Accepted Manuscript

Examples of non-simple abelian surfaces over the rationals with
non-square order Tate-Shafarevich group

Stefan Keil

PII:
DOI:
Reference:

To appear in:

Received date:

Revised date:

Accepted date:

S0022-314X(14)00157-7
10.1016/5.jnt.2014.04.018
YJNTH 4870

Journal of Number Theory

10 August 2012
24 February 2014
16 April 2014

2 |

JOURNAL OF

Please cite this article in press as: S. Keil, Examples of non-simple abelian

surfaces over the rationals with non-square order Tate-Shafarevich group, J.
Number Theory (2014), http://dx.doi.org/10.1016/j.jnt.2014.04.018

This is a PDF file of an unedited manuscript that has been accepted for publi-
cation. As a service to our customers we are providing this early version of the
manuscript. The manuscript will undergo copyediting, typesetting, and review of
the resulting proof before it is published in its final form. Please note that during
the production process errors may be discovered which could affect the content,

and all legal disclaimers that apply to the journal pertain.



http://dx.doi.org/10.1016/j.jnt.2014.04.018

Examples of non-simple abelian surfaces over the
rationals with non-square order Tate-Shafarevich group

Stefan Keil!

Humboldt-Universitit zu Berlin, Institut fiir Mathematik
Unter den Linden 6, 10099 Berlin, Germany

Abstract

Let A be an abelian surface over a fixed number field. If A is principally po-
larised, then it is known that the order of the Tate-Shafarevich group of A must,
if finite, be a square or twice a square. For each k € {1,2,3,5,6,7,10,13} we
construct a non-simple non-principally polarised abelian surface B/Q having
Tate-Shafarevich group of order k times a square. To obtain this result, we ex-
plore the invariance under isogeny of the Birch and Swinnerton-Dyer conjecture.

Keywords:
Abelian surface, Tate-Shafarevich group, Cassels-Tate equation
2000 MSC: 11G10, 11G07, 11G35

Contents

1 Introduction 2

2 Controlling the order of III modulo squares 4
2.1 An equation of Cassels and Tate . . . ... ... ... ...... 4
2.2 Isogenies between abelian varieties over local fields . . . . . . .. 6
2.3 Isogenies of prime degree between elliptic curves over local fields 14
2.4 Non-simple abelian varieties and isogenies with diagonal kernel . 16

3 Constructing non-square order Tate-Shafarevich groups 21
3.1 The local quotient . . . . .. .. ... ... ... . 22
3.2 The global quotient . . . . . . ... ... 24
33 N=5and N=7(k=57) . .. ... . ... .. ....... 26
34 N=6and N=10 (k=1,2,3,6,10) . . .. ... ... ... ... 34
3.5 Appendix. Cyclic isogenies with diagonal kernel, (k=13) . ... 39

Email address: keil@math.hu-berlin.de (Stefan Keil)
URL: http://www.mathematik.hu-berlin.de/ keil/ (Stefan Keil)
IThe author is supported by a scholarship from the Berlin Mathematical School (BMS)
and wants to thank the referee for his or her very helpful comments and suggestions.

Preprint submitted to Elsevier June 4, 2014



1. Introduction

Let A/K be an abelian variety over a number field K. Consider its Tate-
Shafarevich group II(A/K). If A is an elliptic curve E, then the order of
II(E/K) is a perfect square, if it is finite. But in higher dimensions, even for
principally polarised abelian varieties, this is no longer true in general. Denote
by AV the dual abelian variety. The Cassels-Tate pairing [1], [26]

() II(A/K) x I(AY/K) — Q/Z,

which is non-degenerate in case III(A/K) is finite, combined with a result of
Flach [7], gives a strong restriction on the non-square part of the order of the
Tate-Shafarevich group [23, Theorem 1.2].

Theorem 1.1 (Tate, Flach). Assume II(A/K) is finite. If an odd prime p
divides the non-square part of #I(A/K), then p divides the degree of every
polarisation of A/K.

Corollary 1.2 (Poonen, Stoll). If A/K is a principally polarised abelian vari-
ety, then
#UI(A/K)=0or 2 0.

More precisely, assuming the finiteness of III(A/K), Poonen and Stoll [17]
associated to each principal polarisation A of A/K a canonical element ¢ €
II(A/K)[2], and showed that the order of III(A/K) is a square if and only
if {¢,A\(¢)) = 0. This is clearly the case if ¢ = 0. They showed that ¢ = 0
is equivalent to the induced pairing on III(A/K) being alternating and also
equivalent to the polarisation A arising from a K-rational divisor. It was already
known by Tate [26] that the order of III is a square, if such a K-rational divisor
exists. In case ¢ # 0 the induced pairing is anti-symmetric, due to Flach [7].

In 1996, Stoll constructed the first example of an abelian variety having
#III = 2 - [J; see [22] for some historical remarks. His example was the Ja-
cobian of a genus 2 curve over QQ, a principally polarised abelian surface over
Q. Thereafter, for every prime p < 25000, William Stein [23] constructed an
abelian variety A,/Q of dimension p — 1, such that #II1(A,/Q) = p- 0. This
result led Stein to make the following conjecture.

Conjecture 1.3 (William Stein). As one ranges over all abelian varieties A/Q,
every square-free natural number appears as the non-square part of the order of
some II(A/Q).

The following question is then natural.

Question 1.4. What are the possible non-square parts of the orders of finite
Tate-Shafarevich groups for abelian varieties of fixed dimension over a fixed
number field? Is this a finite list?

So far, in the case of abelian surfaces B/Q, the only known square-free
positive integers k which equal the non-square part of the order of some II1(B/Q)



are 1, 2, and 3. The purpose of this paper is to extend this list by 5, 6, 7, 10,
and 13. The construction we use is an isogeny applied to a product of two
elliptic curves, and hence is different from the construction used by Poonen and
Stoll, and by Stein. To understand the image of this isogeny we will explore an
equation of Cassels and Tate, which is a consequence of the isogeny invariance
of the Birch and Swinnerton-Dyer conjecture. The non-square part of the left
hand side of this equation will be equal to the non-square part of the order of
the Tate-Shafarevich group in question. We will explain how to calculate the
right hand side and then we will give explicit examples to prove the following

Theorem 1.5. For each k € {1,2,3,5,6,7,10,13} there exists a non-simple
non-principally polarised abelian surface B/Q such that #11(B/Q) =k -[.

The outline of this paper is the following. In the rest of this section we
fix notation. In Section 2 we present the aforementioned equation of Cassels
and Tate. This equation will break into two parts — a local part and a global
part. The remaining part of Section 2 is devoted to explaining the local part
and to introduce non-simple abelian surfaces. In Section 3 we will work with
elliptic curves possessing a Q-rational N-torsion point. Such curves lead to
two parameter families of abelian surfaces and we prove how to calculate the
local and global part of the Cassels-Tate equation for these families. Finally, we
present explicit calculations and give examples to prove the above theorem.

Notation 1.6. Let A/K be an abelian variety A over a field K, i.e. a proper
group scheme of positive dimension which is geometrically integral and of finite
type over Spec K. Usually, K is a number field, or a (p-adic) local field, or a
finite field. Since all fields considered are perfect we do not pay attention to
separability, and with K we denote a once and for all fixed algebraic closure of
K. For afield L containing K, the group of L-rational points is denoted by A(L),
with @ € A(L) being the identity element of the group law. The dual abelian
variety of A/K is denoted by AY := Pic%/K and a polarisation of A/K is a

symmetric isogeny A : A — AV, such that over K we have A = )\, for an ample
line bundle £ on A/K. If ¢ : A — B is an isogeny between abelian varieties
over a field K, then for a field extension L/K we say that ¢ has a L-kernel, if all
points in A(K)[p] are already defined over L, i.e. A(K)[p] = A(L)[¢]. If we do
not specify the field of definition of an isogeny ¢ between two abelian varieties
which are defined over a field K, then we want ¢ to be also defined over K.

If K is a number field, then with v we denote a place of K, and with Mg
the set of all places of K. We have the subset M of all finite places (or primes)
of K and the subset M of all infinite places of K. With K, we denote the
completion of K at v, and with k, its residue field, i.e. the quotient of the
valuation ring O, by its maximal ideal m, = 7,0, for a uniformiser m,. We
normalise the absolute value |- |, on K,, so that |m,|, = (#k,)"!. Ifv € M% isa
place lying over p € MJ, we denote this by v|p and call K,, a p-adic field. Denote
by K} the maximal unramified extension of K,. It is obtained by adjoining to
K, all n-th roots of unity, for n coprime to the characteristic of k.



The absolute Galois group of a field K will be denoted by Galg. For Galois
cohomology we use the usual abbreviation H'(K, M) := H'(Galx, M), for a
K-Galois module M. The Tate-Shafarevich group of A/K is defined as

III(A/K) := ker (Hl(KA(F))% 11 Hl(KU,A(?q,))>.

vEMK

With ¢ we denote a prime number and by Z/¢Z we either mean a cyclic
group of order ¢ or a Galois module of order ¢ with trivial Galois action. By p,
we denote the (-th roots of unity as a Galois module of order ¢, and we write
& = ¢ for a primitive ¢-th root of unity. The trivial group is denoted by 0. By
O e {1,4,9,16,...}, we denote a square natural number. We sometimes refer
to computations carried out with the software package Sage [25].

2. Controlling the order of Tate-Shafarevich groups modulo squares

We want to construct abelian surfaces B/Q such that the order of their Tate-
Shafarevich groups is not a square. To archieve this objective we start with an
abelian surface A/Q being the product of two elliptic curves F; and Es over Q.
Hence it is known that the order of the Tate-Shafarevich group III(A/Q) is a
square, provided it is finite. Then we consider cyclic isogenies ¢ : A — B and
the goal is to understand HI(B/Q) in terms of III(A/Q) and ¢. The precise
situation we consider is summarised in Setting 2.33. The isogeny ¢ naturally
induces a group homomorphism between III(A/Q) and III(B/Q) which is an
isomorphism between ¢-primary parts for primes ¢ not dividing the degree of
the isogeny. In particular this means, that if III(A/K) is of square order, then
a necessary condition for a prime ¢ to divide the non-square part of the order
of II(B/K) is that ¢ divides the degree of ¢.

In the next subsection we will present the Cassels-Tate equation, which ex-
presses the relative change of the orders of the Tate-Shafarevich groups of A
and B under ¢. It consists of a local and a global part, which will be called the
local quotient and the global quotient. We will spend the following two subsec-
tions computing the local quotient, one for general abelian varieties and one for
elliptic curves. The main result is Theorem 2.28. The isogenies constructed in
Setting 2.33 are then subsumed into the so-called isogenies with diagonal kernel
in the last subsection of this chapter. We also introduce the general concept of
non-simple abelian surfaces and we present the Key Lemma 2.30 for the compu-
tation of the local quotient. In Section 3 we will use the results obtained in this
section to actually compute explicit examples of abelian surfaces B/Q having
Tate-Shafarevich group of non-square order.

2.1. An equation of Cassels and Tate

Cassels [2] (the elliptic curve case) and Tate [28] (the general case) proved
the following theorem to show the invariance of the Birch and Swinnerton-Dyer
conjecture under isogeny. Denote by R4 the regulator and by P4 the period



of an abelian variety A/K over a number field K, see pages 37 and 52 in [8].
By ca ., we denote the local Tamagawa number of A at a finite place v € M.

Theorem 2.1. Let ¢ : A — B be an isogeny between two abelian varieties
A and B over a number field K. Assume that at least one of III(A/K) or
III(B/K) is finite. Then I(A/K) and II(B/K) are both finite, and

#H-[(A/K) o RB ) #A(K) tors #AV(K)tors . E ) H @

#I(B/K)  Ra #B(K)tors #BY(K) tors Pa Cav

veMY,

The product over the Tamagawa numbers is actually finite, since ¢4, =1
when v is a place of good reduction of A. We define A(K) fee to be the quotient
group A(K)/A(K) tors- Consider the following induced group homomorphisms.

vt A(K) = B(K), ¢} : BY(K) — AY(K), ¢, : A(K,) = B(K,),

SDK,tors : A(K) tors — B(K) torss w%,tors : BV(K) tors — Av (K) tors,

PK free - A(K) free — B(K) free (pkﬁfrce : BY (K) free —7 AV (K) free -
We may now reformulate the above quotients in terms of these induced group
homomorphisms. This reformulation, which is part of the proof of the above
theorem, turns out to be easier to handle for computational purposes, and we

are going to use the Cassels-Tate equation only in this description. There are
two trivial equalities, namely

#A(K) tors # ker px and #AV (K) tors # coker @Y(,tors
#B(K) tors N # COkCI” <;‘QK,tors #B\/ (K) tors N # ker SD}/(

and two more interesting ones, see the proof of Theorem 1.7.3 in [16];

RB o #COker w%,ﬁcc PB H CB,U _ H #COkerSOU

B and =2 .
Ra # coker Qi free Py CAw # ker ¢,

UGM?(
Hence the Cassels-Tate equation becomes

#I(A/K) #ker o # coker p}, H # coker ¢,

#IIL(B/K)  # coker px # ker o), Hker oy

In particular we have
RB #A( ) tors #Av (K) tors # ker PK # coker ‘P}/(

RA #B( ) tors #BV (K) tors B # coker K # ker 90% ’
and we call the right-hand side of this equation the global quotient. The global
quotient clearly breaks into the regulator quotient and the torsion quotient. The
product

vEMK

H # coker ¢,
v # ker ¢,

runs over all places v of K and is called the local quotient. It is in fact a finite
product, since # coker ¢, = # ker ¢, for all but finitely many places v, as will
be recalled in Corollary 2.12. In the next two subsections we will study the local
quotient # coker ¢, /# ker ¢, for a finite place v € MY



2.2. Isogenies between abelian varieties over local fields

In this section we will use the following notation. Let ¢ : A — B be an
isogeny between two abelian varieties A and B over a number field K, and let
v € MY be a finite place of K lying over a fixed prime p. Consider the induced
group homomorphism on K,-rational points

vyt A(Ky) — B(Ky).

Our aim is to compute the quotient # coker ¢, /# ker ¢,,, which mainly consists
in determining the cardinality of coker ¢,, as the size of the kernel is usually
obvious by the definition of ¢. On a few occasions we will focus on isogenies
having a K,-kernel, i.e. A(K,)[p] = A(K,)[¢], and thus # ker ¢, = deg ¢ and
Galg, acts trivially on A(K,)[p].

In general, the cokernel of ¢, can naturally be identified with a subgroup of
HY(K,, A(K,)[¢]), since the short exact sequence of Galois modules

0—>A(Fv)[§0] A(Fv) - B(Fv)—>0

gives the long exact Galois cohomology sequence
0 — coker ¢, — H(K,, A(K,)[¢]) =

The next lemma determines the size of H(K,, A(K,)[¢]) and in particular
shows that it is finite. Hence coker ¢, is also finite.

Lemma 2.2. Let K, be a p-adic field and let M be a finite K,-Galois module
of order #M and with dual MV := Hom(M,G,,(K,)). The size of the first
cohomology group of M can be computed as follows.

#H (Ko, M) = #HO (Ko, M) - #H (Ko, MY) - pte I T

Proof.  This follows from Theorems 2 and 5 in Chapter IL5 in [20].
Define the Euler-Poincaré characteristic by x(K,,M) = #H%(K,, M) -
#H*(K,,M)/#H"(K,,M). By the duality Theorem 2 from [20], we get
#H?*(K,,M) = #H°(K,,M"), and by Theorem 5, we get x(K,, M) =
(O, : #MO,)~ L, where O, is the valuation ring of K,. Hence, x(K,, M) =
p v (#M)[Ko: Q] and we are done. O

Corollary 2.3. Let ¢ be of prime degree £. If @ or ¢V has a K,-kernel, then

7)(Z, vl &K,
@/, vt CK,
(/D) ol ¢ K,

(Z/0Z) K2 ol p, C K,

Hl(vaA(Fv)[@]) =

and if neither ¢ nor ¢V has a K,-kernel, then

0, vl

Hl(Kq,,A(?v)[SOD = {(Z/fz)[K”:Q”L vl



Proof. By definition H'(K,, A(K,)[¢]) is abelian and has exponent £. By the
previous lemma, for M := A(K,)[¢], we have

HO(K,, M) - #H°(K,, MV
b (16, ap) = PR AT U MO, vt
HHO(K,, M) - #HO(K,, M) - (K@l g g,
If ¢, respectively ", has a K,-kernel, then A(K,)[¢] = Z/IZ, respectively p,,
as Galois modules. Since

HO(K,,7/0Z) = Z)VZ, and HO(K,, p,) = {0’ pe LK,
Z/éZ, 127 c K’u7
and Z/0Z and p, are dual to each other, we get the first statement.
If neither ¢ nor " has a K,-kernel, then neither A(X,)[¢] nor its dual is
isomorphic to Z/¢7Z. Therefore H°(K,, A(K,)[¢]) = H(K,, A(K,)[¢]¥) = 0,
which completes the proof. O

Corollary 2.4.

7/, p#L#2,p%1mod{
HY(Qy, Z/0Z) = H' (Qp, pg) = { (Z/IZ)?, p=1L=2
(ZJ07)?, otherwise.

Proof. This is immediate from Corollary 2.3 upon observing that pu, C Q, for
all p, and p, ¢ Q, if and only if p # 1 mod ¢ and ¢ # 2. O

For a finite K,-module M we will now introduce the unramified Galois co-
homolgy group which is an important subgroup of H!(K,, M). Denote by
K" the maximal unramified extension of K,. We have that the inertia group
I,, == Galgu: is a normal subgroup of Galg,; thus the usual restriction homo-
morphism

Res,, : H(K,, M) — H* (K™, M)

v o

is defined and by the Inflation-Restriction sequence its kernel is isomorphic to
HY(Gal(K™/K,), M»). We denote the kernel of Res,,, by H} (K,, M) and call

it the unramified subgroup of H'(K,, M). Consider again the following Galois
cohomology sequence with respect to an isogeny ¢ : A — B.

0 —— coker @, A> Hl(KmA(?v)[@]) —

We say that coker ¢, is mazimal, respectively mazimally unramified, respec-
tively trivial, if 0, is an isomorphism, respectively if §, induces an isomorphism
between coker ¢, and the unramified subgroup H} (K,, A(K,)[¢]), respectively
if coker ¢, is the trivial group.

Remark 2.5. If K = Q and (p,¢) # (2,2), the last two corollaries show that
if the isogeny ¢ : A — B is of prime degree ¢ and has a Qp-kernel, then



H'Y(Q,, A(Q,)[¢]) is either isomorphic to Z/{Z or (Z/{Z)?. In the former case,
either coker g, is the trivial group, or is isomorphic to H 1((@1,,14(@1,)[99]). In
the latter case there is a third possibility, namely that coker ¢, has ¢ elements
and thus is one of the ¢ + 1 subgroups of H'(Q,, A(@p)[gp]) of order ¢. By the
next lemma, the unramified subgroup is one of these £+ 1 subgroups of order £.

Besides merely determing the size of coker ¢, our goal is further to specify
it as a subgroup of H'(K,, A(K,)[¢]), and hence the main purpose of this
subsection is to give criteria to check whether coker ¢, is maximally unramified.

Lemma 2.6. Let K, be a p-adic field and let M be a finite K,-module. Then
the order of H! (K,, M) equals the order of H°(K,, M).

nr

Proof. Follows from Lemma 4.2 in [19]. O

We introduce some more notation. By A we denote the reduction of A
modulo v, i.e. the special fiber at v of the Néron model A/Ok of A, and by
Ao(ku) we denote the smooth part of the k,-rational points of the reduction at v,
i.e. the k,-rational points of the connected component of A intersecting the zero-
section. Denote by Ag(K,) the preimage of Ao(kv) under the reduction-mod-v
map, and by A; (K,) the kernel of Ay(K,) — .,Zto(krv). We have the following two
commutative diagrams with exact rows and induced group homomorphisms.

0—— Al(Kv) — Ao(KU) —_— > .A()(kv) —0

l l x| 2)

0— By(K,) — Bo(K,) — Bo(ky) — 0

0—— Ap(K,) —— A(K,) — A(K,)/Ao(K,) ——0
Lpgl Wvl ¢U\L (3)
0 —— By(K,) —— B(K,) — B(K,)/By(K,) —=0

All kernels and cokernels of the vertical maps in the above two diagrams are
finite groups. In the unramified case we get the following commutative diagram.

0— Ay (K™) —— Ag(K™) —— Ay(k,) —= 0

l l (4)

0 —— By (K2) — Bo(K™) — By(ky) —=0

We recall a basic fact, which follows from Lang’s Theorem [13, Theorem 1].
Lemma 2.7. The finite groups Ao(k,) and Bo(k,) have same cardinalities.

Proof. The proof is given on page 561 in [13]. O



Now we apply the snake lemma on Diagrams (2) and (3) to get a basic
lemma. Recall, that the quantity ca , is defined as the order of the quotient
group A(K,)/Ao(K,) and is called the local Tamagawa number of A at v.

Lemma 2.8. With notation as above, we have the equality

# coker ¢, # coker ok CBw

#ker @, #kerpl can
Proof. Applying the snake lemma on Diagram (2) we get

#herpl  #kerdd  #kery)

# coker gl # coker @9 # coker ¢

Since #Ag(kv) = #Bo(kzv) by Lemma 2.7, we get # ker 30 = # coker Y. Hence
#ker @l /# coker ol = # ker oV /# coker ¢0. Diagram (3) leads to

#cokerp,  # coker ! # cokerp,

H#kerp,  #kergl)  #kerp,
By definition # coker @, /# ker @, = ¢p,,/ca, which completes the proof. [

We continue by examining the quotient # coker ! /# ker pl. We start by
recalling two basic lemmas, and then we deduce the well known fact that ¢! is
an isomorphism for all but finitely many places v.

Lemma 2.9. The kernel of reduction A;(Ky) is a pro-p group.

Proof. The multiplication-by-¢ endomorphism [¢] on A;(K,) is an isomorphism,
for all primes ¢ different to the characteristic p of the residue field k,, as A1 (K,)
is isomorphic to the group A(mv) associated to the formal group A of A defined
over the valuation ring O, of K, with maximal ideal m,,. Hence for any subgroup
G of A(K,), [{] is a surjective endomorphism on A, (K,)/G, for ¢ # p. If in
addition A;(K,)/G is finite, then [¢] is an automorphism on A;(K,)/G, for all
¢ # p, and thus A;(K,)/G is a p-group. Hence, A;(K,) is a pro-p group. O

Lemma 2.10. If v{degp, then ¢l and Wil;,m are isomorphisms.

Proof. Denote the degree of ¢ by n. There exist isogenies 1) : B — A and
¢ : A — B, such that oy : A— Aand @ot: B— B are the multiplication-
by-n maps [n]. Hence we get the following induced group homomorphisms on
the kernels of reduction.

[nl,
T ”
Al (KU) — Bl(KU) I AI(KU) —_— Bl(K71)

[n],,

Since v { deg ¢, we have by the previous lemma that both maps [n]} are iso-

morphisms. Hence it follows that all three homomorphisms )}, r/ﬁ) and ¢! are
isomorphisms. Now for any finite unramified extension L., /K,, we get by the
same argument that ol is an isomorphism, and so also is %%,m- O



Corollary 2.11. If a prime ¢ divides the cardinality of a kernel or cokernel
of one of the induced group homomorphisms ., ©°, o @, or @ appearing
in Diagrams (2) and (3), or £ divides the Tamagawa quotient cg/ca v, then
0| degp. Further, if ged(deg @, caw - ¢pv) = 1, then @, is an isomorphism.

In particular, if ¢ is of prime degree {, then the cardinalities of all kernels
and cokernels of p,, ©°, ol @, and @0, as well as the Tamagawa quotient
CBw/CAw, are powers of L.

We conclude that the product over all quotients # coker ¢, /# ker ¢, is ac-
tually a finite product. Denote by My the set of places of K and let S be a
finite set of Mk containing the infinite places, the places of bad reduction and
the places dividing the degree of the isogeny .

Corollary 2.12. Ifv{degy and v is a place of good reduction, then

# coker ¢,

=1 d th
ket oy , o an us

H # coker @, _ H # coker o,

vEMg #ker Po vES #ker Po

Proof. Combine Lemmas 2.8 and 2.10 with the fact that the Tamagawa quotient
equals 1 in case of good reduction. O

In view of the corollary, the goal of this subsection is to provide methods to
compute the quotient # coker ¢, /# ker ¢,,, in case v is a place of bad reduction
or v | deg . If we stick to good reduction, but do not care whether v divides the
degree of , then the next lemma gives a very nice criterion to check whether
coker @, is maximally unramified. The notation used in part (i) of the lemma
comes from the following diagram.

00— Al(FU) —_— Ao(FU) _— AO(EU) —= 0

1 0
PRy l PR,

0
v

=
S o«

0—— Bl(Kv) 5 — BO( v) e O(Ev) —0
Lemma 2.13 (Criterion for maximal unramifiedness of coker ¢, in case v is a
place of good reduction). Assume v is a place of good reduction.

(i) If ker cplﬁ is trivial, then coker ¢, is maximally unramified.

(ii) If © has a K,-kernel and @l is injective, then coker g, is mazimally
unramified.

Proof. Part (ii) for K, = Qp, £ # 2, and A and B are elliptic curves is Lemma
A.3 in the Appendix of [4] by Tom Fisher. In general, (ii) follows directly from
(1), as the assumptions imply that ker 901? = ker p} = 0.

For (i) note, that if [¢] € H'(K,, A[g]) is an element of coker ¢,, then [¢]
lies in the kernel of H'(K,, Alp]) — H'(K,,A). This means that there is a
point P € A(K,), such that £(o) = P° — P, for all ¢ € Galg,. As v is a
place of good reduction we get that P € Ay(K,). Consider the reduction-mod-
v map Ag(K,) — Ay(k,), which is a group homomorphism. Hence, PT — P =

10



P -P= O, for all T € I, as I, acts trivially on Ag(k,). Therefore for all 7 € I,,,
P7 — P lies in the kernel of reduction cplf . As gp% is assumed to be trivial
we immediately deduce that P — P = O:J for all T € I, which is equivalent
to P € Ag(K™). By definition, [¢] lies in H},.(K,, A[p]) if it is in the kernel of
Resy,. This is clearly the case if P € A(K2"), because this makes the restriction
of ¢ to I, to be the zero map, and thus coker ¢, injects into H} (K., Al¢]). By
Lemmas 2.6 and 2.8, coker ¢, also surjects onto H} (K,, Al¢]), as its order is

at least the order of H} (K,, Alp]). O

We continue with presenting a reinterpretation of the quotient
# coker ! /4 ker ¢! given by Schaefer in [18]. Using these results it is quite
easy to compute # coker ¢l /# ker ol for elliptic curves. First we need some
notation. Assume that the abelian varieties A and B are of dimension d and
let v € MY be a finite place. We can write the isogeny ¢ : A — B as a d-tuple
of power series in d-variables in a neighbourhood of the identity element O.
Let |¢’(0)|, be the normalised v-adic absolute value of the determinant of the
Jacobian matrix of partial derivatives of such a power series representation of ¢
evaluated at 0. Note that |¢'(0)], is well defined.

Proposition 2.14. With notation as abowve,

ki 1
I’ (0)];F = %ﬁ;ﬁ“; and hence |©'(0)], = 1, if v 1 L.
Proof. Combine [18, Lemma 3.8] with Lemmas 2.8 and 2.10. O

Corollary 2.15. With notation as above,

# coker ¢, —15(0) 1 CBw
# ker Po Y CAv '
Proof. This follows from the last proposition together will Lemma 2.8. O

Remark 2.16. In the case of elliptic curves, ¢’(0) is just the leading co-
efficent of the power series representation of ¢. One can easily compute
this value: Use Vélu’s algorithm [29] to describe ¢ as coordinate functions
o(z,y) = (2(z,y),J(x,y)) and then write —Z /¢ as a power series in z := —x/y,
see [21, IV]. We will do this explicitly in Propositions 3.6 and 3.14.

Before we give our main criterion for checking that coker ¢, is maximally
unramified we give a basic lemma about [¢/(0)[, and the maps @} and ¢} ..
We will consider the ramification index e, of the place v of K. Note that if
K, = Qp and p # 2, then the condition e, < p — 1 is fulfilled.

Lemma 2.17. With notation as above, the following holds.
(i) If |¢'(0)|, = 1 and @}, ,,, is injective, then ), and @), . are isomorphisms.
(ii) If the ramification index e, < p — 1, then @ and @} . are injective.
(iii) If K = Q, then cpzl) and goll,_’nr are injective, unless p = 2 and 2 | deg .
(iv) If K = Q and |¢'(0)|, = 1, then > and k. are isomorphisms, unless
p=2 and 2| deg . '

11



Proof. Assume |¢’(0)|, = 1. Then we also have that [¢/(0)], = 1 for all
unramified finite field extensions Ly, /K,. Since ¢}, . is injective the maps ¢}, :
A1(Ly) — Bi(Ly) are also injective. By Proposition 2.14, the size of the kernels
and cokernels of ¢, agree and therefore they are isomorphisms. Hence ¢} . is
an isomorphism, which proves (i).

For (ii) use the isomorphism A;(K,) = A(m,). Then use |21, IV. Theorem
6.1] or the next lemma to conclude that ¢ is injective for any finite unramified
field extension L,,/K,. Hence goqu’nr is injective.

For (iii) apply (ii) in case p # 2. In case 2 { deg ¢ this is due to Lemma 2.10.
Combing (i) and (iii) gives (iv). O

Lemma 2.18. If the ramification index e, < p — 1, then the reduction-mod-v
map Ao(K,) — Ao(kzv) has torsion-free kernel, i.e. A1(K,) is torsion-free. In
particular, this gives an injection A(K) tors — Ag(kv)7 thus if in addition v is
a place of good reduction there is an injection A(K) tors < A(kv)

Proof. This is essentially the content of the Appendix of [9]. ]

The next lemma and theorem are a slight generalisation of Lemmas 4.3 and
4.5 of [19]. Theorem 2.20 provides our main criterion to check whether coker ¢,
is maximally unramified. To state the lemma we introduce the map

892 coker ¥ — HY (K, A(K,)[¢)]).

It is obtained by composing the natural map coker ¢2 — coker ¢,, from Diagram
(3) with the connecting homomorphism §, : cokery, — H(K,, A(K,)[¢]).
Note that since coker 90 — coker ¢, need not be injective, 82 may also not be
injective. Similarly one defines the map

89 coker cpg’m — HY (K™, A(K,)[¢])-

v,nr

Lemma 2.19. If npll),m, is surjective, then the image of coker ¥ under 60 lies in
Hy, (Ko, A(KL)[¢]).

Proof. In the above Diagram (4), the first vertical map gall,vm is surjective by
assumption. The third vertical map @% is surjective, since k, is algebraically
closed, therefore the middle vertical map cpg’m is also surjective, i.e. coker (pg’m
is trivial. The following diagram commutes.

coker ¢! o HY(K,, A(K.,)[¢])

l Resnr l

coker ), ——= H' (K", A(K.)[¢)

v
v,nr

As the lower left group is trivial, the image of the upper left group in the lower
right group must be trivial, i.e. the image of 60 lies in H} (K,, A(K,)[y]). O
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Theorem 2.20 (Main criterion for maximal unramifiedness of coker ¢,). If
cpi,m is surjective and > and P, are isomorphisms, then coker @, is mazimally
unramified.

Proof. As p, is an isomorphism, coker ¢0 — coker ¢, is also an isomorphism,
and so by the above lemma we have that coker ¢, maps injectively onto a sub-
group of H! (K,, A(K,)[y]). But these two groups have same cardinality, since

#H! (K,, A(K,)[¢]) = #ker ¢, by Lemma 2.6, and # ker o, = # coker ©, by
Lemma 2.8, as , and ¢ are isomorphisms. U

Our assumptions on ¢} and ¢, . in Lemma 2.19 and Theorem 2.20 replaced
the assumption v { deg ¢ in Lemmas 4.3 and 4.5 of [19]. We have seen in Lemma
2.10 that v { deg is a stronger assumption, hence we can easily deduce the
original result of Schaefer and Stoll.

Corollary 2.21 (Criterion for maximal unramifiedness of cokery, in case
vt degy). If vt degy and ged(degp,ca - ¢poy) = 1 then coker g, is maz-
imally unramified.

Proof. This is Lemma 4.5 of [19]. The corollary follows directly from Theorem
2.20 together with Lemma 2.10 and Corollary 2.11. O

We also want to apply Theorem 2.20 in case v | degp. As already seen in
Lemma 2.17 we can replace v t deg¢ with the condition that the ramification
index e, < p— 1 and that |¢’(0)|, = 1.

Corollary 2.22 (Criteria for maximal unramifiedness of cokerp, in case
v | degp). Assume that the ramification index e, < p — 1.

(1) If |¢'(0)|, = 1 and ged(deg p, ca,v-cB,w) = 1, then coker ¢, is mazimally
unramified.

(i) If v is a place of good reduction, then coker p, is maximally unramified
if and only if |¢'(0)], = 1.

(111) If v is a place of good reduction and ¢ has a K, -kernel, then |¢'(0)], =1
and coker p,, is mazximally unramified.

Proof. For (i) combine Lemma 2.17 with Theorem 2.20 and Corollary 2.11.
For (ii) note that v being a place of good reduction implies that c4 ., = ¢ =
1. If |¢'(0)], = 1, then by (i) we get that coker ¢, is maximally unramified. Now
assume that coker ¢, is maximally unramified, hence its cardinality equals the
cardinality of ker¢,. By Corollary 2.15 we get that |¢'(0)|, = ¢p.v/can = 1,
which completes (ii). For (iii), combine (ii) with Lemmas 2.13 and 2.17. O

Corollary 2.23 (Criteria for maximal unramifiedness of coker¢, in case
K = Q). Let ¢ : A — B be an isogeny between two abelian varieties A and
B over Q and let p be a prime such that p # 2 if 2| deg .

(1) If |¢'(0)|, = 1 and ged(deg p, cap-cp,p) = 1, then coker ¢, is mazimally
unramified.

(i) If p is a place of good reduction and ¢ has a Qp-kernel, then |¢'(0)], =1
and coker p, is mazimally unramified.

Proof. Follows directly from Lemma 2.17, Theorem 2.20, and Corollary 2.22. [J
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2.3. Isogenies of prime degree between elliptic curves over local fields

Let E and E’ be elliptic curves over a p-adic field K, and let n : £ — E’
be an isogeny of prime degree £. We will use the notations from Diagrams (2),
(3), and (4) with A = E and B = E’. Assuming that n has a K,-kernel, the
goal of this subsection is to determine under which further assumptions the
reduction type of E at v determines whether cokern, is maximal, maximally
unramified, or trivial. In the case when K, = Q, and ¢ > 5 we can give a
complete classification, which will be stated in the main theorem 2.28.

We start with computing the quotient cgs/cg of Tamagawa numbers with
respect to the reduction type at v. In most cases cp//cp can easily be com-
puted with Tate’s algorithm and the theory of Tate curves. See for example the
Appendix of [4] by Tom Fisher or [3, §6 and §9] by Tim and Vladimir Dokchitser.

Lemma 2.24. Suppose that E/K, has

1. good reduction, or
2. non-split multiplicative reduction and € # 2, or
3. additive reduction and £ > 5.

Then the group homomorphism 7, is an isomorphism, and hence cgr/cgp = 1.

Proof. This is standard and follows from Tate’s algorithm [27]. O

Lemma 2.25. Suppose that E/K, has split multiplicative reduction, then

cg _ J1/€, kern, ¢ Eo(K,)
ce ¢, kern, C FEo(K,).

Proof. This is Lemma A.2 of the appendix of [4] by Tom Fisher. O

Now we study the implications of kern, being or not being part of the con-

nected component of the identity Ey(K,). The result is essentially a corollary
of Tate’s algorithm [27] and explores the fact that 7 is of prime degree.

Lemma 2.26. With notation as above, we have:
(i) If kern, ¢ Eo(K,), then n has a K,-kernel, n} is an isomorphism,
[7(0)], =1, €| cg, and exactly one of the following three cases holds.

1. E has split multiplicative reduction,
2. E has non-split multiplicative reduction and £ = 2,
3. E has additive reduction and either £ =2 or { = 3.

(ii) If kern, C Eo(K,), assume additionally that n has a K,-kernel and that

nt is injective. We have the following implications.

1. E has multiplicative reduction = vt ¢ and |n'(0)|, = 1,

2. E has split multiplicative reduction = p, C K,,

3. E has non-split multiplicative reduction and { # 2 = p, ¢ K,,
4. E has additive reduction = vll.

14



Proof. If ker n, is trivial, then it is contained in Eo(K,). Hence, kern, ¢ Eo(K,)
implies that kern, is non-trivial, and therefore i has a K,-kernel as its degree is
prime. It also implies that 77% ,m%, and thus 5! are injective. From the triviality

of % is follows that H'(K,, Eo(K,)[n]) is trivial and hence cokern) is also

trivial. Thus 7Y is an isomorphism, and therefore 77V is surjective. By Lemma
2.7, 70 is an isomorphism, as its kernel and cokernel have equal cardinalities.
This implies that n} is an isomorphism, which gives |(0)|, = 1 by Proposition
2.14. Again by the fact that 70 is an isomorphism, it follows that #ker7, = ¢,
which gives that ¢ | cg. In particular, the reduction type is bad. By [27], cg is
< 2 in the non-split multiplicative case and < 4 in the additive case, giving (i).

For (ii) let P € E(K,) be a generator of ker,. If kern, C Eo(K,) and  has
a K,-kernel, then P generates kern¥. Since we assumed 7! to be injective, the
order of P is £. Set |k,| =: p’. The order of P divides the cardinality of &(k,),
which is either p/ — 1, p/ 4+ 1, or p/, depending on whether the reduction type
is split multiplicative, non-split multiplicative, or additive, respectively [27, §7].
Therefore we get the following implications:

1. multiplicative = p/ #0mod ¢ = p#{ = wv{d,

2. split= pf =1 mod ¢ = w, Ck, = p, CK,,

3. non-split and £ #2 = p/ £0,1mod ¢ = p, ¢ ky, = p, ¢ K,
4. additive = p/ =0mod{ = p=4¢, = v|L

By Proposition 2.14, v t ¢ implies |1'(0)|, = 1, which completes (ii). O

We summarise the case of multiplicative reduction and state under which
further assumptions coker 7, is trivial, maximally unramified, or maximal.

Corollary 2.27 (Criteria to classify coker 7, is case of multiplicative reduction).
Suppose the reduction type of E/K, is split multiplicative.

(i) If kern, ¢ Eo(K,), then |n/(0)|, = 1 and cokern, is trivial.

(ii) If kern, C Eo(K,), n has a K,-kernel, and ) is injective, then v { ¢,
e C Ky, ['(0)]y =1, and cokern, is mazimal.
Suppose the reduction type of E /K, is non-split multiplicative.

(iii) If € # 2, n has a K,-kernel, and n} is injective, then v { €, p, ¢ K,,
[7'(0)], = 1 and cokern, is maximally unramified.

() If £ =2, v{ L, and n has a K,-kernel, then p, C K, and |’ (0)], = 1.
Further cokern, is trivial if cg /cp = 1/2, cokern, is mazimal if ¢ /cp = 2,
and cokern, is maximally unramified if cp = cpr = 1.

Proof. Lemma 2.26 already contains everything of (i)-(iii) but the statement
whether coker 7, is trivial, maximally unramified, or maximal. In (iv) we get
[7'(0)], =1 and p, C K, as v{ ¢ and £ = 2. It remains to classify coker,.
By Corollary 2.15 we obtain the equation # cokern, = £ - cg//cg. The size
of HY(K,, E(K,)[n)) is given by Corollary 2.4, and cg//cg in (i)-(iii) can be
computed with Lemmas 2.24 and 2.25. This shows triviality of cokern, in (i)
and the first case in (iv), and maximality in all other cases but the third case of
(iv). Note that in (iii), H(K,, F(K,)[n]) equals the unramified subgroup. To
get the maximal unramifiedness in the third part of (iv) use Corollary 2.21. O
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We finish with the main theorem of this subsection. Recall that we call
coker ), mazimal if it equals the full H'(Q,, E(Q,)[n]), and mazimally unram-

ified if it equals the unramified subgroup H;, (Q,, E(Q,)[n]); see the discussion
before Remark 2.5. The definition of [(0)[, is given before Proposition 2.14
and having a Q,-kernel means that E(Q,)[n] = E(Q,)[n].

Theorem 2.28 (Criteria to classify cokern, is case ) has a Q,-kernel and is of
prime degree). Let E and E' be elliptic curves over Q, and let n: E — E' be
an isogeny of prime degree £, and assume that 1 has a Qp,-kernel. Then the left
column of the table below implies the two columns to the right, and in all but

the last row we also get that |’ (0)], = 1.

reduction type of E/Q,, p=or#{, coker 1,
plus further assumptions n, CorgQ, is
split multiplicative, kern, ¢ EO(@p) no implications trivial
split multipl., kern, C Ey (@p), p#2 or L#2 || pFLipu, CQ, mazimal
non-split multiplicative, ¢ # 2 p#Llp, € Q, | maz. unramified
non-split multiplicative, L =2 # p, cgifcg =1/2 || p# L, pn, CQ, trivial
non-split multiplicative, { =2 # p, cp/[/cp = 2 pF# L, CQ, mazimal
non-split multiplicative, £ =2 # p, ce =cgpr =1 || p# L, pu, CQ, | max. unramified
good, p#2 or £#2 no implications | mazx. unramified
additive, £ > 5, |7/ (0)], =1 p="Lp, ¢ Q, | maz. unramified
additive, £ > 5, |/ (0)], # 1 p="Lp, ¢ Q, mazximal

Proof. For all but the first row of the table we use Lemma 2.17 to deduce that
7771, is injective. Then the six cases of multiplicative reduction are contained in
the last corollary and the case of good reduction is covered by Lemma 2.13.

In the additive case, due to ¢ > 5, we get that p = ¢ by Lemma 2.26 and
hence py ¢ Q,. This implies that #H*(Qp, E(Q,)[n]) = ¢* by Corollary 2.4.
Further 7, is an isomorphism by Lemma 2.24 and thus by Corollary 2.15 we

have # coker = /£ - |77/(0)‘z;1'

We know that [/(0)],! > 1, as n,, is injective.

Hence, there are two possibilities. Firstly, # cokern, = £, which is equivalent to
I’ (0)], = 1, and secondly, # cokern, = 2, which is equivalent to |’(0)|, # 1,
and which implies that cokern, is maximal. It remains to show that coker n,
is maximally unramified in case the reduction type is additive and |1'(0)|, = 1.
At this point we apply Theorem 2.20, which is possible due to Lemma 2.17. [

2.4. Non-simple abelian varieties and isogenies with diagonal kernel

In this subsection K will always denote a field of characteristic 0. An abelian
variety B/K is called non-simple if it is isogenous to a product of two abelian

varieties A;/K and As/K, i.e. there is an isogeny ¢ : A1 x Ay — B.

Recall, that we want all isogenies to be defined over K, too. Let Ay, A and
B be abelian varieties over a field K and let ¢ : A} x Ay — B be an isogeny.
We say that ¢ has diagonal kernel, or simply say that ¢ is diagonal, if there
is a finite group scheme G over K contained in both A;, together with fixed
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embeddings ¢; : G — A;, such that the kernel of ¢ is the embedding of G into
the product Ay x Ay via 11 X 15. We denote the image of G in A; by G; := 1;(G).
Clearly, G, GGy, and G5 are pairwise isomorphic as finite group schemes and the
K-rational points of G; and G5 form isomorphic Galois modules; hence there is
a Galois equivariant isomorphism « : G; — G5 such that 15 = a0 and that
ker ¢ equals the graph of a. Further, both A; possess an isogeny 7; : A; — Al
which is defined through its kernel by setting kern; := G; and A} := A;/G,.
Now we state a basic lemma about Galois cohomology and then we present
our Key Lemma to controll the local quotient for isogenies with diagonal kernel.

Lemma 2.29. Let K be a field and let G1 and Ga be two finite K-Galois
modules. Assume «: G1 — G is a Galois equivariant homomorphism. Then

ot HY(K,Gy) = H'(K,G2), [€]w [aog],

is a well-defined group homomorphism. If in addition « is an isomorphism, then
o* is an isomorphism, too. Further, the isomorphism o respects the Inflation-
Restriction sequence, i.e. for any Galois extension L/K, «* induces iso-
morphisms H'(Gal(L/K),G$™) — HY(Gal(L/K),GS™*) and HY(L,Gy) —
HY(L,G5) which commute with the Inflation-Restriction sequence.

In particular, if K = K, is a local field, for every Galois equivariant isomor-
phism « : G1 — Ga, the isomorphism o* : HY(K,,G,) — H'(K,,G>) induces
an isomorphism between HL.(K,,G1) and HL.(K,,G3).

nr

Proof. Follows directly from the functoriality of Galois cohomology. (]

Lemma 2.30 (Key Lemma to compute the local quotient for isogenies with
diagonal kernel). Let A; and Ay be two abelian varieties over a number field
K and let ¢ : Ay x Ay — B be an isogeny with diagonal kernel. Denote by
ni + A; — Al the isogenies for which there is a Galois equivariant isomorphism
a : kern; — kerng whose graph equals ker . Let v € MY be a finite place of K.

(i) coker ¢, is mazimal if cokern, , and cokerns , are both mazimal.

(1) coker ,, is trivial if either cokern , or cokermns , is trivial.

(ii1) coker, is mazimally unramified if either cokermn;, or cokerns, is
maximally unramified and the other one is mazimally unramified or mazimal.

Proof. Define the two Galois equivariant isomorphisms 1 := (id, «) : kerny —
ker p and v, := (a7',id) : kerny — ker . By the above lemma we get two
group isomorphisms v} : HY(K,, A;[ni]) — H'(K,, (A1 x As)[¢]). For [¢] €
HY(K,, (A1 x A)[p]) denote by [£1], respectively [£5], the preimage under 77,
respectively v5. Thus &(0) = (§1(0),&(0)), for all o € Galg, . It follows that

[€] € coker p,, < [&] € cokerny , and €3] € cokerng 4, (5)

since both assertions are equivalent to the existence of P; € Al(FU) and P, €
Ay(K,), such that for all o € Galg, we have & (o) = P — P; and &(0) =
P§ — P;. For (ii), recall that [¢] is the trivial class if and only if [&] and
[€2] are both the trivial class. For (iii) use the above lemma again to get that
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(€] € Hy(Ky, (A1 x Az)[g]) if and only if [&1] € Hy (Ky, Ai[m]) and [&] €
H! (K,, As[n2]). Now everything follows directly from (5). O
Remark 2.31. The Key Lemma shows that if one knows whether coker ,
and coker ), are maximal, maximally unramified, or trivial, then one knows
whether coker ¢, is maximal, maximally unramified, or trivial. For all examples
of cyclic isogenies ¢ : F1/Q x E2/Q — B/Q we consider we will compute
coker ¢, by first computing coker; ;, and then applying the Key Lemma.

For fixed abelian varieties A;/K and As/K and fixed isomorphic finite
subgroup schemes G1/K C A; and Ga/K C As, we can define an isogeny
¢ : Ay x Ay — B with diagonal kernel by setting the kernel of ¢ to be equal
to the graph of a. Note that ¢ and B depend on the choice of a, which we
may denote by ¢, and B, to emphasise it. We will now show that the order of
III(B,/K) is independent of the choice of « if ¢ is a cyclic isogeny.

Proposition 2.32. Let A1 and Ay be two abelian varieties over a number field
K, such that there are isomorphic finite cyclic K-subgroup schemes G1 C A;
and Go C Ay. Choose a Galois equivariant isomorphism « : G1 — Go and let
Yo : A1 X Ao — By, be the cyclic isogeny with diagonal kernel such that ker ¢,
equals the graph of a.. Then #11(B,/K) is independent of the choice of «.

Proof. Consider the Cassels-Tate equation

#IH(AI XA2/K) o #keTQOa,K #COkergDZ,K H #COkerSOa,v
#I(B,/K) o # coker o, i #kercp;,K #ker o,

vEMg

We will show that the cardinality of all occurring kernels and cokernels on the
right hand side are independent of . The set of K -rational points of the kernels
of the isogenies ¢, : A1 X Ay — B, and ¢, : By — A} x Ay depend on «. But
the isomorphism class of ker p,, and of ker ¢, as a Galois module is fixed, hence
it is clear that the size of all occurring kernels in the Cassels-Tate equation are
unaffected by «. It remains to consider the cokernels.

Fix two Galois equivariant isomorphisms «, ' : G1 — G5. Then there is a
Galois equivariant automorphism 35 of G, such that o’ = 33 o a. The Galois
equivariant automorphism 79 := id X 2 of G1 X G2 induces a Galois equivariant
isomorphism between ker ¢, and ker ... As G5 is cyclic, the automorphism So
is multiplication by some factor, hence there is an endomorphism Bs of As such
that the restriction of Bs to G5 equals 82. The following diagram has exact
rows and commutes, with id x By and [id x Bs] being isogenies.

0 ——=kerp, —= A XAQ%—>BO[—>O

Wl idezl [ideQ]l

0 ——ker p, — A x Ay =2 > By —>0

Applying Galois cohomology yields the following commutative diagram with
exact rows, where L is either the number field K or one of its completions K.
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l/l
0 — coker ¢, , — H'(L,ker ¢,) —>= HY(L, A1 x Ag) — ...

l ’ygl (idXBg)*\L
1

0 —= coker gor.f, —= HY(L ket por) —= HY(L, Ay x Ag) — ...

The homomorphism ~; is an isomorphism by Lemma 2.29. As the diagram
commutes we get that 43 induces an injection ker:l < ker:l,. Switching the
roles of @ and o gives an injection ker:l, < ker:l. Thus cokerp,  and
coker ¢,/ 1, have same cardinality. Now consider the dual picture, where vy is
an isomorphism making the diagram commutative.

0 ——>kerpY, —= BY, — % A} x Ay ——=0

y;l [idez]Vl ideQVl

0—>kerg? — = BY — S AY x AY — >0

With the same argument as before, one gets a bijection between coker gpxﬁ K
and coker ¢/, ;- and thus they also have the same number of elements. O

Now we have a look at the special case of A7 and As being elliptic curves
Ey and E5 over Q, i.e. we focus on non-simple abelian surfaces B/Q.

Setting 2.33. Let N be a positive integer and let F; and E5 be two elliptic
curves over Q, each having a Q-rational point P; of exact order N. The point
P; generates a finite subgroup scheme G, := (P;) in E;. Denote by E! := E;/G;
the quotient and by 7; : E; — E/ the corresponding quotient isogeny. Define in
E) x B, the finite subgroup scheme G := ((P,nP,)), for some n € (Z/NZ)*.
Let B := (E; x E3)/G be the quotient and denote the corresponding isogeny by
@ : Fs x Fy — B. Hence, ¢ is a cyclic N-isogeny with diagonal kernel. Further,
¢ has a Q-kernel and thus ¢, has a Q),-kernel for every place p of Q. Denote
by m x n2 : By x Es — E7 x El the isogeny having as kernel Gy x G3. We let
1 : B — Ef x E} be the isogeny satisfying 71 X ne = 1)o. As elliptic curves are
principally polarised, we have Ey X Ey 2 (Ey x E»)Y and Ej x B}y & (B} x E4)Y.

By construction kern; = kerny = ker ¢ = Z/N7, therefore ker(n, x 12)
Z/NZ x Z/NZ and kertp = Z/NZ. Applying Cartier duality, we get ker ny
kerny = ker oV 2 ker ¥ = py and ker(ny x ny) = gy X py-

111
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Remark 2.34. (i) Let G be a finite group scheme being isomorphic to the
isomorphic group schemes Gy and G, i.e. G 2 Z/N7Z. Fix a generating point
P,i.e. G = (P). Then there are natural embeddings ¢; of G into E; with image
G; given by ¢1(P) := Py and 12(P) := nP,, such that G is the embedding of
G into Ey x Ey with respect to t1 X t9. The Galois equivariant isomorphism
«a @ G — G- fulfilling the condition 1o = « o ¢1 is defined by P; — nPs. In
other words the choice of n is equivalent to the choice of o. As we have seen in
Proposition 2.32, the order of III(B/Q) is indendent of that choice.

(ii) Due to Mazur’s classification of possible torsion points of elliptic curves
over @Q, see Theorem 7.5 in [21] or [14] and [15], the only possible values for N
in Setting 2.33 are N =1,2,3,4,5,6,7,8,9,10, 12.

(iii) If #1I(B/Q) = k - O, with k square-free, then k has to divide N.
Thus, the only possible values for k& that one can obtain with Setting 2.33 are
k=1,2,3,5,6,7,10. In the next section we will see that indeed all these values
for k are possible.

The next lemma tells us that the abelian surface B/Q from Setting 2.33 has
the interesting property that every polarisation it possesses has degree divisible
by ¢, in case degyp = N = /£ is a prime and F; and Es are not isogenous. The
proof we present follows a sketch of Brian Conrad.

Lemma 2.35. Let K be a field and let Fy and Es be two non-isogenous elliptic
curves over K. Let G be a finite cyclic group scheme of prime order £ over K
together with fixed embeddings t1 : G < E1 and 15 : G < FEs. Thus the map
L1 X 2 18 a diagonal embedding of G into the product E1 X E5. Denote its image
in By x Ey by G. Then any polarisation of the quotient B := (Ey x E5)/G has
degree divisible by £.

Proof. Set A := E; x E5 and let A\ : B — BY be any polarisation and consider
the quotient map ¢ : A — B and its dual ¢V : BV — AY = A. The composition

V:ABBABY % A

is a polarisation of A. Let em; : F; — A be the natural embedding of F; into
the product, and pr; : A — E; the natural projection. Define homomorphisms

U B AL AYE and Uy B, AL AR B,

We claim that ¥ = ¥y x Wy. The claim is equivalent to prooWoem; : By — Ey
and pr; oWoems : By — Ep being the zero map. By assumption E; and E5 are
non-isogenous, hence the only homomorphism between them is the zero map,
which gives the claim.

Now we proceed as follows: fori = 1 and i = 2 we get that U, is a polarisation
of E; having ¢;(G) in its kernel. As the degree of a polarisation is always a square
and / is a prime we get that ¢? divides the degree of ¥, and of Wy. Therefore,
0% divides the degree of W. We conclude that ¢?> divides the degree of the
polarisation ), as deg U = degy - deg A - deg 0¥ = 2 - deg \, which completes
the proof. O
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Now we give a remark which says that it is enough to be able to compute
the Cassels-Tate equation for isogenies of prime power degree. This enables us
to deal with Setting 2.33 for the composite cases N = 6 and N = 10.

Remark 2.36. Let A and B be abelian varieties over a field K and let ¢ : A —
B be an isogeny. Denote by [], ¢;" the prime factorisation of deg ¢, with the ¢;
being pairwise different primes. The ¢;-primary part of the K-rational points of
ker ¢ forms a Galois invariant subgroup. Hence for each ¢;, ¢ factors through
an isogeny ¢y, : A — By, of degree ;' by defining ker ¢, to be the subgroup
scheme of ker¢ of order £;". Therefore, there is an isogeny vy, : By, — B
of degree coprime to ¢;, such that ¢ = 1y, o . Thus, the ¢;-primary parts
of HI(By,/K) and II(B/K) are isomorphic. For the dual isogeny we get an
analogous decomposition ¢¥ = ¢/ o ¢/ . Note that ¢ = (¢¥)r, # (pe,)".
Now let K be a number field. Hence, in order to compute the Cassels-Tate
equation (1) for ¢ it suffices to compute all the Cassels-Tate equations for the
e, - As the degrees of all g, are pairwise coprime we get that

#ker pg :H #ker oy, i #coker(p%_H#COkerwz,K
# coker @y : #cokerpy, k| Hkerpy, ; #kerp)

# coker ¢, H # coker @y, o
#rerp, Ll Frergy,,

In case ¢ : A; x Ay — B is an isogeny with diagonal kernel then all the ¢, also
have diagonal kernel.

3. Constructing non-simple abelian surfaces over () with non-square
order Tate-Shafarevich groups using elliptic curves with a rational
N-torsion point

In this section we will construct non-simple non-principally polarised abelian
surfaces B/Q, such that #11(B/Q) = k-0, for k = 1,2,3,5,6,7,10. All these
examples are obtained via an isogeny ¢ : E; x Fs — B as constructed in
Setting 2.33 with respect to degp = N = 5,6,7,10. The elliptic curves E;/Q
and E»/Q have a Q-rational N-torsion point, thus they correspond to points
on the modular curve X;(N). The genus of X1(IN) equals 0 if and only if
N =1,...,10,12. In this case the set of Q-rational points of X;(N) is non-
empty, hence there are infinitely many elliptic curves over Q possessing a Q-
rational point of order N and these curves can be parametrised by a rational
number d € Q. The parametisations we use can be found in Proposition 1.1.2
of [11] and Section 6 of [12]. The goal is to express the local and the global
quotient of the Cassels-Tate equation (1) with respect to such a parametrisation,
i.e. with respect to two rational numbers d; and dy, which represent the two
elliptic curves Ey and E5. Therefore, for fixed N we will look at a two parameter
family of abelian surfaces B/Q.

In the first two subsections we will compute the local and the global quotient
of the Cassels-Tate equation (1) with respect to Setting 2.33 with a focus on

21



N being a prime number ¢. We provide a formula which computes the local
quotient with respect to the reduction type of E; and F, at the primes p.
Further, we explain how to obtain two functions with which one can compute
the global quotient as long as Mordell-Weil bases for £ and E5 are known.

In the two prime cases N = 5 and N = 7, then the results of Chapter 2
enable us to give a formula computing the local and the torsion quotient for
any given pair of rational numbers (dy, ds) that correspond to the two elliptic
curves via the chosen parametrisation. Further we compute the two functions
to determine the global quotient once a Mordell-Weil basis of F; and FEs is
known. This will be discussed in the third subsection and provides examples of
non-simple abelian surfaces B over Q, such that #11(B/Q) = k-0, for k = 5,7.
Since for any given pair (dq,d2) we can compute whether #II1(B/Q) is five or
seven times a square provided we have the corresponing Mordell-Weil bases, we
are able to obtain comprehensive numerical results about the occurrence of non-
square order Tate-Shafarevich groups in these two families of abelian surfaces.
We did so for N =5 and the results are presented in [10].

The fourth subsection treats with the composite cases N = 6 and N = 10
and we will give examples of non-simple abelian surfaces B over Q, such that
#I(B/Q) = k-0, for k = 1,2,3,6,10. In an appendix we will have a brief
look at cyclic isogenies ¢ : Fy X Fy — B with diagonal kernel of degree 13 to
show that the case #III(B/Q) = 13 - [ is also possible.

8.1. The local quotient

We want to compute the quotients # coker o, /# ker ¢, with respect to Set-
ting 2.33. If p = oo is the place at infinity this is often very easy.

Lemma 3.1. Let E; and Ey be elliptic curves over R and ¢ : F4 X Fs — B a
diagonal cyclic isogeny of degree N having a R-kernel, i.e. #ker po, = N.
(1) If 24 N, then coker @, is trivial, and thus # coker @, /#ker p, = 1/N.
(i1) If 2 | N assume further that both elliptic curves have negative discrimi-
nant. Then # coker g = 2, and thus # coker @, /#ker p, = 2/N.

Proof. As coker ¢, embeds into H(R, (E; X FE3)[¢]), which is trivial if the
order of Galg is coprime to (E; x Es)[¢], we get (i).

For (ii) note that by assumption the Galois action on ker ¢ is trivial, hence
HY(R, (E; x E3)[¢]) is just the group of homomorphisms from Z/2Z to Z/NZ,
which has 2 elements if 2 | N. In case both discrimanants of the two elliptic
curves are negative, we have that H*(R, (E; x E5)(C)) is trivial, by Theorem
V.2.4 in [21], which implies that coker o, surjects onto H*(R, (E; x Es)[p]). O

Now we state the main theorem about the local quotient with respect to
Setting 2.33 for deg p = N = ¢ being prime. It expresses # coker ¢, /# ker ¢, in
terms of the type of reduction of both E; at p. In case the reduction type is split
multiplicative we additionally have to consider whether kern;, , C (E;)o(Qy),
and in case the reduction type is non-split multiplicative we also have to consider
the value of the Tamagawa quotient ¢(E?),/c(E;),. In case the reduction type

is additive, the local quotient also depends on the values of |n}(0)|,. If £ > 5,
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then the theorem determines the size of # coker ¢, /# ker ¢, for any p and any
combination of reduction types of the two elliptic curves.

Theorem 3.2. Assume Setting 2.33 for degp = N = { being prime and let
p € M(g be a finite place. Then the local quotient at p can be computed as
follows in case £ > 5.

1/4, at least one elliptic curve E; has split multiplicative
reduction at p with kern; , € (E;)o(Qp)
4, both elliptic curves have split multiplicative reduction at p
# coker @,
#ZI{T = and both ker Mi,p - (EZ)O(QP)
r 4, both elliptic curves have additive reduction at p
and both satisfy |n;(0)|, # 1
1, otherwise.

In case ¢ = 3 we get the following equality.

1/3, at least one elliptic curve E; has split multiplicative
reduction at p with kern; , € (E;)o(Qp)

# cokerp, |3, both elliptic curves have split multiplicative reduction at p
#kerp, and both kern; , C (E;)o(Qp)
1, all other cases, such that neither elliptic curve

has additive reduction at p.
And in case { = 2 # p the situation is the following.

1/2, at least one elliptic curve E; has split multiplicative
reduction at p with kern; , € (E;)o(Qp)

1/2, at least one elliptic curve E; has non-split multiplicative
reduction at p with ¢(E.),/c(E;), = 1/2,

# cokerp, |2, both elliptic curves have either split multiplicative reduction
#kerp, at p with kern; , C (E;)o(Qp) or non-split multiplicative
reduction at p with ¢(E!),/c(E;)p = 2,
1, all other cases, such that both elliptic curves do not

have additive reduction at p, and (c(E})p,c(E;)p) # (2,2)

in case E; has non-split multiplicative reduction.

In case £ =2 = p we get that # coker @, /# ker v, = 1/2, if at least one elliptic
curve E; has split multiplicative reduction at p with kern; , € (E;)o(Qp).

Proof. Use Theorem 2.28 and the Key Lemma 2.30 to deduce from the reduction
type of both E; at p plus the stated further conditions whether coker ¢, is
maximal, maximally unramified or trivial, i.e. by Corollary 2.4 has order ¢2, ¢,
or 1 respectively. As # ker ¢, = ¢ we are done. O
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It is not possible that one of the elliptic curves has split multiplicative re-
duction with kern;, C (E;)o(Qp) and the other curve has additive reduction
with |7;(0)|, # 1, as the former case implies p # £ and the latter implies p = £.

3.2. The global quotient

# ker pg  # coker Lva .
+ with respect to
# coker g # ker 2 p

Setting 2.33 for degp = N = ¢ being prime. As ¢ has a Q-kernel, we only need
a strategy to compute the size of the cokernels. We will not come up with a
formula, but we will describe a method for computing the global quotient in
case one knows generators of the cokernels of 1; o and 77;{ o Clearly, one knows
such generators in case one has a Mordell-Weil basis for F;(Q) and E!(Q). The
maps ker ny o x kerny o — ker ¢ and ker 7, g x ker g g — ker ¢)g are surjective,
therefore we have two short exact sequences of the cokernels.

Now we investigate the global quotient

0 — coker w(é — coker nXQ X coker 17; g — coker 4p6 —0

0 — coker pg — cokerny g x cokerng g — cokerg — 0

We first compute coker cpé, which is simpler than the computation of coker ¢gq.
We have the following long exact sequences of Galois cohomology.

0— cokern}/@ X cokern;Q — HYQ, (B} x E)(Q)[ny x ny]) —

0 — coker g — HY(Q,BY(@Q)[¢Y]) — ...
The Kummer sequence for a number field K and Hilbert’s Theorem 90 yield
O s HY(K, p,) = K*/K*.

Since E/(Q)[n)] and BY(Q)[¢"] are isomorphic to g, as Galois modules for
Galg, we obtain isomorphisms from H*(Q, E/(Q)[n]) and H*(Q, BY(Q)["]) to
HY(Q, ). Composing with dp we get natural injective group homomorphisms

coker nx@ — Q*/Q*, coker @6 — Q*/Q*.

Note that the images of these embeddings are independent of all choices made.
We get the following commutative diagram.

coker 77}/,@ x coker n;@;\ Q*/Q* x Q*/Q**

| |

coker pg© Q*/Q*

In this diagram the natural surjection cokerny o x cokerny o — coker pg

becomes (z,y) +— z™/y as a map from Q*/Q* x Q*/Q* to Q*/Q*, for a
suitable m € {1,...,¢ — 1}. Note that m depends on n, but it is clear that the
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image of coker 771V7Q x coker 7]{ o in the lower right group Q*/ Q*! is independent
of m and n, and for determining the image we can simply set m = 1. The
next proposition explains how to calculate the images of coker nXQ in Q*/Q*,
i.e. how to calculate the upper horizontal map. Combining afterwards with
(2,y) = x/y gives coker oy as a subset of Q*/Q*".

Proposition 3.3. Let E and E' be elliptic curves over a number field K and
n : E — E' an isogeny of prime degree {. Assume that n has a K-kernel,
i.e. E(K)[n] = E(K)[n], and let P € E(K) be a generator of the kernel. Let
fp € K(E) be a K-rational function on E such that div(fp) = {(P) — £(O).

(i) There exists a unique constant ¢ = c(fp) € K*/K** such that
cokern), — K*/K**

[Q] — ¢ fp(Q) mod K**| for Q € E(K) with Q # O, P,

is a well-defined and injective group homomorphism.

(ii) The image of the map c- fp is independent of the choice of the point P
and function fp and agrees with the image of the natural injection coker ny, <
K*/K** described above.

(iii) The image of the map c- fp lies in the finite set

K(S,0):={zx € K*/K*"| v,(z) =0mod ¢, Vp ¢ S},

where S is the set of all primes p C Ok, such that p divides the degree of n or
p is a prime of bad reduction of E.

Proof. This is Exercise 10.1 in [21]. O

Remark 3.4. By the Riemann-Roch Theorem, the vector space of functions
fp € K(E) with div(fp) = £(P) — ¢(O) is 1-dimensional, hence such a func-
tion always exists. Given such a fp it is easy to determine ¢ € K*/K*¢ and
to find the value for the image of P in K*/K*‘, by using the fact that the
map ¢ - fp mod K*¢ is a group homomorphism. We will do this explicitly in
Propositions 3.8 and 3.16 and Lemmas 3.20 and 3.25.

Now we consider the remaining case, i.e. determining coker ¢g. There is
no natural injection of cokern; g into Q*/Q** as before, since F;(Q)[n;] is not
isomorphic to p, as a Galois module for Galg. But F;(Q)[n;] is isomorphic to
w1, as a Galois module for Galy, for L := Q(u,). Note that the restriction map

HY(Q, Ei(Q)[m]) — H'(L, E:(@)n])

is injective, as the kernel, which equals H'(Gal(L/Q), E;(Q)[n:]), is trivial, since
[L:Q]={—11is coprime to #E;(Q)[n;] = ¢. Using the isomorphism &, we get
natural injections cokern; g < HY(Q, E;(Q)[n:]) — HY(L, E;(Q)[n]) = L*/L**
and hence we obtain the commutative diagram below. In this diagram the
natural surjection coker 1y g x cokerny g — coker ¢g is (z,y) — 2™ /y as a map
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from L*/L** x L*/L** to L* /L*¢, for a suitable m € {1,...,£ —1}. As before,
all images are independent of m and n, and so we can simply set m = 1 in
our computations. Hence coker ¢q is easy to determine provided we know the
images of cokern; g in L*/L*‘.

coker ¢ L*/L**
coker 1y g x cokerny o&—— L*/L** x L*/L** (7)

l |

coker ¢pg-—————~ L*/L**

To obtain functions computing the images of coker; o in L*/L**, note that
the dual isogenies 7, : E/ — F; have L-kernels. Hence by Proposition 3.3 we
need generators P; € E!(L) of E[n] and L-rational functions f p, € L(E}), such
that div(fp,) = ((P;) — £(0). Again, if S denotes the set of all primes p C O,
such that p divides the degree of 7 or p is a prime of bad reduction of F;/L,
then the image of cokern; g in L*/L** lies in the finite set

L(S,¢) :=={x € L*/L*"| vp(x)=0mod ¢, Vp ¢ S}.
3.8 N=5and N=7 (k=5,7)

It is a well-known fact that all elliptic curves E over a number field K with
a K-rational 5-torsion point P are parametrised by the Weierstrafs equation

E:Y?4+(d+1)XY +dY = X3 +dX? P=(0,0), (8)

for d € K. Clearly the discriminant A = —d®(d? 4+ 11d — 1) has to be different
from zero. For K = Q this is exactly the case when d # 0 holds. Using Vélu’s
algorithm [29] one can show that the curve E is isogenous to the elliptic curve

E'" Y2 4 (d4+1) XY +dY = X>+dX*+(5d>—10d?—5d) X +(d® —10d* —5d° —15d> —d)
via the isogeny 71 : E — E’ whose kernel is generated by P. Note that
(P)={0, P=(0,0), 2P = (—d,d*), 3P = (—d,0), 4P = (0, —d)}.

If we write d = w/v, with u,v € Z coprime, then E is isomorphic to

Buy:Y? 4+ (u+0)XY +uw?Y = X3 +wwX?, P=(0,0),
with discriminant A, , = —(uv)®(u? + 11luv — v?), and E’ is isomorphic to

E, Y2+ (u+0)XY +u®Y =

X3 +uvX? 4 (5udv — 10u2v? — 5uv®) X + (uPv — 10u*0v? — 5uv® — 15u%0* — un®).

We want to use Theorem 3.2 to determine the local quotient, thus for each
prime p we have to know the reduction type of E at p and the value |1/(0)|,.
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Lemma 3.5. Let E be an elliptic curve as above parametrised by d = u/v €
Q\ {0}, with u,v € Z coprime, and let p be a prime number.

(i) If pluv then E has split multiplicative reduction at p withkern, € Eo(Q,).

(ii) If plu® + 1luv — v? then kern, C Eo(Q,). Further, E has split multi-
plicative reduction at p if and only if p = 1 mod 5, additive reduction if and only
if p =5, and otherwise non-split multiplicative reduction with p = —1 mod 5.

(iii) a) vs(u? + 11luv — v?) € {0, 2,3},

b) vs(u? + 1luv —v?) =0 & u # 2v mod 5,

c) U5(u2 +1luv —v?) =3 < u=Tv mod 25,

d) u=2vmod5 = 5| 047“), where ¢}, ,, is the usual coefficients of a
short Weierstraf§ equation of E', , as given for example in [21, II1.1].

u,v

Proof. Most of part (i) and (ii) follow from Lemma 1.4 and the comment there-
after of [6]. The rest is an easy exercise. O

Proposition 3.6. Let 7 : E — E’ be the isogeny described above, for the
parameter d = u/v € Q\ {0}, with u,v € Z coprime. Then

1/5, p=15 and u = Tv mod 25
7' (0)], = / .
1, otherwise.

Proof. By Theorem 2.28 we have that |1’(0)|, equals 1 if p # 5 or if p is a place of
good or multiplicative reduction. If p = 5 is additive, combining Lemma 3.5 with
[21, Exercise 7.1] gives that the Weierstraf equation for E,, , is minimal, and the
one for £, , is not minimal if and only if u = 7v mod 25. In this case v5(A], ,) =
15 and ¢} ,, , is divisible at least by 5%, so B, ,, will become minimal under the
following change of variables: X  X/52 and ¥ ~ Y/5%. Assume that E,,
minimal. We will now compute the p-adic valuation of the leading coefficent of
the power series representation of 7. We claim that n(Z) = Z + ... as a power
series in Z in a neighbourhood of O. Set n(X,Y) =: (X(X,Y),Y(X,Y)). Then
by [29], we have —X (X, Y)/Y(X,Y) = p(X)/q(X,Y), for

p(X) = X(d+ X)[d" + (3d° + d*) X + (3d® + 3d*) X*
+(d + 3d* — d*) X3 4+ 2dX* + X7,
¢(X,Y) :=d% + (5d° + 2d°) X + (10d* + 8d° + d°) X?
+(10d3 + 13d* + 4d°) X3 + (5d* + 10d® + 4d") X* + (d + 3d* + &> — dH) X
+Y[2d° + (7d* + d°)X + (9d° + 3d*) X? + (5d* + 3d° + d*) X?
+(d —d* — d*)X* - 3dX° — X°.
For Z := —X/Y,wehave X(Z)=Z"2+...and Y(Z) = —Z 73 +... as Laurent

series for X and Y, see [21, IV.1], thus n(Z) = % = Z+... as power series

in Z. Hence 1/(0) = 1, and therefore |n'(0)|, = 1.

In case the equation for E; » Was not minimal, we have to replace Z by 57,

which gives n(Z) =57 + .. , and therefore 7’ (0) = 5. Hence |n'(0)]s =1/5. O
Combining both the above lemma and proposition with Lemma 3.1 and

Theorem 3.2 gives complete control of the local quotient.
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Theorem 3.7. Assume Setting 2.33 with N = 5. Let E; be given by d; = wu;/v;,
for d; € Q\ {0}, with u;,v; € Z coprime. If p € Mg is a place, then

1/5, p = 0
# coker 1/5, p | urviuavy
#Trgfp =<5, p | ged(u? + 1lugvy — v ud + 1lugve — v3), p = 1(5)
P

5, uy = Tv; mod 25, us = Tvg mod 25, p =5
1, otherwise.

Next comes the global quotient. We will use Proposition 3.3 to calculate
coker ;o in Q*/Q*>. Note that cokern;/y ., is generated by the point P;.

Proposition 3.8. For P = (0,0) set
fpi=—-X*+XY +Y € K(E).
The image of the natural embedding coker 776 — Q*/Q*> equals the image of
fp(X,Y) mod Q*°, for Q = (X,Y) # O, P.

By linearity fp(P) = d*, and fp(cokerny ;..,) = (d) in Q*/Q**.

Proof. For X, Y, X +Y +d € K(E), we have div(X) = (P) + (4P) — 2(0),
div(Y) = 2(P) + (3P) — 3(0), and div(X + Y +d) = 2(3P) + (4P) — 3(0). As
(XY?) /(X +Y +d)-(-Y —dX)/(—Y —dX) equals —X?+ XY +Y in K(E), we
get div(fp) = 5(P) — 5(O). Apply Proposition 3.3. Since (fp(2P))? = fp(4P),
we get c = 1. As fp(P) = fp(2P)? = d* mod Q*°, we are done. O

Corollary 3.9. With notation as above, E'(Q)[5] 2 Z/5Z < d € Q*5.

Proof. We have that E'(Q)[5] is non-trivial if and only if cokerny is trivial on
the torsion part. The cokernel of ng . is generated by d in Q* /Q*5. Hence
E'(Q)[5] is non-trivial if and only if d is trivial in Q*/Q*5. O

Now we calculate coker ng in L*/L*5, for L := Q(£), with £ € p5 a primitive
fifth root of unity. Fix a generator P of E'(Q)[nY]. Since P € E'(L), we
have that (E’, P) is isomorphic over L to a pair (Ej (0,0)), where Ej; is the
elliptic curve over L for the parameter d € L given by equation (8). Such a
L-isomorphism ¢ : (E', P)5(Ej, (0,0)) is given by r,s,t € L and w € L* and
has the form X = w?X’+r and Y = w?Y’ +w?sX’ +t; see [21, II1.1]. Knowing
€ and the formula of fp from Proposition 3.8, we can determine f, since

fp(X,Y) =€ fp(X',Y') mod L*.

To obtain € we use [21, IIT Table 1.2]. As ag of the Weierstraf equation of
E; vanishes, we get (r,t) = P. The kernel polynomial of the dual isogeny
nY B — Eis X? 4 (d® +d+ 1)X + £(d* — 3d® — 26d* + 8d + 1); thus, for
9:=¢+ &1 = (V5 —1)/2, we may choose

- %[(—19 _3)d 4+ (=119 — 8)d + (9 — 2)] € Q&) = Q(V5),
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t= é[(éz + 26+ 2)d® + (€3 + 1062 + 23¢ + 11)d?

+(11€3 — 1262 + 96 +2)d + (—€3 + 2 — € +1)] € L.

Since a4 of Ej; also vanishes and az = a we deduce
1
5= g[(—453 —3¢2 — 76— 6)d + (3¢® — 4% — ¢ - 3)],

w = %[({3 — 762 — 8¢ — 4)d + (763 — €2 + 6¢ + 3)].

We also deduce d = ((50 — 3)d + 1)/(d — (59 — 3)) and we obtain

fp(X,Y) = —[(3+6& — &2+ 7€%) + (80 + 235¢ — 60£2 + 245¢3)d

o
+(220 + 465¢ 4 18562 4 20563)d? 4 (15 + 55¢ — 5562 +160£%)d>
+(140 + 280¢ + 245¢% 4 35¢%)d* 4 (—4 — 8¢ — 762 — £3)d")

(=14 & — €3 + (3+9¢ + 262 + 263)d + (2 + 6 + 862 — 3¢%)d?
H(—1— £+ E)P)X + [(—€+ & — 28%) + (2 + 3¢ +26% + £%)d) X?
+[(—3 —26% —263) + (=1 =362 = 363)d + (=14 262 + 263)d*]Y + XY € L(E').

Now we can state the torsion quotient in terms of the pair (d1, d2).

Proposition 3.10. Assume Setting 2.33 with N = 5. Let E; be given by
d; € Q\ {0}. Then the following holds.

lor5, dy,dyeQ*

#A(Q) tors #AY(Q) tors _ ) 5% di € Q*0,d; ¢ Q*,i # j

#B(Q) tors #BY(Q) tors | 52, (1) # (d1) = (d2) # (1) in Q*/Q*®
5%, (1) # (di) # (d2) # (1) in Q*/Q*.

In case both d; € Q*5, then the torsion quotient equals 1 if and only if

<H(51 +G) (01— 1/Cj)j> = <H(52 +G) (82 — 1/Cj)j> in L*/L*?,

j=1

with d; =: 62, for §; € Q*, and (= —E4(E+1), G 1= —E(E+1), (3 := —E3(£+1)
and G4 := —(§+ 1), where £ € g is a primitive fifth root of unity.

Proof. Recall Diagrams (6) and (7) and that the torsion quotient equals 5 -
# coker o) oo /# coker g tors. We have seen above that E'(Q)[5] = Z/5Z if
and only if d € Q*5, hence coker 7; g tors is trivial in case d; ¢ Q*5, otherwise it
is 1-dimensional. Looking at the kernel of (z,y) — z/y gives that coker ©g tors
might have five elements in case di,d; € Q*®, and is trivial otherwise. Since
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coker n;{(@’tors is generated by d; mod Q*° and the map onto coker go(\é’tors is given
by (z,y) = x/y, we get

1, di,dy €Q*

5 diceQ®,.d;¢QPi#]

5, (1) # (di) = (d2) # (1) in Q*/Q*°
5%, (1) # (d1) # (da) # (1) in Q*/Q*,

which finishes the first part. For the second part, note that if d; = 42, then
E'(Q)[5] is generated by the point P/ = (x;,;), where

# coker @(\é,tors =

T; = 6; + 267 + 307 + 561 + 207 + 260 — 67 + 6%,

yi = 02 + 303 4 56 + 1167 + 1368 4+ 1067 4 65 — 610 + 511 + 612,
The image of (P/) under f; in L*/L*® ie. the image of cokerm; g tors, iS

K3

<H?:1(5i + ) (6 — l/Cj)j> , which completes the second part. O

Finally, we give two unconditional examples of an abelian surface B/Q of
rank 0, respectively of rank 1, such that #III(B/Q) = 5.

Example 3.11. If dy = uy /vy = 1/11, do = ug/ve = 2/9, then #I1I(B/Q) = 5.

Proof. There are three different primes dividing u;viusvs = 2- 32 - 11. We also
have the contribution of the prime at infinity, and no contribution from any
other prime, as u; # 7 - v; mod 25 for both i, and ged(u? + 1lugvy — v}, u3 +
11ugve — v3) = 1. Hence the local quotient equals 1/5%. Both elliptic curves E;
have analytic rank equal to 0, hence we know that III(A/Q) and III(B/Q) are
finite and that the global quotient equals the torsion quotient. Thus the global
quotient equals 52. We conclude that #I(B/Q) = 5 - #111(A/Q).

It remains to show that both III(E;/Q) are trivial. The predicted size by
the Birch and Swinnerton-Dyer formula is 1. Both E; are non-CM curves of
conductor < 1000, hence we can apply [24, Theorem 3.31 and Theorem 4.4].
This gives us that #II(E;/Q)[p>] = 1, for all primes p # 5. (The primes
occurring as the degrees of cyclic isogenies or dividing any Tamagawa number are
only 2 and 5.) Now use [6, Theorem 1 or Table 3 in the Appendix] to calculate
Sel” (E;/Q) = 0 and Sel™ (E//Q) = Z/5Z, for both i. As cokernig = 0
and coker ;s = Z/5Z we have II(E;/Q)[n;] = HI(E;/Q)[n] = 0 and thus
II(E;/Q)[5] = 0. Hence III(E;/Q) is trivial. O

Example 3.12. If dy = uy /vy = 1/10, dy = ug /vy = 3/1, then #I111(B/Q) = 5.

Proof. We have ujviusvs = 2-3-5, u; #Z 7-v; mod 25, for both i, and ged(u? +
1lugv; — v2,u2 + 1lugve — v3) = 1. Hence the local quotient equals 1/5%. The
elliptic curve Ej is of analytic rank 0 and E5 of analytic rank 1. A generator of
the free part of E2(Q) is the point (—6,12). We will now determine coker 7,/
as a subset of Q*/Q*5. For the first curve this equals just the torsion part of
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the cokernel, hence coker 771/7 o is generated by {2-5}. The second cokernel is
generated by the image of the torsion point, which is 3, and by the image of
(—6,12) under f = —X2 + XY + Y, which is —3 - 2% = 3 mod Q*°. Therefore
coker 7); o is generated only by {3} and hence coker go(é has dimension equal to
2. Since neither d; are fifth powers, we get that the dimension of coker; g
equals 0 and the dimension of cokerns g equals 0 or 1, thus the dimension of
coker pg equals 0. We conclude that the global quotient equals 53, which gives
#I(B/Q) = 5 - #II1(A/Q). Now one can use a similar strategy as in the
previous example to show that III(A/Q) is trivial. O

The situation for N = 7 is similar to the case N = 5. The elliptic curves F
with a rational 7-torsion point P are parametrised by the Weierstraf equation

E:Y?+(1+d—d)XY + (d* —d®)Y = X? 4 (d*> — d*)X?, P =(0,0),
with discriminant A = —d"(1 —d)"(d® — 8d% +5d +1). Thus for K = Q we have
d # 0,1. The isogenous curve is

B Y* 4+ (1+d-d)XY + (= d®)Y =
X3 4 (d* — d*)X? + (5d — 35d* + 70d° — 70d* + 35d° — 5d") X
+(d —19d? 4+ 94d> — 258d* 4 393d° — 343d° +202d" — 107d® + 46d° — 84" — d**),
and the points in the kernel of n: E — E’ are
(P)y={0, P =(0,0), 2P = (d* —d* d° —2d*+d*), 3P = (d* —d,d* —2d* +d),
4P = (d* — d,d* — 2d* + d*), 5P = (d* — d*,0), 6P = (0,d* — d*)}.
If we write d = u/v, with u,v € Z coprime, we get
Buw : Y24+ ((v—u) (v+u)+un) XY +(v—u)u?o®Y = X3+ (v—u)u®vX?, P = (0,0),
with discriminant A, , = —(uv)7 (v — u)7(u? — 8u?v + Suv? + v3).
Lemma 3.13. Let E be an elliptic curve as above parametrised by d = u/v €
Q\ {0,1}, with u,v € Z coprime, and let p be a prime number.

(i) If pluv(v — ) then E has split multiplicative reduction at p with kern, ¢
EO(QP)'

(ii) If plud — 8u?v + 5uv? + v3 then kern, C Eg(Qp). Further, E has split
multiplicative reduction at p if and only if p = 1 mod 7, additive reduction if
and only if p = 7, and otherwise non-split multiplicative reduction with p =
—1 mod 7.

(i) a) ve(ud — 8uv + 5uv? + v3) € {0,2},

b) v7(u® — 8u?v + 5uv? +v3) =2 & u=5v mod 7,

cJu=5vmod7 =70]c), .

Proposition 3.14. Let n : E — E’ be the isogeny described above, for the
parameter d = u/v € Q\ {0,1}, with u,v € Z coprime. Then

1/7, p=7 and u=5v mod 7
In’(O)p={ /

1, otherwise.
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Hence, for the local quotient we have the following

Theorem 3.15. Assume Setting 2.33 with N = 7. Let E; be given by d; =
w;/vi, for d; € Q\ {0,1}, with u;,v; € Z coprime. If p € My is a place, then

1/77 p = O
# coker /7, plurviugva(vr — ur)(v2 — u2)
#Trg;pp =7, plged(ud — 8ulvy + 5uyv? + v3,ud — 8ulvy + Sugvd + v3), p=1(7)
P

7, w1 = Hvy mod 7,us = Hvg mod 7, p =7
1, otherwise.

Next comes the global quotient.

Proposition 3.16. For P = (0,0) set
fpi=d*X?+ X? +dX® - d?Y — XY —2dXY — X%Y € K(E).
The image of the natural embedding coker 7]6 — Q*/Q*" equals the image of
fp(X,Y) mod Q*", for Q = (X,Y) # O,P.
By linearity fp(P) = d*>(d—1)°, and fp(coker NG, tors) = (d(d— 1)2) in Q*/Q*".

Proof. We have that div(X) = (P)+(6P)—2(0), div(Y) = 2(P)+ (5P) —3(0),
div(Xd—1)-Y) = (P)+2(3P)—3(0), and div(X +Y —d3+d?) = (3P)+(5P)+
(6P)—3(0), hence div(Y2X3(X(d—1)=Y) /(X +Y —d®+d?)?) = 7(P)-7(0).
Multiplying with (=Y — (14+d—d*) X —(d*>—d®)) /(=Y — (14+d—d?*) X — (d*>—d?))
gives d®°X?% + X3 +dX3 - d?Y — XY — 2dXY — X?Y. O

Corollary 3.17. With notation as above, E'(Q)[7] = 0.

Proof. As in Corollary 3.9, E'(Q)[7] is non-trivial if and only if d(d — 1)? is
trivial in Q*/Q*7, which is equivalent to d and d — 1 being a seventh power, for
d € Q\ {0,1}. But Fermat’s Last Theorem for exponent 7 says that this can
never happen. (|

Set L := Q(§), for £ € p; a primitive seventh root of unity. Asin case N =5,
we want to compute a function fp, which calculates the image of cokerng in
L*/L*7, and which depends on a point P = (r,t) € E'(Q)[n"]. The coefficients
r,t, s,w for the L-isomorphism € : (E’, P)%(Ecz, (0,0)) can be computed in the
same manner as before. The kernel polynomial of n¥ : E' — E is

1
§(d12 + 3d™ — 51d"° + 185d° — 767d® + 2097d" — 2835d°

+1738d° — 295d* — 116d> + 55d* — 15d + 1)
+(d® — d” —14d5 + 32d° — 29d* + 7d® + 11d* — 7d + 1)X
+(2d* — 5d* + 6d* — 3d +2) X* + X°.
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Using the conditions on the a; and setting ¥ := & + ¢! gives
r= %[(3192 + 29 — 9)d* + (—259% — 199 + 47)d?
(2302 + 340 — 41)d® + (=292 — 1309 + 6)d + (—9* — 39 — 4)] € Q(v),
t= %[(—355 —6¢* — €3 — €2 —5¢ — 5)d° + (2865 +59¢* + €3 + 1062 + 45¢ +33)d°

+(—52€° —1196* +663 —16£2 —62¢ —51)d* 4 (565 +54¢* —35¢3 —37¢% —9¢ +13)d®
+(—13€° 4304 +54€3 4+ T5E2+60£+32)d> +(— 1065 —166* —22¢3 —25¢% —22¢ ~17)d
+(—&° =3¢t —5¢% -6 -6 — 1) € L,

[(3€° + 661 —5E3 — 262 + €4 4)d® + (—16€° — 11€* —6€% — €2 —17¢ —12)d

S =

|

(567 +3¢1 +86% 4+ 662 +11€ + 2)],
w = %[(f:agf’ — 66" — €3 — €% —5¢ —5)d° + (28¢° +59¢* 4 T€> +10¢% + 45¢ + 33)d°

+(—52¢° —1196* +663 —16£2 —62¢ —51)d* 4 (56¢° 45461 —35¢3 —37¢% —9¢ +13)d®
(13654304 +54E3 4 T562 +60£+32)d* +(—10€° —166* —22¢3 —25¢% —226—17)d
+(—€" - 3¢" —5¢% — 667 —5¢ ~ 1)),
(92439 +2)d — (92 + 39+ 1)
d— (92 +39+2)
Now putting everything together yields
fp=w'- fp((X —r)/w?, (Y —t = s(X —1))/w?)
= wid? (X —r) 2 +w(X —r)*4wd(X —r)? —wd (Y —t—s(X —r))—w? (X —r)(Y —t—s(X —7)).
The torsion quotient can be computed as follows.
Proposition 3.18. Assume Setting 2.33 with N = 7. Let E; be given by
d; € Q\ {0,1}. Then
#A(Q) tors #A\/ (Q) tors _ 727 <d1 (dl - 1)2> = <d2(d2 - 1)2> in Q*/Q*7
#B(Q) tors #B\/ (Q) tors 73, otherwise.
Proof. Since A(Q)[7%°] = (Z/7Z)? and A'(Q)[7>°] = 0 we have B(Q)[7>] =
Z/7Z, and hence # coker ¢ tors = 1. We know that coker nx O.tors 18 generated by

d;(d;—1)? in Q*/Q*" and as the product of these two cokernels maps surjectively
onto coker go(é’tors via the map (z,y) — z/y, we conclude that

d=

7, {di(di = 1)?) = (da(da — 1)?) in Q*/Q*7

72, otherwise,

# coker @(\é,cOI-s = {
which completes the proof. O

We finish by giving an unconditional example of an abelian surface B/Q of
rank equal to 0, such that #1II(B/Q) = 7.
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Example 3.19. If dy = uy/v1 = 1/3, d3 = ua/vs = 1/4, then #11(B/Q) = 7.

Proof. The local quotient equals 1/73, as ujviugva(vy — up)(ve — ug) = 23 - 32,
up = 5-v; mod 7, ug # 5-ve mod 7, and ged (u3 —8uFvy +5ur v +03, ul —8udvy+
5ugvs+vi) = 1. Both elliptic curves have analytic rank equal to 0, thus II1(A/Q)
and II1(B/Q) are finite and the global quotient equals the torsion quotient. For
a = 4 we have that d¢(d; —1)2% = 2-32 = dy(ds — 1)% mod Q*7, thus the global
quotient equals 72. We conclude that 7 - #II(A/Q) = #I1(B/Q). As in the
examples of N = 5, one can use [24] and [6] to show that III(A/Q) is trivial. [J

3.4. N=6and N =10 (k=1,2,3,6,10)
The elliptic curves E over a number field K having a rational 6-torsion point
P are parametrised by the Weierstraf equation

E:Y?+(d+1)XY —d(d—1)Y = X3 —d(d—1)X? P =(0,0),

with discriminant A = d%(9d — 1)(d — 1), for d € K \ {0,1,1/9}. Denote by
n: E — E’ the cyclic isogeny of degree 6, whose kernel is (P). Then

2P = (d(d—1), —d*(d—1)), 3P = (—d,d?), 4P = (d(d—1),0), 5P = (0,d(d—1)),

E Y 4 (d+1)XY —d(d—-1)Y =X —d(d—-1)X?
—5(3d® — 4d* + d + 1)dX — (19d° — 33d* + 184> — 22d* + 14d + 1)d.
Let P denote a generator of the kernel of the dual isogeny ¥ : E/ — E. Then

| 1
+P = (—2d2 +4d—1, d* — %dQ —2d + % + 5(d— 1)(9d — 1)\/—3) ,

. 1 5 2 11
2P = (—2d%—2d— =, &>+ >+ Zd+ -+ —(9d — 1)>/—
< d 20—, &+ od +d+ ¢ 18(9ol ) 3>,

(19, 14, 1 19, 1, 11, 1

3Pf(4d 4d T 8d 8d—|—8d+8>.

In the following four examples we will give two parameters di, do € Q \
{0,1,1/9} that correspond to two elliptic curves E; and Fy over Q having a
rational 6-torsion point. Hence, E; and Fs fulfill Setting 2.33 with N = 6
and we can define ¢ : Ey x E; — B with respect to some n € (Z/6Z)*. By
Proposition 2.32 the order of III(B/Q) is independent of the choice of n, thus
we simply set n = 1. Further we get the corresponding isogenies py—o and p—s,
which are introduced in Remark 2.36. In all four examples the analytic rank
of both elliptic curves E, and Es is 0 and the discriminant of both curves is
negative. Hence, all Tate-Shafarevich groups are finite, the regulator quotient is
1, and the local quotient at infinity for ¢s—o is 1 and for p,—3 is 1/3, by Lemma
3.1. Also, for both elliptic curves the reduction types at all primes p are 'nice’, in
the sense that we can apply Theorem 3.2. Finally, the rational torsion of F; and

Es is isomorphic to Z/6Z and the rational torsion of Ej and Ej is isomorphic
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to Z/27Z. By construction # ker ¢ /# ker 906 = 3, hence we can apply the next

lemma to compute the torsion quotient. Note that Q(us) = Q(v/—3) has degree
2 and class number 1 and that the only prime which ramifies is 3.

Lemma 3.20. Let E/Q be an elliptic curves with a rational 6-torsion point
P = (0,0) corresponding to the parameter d € Q\ {0,1,1/9} as given above.
Assume that E(Q) tors = (P) 2 Z/6Z and E'(Q) tors = (3P) = Z/27. Then
(i) cokerng o can be identified with (d) x (d*(d — 1)) in Q*/Q** x Q*/Q*,
(i1) coker ng tors can be identified with {(9d — 1)(d — 1)) in Q(p5)*/Q(5)*2.

Proof. Let fo == X +d and f3 := Y + 2dX — d*(d — 1) be two functions
in the function field of E/Q. Then div(fs) = 2(3P) — 2(0O) and div(f3) =
3(2P)—3(0). As f2(P) = d mod Q*2, f3(P) = d?(d—1) mod Q*3, 3P generates
coker Wv:z(@,torsv and 2P generates coker 772/:3’@,60“, we get (i) by Proposition 3.3.

For (ii) note that by assumption on the torsion groups of E and E’, we get
that coker 7¢—3 g tors is trivial. The map fy := X — 19/4d? +14/4d +1/4, fulfills
div(fy) = 2(3P) — 2(0). From fy(P) = —3/4(d — 1)(9d — 1) it follows that
f5/(3P) = (d —1)(9d — 1) mod Q(p3)*. O

Example 3.21. (k=6) If d; =2/7 and dy = 4/17, then #I1(B/Q) = 6.
Proof. The Cremona label of E; is 770g1 and of Fs is 8398i1 and the conductor
of £1i82-5-7-11 and of F5 is 2-13-17-19. By Lemma 3.20, we get

coker 1Y g yors = (2 7) x (2% - 5), cokerny g tors = (17) x (2-13),
coker n1 @, tors = (—5 - 11), cokernz g tors = (—13 - 19).
From Diagrams (6) and (7) we conclude that
# coker g o = 22.3% and # coker 9 tors = 1.

Thus, the torsion quotient equals 2% - 33. The first two rows of the next table
provide the following data: If the reduction type at p is split multiplicative, then
we indicate whether ker; ¢—o, and kern; ¢—3, are contained in (E;)o(Qp). If
the reduction type at p is non-split multiplicative then we give the Tamagawa
quotient at p for 7; y—o. The third and fourth row follow by Theorem 3.2.

p= 2 5 7 11 13 17 19
red. typeof By | €, € | S, € | €, S | £ =2 | good good | good
red. type of By || €, ¢ | good | good | good | C, ¢ %' =1/2 | C, C
# cok =2.p _
##fiiffpfif,,p = 1/2 1] 1/2 1 1 1/2 1
coker =3,p __
ﬁ = 1/3 ] 1/3 1 1] 1/3 1 1]1/3

Thus the local quotient equals 273 - 374, since by Remark 2.36 we get that

# coker @, /# ker o, = # coker @p—o ,/# ker py—s ) - # coker @o—3 , /# ker pr—3 p.
In total we have #1I(B/Q) = 6 - #11(E; x E>/Q) = 60
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Example 3.22. (k= 3) If d; = 2/7 and dy = 2/13, then #I1(B/Q) = 3.
Proof. The Cremona label of E; is 77091 and of Es is 1430g1 and the conductor
of £1i82-5-7-11 and of Fs is 2-5-11-13. By Lemma 3.20, we get
coker 1y g pors = (2 7) X (22 5), cokerny g yors = (2 13) x (2% - 11),
coker 71 g,tors = (—5 - 11), coker 72, tors = (—5 - 11),
# coker cp(é,tors =22.32 and # coker g tors = 2.

Hence, the torsion quotient equals 2 - 32. The next table implies that the local
quotient equals 2 - 374

p= 2 5 7 11 13 00
red. type of By || &, & C, ¢ | ¢, C < =2 | good
red. typeof By || €, £ | S =2|good | C, & | ¢, C
#coker pp—o ,
7#4;%55;2: = 172 2 1/2 2 [ 12| 1
coker po—3,,
#kertpfigzpp - 1/3 1/3 1 1/3 1 1/3

In total we have #11(B/Q) = 3 - #1(E, x Ey/Q) = 300.

Example 3.23. (k=2) If d; =2/7 and dy = 6/7, then #II1(B/Q) = 20.
Proof. The Cremona label of E; is 770¢1 and of Es is 1974[1 and the conductor
of £1i82-5-7-11 and of Fy is 2-3 -7 -47. By Lemma 3.20, we get
coker Y g rors = (2 7) X (22 5), cokerny g yors = (23 7) X (2-3),
coker 11 g tors = (—5 - 11), cokerng g tors = (—47),
# coker tpémrs =22.3% and # coker PQ,tors = 1.

Hence, the torsion quotient equals 22 - 3%. The next table implies that the local
quotient equals 273 - 373,

p= 2 3 5 7 11 47 00
red. typeof By | &, & | good | C, & | €, C | £ =2| good
red. typeof By | €, ¢ | €, ¢ | good | €, C | good %I =2
Fcoker pp—o p
W — 12| 12 1] 12 1 1] 1
#kcrcpfizzp 4 1/3 1/3 1/3 3 1 1 1/3

In total we have #11(B/Q) = 2 - #1(E, x Ey/Q) = 200.

Example 3.24. (k =1) If dy =2/7 and dy = 8/13, then #II(B/Q) = .
Proof. The Cremona label of E; is 770¢g1 and of Fs is 7670i1 and the conductor
of F1i82-5-7-11 and of Fy is 2-5-13-59. By Lemma 3.20, we get
coker 771V,Q,tors =(2-7) x (22 - 5), coker 772V,Q,tors =(2-13) x (5),
coker 71 g.tors = (—5 - 11), coker 12, tors = (—5 - 59).
# coker ‘Pé,tors =22.3% and # coker g tors = 1.

Hence, the torsion quotient equals 22 - 3%. The next table implies that the local
quotient equals 272 - 373,
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7 11 13 59 00
¢,C | £ =2] good | good
good | good | €, C | £ =2

p= 2
red. typeof By | €, ¢
red. type of E» | €, ¢

N[N
o TR e

F coker pp—o p __ ’
##kirapfizzpp - 1/2 1/2 1 1/2 1 1
#ker«pfizi;p - 1/3 1/3 1 1 1 1 1/3

In total we have #II1(B/Q) = #III(E; x E;/Q) = 0.

Now we have a look at N = 10. The elliptic curves over a number field K
with a rational 10-torsion point P are given by the Weierstraft equation

E: Y4 (- +d+d+1)XY —d*(d—1)(d+1)*Y = X3 —d*(d—1)(d+1)X?,
P = (d®—d,(d* —d)?), 2P = (0,0), 5P = (—d?,d"),
A=d"Od—-1)°(d+1)°(d® — 4d — 1)(d* + d — 1)%.

Thus if K =Q, then d € Q\ {—1,0,1}. As usual we denote the isogeny having
(P) as kernel by n : E — E’. The coefficients af, a5, a5 for the dual curve £’
are the same as for E. The other two coefficients are

aly = —5d't —30d° — 15d° +40d® + 65d7 — 25d° — 65d° + 40d* + 15d° — 30d> + 5d,

ag = —d'" —18d"® — 56d"® — 40d"* + 180d"® + 151d"* — 207d*! — 79d"" + 65d°
—144d® +127d" + 221d° — 170d°® — 70d* + 61d* — 18d* + d.
Let P be a generator of the kernel of the dual isogeny nV : B/ — E. Thus

5P = (—1/4 - (d® + 14d° — 5d* — d* — 14d + 1),

—1/8 - (d” +13d® — 20d" — 10d°® — 14d® — 12d* + 20d> + 18d* + 13d — 1)).

We will give an unconditional example of a non-simple abelian surface B
over Q, such that #I1(B/Q) = 100J. As in all the examples for N = 6, both
elliptic curves involved have analytic rank equal to 0, hence we can avoid com-
puting the regulator quotient and get the finiteness of the Tate-Shafarevich
groups. Further, F; and Es have negative discriminant, thus the local quo-
tient at infinity equals 1 for ¢y—2 and 1/5 for ps—5, by Lemma 3.1. Finally,
E1(Q) tors = E5(Q) tors = Z /27, hence we can use the next lemma to compute
the torsion quotient. Note that the Galois extension Q(u5) has degree 4 and
class number 1 and that the only prime that ramifies is 5.

Lemma 3.25. Let E/Q be an elliptic curves with a rational 10-torsion point
P = (& — d,(d® — d)?) corresponding to the parameter d € Q \ {—1,0,1} as
above. Assume that E'(Q) ors = Z/27. Then

(i) cokerng o can be identified with (d(d* +d —1)) x (d*(d—1)(d+1)?) in
Q*/Q*2 x Q*/Q*, and

(i1) cokerngtors can be identified with ((d — 1)(d + 1)(d®> — 4d — 1)) in
Q(u5)*/Q(p5)*>.
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Proof. We proceed as in Lemma 3.20. Let fo := X +d? and f5 := XY?2/(Y +
(d+1)X — (d° +d* — d® — d?)) be two functions in the function field of E. Then
div(fe) = 2(5P) — 2(0) and div(fs) = 5(2P) — 5(0). As fo(P) = d(d*> +d —
1) mod Q*2 and f5(P) = d*(d — 1)(d + 1)® mod Q*° we get (i).

For (ii) note that coker 1y—5 g tors is trivial. The map fy := X +1/4 - (d° +
14d® — 5d* — d? — 14d + 1) fulfills div(fy) = 2(5P) — 2(0). Two of the four
points of order 10 in ker n¥ have X-coordinate equal to (&3 +&2 —1)d® + (—3¢&3 —
3ED) A 4 (—T7€3 — TE%2 — 1)d* + (663 + 662 + 3)d® + (763 + 7€%2 + 5)d? + (—3¢3 —
3¢2 — 3)d + (=& — €2 — 2), where £ € py is a primitive fifth root of unity. It
follows that fy (5P) = (d — 1)(d 4 1)(d?> — 4d — 1) mod Q(p5)*2. O

Example 3.26. (k= 10) If d; =5/2 and dy = 8/5, then #I1(B/Q) = 1000.
Proof. The Cremona label of E; is 123690by1, where 123690 =2-3-5-7-19-31
and the conductor of Fy is 338910 =2-3-5-11-13-79. By Lemma 3.25, we get

coker Y g jors = (25 31) x (22354 7%),
coker 13 g qors = (25 79) x (2%+3-5% - 13%),
coker n1.@,tors = (—3 - 7+ 19), cokerna g tors = (—3 - 13),

It follows that # coker @(\é,tors = 22.5% and # coker ©Q,tors = 1, and hence the
torsion quotient equals 22 - 53. The next table implies that the local quotient
equals 273 - 576,

p= 2 3 5 7 11 13 19 31 79| oo
red. typeof By | &, € | S, € | €, € | S, & | good | good | £ =2 | &, C good
red. typeof By || &, € | S, & | &, & | good | C, C | S, & | good | good | £ =1/2
F#coker pp—2,
7#*:%:“’?;2’3 =1 1/2 2| 1/2 1 1 1 1| 1/2 /2] 1
%@: 15| 1/5| 1/5| 1/5 1] 1/5 1 1 1[1/5

In total we have #I1I(B/Q) = 2 - 53 - #111(E; x F»/Q) = 100J.

3.5. Appendiz. Cyclic isogenies with diagonal kernel, (k= 13)

We will loosen an assumption in the construction undertaken in Setting 2.33.
Instead of requiring that all points of the cyclic subgroup G; C E; are Q-rational,
we will merely demand that the G; are Galois invariant. The next example

completes the proof of Theorem 1.5, as it shows the construction of a non-simple
non-principally polarised abelian surface B/Q, such that #II1(B/Q) = 13- 0.

Example 3.27. (k = 13) Consider the following two elliptic curves over Q
Ep:Y?=X3—- X?_-1829X — 32115,

Ey: V2 =X3— X? - 1117108895940162813412069 X
—454455515899292368353596150814715571.
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The first curve has Cremona Label 235251, where 2352 = 2% -3-72. The second
curve is of conductor 135694178256 = 2*-3-72-13-251-17681. The two elliptic
curves have cyclic 13-isogenies 1, : E; — E! with isomorphic kernels, which is
due to Noam D. Elkies [5], as Fy and FEs are the quadratic twists with respect
to D =7 of Elkies’ example.

Denote by ¢ : By x E; — B the diagonal isogeny with respect to a Galois
equivariant isomorphism « : ker7; — kerny. Recall, that #I1I(B/Q) is indepen-
dent of the choice of « by Proposition 2.32. We claim that #111(B/Q) = 13- 0.
Proof. The Mordell-Weil groups of all four elliptic curves Fy, Eq, Ef, and E}
are trivial and the analytic ranks are all equal to 0. It is easy to see that this
implies that the global quotient equals 1 and we know that III(B/Q) is finite.
We claim that the local quotient at infinity equals 1. As 2 { degp = 13, we get
that coker g is trivial. To prove the claim it is sufficient to show that kern;
is trivial, too. The kernel polynomial of 7, is

(X2 — X% — 1829X + 6301)(X3 + 195X 2 + 7T187X + 71569).

Denote by g1 (X) the first factor and by g2(X) the second factor of this kernel
polynomial and by f(X) := X3 — X2 —1829X — 32115 the defining polynomial
of Ey. All six roots of g; and go are real numbers and both factors g; and g
generate the same totally real Galois field of degree 3. Let xg be a zero of ¢g; (X).
As y2 = f(z0) = g1(w0) — 38416 = 0 — 2*- 74 we get that yg = +22-7%-/—1 ¢
C\ R, which shows that kern; » is trivial.

Among the four elliptic curves F; and Ef, there are exactely two Tamagawa
numbers which are divisible by 13. These are ¢(Fs)13 = 13 and ¢(FE})17¢s1 = 13.
Note that c(E5)13 = 1 and ¢(E2)17¢s1 = 1. One easily verifies that |7;(0)[, = 1,
for all primes p and both ¢, hence by Corollary 2.23 we conclude that cokern, 4,
is maximally unramified for all primes p and that cokerns, is maximally un-
ramified for all p # 13,17681.

Using Hensel’s Lemma one easily checks that g1 (X) and g2(X) both factor
into linear factors in Q3[X] and Qi76s1[X]. Since v/—1 also lies in Q3 and in
Q17681 it follows that kerm; 13 and kern; 176s1 both have 13 elements for both
i7 hence Hl(ng,E1[n7]) = Hl(Q17681,Ei[’I77;]) = (2/132)2 by Corollary 2.4.
As # cokern; ,/# kern; , = c(EL),/c(E;)p by Corollary 2.15, we immediately
deduce that cokerns 13 is trivial and that coker 7 176s1 is maximal.

Applying the Key Lemma 2.30 we deduce that the local quotient equals 1,
for all p # 13,17681, as in this case coker ¢, is maximally unramified. Further
the Key Lemma implies that coker 3 is trivial and hence the local quotient
for p = 13 equals 1/13, and that coker ¢17651 is maximally unramified and thus
the local quotient for p = 17681 equals 1.

Putting everything together gives #I111(B/Q) = 13-#11(E1 x E5/Q) = 13-00.

Remark 3.28. We claim that Theorem 1.5 covers all cyclic cases, i.e. if E;
and FEs are elliptic curves over Q with finite Tate-Shafarevich groups and ¢ :
E; x E5 — B is a cyclic isogeny, then the non-square part of #I11(B/Q) equals
one of the eight values {1,2,3,5,6,7,10,13}. This is ongoing work in progress.
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