Journal of Number Theory 142 (2014) 1-17

Contents lists available at ScienceDirect =
JMBER
Journal of Number Theory
www.elsevier.com /locate/jnt

Indices of inseparability and refined ramification

CrossMark
breaks
Kevin Keating
Department of Mathematics, University of Florida, Gainesville, FL 32611, USA
ARTICLE INFO ABSTRACT
Article history: Let K be a finite extension of Q, which contains a prim-
Received 23 June 2013 itive pth root of unity (,. Let L/K be a totally ramified

Received in revised form 6 February
2014

Accepted 7 February 2014

Available online 2 April 2014
Communicated by David Goss

(Z/pZ)?-extension which has a single ramification break b.
In 2] Byott and Elder defined a “refined ramification break”
b, for L/K. In this paper we prove that if p > 2 and the in-
dex of inseparability i1 of L/K is not equal to p*b — pb then
by = i1 — p?b+ pb+b.

Keywords: © 2014 Elsevier Inc. All rights reserved.
Local fields

Ramification

Index of inseparability

Kummer theory

Refined ramification breaks

Truncated exponentiation

Class field theory

Galois modules

1. Introduction

Let K be a finite extension of Q,, let L/K be a finite Galois extension, and let 77, be
a uniformizer for L. For simplicity we assume that L/K is a totally ramified extension
of degree p™ for some n > 1. The (lower) ramification breaks of L/K are the integers
vp(o(np) — 7)) — 1 for 0 € Gal(L/K), o # idg. The extension L/K has at most n
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distinet ramification breaks; if there are fewer than n breaks then L/K may be viewed
as having degenerate ramification data.

There have been several attempts to supply the “missing” ramification data in the
cases where L/K has fewer than n breaks. The indices of inseparability ig, %1, ..., i, of
L/K were defined by Fried [6] in characteristic p and by Heiermann [7] in characteristic 0.
The indices of inseparability determine the ramification breaks of L/K in all cases. As
for the opposite direction, if L/K has n distinct ramification breaks then the breaks
determine the indices of inseparability, but if L/K has fewer than n breaks then the
indices of inseparability are not completely determined by the breaks. Thus the indices
of inseparability give extra information about the extension L/K which can be viewed
as the missing ramification data.

In [1,2], Byott and Elder described an alternative method for supplying missing rami-
fication data by defining refined lower ramification breaks for extensions with fewer than
n ordinary breaks. Suppose L/K is a totally ramified (Z/pZ)?-extension with a single
(ordinary) ramification break b. Then L/K has one refined break b,, which is computed
in [2] under the assumption that K contains a primitive pth root of unity. Byott and
Elder also showed that the Galois module structure of Oy, determines b, in certain cases.

In this paper we study the relationship between the index of inseparability i; of L/ K
and the refined ramification break b,. In particular, when p > 2 and i; # p?b — pb we
give a formula which expresses b, in terms of i;. Our approach is based on the methods
given in [8] for computing 4; in terms of the norm group N,k (L*). We relate these
methods to the Byott—Elder formula for b, using Vostokov’s formula [9] for computing
the Kummer pairing (), : K* x K* — p,,. The calculations are simplified somewhat
through the use of the Artin-Hasse exponential series E,(X).

The author would like to thank the referee for writing a very careful and thorough
review of this paper.

Notation.

K = finite extension of Q.
Ky /Qp = maximum unramified subextension of K/Q,.
vk = valuation on K normalized so that vy (K*) = Z.
e = vk (p) = absolute ramification index of K.
Ok ={a € K: vkg(a) > 0} = ring of integers of K.
Mg ={a € K: vg(a) > 1} = maximal ideal of Ok.

¢ =2 O /Mg = residue field of K.
U =14+ MG forc> 1.
K% = maximal abelian extension of K.
L/K = totally ramified (Z/pZ)?-subextension of K /K with one ramification
break b.
71, = uniformizer for L.
mx = Np/k(7r) = uniformizer for K.
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¢, = primitive nth root of unity in K.
Py = (Cn)-
Zp2 = Zp[ﬂp271]~

2. The Artin—Hasse exponential series and truncated exponentiation

In this section we study the relation between the Artin—Hasse exponential series and
the “truncated exponentiation” polynomials of Byott—Elder. We also use the Artin—
Hasse exponential series to obtain a new version of a formula from [8] for the index of
inseparability i; of a (Z/pZ)?-extension with a single ramification break.

The Artin—Hasse exponential series is defined by

1 1
E,(X) = exp (X FoXP 4 X ) (2.1)
p p
where exp(X) € Q[X] is the usual exponential series. Let u denote the Mobius function.
Then, by Lemma 9.1 in [5, I] we have

B(x) = [T~ X9

pfe

Thus the coefficients of F,(X) lie in Z,) = Q N Z,. For each i > 1 the power series
E,(X) =1+ X + --- induces a bijection from M¥% onto Uj. For k, A\ € My we have
E,(k) = Ep(N\) (mod M%) if and only if Kk = A (mod M¥%). Let A, : U — Mk denote
the inverse of the bijection from Mg to U} induced by E,(X). Then for u,v € U} we
have A,(u) = Ap(v) (mod M%) if and only if u = v (mod M¥.).

Let ¢(X) € XK[X] and a € K. The o power of 14 ¢(X) is a series in K[X] defined
by

(14 0x)" =3 (fj)w(X)",

n=0

where

(a> _ala-1(@=2)...(a=(n-1)

n n!
Motivated by this formula, Byott and Elder [1, 1.1] defined truncated exponentiation by

p—1

(1+000)" = 3 (3 )wixr

n=0

Thus (14+ X )[a] is a polynomial with coefficients in K; if @ € Ok then the coefficients of
(14 X)) lie in Ok. For u € U define ul*! to be the value of (1 + X)l at X =u — 1.
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Lemma 2.1. Let a € K. Then E,(X)ll = E,(aX) (mod X7).
Proof. We have E,(X)l* = exp(X)® = exp(aX) = E,(aX) (mod XP). O
Proposition 2.2. Let i > 1, let u,v € U, and let o € O . Then

Ap(uv) = Ap(u) + Ap(v)  (mod M%)
Ay (u[a]) = ady(u) (mod M%)

Proof. Set k = A,(u) and A = A,(v). Then k, A\ € M, so by Eq. (6) in [4, p. 52] we
have

Ep(R)Ep(\) = Ep(k+ ) (mod ME).
In addition, by Lemma 2.1 we get
E,(r) = By(ak) (mod M%)
Applying A, to these congruences gives the desired results. O

Corollary 2.3. Let i > 1. The scalar multiplication o - v = ul® induces an O -module
structure on the group Ul /U’ . Furthermore, A, induces an isomorphism of Ok -modules
from Ui, JUY onto M./ ME.

Corollary 2.4. Let u € Uk and o € Z,. Then u® = ul®l (mod M%).
Proof. For n > 1 we have A,(u") = nd,(u) = A,(ul”) (mod MY). 0O

Corollary 2.5. Let i > 1 and let A be a subgroup of Ut which contains U}'}i. Then A,(A)
is a Zp-module.

Corollary 2.6. Let i > 1 and let A, B be subgroups of U}, such that Ug C B. Then
A,(AB) = 4,(A) + A,(B).

Proof. We clearly have A,(AB) D A,(A) and A,(AB) D A,(B). Hence, by Corollary 2.5
we get A,(AB) D A,(A)+A,(B). Let a € A, b € B. Then A,(ab) = Ap(a)+A,(b)+m for
some m € MP. Let b € Ul be such that A,(b') = A,(b) +m. Then b =" (mod M~),
so ' € B. Hence A,(AB) C A,(A) + A,(B). We conclude that A,(AB) = A,(A) +

A,(B). O

Let Qp2 = Q,({p2—1) denote the unramified extension of Q, of degree 2, and let Z,2
denote the ring of integers of Q.
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Corollary 2.7. Assume p,»_y C K and let A be a subgroup of Ui, which contains Uf(i.
Then Ap(A) is a Zy2-module if and only if A is stable under the map a — al for every

ne [JJpzfl .
Proof. This follows from Proposition 2.2 and the fact that Z,2 = Z,[p,2_4]. O

Proposition 2.8. Let i, j be positive integers such that pj > i and e + [ 1 i, and let

Ky/Q, be the mazimum unramified subextension of K/Q,. Then A,((K* )pﬂUg() + M,
is an Ok, -module.

Proof. If ¢ < j then the claim is obvious, so we assume ¢ > j + 1. Then

— 1 ) -2
zée—kr —‘ge—l—%.
p p

It follows that ¢ <
i replaced by j, A

+ B 1 and hence that 7 < fpp_el
K*)P ng(,andBZUKWeget

1. By applying Corollary 2.6 with

’U

P

Ap(((KX)" nU) - Ue) = A ((K*)" NUf) + Mg

Hence, by Corollary 2.5 we see that A,((K*)? N Uj) + Mk is a Z,-module. Let u €
(K*)P MU}, with ¢ = vg(u—1) < i. Then there is v € Mg such that u = E,(y)?. Using
(2.1) we get

1 -
u:exp<p7+7p+]—jwp +)

= exp(py) - Ep(7P)-

Since ¢ < [ 5] and c is an integer we have ¢ < -5, so p | ¢ and vk () = 7. Therefore
vk(py) = e+ 2 e+ [;] i, and hence u = E »(7?) (mod Mi.). On the other
hand, for each v € Mg such that vk (9?) > j, the computations above show that
Ey(v?) = Ey(7)? - exp(—pry) lies in ((K*)? N UY) - Uk Tt follows that

A, (K UL) + M = {7 v € Mg, vg(7F) = 5} + M. (2.2)

Let g be the cardinality of the residue field of K. Then p, ; C Ok, so the right side
of (2.2) is stable under multiplication by elements of p, ;. Since Of, = Zy[p, 1], the
proposition follows. 0O

3. Two invariants of L/K

Let L/K be a totally ramified (Z/pZ)?-extension with a single ramification break b.
Then 1 < b < 25 and p 1 b (see for instance [3, p. 398]). In this section we define two
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further invariants of L/K: the refined ramification break b, and the index of inseparabil-
ity 41. We also show how i; can be computed in terms of the valuations of the coefficients
of the minimum polynomial over K of a uniformizer for L.

To motivate the definition of b, we first reformulate the definition of (o) for o €
Gal(L/K). It is easily seen that

i(0) = min{vg (o(a) — ) —vp(a): a €O, a+0}.

Thus i(o) may be viewed as the valuation of the operator o — 1 on Of,. Now let o1, o9
be generators for Gal(L/K) = (Z/pZ)?. Since b is the unique ramification break of L/ K,
for ¢ = 1,2 we have o;(7) — 7, = B; with v, (8;) = b+ 1. Let 6 € t,_q be such that
B1/B2 =9 (mod My). Then

> (n‘s) (02— 1)"

n=0

is an element of the group ring Ok, [Gal(L/K)]. We define

b, = min{vg (oq 0 0&7 ](a) —a) —vr(a): a €0, a0}

Thus b, = i(oy 0 055]) is the valuation of the operator oy o 0%76] —1on Oy. It is proved
n [2] that b, does not depend on the choice of generators o1, oo for Gal(L/K).

We now define the indices of inseparability of L/K, following Heiermann [7]. Let 7,
be a uniformizer for L. Then 7 = Ny i (7r) is a uniformizer for K, and there are

unique ¢, € p,_; U {0} such that

}: h
TK = ChTp, +p

For 0 < 7 < 2 set
i;-‘:min{h 0: ¢, #0, Up(h—l—p)éj}
ij:min{i;-‘,er e~(j fj): 7 < '§2}

Then i} may depend on the choice of 7, but i; does not (see [7, Th. 7.1]). Furthermore,
we have 0 = is < i; < ig. The relation between the indices of inseparability and the
ordinary ramification data of L/K is given by [7, Cor. 6.11]. In particular, we have
io = pzb —b.

As in [8] we let

g(X) = X fa x4 +ap2_ 1 X + a,e

be the minimum polynomial for 77, over K. Then, by [8, (3.5)] we get
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11 :mln({p vk (a 10 1< p2—1}U{i2 +p26})
:mln({p vk (ap;) —pi: 1 <i<p—1}u{i2 —|—p26,i0})
—mln({p vk (ap;) — pi: 1 <i<p—1}u{p26,p2b—b}).

For j > p? write j = p?u+ i with 1 < i < p? and set a; = m%a;. Then vk (apiip2e) =
vi (api) + ¢, so for every [ > 0 we have

= min({sz}K(am) pi: l<i<l+p, pti } U {p e, p°b b}) (3.1)

Let H = Ny, x(L*) be the subgroup of K* which is associated to the abelian exten-
sion L/K by class field theory. Since b is the only ramification break of L/K we have
U}’(‘H < H and

Uk/(HNUY) = K*/H = Gal(L/K). (3.2)

Theorem 3.1. Let p > 2, let L/K be a totally ramified (7./pZ)?*-extension with a single
ramification break b > 1, and set H = Ny pc(L*). If p2_y ¢ K let k = b; otherwise let
k be the smallest nonnegative integer such that A,(H NUKEY) is a Z,2-module. Then

i1 = min{pr — pk,p’e,p’b — b}.
Proof. Let ¢ > 1 satisfy p 1. Then, by [8, (3.25)] we have
Niyi (Ep(rmt)) = Ep(nier?) - By(—iapr® —iair)  (mod MEHL).

By [8, Lemma 3.2] we have

b—i 1 1
v (a;) =2 b— e :<1—]§)b+ﬁ-z

1 1
—>b+—-L (3.3)
p p

b— i

vk (api) 2 p—L 2p2 = (1
p

>

Hence, if i < b then vk (a;) > i and vk (ap;)
follows that

i, with strict inequalities if ¢ < b. It

Ny (Bp(rmy)) = Ep(Bi(r) - (mod M), (3.4)

with 8;(r) = 7r}(r”2 — tayr? —da,;r. In addition, we have vg (8;(r)) > 4, with equality if
i <bandr#D0.

Since A,(H N UL = M we have k < b. We claim that vg(a,;) = b+ 1 for all
i > k + 1 such that p t4. If & = b this follows from (3.3). Let & < b and suppose the
claim is false. Let h > k + 1 be maximum with the property that p { h and vk (ap,) < b.
Since ap(p4p) = Trapn We see that a maximum h exists, and that vk (apn) = b. Since
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HNUE o UMY it follows from (3.4) and Corollary 2.6 that E,(8(r)) € HNUE
for all 7 € p,_; U{0}. By the definition of k, A,(H N Uty is a Zy2-module. Hence, for
every 1 € p,_q and n € p2_q,

nBr(r) = Bu(nr) = haynr? (n” — n)

lies in A,(H N Uf(ﬂ). Since every coset of Ml}(ﬂ in MY is represented by an element of
this form, and

A (HOUE) 5 A, (U5) = Mi,

it follows that A,(H NUE™) > MY. Hence H D E,(MY%) = Uk, which contradicts
(3.2). This proves our claim, so we have

p?b — pk < p*urc(api) — pi (3.5)

for all ¢ such that k < i < kerandpM
Set m = min{p?b — pk, p®e, p*>b — b}. Suppose m = p?b — b. Then k < &, so by the
preceding paragraph we have vg (ay;) > b+ 1 for all ¢ > %

(3.1) we get

such that p J( i. Hence, by

ih = min({psz(api) — pi:

= p*b —b.

b b
5<i<}—?—|—p, pM}U{er,pr—b})

Suppose m = p?e. Then k < p(b—e), so vk (ap;) > b+ 1 for all i > p(b— e) such that
p1i. Hence, by (3.1) we have

i1 = min({p*vk (ap;) — pic p(b—e) <i<p(b—e)+p}U{p’e,p’b—b})
2
= p?e.

Suppose m = p?b — pk with p?b — pk < min{p?e, p?b — b}. We claim that p { k. In fact
if p| k then k < b < 25, so we have

HNUE = (K*)"nUE) - (HNUE).
Since pk > b+ 1 and H N U™ D UZ™ it follows from Corollary 2.6 that
Ap(HNUE) = A, ((KX)" NUE) + A (HNUE). (3.6)

Since p?b — pk < p?e we have e + % > b+ 1. Therefore, by Proposition 2.8 we see that
A (K*)PNUE)+ M8 is an Ok, -module. Furthermore, A,(HNU™) is a Z,2-module
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by the definition of k. Since Z,> C O, and A,(HNUE) D M5F it follows from (3.6)
that A,(H NUE) is a Z,2-module. This contradicts the definition of k, so p { k.
Suppose ap € Ml;(“. Then for every n € p,2_; and r € p,_; we have

nBk(r) = Br(nr)  (mod 74t). (3.7)

If g C K this implies 76k (r) € A,(H NUS ). Since A, (H N Ut is a Zye-module it
follows that A,(HNUE) is a Z,2-module, contrary to assumption. Therefore a,y, ¢ M5
in this case. If g2 | ¢ K then k = b and it follows from (3.7) that the set

S={rempm, U{0}: By(r) =0 (mod M’};rl)}
is stable under multiplication by elements of p,,. ;. Hence S = {0}. Since

By(r+7") = Bu(r) + Bu(r’') (mod Ml}(ﬂ)

for r,r" € p,_; U {0} this implies that every coset of MEFY in MY is represented by
By(r) for some r € p,_; U{0}. It follows that A,(HNU}Y) = M, a contradiction. Hence
apr & M5! in this case as well.

Since p { k + p, by (3.5) we have Txapk = ap(p4p) € MU Thus vk (apr) = b. Using
(3.1) and (3.5) we get

i1 = min({pQUK(ap,-) —pi: k<i<k+p, pJ(z} U {p2e,p2b - b})

= p?b — pk.
We conclude that i1 = m in every case. 0O

Remark 3.2. Suppose p,2_y C K. Then it follows from Corollary 2.3 and class field
theory that all values of k such that b/p < k < b and p 1 k can be realized by extensions
L/K satisfying the conditions of Theorem 3.1.

Remark 3.3. Using Theorem 3.1 we obtain the bounds p?b — pb < i; < p?b — b. These
inequalities can also be derived from Corollary 6.11 in [7]. It follows from these bounds
that the condition i; > p?b — pb is equivalent to i; # p>b — pb.

4. Kummer theory

Let p > 2 and let K be a finite extension of Q, which contains a primitive pth
root of unity ¢,. Let K be a maximal abelian extension of K and let L/K be a totally
ramified (Z/pZ)2-subextension of K%*/K with a single ramification break b. In [2], Byott
and Elder gave a method for computing the refined ramification break b, of L/K in terms
of Kummer theory. In this section we use Vostokov’s formula for the Kummer pairing
to express b, in terms of the index of inseparability 71, under the assumption that i; is
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not equal to p2b — pb. The proof is based on a symmetry relation involving the Kummer
pairing and truncated exponentiation.

The Kummer pairing (,), : K* x K* — p, is defined by (a, 8), = o3(a!/?)/al/?,
where o'/P € K% is any pth root of o and op is the element of Gal(K®/K) that
corresponds to S under class field theory. The Kummer pairing is Z-bilinear and skew-
symmetric, with kernel (K*)P on the left and right (see for instance Proposition 5.1

in [5, IV]). For 1 < i < pp_el the orthogonal complement of U}, with respect to (,), is

Uiy = (K- U™ (see [3. 1))
Recall that Ky/Q, is the maximum unramified subextension of K/Q,. In [9] Vostokov
gave a formula for computing (,), in terms of residues of elements of

o0
Ko{X} = { Z anX™: ay € Koy, nEIPoovKO(an) =00, Im Vn vk, (a,) > m}.

n=-—oo

The set Kof{ X} has an obvious operation of addition, and the conditions on the co-
efficients imply that the natural multiplication on Ko{X} is also well-defined. These
operations make Ko{ X} a field. Let Ok, {X} denote the subring of Ko{ X }} consisting
of series whose coefficients lie in O, . Also let Res(¢)(X)) denote the coefficient of X 1
in Y(X) € Ko{ X}

For each a € U}, choose &(X) € Ok, [X] so that &(0) = 1 and &(nk) = a. Of course
there are many series &(X) with this property, but for our purposes it will not matter
which we choose. Let ¢ : Ky — Ky be the p-Frobenius map and define &*(X) = a®(X?)
and [(&) = log(&) — p~ ' log(a&®), where

log (14 (X)) = Y(X) ~ J6(X)? + (X~

for ¢(X) € XKo[X]. By Proposition 2.2 in [5, VI|] we have I(&) € X Ok, [X].
Let a, 3 € U. Following [5, p. 241] we define

Lo (B2
(R

Q1| =

Do p(X) = a).

Then @, 5(X) € O, [X]. Let s(X) = (,(X)? — 1. Then, by Proposition 3.1 in [5, VI],
s(X) is a unit in Ok, {X}. Since p > 2 and a, 3 € U), by Theorem 4 in [5, VII| we
have

<Oé B> _ ;[‘rKO/@p (Res(Pa,5/5)) (4 1)
yMip — . .
Theorem 4.1. Let p > 2 and let K be a finite extension of Q, which contains a primitive

pth root of unity. Lgt i, j be positive integers such that i + pj > % and pi + j > %.
Let a € U, B € Ui, and n € Ok,. Then <a["],ﬁ)p = (a,ﬁ[n]>p.
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Proof. By the linearity and continuity of the Kummer pairing we may assume that
a = E,(ur$,), B = Ey(vr), &(X) = Ep(uX®), and f(X) = E,(vX?) with u,v € Hg_1,
¢ >1i,and d > j. It follows from (2.1) that [(&(X)) = uX¢ and I(G(X)) = vX?. Using
(2.1) and Lemma 2.1 we get

d’(X) = cuX°® 1 o pe—1
) X (mod X7°1)
(B2)'(X) _ .
PBA(X) =0 (mod X" 1)
a(x)mny
(N((X))[’ﬂ) = c(nu)X°~"  (mod X**71)

Z(B(X)["]) =nX* (mod X*%).

Note that a(X)!", 3(X)!" are elements of 1 + X O, [X] such that &(mx)" = ol
B(mr) = Bl Hence we may take a7 (X) = &(X) and g1 (X) = (X)), Using the
computations from the preceding paragraph and the lower bounds for ¢ + pj and pi + j

we get
d/ Py pe
Pa,p(X) = 5 1(8) (mod X7-T1)
Do) 5(X) = c(nu)vX T (mod X7°7) (4.2)
D, g (X) = cu(pu)XT1 (mod X7-1). (4.3)

It follows from Proposition 3.1 in [5, VI| that the image of s(X) € O, {X}* in

(O /M ) (X)) = Fq (X))

has X-valuation 4. Therefore, by (4.2) and (4.3) we have
P

gpoz[n] B (X) - gpa,ﬁ[’"] (X)

5 = (X) +pd(X)

for some v(X) € O, [X] and 6(X) € O, {X}. It follows that

Therefore, by (4.1) we get (!, 8),, = (o, pIM),. O

Corollary 4.2. Let K, i, j satisfy the hypotheses of Theorem J.1. Let A be a subgroup
of Uj; such that A contains UL and Ap(A) is a Z,2-module. Then A,(A+NUy) is a
Zy,2 -module.
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Proof. Let a € A. By Corollary 2.7 we have o™ € A for every n € Ky2_q. Hence, for
g e Atn U}'( we see that (a,ﬂ[”]>p = <a[’7],[3>p = 1. Since this holds for every @ € A
we get gl e AL N U;{. Since pj > ppfl — 441 we have A+ N Ug( D U?. Therefore, it
follows from Corollary 2.7 that A,(A+ N Uf() is a Zp2-module. O

Recall that H = Ny /g (L*) is the subgroup of K* that corresponds to L/K under
class field theory, and let R = (L*)? N K* denote the subgroup of K* that corresponds
to L/K under Kummer theory. Then R contains (K*)?, and it follows from the basic
properties of the Kummer pairing that R = H+ and H = R*. Furthermore R/ (K*)P

and K*/H are both elementary abelian p-groups of rank 2. Let Ry = RNU} T . Since
the only ramification break of L/K is b we see that R = Ry - (K*)? and

Ro/(KX) nUL ™ ") = RJ(KX)"

(cf. [3]).
_ Ll —b+1 . . 2 —b41
For a € Og welet @ = a + My}, denote the image of a in O/ M},
Then Ry = R/(K*)? is an elementary abelian p-group of rank 2. Let 1+ py, 1 + po be
elements of Ry such that T+ py, T+ pz generate Ry. Then v (p1) = vi(p2) = pel —b.

Let 6 € p,_; be such that 6 = pa/p; (mod M ). Then 6 ¢ p, ; and

L+p) =1+p, (mod Mﬁ7b+1).

Let s < z% be maximum such that (14 p1)l% € Ry-Ug, and set t = pp_el — 5. Then, by
[2, Prop. 10] we have

b, = pb — max{pt — b, (p2 —1)b— p2e, 0}. (4.4)

Lemma 4.3. Let p > 2 and assume that K contains a primitive pth root of unity. Let L/ K
be a totally ramified (Z./pZ)?-subextension of K /K with a single ramification break b.
Then the following are equivalent:

1. 8¢ IJ’p271'
pe_pil
2. Ap(Ro) + M¥; is a Zy2-module.
3. Ap(HNUY) is a Zy2-module.
4. iy > p?b — pb.

Proof. To prove the equivalence of the first two statements we note that A,(1+ p1)
and A,(1 + p2) = 0- A, (1 + p1) generate the rank-2 elementary abelian p-group 4, (Rp).

Hence, 6 lies in p,»_; if and only if A,(Ro) is a vector space over Fpz, which holds if

e _py1
and only if A,(Ro) + M}! isa Zy2-module. The equivalence of statements 3 and
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4 follows from Theorem 3.1. To prove the equivalence of statements 2 and 3 we observe
pe —b
that if A,(Ro) + Mp" Tisa Zy2-module then it follows from Corollary 4.2 that

Pe_p1y 1
Ap((Ro- U™ )

NUY) = A, (HNUY)
is a Z,2-module. Conversely, if A4,(H NUY) is a Zy2-module then it follows from Corol-
lary 4.2 that

A((HAU) AUz ") = A (Ro- U™ ")

L —b+1
= Ap(Ro) + M

is a Zp2-module. O

For the rest of this paper we restrict our attention to extensions L/K which satisfy
the conditions of Lemma 4.3. Our goal is to compute b, in terms of i; for this class of
extensions. The following proposition will allow us to make a connection between A, (Rp)
and the definition of s.

Proposition 4.4. Let L/K be an extension which satisfies the conditions of Lemma 4.3,
and let i satisfy 1 <i < p(;25 —b) and i < 25 — L%J Then (1+p1)?' € Ry-Uj; if and

only if Ap(Ro) + M is a Z,2-module.

Proof. Ifi < pp_el —b then both statements are certainly true, so we assume i > pp_l —b. If

Ap(Ro) + M is a Zy2-module then it follows from Proposition 2.2 that (14 p1) € Ry-
U}.. Conversely, suppose that (1 —|—p1)[9] € Ry-U};. Thanks to the upper bounds on i, the

hypotheses of Proposition 2.8 are satisfied with j = pp_l — b. It follows that A,((K*)? N

_pe__p .
U™t )+ My is an Ok,-module, and hence a Z,2-module. By Proposition 2.2 we have
- Ay(1+ p1) € Ap(Ro) + M. Therefore the rank-2 elementary abelian p-group

i o1 b i
(Ap(Ro) + M) /(A (K*)" nUE T ) + M) (4.5)
is generated by the cosets represented by A,(1+p1) and 6- A, (14 p1). Since 0 € p2 1\
M, 1, it follows that (4.5) is a vector space over F2. We conclude that A,(Ro) 4+ M is
a Zp2-module. O

We now reformulate the Byott—Elder formula for b, in terms of A,(Ry).

Theorem 4.5. Let L/K be an extension which satisfies the conditions of Lemma 4.3,
let R be the subgroup of K™ that corresponds to L/K under Kummer theory, and set
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ﬂ_b
Ry=RNUE" . Lets <&

and set t' = z% —s'. Then

»(Ro) + M is a Zy2-module

b, = pb—max{pt' — b, (p* — 1)b — p’e, 0}. (4.6)

Proof. Recall that ¢t = ppfl
(1+p)? € Ry - Ug. Set

M = max{pt — b, (p2 — 1)b — er,O}
M’ = max{pt' — b, (p> — 1)b— p’e,0}.

By (4.4) we have b, = pb — M. Therefore, to prove the theorem it suffices to show that
M’ = M. We divide the proof into three cases, depending on the value of M.

If M = (p? — 1)b p2e then ¢t < p(b — €), and hence (1 + p1)? € Ry - U”
Since (p? — 1)b — p?e > 0 we have

pe pe pe b
D b)pbeg {J
(p—l p—1 (b=e) p—1 [p

(b—e) .

24 —p(b— e)

Therefore, by Proposition 4.4 we see that A,(Ro) + M}, b P is a Z,2-module. Hence
t' <p(b—e), so M’ = M in this case.
If M =0 thent < L—J and hence (1+ 1) € R, - Up P . Since (p?> —1)b—p?e <0

—-b) > pe — L;j. Therefore, by Proposition 4.4 we see that A,(Ry) +

-L2]

we have p( =

MET =Lzl .

case.

If M = pt —b > max{(p*> — 1)b — p%,0} then t > p(b —¢e) and t > %. Hence
s <p(;E5 —b) and s < 5 — L%J. Since (1+p1)% € Ry U3, and (14 p1)l ¢ Ry- U,
it follows from Ploposltlon 4.4 that A,(Ro) + M5 is a Z,2-module, but A,(Rg) + M3
is not. Therefore s’ = s, so M’ = M in this case as well. O

-1

is a sz—module. Hence t' < L%L so pt’ < b. It follows that M’ = M in this

Now that we have formulas for computing b, and 4 in terms of A,(Rp), we can
determine the relationship between these two invariants.

Theorem 4.6. Let p > 2 and let K be a finite extension of Q, which contains a primitive
pth root of unity. Let L/K be a totally ramified (Z/pZ)?-extension with a single ramifi-
cation break b. Assume that the index of inseparability i1 of L/ K is not equal to p*b— pb.
Then the refined ramification break b, of L/K is given by b, = iy — p*b + pb + b.

Proof. As above we let H denote the subgroup of K> that corresponds to the extension
L/K under class field theory. By Theorem 3.1 we have

i = min{pr — pk, pe, p?b — b}, (4.7)
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where k is the smallest nonnegative integer such that A,(H N Uf(ﬂ) is a Zp2-module.
Let R be the subgroup of K* that corresponds to L/K under Kummer theory and

Pe__p
set Ry = RNUE™" . Recall that R is equal to the orthogonal complement H Lof H
with respect to the Kummer pairing (,),. In addition, since R = Ry - (K*)? we have
Ry = R' = H. As in Theorem 4.5 we let ¢ be the smallest nonnegative integer such

’

_pe_ __
that A,(Ro) + ME ' " is a Z,2-module.
Suppose i; = p?b — b. Then

b Y

L)+ 25 25 25 b
Ap((HNUg ) NUk ) =Ap((R-Ug )NUE )

pe

= A, (Ro-UE T .

Since p(;5 —b) > 25

%J, it follows from Corollary 2.6 that

I iy 212

A (HNU nNUg " Ap(Ro) + Mp

Since L%J +1> % > p(b —e), we have

(1)) G555
(B GE -

LJ+

Therefore, by (4.8) and Co1 ollary 4.2 with A = HNUZ"

we see that 4 (Ro)—i—/\/l = is a Z,2-module. Hence t’ < L;j. Since (p?—1)b—p?e < 0,
it follows from Theorem 4.5 that b, = pb in this case.

b . pe
=)+l andj = L5 -0

Suppose i; = p?e. Then

—b

) = (R v
—e)
).

Since b > p(b — €) and p(;£5 — b) = 25 — p(b — e) it follows from Corollary 2.6 that

A (HAU ) quz

=4 (RO ) UI?I

(b= e)

A (HAURE Y q ™) = Ay (Re) + Mt (4.9)

Since p?b — b > p®e we have

(p(b—e)—i—l)—l—p(ppel —b) S

p(p(b—e)+1)+( pe —b)> be
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Therefore, it follows from (4.9) and Cmollam 4.2 with A = HﬂUﬁ(b*e)H, i=p(b—e)+1,
and j = P55 — b that 4,(Ro) +Mp p1 P07 4y Z,2-module. Hence t' < p(b—e). Since
(p* — 1)b - p2e > 0, it follows from Theorem 4.5 that b, = p?(e — b) + pb + b in this
case.

Suppose i = p*b — pk < min{p?b — b,p?e}. Since H D UL we have k < b, so

ek S
Ry-Up ™" is contained in UZ™" . Hence

A (HAUEY nvg ") = A (R-UE o

)

pe

—k
= AP(RO ’ Ul?l )
Since k > p(b — e) we have p(;25 —b) > -E
_pe__p re_ [
A((HNUE) UL ) = Ay(Ro) + ML (4.10)

It follows from the inequalities k > p(b — e) and pk > b that

pe pe
k —— —b
+p<p -1 ) Tp-1
pe
k — —b .
. ( -1 > p—1
Therefore, by (4.10) and Corollary 4.2 with A = HN U?‘l, t=k+1,and j = ppTel —b

ﬂ
we see that A,(Ro) + M~ g 1s a Zy2-module.

—k
Suppose that Ay (Ro) + ./\/l o is also a Zy2-module. Then, by Corollary 4.2 with
k1

A=Ryp- U” b1 , 1= 25
_pe___
Ap((Bo - U ™Y nUk) = Ay (H 0 (K¥)PUE 1 UE)
= A, (HNUE)
is a Zp2-module. Since k > 1 this contradicts the definition of k. Hence A, (Ro- Uf_k+1)

is not a Zyz2-module, so ¢ = k. Since pk — b > max{(p? — 1)b — p?e,0} we get b, =
pb — pk + b by Theorem 4.5. By comparing our formulas for b, with (4.7) we find that
b, =iy — p?b+ pb+ b in all three cases. O

Remark 4.7. If i; = p?b — pb then b, can take any of the values allowed by Theorem 5
in [2]. On the other hand, for a given b, we have either i; = p?b — pb or i; = b, + p?b —
pb — b.
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