M Laxilz?;a (<niod+1173
L?+IEX§EL%+NT
M2N> M, 1 [(e/N;
« 2N (S22 (N M) P plog p ) < NyN2MiMalog p.
p I e\ M

The same bound holds for T31; thus
T3+ T31 K N{Na M1 Mjlog p. (15)

Next, we estimate 75> which will produce the extra term § (N1 N7) that occurs in the statement of
Theorem 1. We have

T K pMiM; Z 11\2]1\’22 Z Z Z 1

i<log(Ny/ M) a<elp/Nyb<el p/N; axp=bx3 (mod p)
J<log(N1/My) Ly+1<x0<La+Ny
Li+1<x3<L1+N;

NiNo MM :
< 14V2 M1 V12 Z (l+1p+e(’+])/2plogp),

i+j
L
J<Klog(N1/My)
whence we get
Ny Ny
Ty K NINaM M3\ log p +log — log — ). (16)
M, My

Analogously we deal with 733 and T3;:
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T3 < Map® Z l+2, 3 Z Z Z !

i<log(N2/M>) a<el p/Nrb<el p/M; axy=bx3 (mod p)
J Loy+1<x<La+Nsy
Li+1<x3<L1+N)

NoM>M? 1 [etIN
< 1 Z < 1P

D it2) M, +e(iﬂ)/zPlOgP(Nl/Ml)m)

i<log(Na/My)
J

K N{N2M{M>log p.
The same bound holds for T3;, so we have
Tr3 + T3y <K N1 No M1 M log p. (17)
Finally, for 733 we obtain

MM}
I3 = P3Z 621+2]p4 Z Z Z !

a<e p/Myb<el p/M, axp=bxz (mod p)
Ly+1<xo< Lo+ N,
Li+1<x3<L1+N;

M2M2 1 (€' p/Mr)N>(p/M1)el N L NN
2 2)IN2(p /M1 1 (i+j)/2 11V2
+ ——=plo .
ZeZz+2]( p ¢ N2M2p gp

Thus,
T33 < N{NoM1M;log p. (18)
Inserting (13)—(18) into (12), we deduce

Ji NiN3
MMy D

N N1 M, NoM
<<N1N2<logp+log—log—2+ lp 2 +—2p 1>’

provided that M| < N1/2, My < N»/2.
If N1N, < 10p, we define M| = [N1/2], Ma = [N>/2] and obtain

Ji N12N2 < N1 N1
MM, :

If N1N; > 10p, then define M| = [p/N2] < N1/2, My =[p/N1] < N>/2 and obtain

Ji N2N2
MM, p

s NIN;
K NiN>|logp +10g » . (19)

Thus, estimate (19) holds in both cases.
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Analogously,

J N3N
M1M2 p

NN
T2 NN, <log p + log? . 2 ) (20)

Comparing (11), (19) and (20), we conclude the proof of Theorem 1.
6. Proof of Theorem 2

We can assume that A < p. Let J be the number of solutions of the congruence (1) under the
conditions

Li+1<x,x3< L1+ Ny, Ly +1<x2,x4 < Lo+ Ny,
and let 7 (1) be the number of solutions of the congruence

xixo=A(mod p), Li4+1<x1<Li+Nyp, Ly41<x< L+ N>.

Then
p—1 N2N2
N1N»
Z(I(k) ) Zﬂ(x) Vi 2.
A=0
Since Y1) ' 12(1) = J, from Theorem 1 we obtain
p—1
2 2 _ 2
Z(I(A) — Alog p) < NlNz(logp + log A) = Ap(logp + log A) log p.
A=0

Let£ C{0,1,2,..., p— 1} besuch that /(1) =0 for A € £. Then
1€14%10g? p < Ap(log p + log® A) log p
and the result follows.
7. Proof of Theorem 3
We can assume that N; N3 > N, N4. Denote
Hi={x1xj (mod p): L1 <x1 <L1+Np, L3+ 1<x3< L3+ N3},
Hy = {xsx3 (mod p): Ly <x2 < Ly+ Np, La+1< x4 < Ls+ Naj.
By the pigeon-hole principle it suffices to show that || 4+ |H2| > p. Let

Ri={h (mod p): h ¢ H,}.
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Then the congruence
x+t—(y+2h=0 (mod p)
has no solutions in variables 4, x, ¢, y, z with A € R and

[05L1]4+1<x,t <[0.5L1]+[0.5N1],
[0.5L3]+ 1 <y, z < [0.5L3] + [0.5N5]. Q1)

Therefore,

”i Z ZZeP(a(x+t —h(y+2))=

a=0heRy Xt y.2

where the range for the variables in summations over x, #, y, z is given by (21). Separating the
term corresponding to a = 0, we deduce

p—1
IRIXTXF<Y Ze,, ax+0)[| > ep(ah(y+2)|.
a=1 ¥.2 he Ry

where X; = [0.5N;]. On the other hand, for (a, p) =1, we have

p—1
Z Z e, ah(y—i—z) ‘ Z

Ze,, (ah(y +z))‘

Y.2 he Ry h=0" Y.z
p—1
=12 ey +Z))‘ =pX3.
n=0" Y.z
Also,
p—1
YD eplatx +t))‘ < pXi.
a=1" x,t
Hence,

IR11X1X3 < p* X1 X.
Since p is large, we deduce

p? >p_4.5p2
Xi1X3 7" NiN3

[Hil=p—IRil=p— (22)

If NoN4 > 10p, then defining

Ry = {h (mod p): h ¢ Ha},
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and following the same lines as in the proof of inequality (22), we obtain

4.5p?
NoNy

[Hol=p —1Ra2l 2 p—

Therefore,

45p>  4.5p?
Hil+ | Hal =>2p — - ,
IHil+ [Hal > 2p NaN: NN, P

and the result follows in the case Ny N4 > 10p.

Let now No N4 < 10p. Let I denote the number of solutions of the congruence

x4x5 = yay; (mod p),

From Lemma 4,

I < N2Nglogp.

Hence, by Lemma 3,

ol > N;}N; _ N2 Ny
I 7 logp

where cg is an absolute constant. Combining this with (22), we obtain that

45p%  ¢oN2N. coNaNs 45N, N.
Hil + |Hal > p — P+024> +024_ 24_
N1N3 log p log p clogp

Taking ¢ = 5¢g, we conclude that

[H1l + [Hal > p.
8. Proof of Theorem 4

Let H be the set of all distinct elements of the form (d + d) (b1 + b)*, where

dy €D, dr» €D, by €B, by e B, b1+ by #0.

Lemma 5. The following bound holds:

2

P
HIZp— ——.
|BI|D| — p

Proof. The proof of Lemma 5 follows the same lines as the proof of Theorem 3. Let

R=F,\H.

Ly+1<x2,y2 < Ly+No, Lo+ 1< x4, y4 < Lg+ Ny.

(23)
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Then the equation
di+dy— (b1 +b2)h =0 (24)

has no solutions with 7 € R and dy, d3, b1, by subject to the conditions given by (23). Therefore,
since b1 + by = 0 implies that d| 4+ d, = 0, Eq. (24) has at most |B||D||R| solutions subject to

d €D, dr» €D, by € B, by € B, heR.
Thus,

—ZZ Y > epla(di+dr— (b1 +b2)h)) < IBIIDIRI.

a=0heR d[GD bleB
dreD breBB

Separating the term corresponding to a = 0, we deduce
p—1p—1

1
;|R||D|2|B| < |BIID|R| + — Z >

alhO

deD beB

Thus,
IRIIDI*BI* < IBIIDIIRIp + DIIBI p?,

which implies that

[72

HI=p—IRIZp— e
IBIID| - p
To prove Theorem 4, denote by 7' the number of solutions of the equation

aj+Aici=ar+xrcy, a1€A acA, c1€C, cpel, LeH.

If ¢ = c2, then a; = az and A can be an arbitrary element of . Otherwise, for given
ai, az, c1, ¢y with ¢ # ¢ we have at most one possible value for A. Thus,

T < |A|ICIIH] + | A](C)%.
Hence, there exists an element A € H such that

lAI%[CI?

1 < JA|IC] + :
I'H|

where I denotes the number of solutions of the equation

ai+rici=ary+ricy, ai€A areA cieA, cnel.
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From this we get, by Lemma 3,

|A%IC)? |AIICIIH|
> .
I [AIC] + |H|

#la+rc:ac A, ceCt> (25)

Since A is a fixed element of H, there exist fixed elements dj, dj of D and fixed elements by, b
of B such that

A= (dy+dg)(by+bg) "

Therefore, from (25) we derive that

JAIICIH]
# / 4 / 4 : 2 TANAL L g
a(bh +b0) + cldg +do): ae A ceCh> oy

Recalling the inequalities | A||C| > (2 + ﬁ)p, |B||D| > 2+ ﬁ)p and using Lemma 5, we get

|AIICIH]

- 2.
Aci+ Y

Hence, from the pigeon-hole principle we conclude that
{(a1 +a2)(b6 —i—bg) + (c1 + Cz)(d6 —i—d(/)/): aj€A, ape A, c1€C, ¢ € C} =F,.
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