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1. Introduction

The parity of the Mordell-Weil rank of an abelian variety is given by its root number
by the Birch and Swinnerton-Dyer conjecture. For elliptic curves over Q, the root-number
equidistribution conjecture states that 50% of elliptic curves over Q have root number
+1 and the other 50% have root number —1. Another interesting problem is to analyse
the distribution of the root number in various families of elliptic curves. For example, it
is well known that in the family of quadratic twists of a given elliptic curve over Q, the
root number is equidistributed; L. Mai [12] proved the root number in the cubic twists
family 22 + y2 = § is equidistributed. From these equidistributions of root numbers, the
BSD conjecture predicts that half of the elliptic curves should have even ranks and the
other half should have odd ranks in the corresponding families. Moreover, the Goldfeld
conjecture [6, Conjecture B] states that in the family of quadratic twists of an elliptic
curves over Q, the elliptic curves have rank 0,1 with probability 1/2 respectively.

In this article, we establish general formulae for the root numbers of Jacobian varieties
of Fermat curves and prove the equidistribution of root numbers in the family of p-th
twists of these Jacobian varieties.

Let p be an odd prime number and f, the group of p-th root of unity with a generator
w. Let K = Q(w) be the p-th cyclotomic field. Let § be a p-th power-free rational number
and let Fs be the Fermat curve over Q defined by

XP4+YP =4

For integers r, s,t > 0 satisfying » + s+t = p, let C} 5 +,5 be the smooth projective curve
over Q of genus g = (p — 1)/2, which is defined by the affine equation

yP=2"(6 —x)°.

Let J, s+ be the Jacobian variety of the curve C, s +.5. The curves C) 45 are natural
quotient curves of the Fermat curve Fs and the quotient maps induce an isogenous
decomposition of the Jacobian Jac(Fs) by the various Jacobian varieties J; s 4.5 over Q
[13]. Therefore, the Jacobian varieties J, s 4,5 are referred as the Jacobian varieties of the
Fermat curves.

The curve

Crsts:y? =2" (0 — x)°

is defined over Q. Let A(s, Jns)t;(;/Q) be the complete Hasse-Weil L-function of the Jaco-
bian variety J; s 45 /0" Weil [22] proved this L-function is modular and can be identified
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with the L-function of a Hecke character over K. Therefore A(s, Jy 5.6 /Q) is entire and
satisfies Hecke’s functional equation

A(S; Jr7s,t;5/@) = €T7S,t;5A<2 - S, Jr,s7t;§/(@)

where €, ¢ +,5 = £1 is the root number.

For p = 3, we must have r = s =¢ =1, and C 1 1,
the root numbers have been computed by Birch, Stephens and Liverance [1,18,11]. For
the classical Fermat-curve case i.e. § = 1, the root numbers ¢, 5 +,1 have been computed
by Gross and Rorlich [7,14]. We will establish the general formulae for the root numbers
€r,s,t;5 of the Jacobian varieties Jns,t;(;/Q for all § € Q*. In what follows, without loss of
generality, we always assume 0 € Q* is a p-th power-free integer.

For a p-th power-free integer n € Q*, we write, in Q)f, that n = ep®(1 — p)? with
ecF—=Q),ac{0,1---,p—1}, and b € Zy. Set

s are elliptic curves. In this case,

u(n) = min(ord,(a), ord,(b) + 1).

Note that u(n) = ord,(b) + 1 if a = 0, and u(n) = 0 otherwise. Let d € (Z/pZ)* be the
residue class given by

(,,,rss(t _ p)t5r+s)p—1 -1
d= p
(r + s)ord,(9) mod p, if u(r"s*(t — p)to" ) = 0.

mod p, if u(r’"s*(t —p)'d"TE) = 1;

)

We have the following general formulae for the root numbers.
Theorem 1.1. Let r,s,t > 0 be integers satisfying r + s+t = p, and let J 515 be the

corresponding Fermat Jacobian over Q. The root number €, s .5 for the Hasse-Weil L-
function of Jns,t;(s/@ is explicitly given as follows:

€r.s,t;6 = H €r 5,t;6,05
¢

where

-1
p
€r,s,t;6,0 = ¢ .
-, if £ pand l ] d;
p
+1, if L1 pd;

and
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—rstd
(7). s e-pe =0,
€r,s,t:8,p = — (rs;d) , if U(TTSS(t — p)t5r+s) =1;
<_2> , if u(r"s®(t — p)tete) > 2.
p

The above formulae are compatible with those given in [1,18,11] for p = 3 and those
in [7,14] for § = 1. The formulae in [7] involves a quantity m related to the CM type
of the Jacobian variety J, s+1. Perhaps, it is this quantity m that makes trouble when
the authors in [7] verified the parity conjectures for the abelian varieties J; 5.1, and
they gave a full treatment only in the case r = s = 1. On the other hand, since the
above formulae depend on r,s,t and § in a direct way, they are easily accessible and
more convenient in applications. Indeed, they are successfully applied in [17] to verify
the parity conjectures for the Jacobian varieties J, s +5. As another application we will
prove the equidistribution of the root numbers.

Theorem 1.2. Let NP) be the set of p-th power-free positive integers. We have the fol-
lowing equidistribution

lim #{6 e NP . § < X and €, 54,5 = +1} 1
XSfoo #{0 e NP : § < X} 2

When p =3 (r = s =t = 1), this is proved by L. Mai [12]. For a general odd prime
p, the curves C1 1525, C1,(p—1)/2,(p—1)/2;6 and C1, 21,5 are hyperelliptic curves and
the root numbers of these curves can be obtained by [19] (with constrain p t §). T.
Jedrzejak [10] generalized the result of L. Mai for these hyperelliptic families J1 1,—2.5,

J1,(p-1)/2,(p—1)/2:6 and J1 p—2,1;5 with p{d.

Notations. Let F' = Q(w+w™!) be the maximal real subfield of K. Let O resp. O be the
ring of integers of the field K resp. F'. Let A be the adéle ring of F. Let |-[5 : A* — RX
denote the standard adélic absolute value so that d(ab) = |a|sdb for any Haar measure
db on A. Let | - |, denote the absolute value on F¢ for each place v of F such that
|z|a =[], |zo]v for any x = (x,) € A*. For a finite place v, sometimes we also denote
by v its corresponding prime ideal and ¢, = #O/v. For x € F*, denote by ord,(z) the
additive valuation of  at v so that ord,(v) = 1. We denote by oo the set of infinite
places of F. Let Ax = K ®p A be the adéle ring of K. The notations |- |a,, | |v,qv,
and ordy (+) are similarly defined for K where V is a finite place of K.
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2. The Jacobian varieties of Fermat curves
2.1. Jacobi sums and algebraic Hecke characters

The readers can refer to [22,3] for the basics of the Jacobi sums. Let r,s,& > 0 be
integers satisfying r 4+ s+t = p. Let V' be any finite place of K not dividing p. The p-th
power residue character xy : (Ox/V)* — p, modulo V is given by

xv(z) == 7 mod V.
The Jacobi sum

jr,s,t(v) = - E XV(x)TXV(l - m)s
€0k [V
z#0,1

is an integer in Ok. The set

h h ht
O T Ca T (I
p p p
can be identified with the CM-type of J; s +1 through the Artin isomorphism
0 (Z/pL)* ~ Cal(K/Q), op(w)=w".
Here (-) denotes the fractional part of a rational number. If we put
(I);,;,t = {hil € (Z/pZ)*|h e (I)r,s,t}a

then the CM type (K, ®, !,) is the reflex of the CM type (K, ®, 5 .). The Stickelberger

) Frys,t
relation holds

. 0—*1
(o)) = T Vo, (2.1)
he@'r,s,t
and it follows that j, s (V') has absolute value q‘l// 2 for any complex embedding of K in
C.
We extend the definition of j, s (V) to all ideals prime to p in K by the condition

jr,s,t(ab) = jr,s,t(a)jr,s,t(b)~

Weil proved in [22] that the resulting function j,s(a) is indeed an algebraic Hecke
~1

character on K with values in K of conductor dividing IT* and infinity type @, ,, i.e.

for any £ € K* such that z = 1 mod II?,
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Here II = w — @ is a primitive element of K at the place above p. The infinity type

ol K S KX e H x7,

r,8,t
O'E‘IJ:,;J
induces a homomorphism, by linearity, on idéles:
-1 . X X
O, Ay — AR

Let 79 € Hom (K, C) be a fixed element and we identify K as a subfield of C via 7. Let

(I>71

75,870

CAR — AF T C
be the composition of @, ;,t with the projection through 7. It is well known [22] that
Grist = Jrsit - (q)r_,;,t;-ro)_l : KX\A;({ - C*

is the Hecke character associated to the CM abelian variety Jr,s,t;l/K in the sense of [16,
Proposition 19.9]. Generally, if 6 € K*/K*P, then according to Weil [22] the abelian
variety Jr’syt;(;/K also has CM type (K,®, ;) and the associated Hecke character is
Gros t:5 = xE“ Jrosit (@;;t;m)*l where x4 is the character on ideals prime to ¢ such
that xs5(V) = xv(9). It follows from the Stickelberger relation (2.1) that the Hecke
characters

. - 1/2
Gros,t:6 = (X§+S]r,s,t ) (_(D’r‘,;,t))7'0| ’ A/K : KX\AIX( — C*
are all unitary.
2.2. The automorphic representations and L-functions

Suppose ¢ is a p-th power-free integer. Fix the triple (r,s,t) with r,s,¢ > 0 and
r+ s+t =p. Both C, s and J, ;5 are rational over F. Let 7, 545 be the cuspidal
automorphic representation on GLz2(A) associated to JT’S’t;g/F. Explicitly 7 ¢ . is the
representation on GL2(A) locally constructed from ¢, 5 4.5 using Weil representation. The
L-function L(s, 7, s .5) is entire and satisfies a functional equation

L(37 ﬂ-r,s,t;(S) = €'r,s,t;5L(1 - S, 7T7‘,s,t;6>7

where the epsilon factor €, 545 = +1. By [9, Theorem 4.7], we know

L(s, Wr,s,t;é) = L(s, ¢r,s7t;6)'
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Furthermore, the curve
Crsis:y? =2" (0 —z)°
is defined over @ and has good reduction at all rational primes ¢ 1 pd. Let

_ Py(T)
Z(Cr,s,t;é/]}?lv T) - m

be the Zeta function of the reduced curve Cy s 1.5 JF, Then Py(T) is a polynomial with
integral coefficients of degree 2g = p — 1.
The Jacobian variety J; s t.s /Q has a global L-function

L(s, Jrsus ) = [ [ P€7*) 7"
tpd

This Euler product converges for Re(s) > 3/2. Weil [22] proved in this region
L(87 Jr,sﬁ;é/@) - L(Oo) (S - 1/27 ¢r,s,t;5)u

where ¢y 1.6 = XgH(br,s,t is the Hecke character associated to the CM abelian variety
Jrs.:8 5 in the sense of [16, Proposition 19.9] (see §1.1) and L(>) means the L-function
with the infinite factors removed. Therefore

L (37 Jr,s,t;é/@) = L(Oo)('s - 1/2a ¢r,s,t;5) = L(OO)(S - 1/27 7rr,s,t;é)~

Set the complete L-function as
A (87 Jﬂs’t;(;/(@) = Ni,/s%t;(;((QW)_SF(S))(p_l)/zL <S, Jr,s,t;é/Q) )

where N, 5+ is the conductor of the curve Crys’t;g/Q. Then A (s, JT’S,t;(;/Q) satisfies
Hecke’s functional equation

A <3a Jr,s,t;é/@) = Gr,s,t;éA (2 — S, Jr,s,t;é/@) .

Therefore, we see the Jacobian variety J; 5 t.5 /Q and the cuspidal automorphic represen-
tations 7, 5 +.s share the same root number €,  ;.5, and hence, in order to compute €, s +:5,
we will compute the root number of the Hecke character ¢, s 5.

3. Root numbers

Suppose § is a p-th power-free integer. Fix the triple (r,s,t) of positive integers
satisfying » + s + ¢t = p. Simply denote J; = J, 5.5, and denote ¢ = ¢, 5, and
D5 = Prst:s = ¢Xg+s the Hecke characters associated to J and Js respectively. We
shall compute the local root number of the Hecke character ¢g.
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3.1. Local root numbers

We shall recall several formulae for the local root numbers. The basic references to this
subject are [20,9,4,21]. Let L be a nonarchimedean local field. Fix a nontrivial additive
character ¥ of L, and denote by dx the self-dual Haar measure on L with respect to
1. Let x be a unitary character of F*. The local epsilon factor e(x,v) = e(x, v, dx)
associated to x with respect to ¢ is given by [4, (3.3.1)], and define

e(s,x,9) = (x| - [°, ).
The local root number associated to x with respect to v is

e(x, V)
le(x; )]

If L is archimedean, the formulae for the local epsilon factors can be found in [4,

=e(1/2,x,¢).

(3.4.1)-(3.4.2)] or [9, p. 97]. Now suppose L is nonarchimedean with ring of integers O,
and a uniformizer w. Define the conductors:

— n(1) = the largest integer n such that ¥|5-rp = 1;
— ¢(x) = the smallest positive integer m such that x|14ome) = 1 if x is ramified, and
0 if x is unramified.

We may also refer to @w™"O resp. @w™O as the conductor of i resp. x.
If x is unramified, then

e(s, X, 1) = x(@" )| (D=3), (3.1)
So if n(¢)) = 0, then the root number
€(1/2,x,¢) = 1.
If x is ramified, then from [4, (3.4.3.2)] we have
Coxi)= [ el s, (32)
o () Fe()) O %

We introduce another useful result on local epsilon factors. Suppose M is a finite
extension of Q, and let L be a separable quadratic extension of M. This determines
uniquely an element A in L* modulo M* such that

L=M[A], A?e M*. (3.3)

Let ¢ : Qp — C* be the additive character given by



J. Shu / Journal of Number Theory 226 (2021) 243-270 251

¢£($) _ eQ‘/riL(;c) (34)
where ¢ : Qp/Z, — Q/Z is the natural embedding. Then define ¢1, : L — C* by
V(@) = Ye(Trp g, (2)).

Proposition 3.1 (Frochlich-Queyrut [5, Theorem 3]). Let L be a separable quadratic ex-
tension of M, with A satisfying (3.3), and let x be a character of L™ so that x|yx = 1.
Then

€(1/2,x,%r) = x(A).
3.2. Kummer extensions

The field extension K/Q is totally ramified at p. Put
D=w-wand 7 =1 = w? + & — 2.

Then the ideal P = (II) resp. p = (7) is the unique prime ideal of K resp. F' above p.
Note under the class field theory, the character ys can be viewed as a character on
the Galois group x5 : Gx — Oy which is characterized by ys(c) = ({/6)7 1.

Lemma 3.2. Let © be the product of all distinct prime factors of (8) in K not dividing
p. Then

Xslax =1,
and the conductor c(xs) divides PPH1D.

Proof. Denote L = K (/). We first note that the extension L/K is unramified outside
the places dividing pd. Under the Artin reciprocity map, we have the isomorphism

o K*Np i (AS\AY ~ Gal(L/K).

Denote by oy the image of t € K*Np/x (A} )\Aj under the Artin reciprocity map. Let
¢ € Gal(K/F) be the non-trivial element and ¢ extends to an involution on Ak through
its action on K. Then for any t € K*Np /x(A7)\A ), we have

-1
0, = CO¢C = Oie.

The first identity is clear from the effect of coyc on ¢/3, and the second identity follows
from [21, §1].

Denote by N the norm map from K to F. For a finite place v of F', let K, = K ®p F,
and we embed K naturally into Aj. Then for any t € K, oxg) = oo = 1. In
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particular, X5|N(K5<) = 1. If v is split in K, then N(K*) = F*. If v is inert in K, then
N(K)) is a subgroup of F,* of index 2. Since xs is a character of order p, in both cases,
Xs is trivial when restricted on F*. Since xs has trivial local factors at infinite places,
we have xs[ax = 1.

For any V # II dividing ¢ and ¢t € (1 +D¢Ok,v),

t,5 _ordy (8)(qy —1)
Xﬁ(t> = (m) =t v qu =1 mod @00}(’\/7

where (m) denotes the p-th Hilbert symbol over Ky .

For any t = 142 € Ky} with ordp(x) > p, it is easy to see that the binomial expansion

(1+z)» :i (#) o

=0

converges, and hence ¢ is a p-th power in K7}. Then

t,6 st \ 7!
=22 =(-2") =1 0o
xs(?) (KH;P> (KH;P>

Lemma 3.3. Let { # p be a rational prime number. Let V | £ be a place of K. Then V

is fized by the complex conjugation, or equivalently, V is inert in the extension K/F, if
and only if £ has even order in IF)*. In particular, the places of F' above £ have the same
inertia degree in the quadratic extension K/F.

Proof. We identify the Galois group Gal(K/Q) with (Z/pZ)* by the Artin reciprocity
map, via which the complex conjugation is identified with —1. Let Dy be the decompo-
sition group of V' with respect to the extension K/Q. Since V is unramified,

Dy ~ Gal(F,, /Fy).

Then V is fixed by the complex conjugation if and only if Dy contains —1. This is
equivalent to that the inertia degree [qy : £] is even. It is well-known that the inertia
degree [gy : £] is the order of £ in F)¢. Since K/Q is abelian, if any Dy contains —1, so
do the others, and the last assertion follows. 0O

We write, in Q,, that
— a b
6 =ep*(1—p)

with e € F) C Q, a € {0,1---,p— 1}, and b € Z,,. Note such a and b are uniquely

determined by
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log(9)

azordp((S), = m7

253

where log denotes the p-adic Iwasawa logarithm (i.e. log(p) = 0). If @ = 0, we also have

p—1 _
ord,(b) = ord, (L 1) .
p

Put
u(0) = min(ord,(a), ord,(b) + 1).
We note that u(d) = ord,(b) + 1 if a = 0, and u(d) = 0 otherwise.

Proposition 3.4. The conductor of the Hecke character xs is given as

PHDo,  if u(d) =0
c(xs) = { B*Do, if u(d) = 1;

Proof. This follows from Lemma 3.2 and [3, Theorem 6.1] or [15, Theorem 8§].

Put
Ir'=1-w.
We have
I=-2I'+ 101, w=1-1II,
and note

K =F[], II*eF*.

(3.5)

O

(3.6)

For any place V of K, denote by xs,1v the V-adic component of xs. By Proposition 3.4,

if u(d) > 2, then the local character xs 1 is unramified.
Proposition 3.5.

1. Suppose u(8) = 1. The local character xsn has conductor (I1%), and

673*1—1)

Xom(1+1I) = w2< ’
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2. Suppose u(8) = 0. The local character xsn has conductor (IIP*1), and
X6,H(1 + Hp) — wQOI‘dP((S).

Proof. First suppose u(d) = 1. In this case, @ = 0 and ysn has conductor (II?) by
Proposition 3.4. Since € is a p-th power in K[, we have

1+H,6> _ <1+H7(1—p)b).

Km;p Km;p

xs(1+1I) = (
By an explicit reciprocity formula of Artin-Hasse-Iwasawa [8], we have

(1 + 11, (1 — P)b) _ (=)

K;p
where
1+1L,(1 = p)’] = —=Trgy q, (1+—H i lee(l—p)
Note
p P
log(1—p)P=—bp(1+Z+%+
2 3
And
w o d1+10) 1-1r d(1 —2II' +II'TT")
14+ dIIl' 1 —2Il + 'l drr
= —2 mod IT'.
Hence

1 b\ — —
_ETrKH/@p (H——HW log(1 — p) ) = —Trgy/qQ, (2b) = 20 mod p.
On the other hand,
6P~ = (e(1 = p)®)P~t =1 4 bp mod p°.

So

1 w d(1+41I) b L [oPTh -1

The first assertion follows.
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Next suppose u(d) = 0. In this case, a # 0, and the local character x5 1 has conductor
(IIP*1). We have

1+117, p2(1 —p)b>

1+117) =
Xo,m(1 + IIP) ( K p

By Proposition 3.4, the local character x(;_p)» i1 has conductor dividing (I12). Hence

1—|—Hp,p“)

1+1I7) =
Xo,m(1 + IIP) ( Kuip

Since

L+TP =1+ (=211 + TIT)? = 1 + (=2)PII'? = (1 + 1I'?) 2 mod 1P,

1+ H”’,p)_ga

14+11P) =
xsn(l+ 1) ( Kn;p

It suffices to compute
L+1I'7p
Km;p ’

and we will apply Coleman’s explicit reciprocity law [2, Theorem 1] and [3, p. 89] to do
this calculation. Let ¢1(T") € Z,[[T]] be as in p. 90 of [3]:

where [a](T) = 1—(1—T)% is the a-th power homomorphism of the multiplicative formal

o~

group Gy, with group law (@m(X7 Y)=X+Y — XY. Then

g1 (I') = p.

Define
A1+ TZ([T)] — TZTY,  A(f) = log(f) — %log(f(m))-

By Coleman’s explicit reciprocity law

(1 +H’p,p> “n
RN A
Km;p

D
n— /A(l + )29
1

where

g1
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and we note the Hilbert symbol is the inverse of that in Coleman’s paper [3, p. 43]. It is

straight-forward to verify
AL+ TP) = (1 — pP~ TP mod TP Z,[[T]).

Since Dg ‘il has at most a single pole at T" = 0, we obtain

1 Dgl)
n=-Tr , Al 4+TP)—=
p KH/QP (( ( ) 0

T—H’)

Since xp,m has conductor p + 1, by [3, Theorem 6.3], we have

D 1 D
TI"KH/Q,, ( <(1 _ p;v—l)Tp 91) ) = —TI"KH/QP < <Tp gl)
T=II p g1

g1
It follows from [3, Lemma 6.5] that (There is a sign error in this lemma: indeed, the

expression for D[a]/[a] in [3, p. 91] has a sign error.)

n =

) mod p.

1
p T=II

n==Trg,/q,[II'""") mod p.

D=

On the other hand,

=1
p—1
-1 ;
=p- (pi )(1)=p
1=0
So
n =1 mod p,
and hence

X(S,H(l + HP) — w2a. 0
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For any prime ¢, denote

Xs,0 = H X5,V

vie

where V runs through the places of K above /.
Proposition 3.6. For any prime ¢, we have x;5,(II) = 1.

Proof. If ¢ = oo, this is clear because the infinite factor xs5..o = 1. Next we assume /£ is
finite. By our choice of II, we have II?> € F. By Lemma 3.2,

Xg’g(H2) = 1, i.e. ngg(H) = +1.

On the other hand, by definition, we know xs ¢(II) is a p-th root of unity, and we conclude
X6,0 (H) =1. O

3.3. Local root numbers outside p

For any finite place v resp. V' of F resp. K outside p, denote by w, resp. Iy the
corresponding uniformizers of F, resp. Ky .

We fix an additive character g, of Ky for each place V of K as follows: If V is
archimedean, then

/(/)KV (x) — e_QﬂiTrKV/R(z);
If V' is non-archimedean and dividing ¢, then

va(x) = wf (TrKV/Qz(x» ’

where 1) is as in (3.4). Then the product ¢ = [[, ¥k, is an additive character on
K\Ak. The L-function L(s, ¢s) satisfies a functional equation

L(S7¢6) = 6(57¢5)L(1 - 87¢5_1)'

The epsilon-factor admits a local product

6(87 ¢5) = HG(S, ¢5,V7¢Kv)7

%

and the epsilon-factor €(s, ¢5) is independent of the choices of ¥, .
Let V be an infinite place of K. Then

Ky ~C, ¢sv(z)=2"zl>
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and, from [4, (3.3.3), (3.4.2)] or [9, p. 97], we have

€(1/2,¢5v, 0Ky ) =i (3.7)

For a place V 1 pd of K, ¢5 is unramified, and we have by (3.1) that

6(1/2,(;557\/,1/)}(\,) = 1. (38)

Let V be a place where ¢sy is ramified. Simply denote cy = ¢(¢s,v) and ny =
n(¢Yr, ). It follows from (3.2) that

ny —cy

6(1/2? ¢57Vava) = (ﬁ(g)v(Hv)"V"‘quv 2

X /OK,de Z ¢5_,\1/(a')va (ﬁ) :

a€Ox v/(I+11Y Ok v)

(3.9)
Since ¢ is unramified outside p, it follows immediately from the above formula that

Lemma 3.7. For any place V { p, we have

€(1/2,¢s,v, Vicy ) = €(1/2, X515 Vicy, v (ITy )™V eV

Proof. This lemma follows from (3.9) by noting that ¢5 = QSX:;JFS and that ¢ is unramified

at the place V. 0O

In order to compute the local root numbers for ¢5y for V +p and V' | 4, it suffices to
compute ¢y (IIy) and €(1/2, xs.v, ¥k, ) for these places. Since our choice of II satisfies
(3.3), by Proposition 3.1, for any finite place V' of K,

€(1/2,x6,v, VK, ) = xs,v (1) = 1, (3.10)

which is given by Proposition 3.6. So it remains to compute the values of ¢y (IIy) for
V £A1L

Proposition 3.8. Let v # w be a finite place of F. If v is inert in K, let V' be the unique
place above v. Then

ov(Ily) = —1.

If v is split in K, let V and V be two distinct places above v. Then

v Iy )y (ITy7) = +1.
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Proof. First suppose v is inert in K. The prime ideal V' of K is fixed by the complex
conjugation. By the Stickelberger relation (2.1) and the fact that @, ;. is a CM-type,

i.e. a set of coset representatives of (Z/pZ)* modulo {£1}, j, s +(V) generates the same

ideal as ¢, = q‘l,/ % Hence

jr,s,t(v) = UGy

for some unit u € O. Since u has absolute value 1 for any complex embedding, it must
be a root of unity. Note ¢, = —1 mod p. Then the congruence

gr.st(V) =1 mod T2
forces w = —1. Then
Sv(ITy) = jras(V) - qy /% = —1.

Next, we suppose v is split in K. Then by definition we have

ay —

orh)=— 3 @ (1-2)")"7 modV,

€0k |V
z#0,1
and
ay—1 _
¢p(ly)=— > (@"(1—=2)°)"7 modV.
€0k |V
x#0,1

Since v is split in K, we have natural identities
O/U = OK/V = OK/V,

and we may take the representatives in O for each x. Taking complex conjugation, we

have then
—_— ) gy Gu=1
Sy(ly)=— Y (@"(1—-x)°)7 modV.
2€0K |V
z#0,1
So we have
ov(Ilyy) = v (Ilv),
and hence

ov(Ulv)¢(Il7) = +1 O
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Corollary 3.9. Denote

¢ =[] ovlv)

vie

w-(3)

Proof. Let f be the order of £ in F*. Then f is the inertia degree of the places of K

for each prime £ # p. Then

above £. If ﬁ) = +1, then (p — 1)/f is even, i.e. there are even places of K above {.
Then it follows from Lemma 3.3 and Proposition 3.8 that if all the places of F' above /¢
are split in K,

b = (+1)(p—1)/2f = +1,
and if all the places of F' above £ are inert in K,
bo = (_1)(10—1)/f = +1.

If (ﬁ) = —1, then (p — 1)/f is odd. By Lemma 3.3, the places of K above £ must be

inert in the quadratic extension K/F. Then in this case we have
b = (_1)(p71)/f ——1. O
Recall we simply denote cy = ¢(¢s,v) and ny = n(¢k, ) for any place V of K.
Lemma 3.10.

1. The conductors niy =1 and ny =0 for all V # I1.
2. The conductors cy =0 if VApd, cy =1 if V| § but V #£11, and

<2, ifpto;
Crr =
p+1, ifplo.

Proof. Recall the relative different Jp,p is defined to be the integral ideal of K such
that

8;{}F ={z € K|trg/p(zy) € OF for all y € Op}.

It follows from the discriminant formula

dx = dy - Ngo(Ok/r)
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that Ng,q(0k/r) = (p), and hence dx,p = (II). By the definition of 1k, , ny is the
exponent of i/ at V. Then the values for ny follow. The second assertion follows from
Proposition 3.4 and the conductors of ¢. O

Let ¢ be a prime number, including the infinity place oco. Denote

CE(CbT,s,t;é) = H 6(1/2a ¢7",s,t;6,V7 va)

vie

where V runs through the places of K above /.
Proposition 3.11. Let £ # p be a prime number.

1. If { = oo is archimedean, then

p—1

€oo(Prsts) =17 2 ;

If ¢ is a finite prime with €1 po, then

GZ(QSr,s,t;S) =1

/
6€(¢r,s,t;5) = (5) .

Proof. The first assertion is just (3.7) and (3.8). By Lemma 3.7 and Lemma 3.10,

2. If 0 #pand £ |9, then

€(1/2,05,v, VK, ) = €(1/2,x5,v, YKy )dv (1)

for any finite place V' 2 II and V | §. Then the remaining follows from (3.10) and
Corollary 3.9. O

8.4. Local root number at p

Let n be the quadratic character of F*\A* determined by the quadratic extension
K/F through class-field theory. Then 7 is unramified outside p. For any finite place v of
F not dividing p, we have

€(1/2,m,) = +1. (3.11)
For each archimedean place 7 : F <— R, we have

F, ~R, and n,(z) = |m|, x #0.

X
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Then we have by [9, p. 97] that

e(1/2, 7 Yr) =" (3.12)

Finally, for the place w, we have

1

(12,7, p,) =i 7 . (3.13)

The character ¢ is equivariant with respect to the complex conjugation. In particular,

we have

Plax =mn.
Since

Xslax =1,
we have

¢s = dx5 lax =n.
Recall for any 6 € Q* N Z,, we have the following decomposition in Q'
§=ep*(1—p)’
with e € F* CQ), a€{0,1---,p— 1}, and b € Z;,. We have defined in (3.5) that
u(0) = min(ord,(a), ord,(b) + 1).
Proposition 3.12.
1. If

u(r"s®(t —p)tete) > 2,

then ¢(¢sn) =1, and

2. If

then c¢(¢sn) = 2, and



J. Shu / Journal of Number Theory 226 (2021) 243-270 263

—rstd\ .p—1
6(1/27(;5571—[71/)1(1]):7 ( P >1p217
where

(’I“TSS (t _ p)tér+s)P—1 -1
p

d

mod p.

3. If
u(r’s®(t — p)'e" ) = u(6"%) =0,

then ¢(¢s1) =p+1, and

6(1/27¢5,H7wKH) = — (%) ,L'pT_lj

where
d = (r + s)ord, () mod p.

Proof. First we clarify the conditions for the conductors of ¢5 . By [3, Theorem 5.3],
for any = € OIXQH,

T oS _ tsr+s
o= (ST ()

Then the statement on the conductors ¢(¢s 1) follows from Proposition 3.4 by noting
that the character
. x, 11
x
KH; 2
has conductor 1.

If e(¢ps11) = 1, then by [14, Proposition 2]

€(1/2, $o11,Vic) _ (2>
e(1/2, 07, VF, ) ’

p
and the first assertion follows by (3.13).
Again by [14, Proposition 2], if ¢(¢s 1) = ¢ > 1, then

6(1/27¢5,H7w1{1—[) o —_2l 1w
€(1/2,n7,vr,) _< p )¢5’H(H> v (3.15)

where u is given by
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0, if p=1mod 4;
:{1, if p=3 mod 4,
and [ is given by
psm(1+ 1171 = W,

We compute the values of ¢5 11 (II) = ¢ (II) x5 1 (II). By Proposition 3.6, it suffices to
compute ¢rp(IT). Since ¢ is a Hecke character unramified outside II and infinity, we have

o = [Tovm ™= [T ——z= T] i-smCsinCan/p) = i ()7,

Voo nea-1 I [¢ hed—1

where k denotes the number of h € ®~! satisfying 1 < h < (p—1)/2. By [14, Proposition

4,

Next we determine the value of I. Suppose ¢(¢ds1) = 2, or equivalently, u(r"s®(t —
p)tots) = 1. By (3.14),

1+1I) =
¢sn(l+1) Km;p

(1 + 10,77 s%(t — p)t6’°+s)

Then by Proposition 3.5,

<T7'Ssu_p)t87'+s>p71_1
r

o
Ps(1+11) =w
In this case, we have

(rs*(t — p)té”‘s)pf1 -1
p

(=2

mod p.

Then the formula in the second assertion follows by noting

p—1 2 p—1
iz T = <—> and €(1/2,n,¥p,) =1 2 .
p
Finally, suppose c(¢s11) =p + 1 > 4. Since ¢ has conductor 1 or 2,
¢sn(1+17Y) = xG 7 (1 +117).

Then by Proposition 3.5,
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¢6H(]— + Hc—l) _ w2(r+s)0rdp(6)7
and in this case,
I =2(r + s)ord,(d) mod p.

Then the formula in the third assertion follows by noting
pp—1) 4, -2 p—1
iz = > and €(1/2,nr,Yp,) =14 2 . O
3.5. Global root numbers

Fix the triple (r, s, t) of integers with r,s,¢t > 0 and r + s + ¢t = p. For any prime ¢ of
Q, denote

62(¢r,s,t;5) = H 6(1/27 d’r,s,t;é,V, va),

Ve

64(7Tr,s,t;5) - H 6(1/2, Tr,s,t:8,vs wFu)a

vl

where V' resp. v runs through all places of K resp. F above £. Then by [9, Lemma 1.2,
Theorem 4.7], we have

eﬁ(ﬂr,s,t;é) = el(ér,s,t;é)ef(n)' (316)
Let d € (Z/pZ)* be residue class given by
(,,,rss(t _ p)t5r+s)p—1 -1
d= D
(r + s)ord,(9) mod p, if u(r"s*(t — p)to" ) = 0.

mod p, if u(r"s*(t —p)'d"TF) = 1;

)

Theorem 3.13. The global root number of the automorphic representation T, s +.5 is given
as follows:

€rs,t;6 = H 6@(7TT,s,t;6)7
4

) s

b

€0(Trs,t:6) = <£> , if 0% p and { ] 5;
p

+1, if £1 pd;

where
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and
(7). s pre =0,
p(Trst:6) = — <%l> ; if u(r”sS(t — p)toTTte) = 1;
(). rurse-pe 22

Proof. Taking the relation (3.16) into account, this is the combination of Proposi-
tions 3.11 and 3.12 and the formulae ((3.11)-(3.13)). O

In the special case § = 1, these formulae are compatible with those in [7,14]. Next
suppose p=3,r =s=t=1and § € Q*/Q*3. The Fermat curve

Fs: X?+Y®=5§

and the quotient curve C} ;1,5 are both elliptic curves over Q and ¢1,11: F5 = Ci1,155
is an isogeny over Q of degree 3. The elliptic curve F5 has Weierstrass equation

y? = — 213362,

Corollary 3.14. Let § be a cube-free integer. The global root number of the elliptic curve
Fs is given by

where
€oo = —1;

and if £ #3 and € | §, then

and

-1, ifd==+1mod9, orords(d) =1;

€3 =
+1, otherwise.

Proof. It suffices to translate the expressions of €3 from Theorem 3.13, since the expres-

sions for €, are clear for ¢ # 3. In this case, we have r = s = t = 1. First suppose
u(r"s*(t —p)té"t*) = 0 i.e. a = ordz(d) > 0. Then
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(5")
€0 = — [ —
3 3 )

and e3 = —1 if and only if a = 1. Next suppose u(r"s*(t — p)t6" %) = 1. Then

- (3)

and it is straight-forward to verify that e3 = —1 if and only if § = +1 mod 9. Finally, if
u(r's*(t — p)td"ts) = 2, then
-2
€3 = <3> - +1

Combining all these, the corollary follows. O

This is compatible with the results of Birch-Stephens [1,18] and Liverance [11] which
gives the formulae for root numbers of the elliptic curves with Weierstrass equation

y2 _ 1,3 + D
for D € Q*/Q*6.
3.6. Equidistribution of root numbers

When p =3 (r = s =t =1), L. Mai [12] proved that the set {¢ cube-free : €1 11,5 =
+1} has density 1/2 in the set of cube-free integers. For a general odd prime p, the curves
C1,1p-2:65 C1,(p—1)/2,(p—1)/2:56 and C1 2 1.5 are hyperelliptic curves and the sign of the
functional equation of L-functions of these curves can be obtained by [19]. Following the
strategy of L. Mai, T. Jedrzejak [10] generalized the result of L. Mai for the families
Ji1p-2:8, J1,(p=1)/2.(p—1)/2;56 and J1 21,56 With p { 0. The constrain p { § comes from
the calculations of root numbers in [19].

As an application of the general formulae for root numbers of J, 5 +.s given in Theo-
rem 3.13, following the strategy and results in [12,10], we obtain the following density of
root numbers of the families J, ;.5 with 0 varying in the set of p-th power-free integers.

Let N be the set of p-th power-free positive integers, which has positive density in
the set of natural numbers (see for example [10, Lemma 4]). Denote by Nép ) N®) the
subset consisting of integers with p-adic valuation 0. Then

p—1
N® = | p'N.
=0

Theorem 3.15.

lim #{6 e NP : § < X and €545 = +1} 1
X HEEND : §< X} bl
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For § € N get

Tp(5)=#{£|5:£7épand (2%):_1}.

If § = p'dp with (p,d) = 1, then it is clear that 7,(d) is determined by &y. Define
a,(6) = 0,1 by the formula

st = (_1)ap(5)+fp(5).

Lemma 3.16. Suppose 6 = p'dy € N®) s a p-th power-free integer with (p,dy) = 1. Then
a,(8) depends on (ord,(8), 5o mod p?).

Proof. By the formulae for the root number €, ;1.5 in Theorem 3.13, if we write

€t = (,1)ap(6)+fp(5)7

then
- (M) , if ord, (3) > 0;
p
ot (et 1)
(—1)(®) = P ; if u(r"s®(t —p)'aTT) = 1;
p

9 . r s tsr+s
2\ if u(r"s®(t —p)'oTre) > 2.
p

It follows from these formulae that a,(d) depends on (ord,(8),dp mod p?). O
Proof of Theorem 3.15. In fact, we will prove for each : =0,1,--- ,p — 1 that

#{5 € piNép) 10 < X and €r.s,t:6 = ‘|‘1}

lim
X —+00 #{0 € piNép) 5 < X}
1- #{6 € N[()p) : 5 S X and GT,S,t;pié = +1} 1
= lim _ L
X —+00 #{5 € Nép) < X} B

For fixed i, by Lemma 3.16, we can define S;" resp. S; to be the subset of (Z/p?Z)*
such that o, (p'dy) = 0, resp. 1 for §y € S;" resp. S; . Then S; NS, =0 and S US; =
(Z/p*Z)*. For a sufficiently large integer X, denote

N ={6 e Ny : 6 < X},

Then we have
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o= ) 1+ > L (3.17)

SENL SENGX SEN{PY
€ pig=1 7p(6) even 7p(6) odd
r,8,t;pt S 23 P
6 mod p2€SiJr 6 mod pQGSi—

Fix k € (Z/p*Z)*. As in [10, Proof of Theorem 1], we have

S 1=y Y 10Xt X).

e eN
(1) =41 5=k mod p?
5=k mod p?

Then by (3.17) and [10, Lemma 5], we obtain

> 1:% > 1+% > 1+0(VXlog" ? X)

SN SN SEN{P
Er,s,t;piézl § mod p2€S’j' § mod p2eSi’
1 -
=5 2 1+0(VXlg"™X). D
seNg)
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