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1. Introduction

The parity of the Mordell-Weil rank of an abelian variety is given by its root number 
by the Birch and Swinnerton-Dyer conjecture. For elliptic curves over Q, the root-number 
equidistribution conjecture states that 50% of elliptic curves over Q have root number 
+1 and the other 50% have root number −1. Another interesting problem is to analyse 
the distribution of the root number in various families of elliptic curves. For example, it 
is well known that in the family of quadratic twists of a given elliptic curve over Q, the 
root number is equidistributed; L. Mai [12] proved the root number in the cubic twists 
family x3 + y3 = δ is equidistributed. From these equidistributions of root numbers, the 
BSD conjecture predicts that half of the elliptic curves should have even ranks and the 
other half should have odd ranks in the corresponding families. Moreover, the Goldfeld 
conjecture [6, Conjecture B] states that in the family of quadratic twists of an elliptic 
curves over Q, the elliptic curves have rank 0, 1 with probability 1/2 respectively.

In this article, we establish general formulae for the root numbers of Jacobian varieties 
of Fermat curves and prove the equidistribution of root numbers in the family of p-th 
twists of these Jacobian varieties.

Let p be an odd prime number and μp the group of p-th root of unity with a generator 
ω. Let K = Q(ω) be the p-th cyclotomic field. Let δ be a p-th power-free rational number 
and let Fδ be the Fermat curve over Q defined by

Xp + Y p = δ.

For integers r, s, t > 0 satisfying r+ s + t = p, let Cr,s,t;δ be the smooth projective curve 
over Q of genus g = (p − 1)/2, which is defined by the affine equation

yp = xr(δ − x)s.

Let Jr,s,t;δ be the Jacobian variety of the curve Cr,s,t;δ. The curves Cr,s,t;δ are natural 
quotient curves of the Fermat curve Fδ and the quotient maps induce an isogenous 
decomposition of the Jacobian Jac(Fδ) by the various Jacobian varieties Jr,s,t;δ over Q
[13]. Therefore, the Jacobian varieties Jr,s,t;δ are referred as the Jacobian varieties of the 
Fermat curves.

The curve

Cr,s,t;δ : yp = xr(δ − x)s

is defined over Q. Let Λ(s, Jr,s,t;δ/Q) be the complete Hasse-Weil L-function of the Jaco-
bian variety Jr,s,t;δ . Weil [22] proved this L-function is modular and can be identified 
/Q
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with the L-function of a Hecke character over K. Therefore Λ(s, Jr,s,t;δ/Q) is entire and 
satisfies Hecke’s functional equation

Λ(s, Jr,s,t;δ/Q) = εr,s,t;δΛ(2 − s, Jr,s,t;δ/Q)

where εr,s,t;δ = ±1 is the root number.
For p = 3, we must have r = s = t = 1, and C1,1,1;δ are elliptic curves. In this case, 

the root numbers have been computed by Birch, Stephens and Liverance [1,18,11]. For 
the classical Fermat-curve case i.e. δ = 1, the root numbers εr,s,t;1 have been computed 
by Gross and Rorlich [7,14]. We will establish the general formulae for the root numbers 
εr,s,t;δ of the Jacobian varieties Jr,s,t;δ/Q for all δ ∈ Q×. In what follows, without loss of 
generality, we always assume δ ∈ Q× is a p-th power-free integer.

For a p-th power-free integer n ∈ Q×, we write, in Q×
p , that n = εpa(1 − p)b with 

ε ∈ F×
p ↪→ Q×

p , a ∈ {0, 1 · · · , p − 1}, and b ∈ Zp. Set

u(n) = min(ordp(a), ordp(b) + 1).

Note that u(n) = ordp(b) + 1 if a = 0, and u(n) = 0 otherwise. Let d ∈ (Z/pZ)× be the 
residue class given by

d =

⎧⎪⎨⎪⎩
(rrss(t− p)tδr+s)p−1 − 1

p
mod p, if u(rrss(t− p)tδr+s) = 1;

(r + s)ordp(δ) mod p, if u(rrss(t− p)tδr+s) = 0.

We have the following general formulae for the root numbers.

Theorem 1.1. Let r, s, t > 0 be integers satisfying r + s + t = p, and let Jr,s,t;δ be the 
corresponding Fermat Jacobian over Q. The root number εr,s,t;δ for the Hasse-Weil L-
function of Jr,s,t;δ/Q is explicitly given as follows:

εr,s,t;δ =
∏
�

εr,s,t;δ,�,

where

εr,s,t;δ,� =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(
−1
p

)
, if � = ∞;(

�

p

)
, if � �= p and � | δ;

+ 1, if � � pδ;

and
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εr,s,t;δ,p =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
(
−rstd

p

)
, if u(rrss(t− p)tδr+s) = 0;

−
(
rstd

p

)
, if u(rrss(t− p)tδr+s) = 1;(

−2
p

)
, if u(rrss(t− p)tδr+s) ≥ 2.

The above formulae are compatible with those given in [1,18,11] for p = 3 and those 
in [7,14] for δ = 1. The formulae in [7] involves a quantity m related to the CM type 
of the Jacobian variety Jr,s,t;1. Perhaps, it is this quantity m that makes trouble when 
the authors in [7] verified the parity conjectures for the abelian varieties Jr,s,t;1, and 
they gave a full treatment only in the case r = s = 1. On the other hand, since the 
above formulae depend on r, s, t and δ in a direct way, they are easily accessible and 
more convenient in applications. Indeed, they are successfully applied in [17] to verify 
the parity conjectures for the Jacobian varieties Jr,s,t;δ. As another application we will 
prove the equidistribution of the root numbers.

Theorem 1.2. Let N(p) be the set of p-th power-free positive integers. We have the fol-
lowing equidistribution

lim
X→+∞

#{δ ∈ N(p) : δ ≤ X and εr,s,t;δ = +1}
#{δ ∈ N(p) : δ ≤ X} = 1

2 .

When p = 3 (r = s = t = 1), this is proved by L. Mai [12]. For a general odd prime 
p, the curves C1,1;p−2;δ, C1,(p−1)/2,(p−1)/2;δ and C1,p−2,1;δ are hyperelliptic curves and 
the root numbers of these curves can be obtained by [19] (with constrain p � δ). T. 
Jedrzejak [10] generalized the result of L. Mai for these hyperelliptic families J1,1;p−2;δ, 
J1,(p−1)/2,(p−1)/2;δ and J1,p−2,1;δ with p � δ.

Notations. Let F = Q(ω+ω−1) be the maximal real subfield of K. Let OK resp. O be the 
ring of integers of the field K resp. F . Let A be the adéle ring of F . Let | · |A : A× −→ R×

+
denote the standard adélic absolute value so that d(ab) = |a|Adb for any Haar measure 
db on A. Let | · |v denote the absolute value on F×

v for each place v of F such that 
|x|A =

∏
v |xv|v for any x = (xv) ∈ A×. For a finite place v, sometimes we also denote 

by v its corresponding prime ideal and qv = #O/v. For x ∈ F×, denote by ordv(x) the 
additive valuation of x at v so that ordv(v) = 1. We denote by ∞ the set of infinite 
places of F . Let AK = K ⊗F A be the adéle ring of K. The notations | · |AK

, | · |V , qV , 
and ordV (·) are similarly defined for K where V is a finite place of K.
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2. The Jacobian varieties of Fermat curves

2.1. Jacobi sums and algebraic Hecke characters

The readers can refer to [22,3] for the basics of the Jacobi sums. Let r, s, t > 0 be 
integers satisfying r + s + t = p. Let V be any finite place of K not dividing p. The p-th 
power residue character χV : (OK/V )× → μp modulo V is given by

χV (x) ≡ x
qV −1

p mod V.

The Jacobi sum

jr,s,t(V ) = −
∑

x∈OK/V
x�=0,1

χV (x)rχV (1 − x)s

is an integer in OK . The set

Φr,s,t =
{
h ∈ (Z/pZ)×|

〈
hr

p

〉
+

〈
hs

p

〉
+
〈
ht

p

〉
= 1

}
can be identified with the CM-type of Jr,s,t;1 through the Artin isomorphism

σ : (Z/pZ)× 
 Gal(K/Q), σh(ω) = ωh.

Here 〈·〉 denotes the fractional part of a rational number. If we put

Φ−1
r,s,t = {h−1 ∈ (Z/pZ)×|h ∈ Φr,s,t},

then the CM type (K, Φ−1
r,s,t) is the reflex of the CM type (K, Φr,s,t). The Stickelberger 

relation holds

(jr,s,t(V )) =
∏

h∈Φr,s,t

V σ−1
h , (2.1)

and it follows that jr,s,t(V ) has absolute value q1/2
V for any complex embedding of K in 

C.
We extend the definition of jr,s,t(V ) to all ideals prime to p in K by the condition

jr,s,t(ab) = jr,s,t(a)jr,s,t(b).

Weil proved in [22] that the resulting function jr,s,t(a) is indeed an algebraic Hecke 
character on K with values in K of conductor dividing Π2 and infinity type Φ−1

r,s,t, i.e. 
for any x ∈ K× such that x ≡ 1 mod Π2,
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jr,s,t((x)) = xΦ−1
r,s,t =

∏
σ∈Φ−1

r,s,t

xσ.

Here Π = ω − ω is a primitive element of K at the place above p. The infinity type

Φ−1
r,s,t : K× −→ K×, x 
→

∏
σ∈Φ−1

r,s,t

xσ,

induces a homomorphism, by linearity, on idéles:

Φ−1
r,s,t : A×

K −→ A×
K .

Let τ0 ∈ Hom(K, C) be a fixed element and we identify K as a subfield of C via τ0. Let

Φ−1
r,s,t;τ0 : A×

K −→ A×
K

τ0−→ C

be the composition of Φ−1
r,s,t with the projection through τ0. It is well known [22] that

φr,s,t = jr,s,t · (Φ−1
r,s,t;τ0)

−1 : K×\A×
K → C×

is the Hecke character associated to the CM abelian variety Jr,s,t;1/K in the sense of [16, 
Proposition 19.9]. Generally, if δ ∈ K×/K×p, then according to Weil [22] the abelian 
variety Jr,s,t;δ/K also has CM type (K, Φr,s,t) and the associated Hecke character is 
φr,s,t;δ = χr+s

δ · jr,s,t · (Φ−1
r,s,t;τ0)

−1 where χδ is the character on ideals prime to δ such 
that χδ(V ) = χV (δ). It follows from the Stickelberger relation (2.1) that the Hecke 
characters

φr,s,t;δ = (χr+s
δ jr,s,t · (−Φ−1

r,s,t))τ0 | · |
1/2
AK

: K×\A×
K −→ C×

are all unitary.

2.2. The automorphic representations and L-functions

Suppose δ is a p-th power-free integer. Fix the triple (r, s, t) with r, s, t > 0 and 
r + s + t = p. Both Cr,s,t;δ and Jr,s,t;δ are rational over F . Let πr,s,t;δ be the cuspidal 
automorphic representation on GL2(A) associated to Jr,s,t;δ/F . Explicitly πr,s,t;δ is the 
representation on GL2(A) locally constructed from φr,s,t;δ using Weil representation. The 
L-function L(s, πr,s,t;δ) is entire and satisfies a functional equation

L(s, πr,s,t;δ) = εr,s,t;δL(1 − s, πr,s,t;δ),

where the epsilon factor εr,s,t;δ = ±1. By [9, Theorem 4.7], we know

L(s, πr,s,t;δ) = L(s, φr,s,t;δ).
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Furthermore, the curve

Cr,s,t;δ : yp = xr(δ − x)s

is defined over Q and has good reduction at all rational primes � � pδ. Let

Z(Cr,s,t;δ/F�
, T ) = P�(T )

(1 − T )(1 − �T )

be the Zeta function of the reduced curve Cr,s,t;δ/F�
. Then P�(T ) is a polynomial with 

integral coefficients of degree 2g = p − 1.
The Jacobian variety Jr,s,t;δ/Q has a global L-function

L(s, Jr,s,t;δ/Q) =
∏
��pδ

P�(�−s)−1.

This Euler product converges for Re(s) > 3/2. Weil [22] proved in this region

L(s, Jr,s,t;δ/Q) = L(∞)(s− 1/2, φr,s,t;δ),

where φr,s,t;δ = χr+s
δ φr,s,t is the Hecke character associated to the CM abelian variety 

Jr,s,t;δ/K in the sense of [16, Proposition 19.9] (see §1.1) and L(∞) means the L-function 
with the infinite factors removed. Therefore

L
(
s, Jr,s,t;δ/Q

)
= L(∞)(s− 1/2, φr,s,t;δ) = L(∞)(s− 1/2, πr,s,t;δ).

Set the complete L-function as

Λ
(
s, Jr,s,t;δ/Q

)
= Ns/2

r,s,t;δ((2π)−sΓ(s))(p−1)/2L
(
s, Jr,s,t;δ/Q

)
,

where Nr,s,t;δ is the conductor of the curve Cr,s,t;δ/Q. Then Λ 
(
s, Jr,s,t;δ/Q

)
satisfies 

Hecke’s functional equation

Λ
(
s, Jr,s,t;δ/Q

)
= εr,s,t;δΛ

(
2 − s, Jr,s,t;δ/Q

)
.

Therefore, we see the Jacobian variety Jr,s,t;δ/Q and the cuspidal automorphic represen-
tations πr,s,t;δ share the same root number εr,s,t;δ, and hence, in order to compute εr,s,t;δ, 
we will compute the root number of the Hecke character φr,s,t;δ.

3. Root numbers

Suppose δ is a p-th power-free integer. Fix the triple (r, s, t) of positive integers 
satisfying r + s + t = p. Simply denote Jδ = Jr,s,t;δ, and denote φ = φr,s,t and 
φδ = φr,s,t;δ = φχr+s

δ the Hecke characters associated to J and Jδ respectively. We 
shall compute the local root number of the Hecke character φδ.
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3.1. Local root numbers

We shall recall several formulae for the local root numbers. The basic references to this 
subject are [20,9,4,21]. Let L be a nonarchimedean local field. Fix a nontrivial additive 
character ψ of L, and denote by dx the self-dual Haar measure on L with respect to 
ψ. Let χ be a unitary character of F×. The local epsilon factor ε(χ, ψ) = ε(χ, ψ, dx)
associated to χ with respect to ψ is given by [4, (3.3.1)], and define

ε(s, χ, ψ) = ε(χ| · |s, ψ).

The local root number associated to χ with respect to ψ is

ε(χ, ψ)
|ε(χ, ψ)| = ε(1/2, χ, ψ).

If L is archimedean, the formulae for the local epsilon factors can be found in [4, 
(3.4.1)-(3.4.2)] or [9, p. 97]. Now suppose L is nonarchimedean with ring of integers O, 
and a uniformizer 
. Define the conductors:

– n(ψ) = the largest integer n such that ψ|�−nO = 1;
– c(χ) = the smallest positive integer m such that χ|(1+�mO) = 1 if χ is ramified, and 

0 if χ is unramified.

We may also refer to 
−nO resp. 
mO as the conductor of ψ resp. χ.
If χ is unramified, then

ε(s, χ, ψ) = χ(
n(ψ))|
|n(ψ)(s− 1
2 ). (3.1)

So if n(ψ) = 0, then the root number

ε(1/2, χ, ψ) = 1.

If χ is ramified, then from [4, (3.4.3.2)] we have

ε(s, χ, ψ) =
∫

�−(n(ψ)+c(χ))O×

χ−1(x)|x|−sψ(x)dx. (3.2)

We introduce another useful result on local epsilon factors. Suppose M is a finite 
extension of Q�, and let L be a separable quadratic extension of M . This determines 
uniquely an element Δ in L× modulo M× such that

L = M [Δ], Δ2 ∈ M×. (3.3)

Let ψ� : Qp → C× be the additive character given by
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ψ�(x) = e2πiι(x) (3.4)

where ι : Qp/Zp ↪→ Q/Z is the natural embedding. Then define ψL : L → C× by

ψL(x) = ψ�(TrL/Q�
(x)).

Proposition 3.1 (Fröchlich-Queyrut [5, Theorem 3]). Let L be a separable quadratic ex-
tension of M , with Δ satisfying (3.3), and let χ be a character of L× so that χ|M× = 1. 
Then

ε(1/2, χ, ψL) = χ(Δ).

3.2. Kummer extensions

The field extension K/Q is totally ramified at p. Put

Π = ω − ω and π = Π2 = ω2 + ω2 − 2.

Then the ideal P = (Π) resp. p = (π) is the unique prime ideal of K resp. F above p.
Note under the class field theory, the character χδ can be viewed as a character on 

the Galois group χδ : GK → O×
K which is characterized by χδ(σ) = ( p

√
δ)σ−1.

Lemma 3.2. Let D0 be the product of all distinct prime factors of (δ) in K not dividing 
p. Then

χδ|A× = 1,

and the conductor c(χδ) divides Pp+1D0.

Proof. Denote L = K( p
√
δ). We first note that the extension L/K is unramified outside 

the places dividing pδ. Under the Artin reciprocity map, we have the isomorphism

σ : K×NL/K(A×
L )\A×

K 
 Gal(L/K).

Denote by σt the image of t ∈ K×NL/K(A×
L )\A×

K under the Artin reciprocity map. Let 
c ∈ Gal(K/F ) be the non-trivial element and c extends to an involution on AK through 
its action on K. Then for any t ∈ K×NL/K(A×

L )\A×
K , we have

σ−1
t = cσtc = σtc .

The first identity is clear from the effect of cσtc on p
√
δ, and the second identity follows 

from [21, §1].
Denote by N the norm map from K to F . For a finite place v of F , let Kv = K⊗F Fv

and we embed K×
v naturally into A×

K . Then for any t ∈ K×
v , σN(t) = σtσtc = 1. In 
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particular, χδ|N(K×
v ) = 1. If v is split in K, then N(K×

v ) = F×
v . If v is inert in K, then 

N(K×
v ) is a subgroup of F×

v of index 2. Since χδ is a character of order p, in both cases, 
χδ is trivial when restricted on F×

v . Since χδ has trivial local factors at infinite places, 
we have χδ|A× = 1.

For any V �= Π dividing δ and t ∈ (1 + D0OK,v),

χδ(t) =
(

t, δ

KV ; p

)
≡ t−

ordV (δ)
(
qV −1

)
p ≡ 1 mod D0OK,V ,

where 
(

·,·
KV ;p

)
denotes the p-th Hilbert symbol over KV .

For any t = 1 +x ∈ K×
Π with ordΠ(x) > p, it is easy to see that the binomial expansion

(1 + x)
1
p =

∞∑
i=0

(
1/p
i

)
xi

converges, and hence t is a p-th power in K×
Π . Then

χδ(t) =
(

t, δ

KΠ; p

)
=

(
δ, t

KΠ; p

)−1

= 1. �
Lemma 3.3. Let � �= p be a rational prime number. Let V | � be a place of K. Then V
is fixed by the complex conjugation, or equivalently, V is inert in the extension K/F , if 
and only if � has even order in F×

p . In particular, the places of F above � have the same 
inertia degree in the quadratic extension K/F .

Proof. We identify the Galois group Gal(K/Q) with (Z/pZ)× by the Artin reciprocity 
map, via which the complex conjugation is identified with −1. Let DV be the decompo-
sition group of V with respect to the extension K/Q. Since V is unramified,

DV 
 Gal(FqV /F�).

Then V is fixed by the complex conjugation if and only if DV contains −1. This is 
equivalent to that the inertia degree [qV : �] is even. It is well-known that the inertia 
degree [qV : �] is the order of � in F×

p . Since K/Q is abelian, if any DV contains −1, so 
do the others, and the last assertion follows. �

We write, in Q×
p , that

δ = εpa(1 − p)b

with ε ∈ F×
p ⊂ Q×

p , a ∈ {0, 1 · · · , p − 1}, and b ∈ Zp. Note such a and b are uniquely 
determined by
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a = ordp(δ), b = log(δ)
log(1 − p) ,

where log denotes the p-adic Iwasawa logarithm (i.e. log(p) = 0). If a = 0, we also have

ordp(b) = ordp

(
δp−1 − 1

p

)
.

Put

u(δ) = min(ordp(a), ordp(b) + 1). (3.5)

We note that u(δ) = ordp(b) + 1 if a = 0, and u(δ) = 0 otherwise.

Proposition 3.4. The conductor of the Hecke character χδ is given as

c(χδ) =

⎧⎪⎪⎨⎪⎪⎩
Pp+1D0, if u(δ) = 0;

P2D0, if u(δ) = 1;

D0, if u(δ) ≥ 2;

Proof. This follows from Lemma 3.2 and [3, Theorem 6.1] or [15, Theorem 8]. �
Put

Π′ = 1 − ω.

We have

Π = −2Π′ + Π′Π′, ω = 1 − Π′,

and note

K = F [Π], Π2 ∈ F×. (3.6)

For any place V of K, denote by χδ,V the V -adic component of χδ. By Proposition 3.4, 
if u(δ) ≥ 2, then the local character χδ,Π is unramified.

Proposition 3.5.

1. Suppose u(δ) = 1. The local character χδ,Π has conductor (Π2), and

χδ,Π(1 + Π) = ω
2
(

δp−1−1
p

)
.
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2. Suppose u(δ) = 0. The local character χδ,Π has conductor (Πp+1), and

χδ,Π(1 + Πp) = ω2ordp(δ).

Proof. First suppose u(δ) = 1. In this case, a = 0 and χδ,Π has conductor (Π2) by 
Proposition 3.4. Since ε is a p-th power in K×

Π , we have

χδ,Π(1 + Π) =
(

1 + Π, δ

KΠ; p

)
=

(
1 + Π, (1 − p)b

KΠ; p

)
.

By an explicit reciprocity formula of Artin-Hasse-Iwasawa [8], we have(
1 + Π, (1 − p)b

KΠ; p

)
= ω[1+Π,(1−p)b]

where

[1 + Π, (1 − p)b] = −1
p
TrKΠ/Qp

(
ω

1 + Π
d(1 + Π)

dΠ′ log(1 − p)b
)
.

Note

log(1 − p)b = −bp

(
1 + p

2 + p2

3 + · · ·
)
.

And

ω

1 + Π
d(1 + Π)

dΠ′ = 1 − Π′

1 − 2Π′ + Π′Π′ ·
d(1 − 2Π′ + Π′Π′)

dΠ′

≡ −2 mod Π′.

Hence

−1
p
TrKΠ/Qp

(
ω

1 + Π
d(1 + Π)

dΠ′ log(1 − p)b
)

≡ −TrKΠ/Qp
(2b) ≡ 2b mod p.

On the other hand,

δp−1 = (ε(1 − p)b)p−1 ≡ 1 + bp mod p2.

So

−1
p
TrKΠ/Qp

(
ω

1 + Π
d(1 + Π)

dΠ′ log(1 − p)b
)

≡ 2
(
δp−1 − 1

p

)
mod p.

The first assertion follows.
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Next suppose u(δ) = 0. In this case, a �= 0, and the local character χδ,Π has conductor 
(Πp+1). We have

χδ,Π(1 + Πp) =
(

1 + Πp, pa(1 − p)b

KΠ; p

)
.

By Proposition 3.4, the local character χ(1−p)b,Π has conductor dividing (Π2). Hence

χδ,Π(1 + Πp) =
(

1 + Πp, pa

KΠ; p

)
.

Since

1 + Πp = 1 + (−2Π′ + ΠΠ′)p ≡ 1 + (−2)pΠ′ p ≡ (1 + Π′ p)−2 mod Πp+1,

χδ,Π(1 + Πp) =
(

1 + Π′ p, p

KΠ; p

)−2a

.

It suffices to compute (
1 + Π′ p, p

KΠ; p

)
,

and we will apply Coleman’s explicit reciprocity law [2, Theorem 1] and [3, p. 89] to do 
this calculation. Let g1(T ) ∈ Zp[[T ]] be as in p. 90 of [3]:

g1(T ) =
p−1∏
a=1

[a](T ),

where [a](T ) = 1 −(1 −T )a is the a-th power homomorphism of the multiplicative formal 
group Ĝm with group law Ĝm(X, Y ) = X + Y −XY . Then

g1(Π′) = p.

Define

Λ : 1 + TZp[[T ]] −→ TZp[[T ]], Λ(f) = log(f) − 1
p

log(f([p])).

By Coleman’s explicit reciprocity law(
1 + Π′ p, p

KΠ; p

)
= ω−n,

where

n =
∫

Λ(1 + T p)Dg1

g1
,

1



256 J. Shu / Journal of Number Theory 226 (2021) 243–270
and we note the Hilbert symbol is the inverse of that in Coleman’s paper [3, p. 43]. It is 
straight-forward to verify

Λ(1 + T p) ≡ (1 − pp−1)T p mod T p+1Zp[[T ]].

Since Dg1
g1

has at most a single pole at T = 0, we obtain

n = 1
p
TrKΠ/Qp

((
Λ(1 + T p)Dg1

g1

)∣∣∣∣
T=Π′

)
.

Since χp,Π has conductor p + 1, by [3, Theorem 6.3], we have

n ≡ 1
p
TrKΠ/Qp

((
(1 − pp−1)T pDg1

g1

)∣∣∣∣
T=Π′

)
≡ 1

p
TrKΠ/Qp

((
T pDg1

g1

)∣∣∣∣
T=Π′

)
mod p.

It follows from [3, Lemma 6.5] that (There is a sign error in this lemma: indeed, the 
expression for D[a]/[a] in [3, p. 91] has a sign error.)

n ≡ 1
p
TrKΠ/Qp

(Π′ p−1) mod p.

On the other hand,

TrKΠ/Qp
(Π′ p−1) =

p−1∑
j=1

(1 − ωj)p−1

= p− 1 +
p−1∑
i=1

(
p− 1
i

)
(−1)i(ωi + ω2i + · · · + ω(p−1)i)

= p− 1 +
p−1∑
i=1

(
p− 1
i

)
(−1)i+1

= p−
p−1∑
i=0

(
p− 1
i

)
(−1)i = p.

So

n ≡ 1 mod p,

and hence

χδ,Π(1 + Πp) = ω2a. �
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For any prime �, denote

χδ,� =
∏
V |�

χδ,V

where V runs through the places of K above �.

Proposition 3.6. For any prime �, we have χδ,�(Π) = 1.

Proof. If � = ∞, this is clear because the infinite factor χδ,∞ = 1. Next we assume � is 
finite. By our choice of Π, we have Π2 ∈ F . By Lemma 3.2,

χδ,�(Π2) = 1, i.e. χδ,�(Π) = ±1.

On the other hand, by definition, we know χδ,�(Π) is a p-th root of unity, and we conclude 
χδ,�(Π) = 1. �
3.3. Local root numbers outside p

For any finite place v resp. V of F resp. K outside p, denote by 
v resp. ΠV the 
corresponding uniformizers of Fv resp. KV .

We fix an additive character ψKV
of KV for each place V of K as follows: If V is 

archimedean, then

ψKV
(x) = e−2πiTrKV /R(x);

If V is non-archimedean and dividing �, then

ψKV
(x) = ψ�

(
TrKV /Q�

(x)
)
,

where ψ� is as in (3.4). Then the product ψ =
∏

V ψKV
is an additive character on 

K\AK . The L-function L(s, φδ) satisfies a functional equation

L(s, φδ) = ε(s, φδ)L(1 − s, φ−1
δ ).

The epsilon-factor admits a local product

ε(s, φδ) =
∏
V

ε(s, φδ,V , ψKV
),

and the epsilon-factor ε(s, φδ) is independent of the choices of ψKV
.

Let V be an infinite place of K. Then

KV 
 C, φδ,V (z) = z−1|z|1/2,
C
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and, from [4, (3.3.3), (3.4.2)] or [9, p. 97], we have

ε(1/2, φδ,V , ψKV
) = i−1. (3.7)

For a place V � pδ of K, φδ,V is unramified, and we have by (3.1) that

ε(1/2, φδ,V , ψKV
) = 1. (3.8)

Let V be a place where φδ,V is ramified. Simply denote cV = c(φδ,V ) and nV =
n(ψKV

). It follows from (3.2) that

ε(1/2, φδ,V , ψKV
) = φδ,V (ΠV )nV +cV q

nV −cV
2

V

×
∫

OK,V
dx

∑
a∈O×

K,V /(1+Π
cV
V OK,V )

φ−1
δ,V (a)ψKV

(
a

ΠnV +cV
V

)
.

(3.9)

Since φ is unramified outside p, it follows immediately from the above formula that

Lemma 3.7. For any place V � p, we have

ε(1/2, φδ,V , ψKV
) = ε(1/2, χδ,V , ψKV

)φV (ΠV )nV +cV .

Proof. This lemma follows from (3.9) by noting that φδ = φχr+s
δ and that φ is unramified 

at the place V . �
In order to compute the local root numbers for φδ,V for V � p and V | δ, it suffices to 

compute φV (ΠV ) and ε(1/2, χδ,V , ψKV
) for these places. Since our choice of Π satisfies 

(3.3), by Proposition 3.1, for any finite place V of K,

ε(1/2, χδ,V , ψKV
) = χδ,V (Π) = 1, (3.10)

which is given by Proposition 3.6. So it remains to compute the values of φV (ΠV ) for 
V �= Π.

Proposition 3.8. Let v �= π be a finite place of F . If v is inert in K, let V be the unique 
place above v. Then

φV (ΠV ) = −1.

If v is split in K, let V and V be two distinct places above v. Then

φV (ΠV )φV (ΠV ) = +1.
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Proof. First suppose v is inert in K. The prime ideal V of K is fixed by the complex 
conjugation. By the Stickelberger relation (2.1) and the fact that Φr,s,t is a CM-type, 
i.e. a set of coset representatives of (Z/pZ)× modulo {±1}, jr,s,t(V ) generates the same 
ideal as qv = q

1/2
V . Hence

jr,s,t(V ) = uqv

for some unit u ∈ O×
K . Since u has absolute value 1 for any complex embedding, it must 

be a root of unity. Note qv ≡ −1 mod p. Then the congruence

jr,s,t(V ) ≡ 1 mod Π2

forces u = −1. Then

φV (ΠV ) = jr,s,t(V ) · q−1/2
V = −1.

Next, we suppose v is split in K. Then by definition we have

φV (ΠV ) ≡ −
∑

x∈OK/V
x�=0,1

(xr(1 − x)s)
qV −1

p mod V,

and

φV (ΠV ) ≡ −
∑

x∈OK/V
x�=0,1

(xr(1 − x)s)
q
V

−1
p mod V .

Since v is split in K, we have natural identities

O/v = OK/V = OK/V ,

and we may take the representatives in O for each x. Taking complex conjugation, we 
have then

φV (ΠV ) ≡ −
∑

x∈OK/V
x�=0,1

(xr(1 − x)s)
qv−1

p mod V.

So we have

φV (ΠV ) = φV (ΠV ),

and hence

φV (ΠV )φV (ΠV ) = +1 �
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Corollary 3.9. Denote

φ� =
∏
V |�

φV (ΠV )

for each prime � �= p. Then

φ� =
(
�

p

)
.

Proof. Let f be the order of � in F×
p . Then f is the inertia degree of the places of K

above �. If 
(

�
p

)
= +1, then (p − 1)/f is even, i.e. there are even places of K above �. 

Then it follows from Lemma 3.3 and Proposition 3.8 that if all the places of F above �
are split in K,

φ� = (+1)(p−1)/2f = +1,

and if all the places of F above � are inert in K,

φ� = (−1)(p−1)/f = +1.

If 
(

�
p

)
= −1, then (p − 1)/f is odd. By Lemma 3.3, the places of K above � must be 

inert in the quadratic extension K/F . Then in this case we have

φ� = (−1)(p−1)/f = −1. �
Recall we simply denote cV = c(φδ,V ) and nV = n(ψKV

) for any place V of K.

Lemma 3.10.

1. The conductors nΠ = 1 and nV = 0 for all V �= Π.
2. The conductors cV = 0 if V � pδ, cV = 1 if V | δ but V �= Π, and

cΠ =
{

≤ 2, if p � δ;

p + 1, if p | δ.

Proof. Recall the relative different ∂K/F is defined to be the integral ideal of K such 
that

∂−1
K/F = {x ∈ K| trK/F (xy) ∈ OF for all y ∈ OF }.

It follows from the discriminant formula

dK = d2
F · NK/Q(∂K/F )
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that NK/Q(∂K/F ) = (p), and hence ∂K/F = (Π). By the definition of ψKV
, nV is the 

exponent of ∂K/F at V . Then the values for nV follow. The second assertion follows from 
Proposition 3.4 and the conductors of φ. �

Let � be a prime number, including the infinity place ∞. Denote

ε�(φr,s,t;δ) =
∏
V |�

ε(1/2, φr,s,t;δ,V , ψKV )

where V runs through the places of K above �.

Proposition 3.11. Let � �= p be a prime number.

1. If � = ∞ is archimedean, then

ε∞(φr,s,t;δ) = i−
p−1
2 ;

If � is a finite prime with � � pδ, then

ε�(φr,s,t;δ) = 1;

2. If � �= p and � | δ, then

ε�(φr,s,t;δ) =
(
�

p

)
.

Proof. The first assertion is just (3.7) and (3.8). By Lemma 3.7 and Lemma 3.10,

ε(1/2, φδ,V , ψKV
) = ε(1/2, χδ,V , ψKV

)φV (ΠV )

for any finite place V �= Π and V | δ. Then the remaining follows from (3.10) and 
Corollary 3.9. �
3.4. Local root number at p

Let η be the quadratic character of F×\A× determined by the quadratic extension 
K/F through class-field theory. Then η is unramified outside p. For any finite place v of 
F not dividing p, we have

ε(1/2, ηv) = +1. (3.11)

For each archimedean place τ : F ↪→ R, we have

Fτ 
 R, and ητ (x) = |x|
, x �= 0.
x
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Then we have by [9, p. 97] that

ε(1/2, ητ , ψR) = i−1. (3.12)

Finally, for the place π, we have

ε(1/2, ηπ, ψFπ
) = i

p−1
2 . (3.13)

The character φ is equivariant with respect to the complex conjugation. In particular, 
we have

φ|A× = η.

Since

χδ|A× = 1,

we have

φδ = φχr+s
δ |A× = η.

Recall for any δ ∈ Q× ∩ Zp, we have the following decomposition in Q×
p :

δ = εpa(1 − p)b

with ε ∈ F×
p ⊂ Q×

p , a ∈ {0, 1 · · · , p − 1}, and b ∈ Zp. We have defined in (3.5) that

u(δ) = min(ordp(a), ordp(b) + 1).

Proposition 3.12.

1. If

u(rrss(t− p)tδr+s) ≥ 2,

then c(φδ,Π) = 1, and

ε(1/2, φδ,Π, ψKΠ) =
(

2
p

)
i
p−1
2 .

2. If

u(rrss(t− p)tδr+s) = 1,

then c(φδ,Π) = 2, and
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ε(1/2, φδ,Π, ψKΠ) = −
(
−rstd

p

)
i
p−1
2 ,

where

d ≡ (rrss(t− p)tδr+s)p−1 − 1
p

mod p.

3. If

u(rrss(t− p)tδr+s) = u(δr+s) = 0,

then c(φδ,Π) = p + 1, and

ε(1/2, φδ,Π, ψKΠ) = −
(
rstd

p

)
i
p−1
2 ,

where

d ≡ (r + s)ordp(δ) mod p.

Proof. First we clarify the conditions for the conductors of φδ,Π. By [3, Theorem 5.3], 
for any x ∈ O×

K,Π,

φδ,Π(x) =
(
x, rrss(t− p)tδr+s

KΠ; p

)(
x,Π
KΠ; 2

)
. (3.14)

Then the statement on the conductors c(φδ,Π) follows from Proposition 3.4 by noting 
that the character

x 
→
(

x,Π
KΠ; 2

)
has conductor 1.

If c(φδ,Π) = 1, then by [14, Proposition 2]

ε(1/2, φδ,Π, ψKΠ)
ε(1/2, ηπ, ψFπ

) =
(

2
p

)
,

and the first assertion follows by (3.13).
Again by [14, Proposition 2], if c(φδ,Π) = c > 1, then

ε(1/2, φδ,Π, ψKΠ)
ε(1/2, ηπ, ψFπ

) =
(
−2l
p

)
φδ,Π(Π)c−1iu, (3.15)

where u is given by
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u =
{

0, if p ≡ 1 mod 4;

1, if p ≡ 3 mod 4,

and l is given by

φδ,Π(1 + Πc−1) = ωl.

We compute the values of φδ,Π(Π) = φΠ(Π)χr+s
δ,Π (Π). By Proposition 3.6, it suffices to 

compute φΠ(Π). Since φ is a Hecke character unramified outside Π and infinity, we have

φΠ(Π) =
∏
V |∞

φV (Π)−1 =
∏

h∈Φ−1

Πσh

|Πσh |1/2C

=
∏

h∈Φ−1

i · sgn(sin(2πh/p)) = i
p−1
2 (−1)

p−1
2 −k,

where k denotes the number of h ∈ Φ−1 satisfying 1 ≤ h ≤ (p −1)/2. By [14, Proposition 
4],

(−1)k = −
(
−2rst

p

)
.

Next we determine the value of l. Suppose c(φδ,Π) = 2, or equivalently, u(rrss(t −
p)tδr+s) = 1. By (3.14),

φδ,Π(1 + Π) =
(

1 + Π, rrss(t− p)tδr+s

KΠ; p

)
.

Then by Proposition 3.5,

φδ,Π(1 + Π) = ω
2
((

rrss(t−p)tδr+s
)p−1−1

p

)
.

In this case, we have

l ≡ 2(rrss(t− p)tδr+s)p−1 − 1
p

mod p.

Then the formula in the second assertion follows by noting

i
p−1
2 +u =

(
2
p

)
and ε(1/2, ηπ, ψFπ

) = i
p−1
2 .

Finally, suppose c(φδ,Π) = p + 1 ≥ 4. Since φΠ has conductor 1 or 2,

φδ,Π(1 + Πc−1) = χr+s
δ,Π (1 + Πp).

Then by Proposition 3.5,
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φδ,Π(1 + Πc−1) = ω2(r+s)ordp(δ),

and in this case,

l ≡ 2(r + s)ordp(δ) mod p.

Then the formula in the third assertion follows by noting

i
p(p−1)

2 +u =
(
−2
p

)
and ε(1/2, ηπ, ψFπ

) = i
p−1
2 . �

3.5. Global root numbers

Fix the triple (r, s, t) of integers with r, s, t > 0 and r + s + t = p. For any prime � of 
Q, denote

ε�(φr,s,t;δ) =
∏
V |�

ε(1/2, φr,s,t;δ,V , ψKV
),

ε�(πr,s,t;δ) =
∏
v|�

ε(1/2, πr,s,t;δ,v, ψFv
),

where V resp. v runs through all places of K resp. F above �. Then by [9, Lemma 1.2, 
Theorem 4.7], we have

ε�(πr,s,t;δ) = ε�(φr,s,t;δ)ε�(η). (3.16)

Let d ∈ (Z/pZ)× be residue class given by

d =

⎧⎪⎨⎪⎩
(rrss(t− p)tδr+s)p−1 − 1

p
mod p, if u(rrss(t− p)tδr+s) = 1;

(r + s)ordp(δ) mod p, if u(rrss(t− p)tδr+s) = 0.

Theorem 3.13. The global root number of the automorphic representation πr,s,t;δ is given 
as follows:

εr,s,t;δ =
∏
�

ε�(πr,s,t;δ),

where

ε�(πr,s,t;δ) =

⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(
−1
p

)
, if � = ∞;(

�

p

)
, if � �= p and � | δ;

+ 1, if � � pδ;
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and

εp(πr,s,t;δ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
(
−rstd

p

)
, if u(rrss(t− p)tδr+s) = 0;

−
(
rstd

p

)
, if u(rrss(t− p)tδr+s) = 1;(

−2
p

)
, if u(rrss(t− p)tδr+s) ≥ 2.

Proof. Taking the relation (3.16) into account, this is the combination of Proposi-
tions 3.11 and 3.12 and the formulae ((3.11)-(3.13)). �

In the special case δ = 1, these formulae are compatible with those in [7,14]. Next 
suppose p = 3, r = s = t = 1 and δ ∈ Q×/Q×3. The Fermat curve

Fδ : X3 + Y 3 = δ

and the quotient curve C1,1,1;δ are both elliptic curves over Q and ϕ1,1,1 : Fδ → C1,1,1;δ
is an isogeny over Q of degree 3. The elliptic curve Fδ has Weierstrass equation

y2 = x3 − 2433δ2.

Corollary 3.14. Let δ be a cube-free integer. The global root number of the elliptic curve 
Fδ is given by

ε =
∏

�|∞3δ

ε�

where

ε∞ = −1;

and if � �= 3 and � | δ, then

ε� =
(
�

3

)
;

and

ε3 =
{
−1, if δ ≡ ±1 mod 9, or ord3(δ) = 1;

+1, otherwise.

Proof. It suffices to translate the expressions of ε3 from Theorem 3.13, since the expres-
sions for ε� are clear for � �= 3. In this case, we have r = s = t = 1. First suppose 
u(rrss(t − p)tδr+s) = 0 i.e. a = ord3(δ) > 0. Then
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ε3 = −
(
−2a
3

)
,

and ε3 = −1 if and only if a = 1. Next suppose u(rrss(t − p)tδr+s) = 1. Then

ε3 = −
(
d

3

)
,

and it is straight-forward to verify that ε3 = −1 if and only if δ ≡ ±1 mod 9. Finally, if 
u(rrss(t − p)tδr+s) = 2, then

ε3 =
(
−2
3

)
= +1.

Combining all these, the corollary follows. �
This is compatible with the results of Birch-Stephens [1,18] and Liverance [11] which 

gives the formulae for root numbers of the elliptic curves with Weierstrass equation

y2 = x3 + D

for D ∈ Q×/Q×6.

3.6. Equidistribution of root numbers

When p = 3 (r = s = t = 1), L. Mai [12] proved that the set {δ cube-free : ε1,1,1;δ =
+1} has density 1/2 in the set of cube-free integers. For a general odd prime p, the curves 
C1,1;p−2;δ, C1,(p−1)/2,(p−1)/2;δ and C1,p−2,1;δ are hyperelliptic curves and the sign of the 
functional equation of L-functions of these curves can be obtained by [19]. Following the 
strategy of L. Mai, T. Jedrzejak [10] generalized the result of L. Mai for the families 
J1,1;p−2;δ, J1,(p−1)/2,(p−1)/2;δ and J1,p−2,1;δ with p � δ. The constrain p � δ comes from 
the calculations of root numbers in [19].

As an application of the general formulae for root numbers of Jr,s,t;δ given in Theo-
rem 3.13, following the strategy and results in [12,10], we obtain the following density of 
root numbers of the families Jr,s,t;δ with δ varying in the set of p-th power-free integers.

Let N(p) be the set of p-th power-free positive integers, which has positive density in 
the set of natural numbers (see for example [10, Lemma 4]). Denote by N(p)

0 ⊂ N(p) the 
subset consisting of integers with p-adic valuation 0. Then

N(p) =
p−1⋃
i=0

piN(p)
0 .

Theorem 3.15.

lim #{δ ∈ N(p) : δ ≤ X and εr,s,t;δ = +1}
(p) = 1

.

X→+∞ #{δ ∈ N : δ ≤ X} 2
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For δ ∈ N(p), set

τp(δ) = #
{
� | δ : � �= p and

(
�

p

)
= −1

}
.

If δ = piδ0 with (p, δ0) = 1, then it is clear that τp(δ) is determined by δ0. Define 
αp(δ) = 0, 1 by the formula

εr,s,t;δ = (−1)αp(δ)+τp(δ).

Lemma 3.16. Suppose δ = piδ0 ∈ N(p) is a p-th power-free integer with (p, δ0) = 1. Then 
αp(δ) depends on (ordp(δ), δ0 mod p2).

Proof. By the formulae for the root number εr,s,t;δ in Theorem 3.13, if we write

εr,s,t;δ = (−1)αp(δ)+τp(δ),

then

(−1)αp(δ) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

−
(
−rs · ordp(δ)

p

)
, if ordp(δ) > 0;

−

⎛⎝−rst
(

(rrss(r+s)tδr+s)p−1−1
p

)
p

⎞⎠ , if u(rrss(t− p)tδr+s) = 1;

(
2
p

)
, if u(rrss(t− p)tδr+s) ≥ 2.

It follows from these formulae that αp(δ) depends on (ordp(δ), δ0 mod p2). �
Proof of Theorem 3.15. In fact, we will prove for each i = 0, 1, · · · , p − 1 that

lim
X→+∞

#{δ ∈ piN(p)
0 : δ ≤ X and εr,s,t;δ = +1}

#{δ ∈ piN(p)
0 : δ ≤ X}

= lim
X→+∞

#{δ ∈ N(p)
0 : δ ≤ X and εr,s,t;piδ = +1}
#{δ ∈ N(p)

0 : δ ≤ X}
= 1

2 .

For fixed i, by Lemma 3.16, we can define S+
i resp. S−

i to be the subset of (Z/p2Z)×
such that αp(piδ0) = 0, resp. 1 for δ0 ∈ S+

i resp. S−
i . Then S+

i ∩S−
i = ∅ and S+

i ∪S−
i =

(Z/p2Z)×. For a sufficiently large integer X, denote

N(p)
0,X = {δ ∈ N(p)

0 : δ ≤ X}.

Then we have
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∑
δ∈N(p)

0,X
εr,s,t;piδ=1

1 =
∑

δ∈N(p)
0,X

τp(δ) even
δ mod p2∈S+

i

1 +
∑

δ∈N(p)
0,X

τp(δ) odd
δ mod p2∈S−

i

1. (3.17)

Fix k ∈ (Z/p2Z)×. As in [10, Proof of Theorem 1], we have

∑
δ∈N(p)

0,X

(−1)τp(δ)=±1
δ≡k mod p2

1 = 1
2

∑
δ∈N(p)

0,X
δ≡k mod p2

1 + O(
√
X logp−2 X).

Then by (3.17) and [10, Lemma 5], we obtain

∑
δ∈N(p)

0,X
εr,s,t;piδ=1

1 = 1
2

∑
δ∈N(p)

0,X
δ mod p2∈S+

i

1 + 1
2

∑
δ∈N(p)

0,X
δ mod p2∈S−

i

1 + O(
√
X logp−2 X)

= 1
2

∑
δ∈N(p)

0,X

1 + O(
√
X logp−2 X). �
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