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Let A1, A2, A3, A4, A5 be non-zero real numbers, not all
negative. Let V be a well-spaced sequence, § > 0. If A\i/A2
is irrational and algebraic, then we prove that E(V, X,4) <
X17/18+26+¢ where E(V, X,d) denotes the number of v € V
with v < X such that the inequality |[A1p$ + Xop3 + Asp3 +
A1p? 4+ Asp2 — v| < v~? has no solution in primes p1, p2, ps,
p4, ps. Further, we assume that except for one, all other the
ratios Ay /A (1 < k <1 < 5) are irrational and algebraic, then
17/18 can be replaced by 11/12. These improve the earlier
results.

© 2017 Elsevier Inc. All rights reserved.

1. Introduction

A formal application of the Hardy-Littlewood method suggests that whenever s and

k are natural numbers with s > k 4 1, then all large integers n satisfying appropriate

local conditions should be represented as the sum of s kth powers of prime numbers. We

write
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Ns ={n € N:n=1(mod2), n #0,£2(mod9), n # 0(mod7)},
and
Es(N)={1<n<N:neN;and n ¢ A5},
where
As = {p} + p3 +p3 + pi + P2 : p1, P2, P3. pa, p5 are prime numbers}.

Hua [6] established that almost all numbers in N can be represented as sums of five cubes
of prime numbers. Precisely, Hua proved that F5(N) < N log=* N for some positive
number A. There have been also a series of recent advances (see [9,8,11,16,17]).

Davenport and Heilbronn first considered the Diophantine inequalities. Given k£ > 1
and s nonzero real numbers Aj,---, A; (not all in rational ratio, not all negative), we
write

F(p)=>_ A},
j=1

where p = (p1,---,ps) with each p; a prime. Various authors have considered the dis-
tribution of values of such forms, for example, see [14]. Here we continue in the direction
started by Briidern, Cook and Perelli [1] and followed by Cook and Fox [3], Cook [2],
Harman [5] and Cook and Harman [4]. We call a set of positive reals V a well-spaced set
if there is a ¢ > 0 such that

uv eV, uFv =|lu—v|l>c
We further assume that
HoeV:0<v< X} > X'e

In this paper, let A1, A2, A3, A4, A5 be non-zero real numbers, not all negative, let V
be a well-spaced sequence, and let E(V, X, §) denote the number of v € V with v < X
such that the inequality

A3 + Aapl + A3p3 + Aap + Asps —v| <070

has no solution in primes p1, p2, Ps3, P4, Ps-
In [4], Cook and Harman show that if A;/Aq is irrational and algebraic, then one has

E(V,X, 5) < Xl*%p(3)+25+6 (11)

for any £ > 0, where p(3) = 7, since they use bounds for the exponential sums which
arise [10].
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First, using the latest bounds for the exponential sums in [17], we obtain stronger
results as follows.

Theorem 1.1. Let A1, A2, A3, A4, A5 be non-zero real numbers, not all negative. Suppose
that A1/ g is irrational and algebraic. Let V be a well-spaced sequence. Let § > 0. Then

E(V,X,0) < X1st20+e
for any e > 0.

Theorem 1.2. Let A1, Ao, A3, A4, A5 be non-zero real numbers, not all negative. Suppose
that A\1/Aa is irrational. Let V be a well-spaced sequence. Let &6 > 0. Then there is a
sequence X; — oo such that

B, X;,6) < X520t (1.2)
for any € > 0. Moreover, if the convergent denominators q; for A1 /Xy satisfy
qjl:f < q; for some w € [0,1), (1.3)
then, for all X > 1,
E(V,X,5) < X 5 20+e (1.4)

for any € > 0 with

3—w 11
= . 1.
X = max (6—4w’12> (1.5)

Further, if we assume some stronger conditions, we remove 2/3 in (1.1). Our results
are as follows.

Theorem 1.3. Let A1, Ao, A3, A4, A5 be non-zero real numbers, not all negative. Suppose
that except for one, all other the ratios A/ (1 < k <1 <5) are irrational and algebraic.
Let V be a well-spaced sequence. Let § > 0. Then

E(V,X,0) < X13t20te (1.6)
for any e > 0.

Theorem 1.4. Let A1, A2, A3, A4, A5 be non-zero real numbers, not all negative. Suppose
that except for one, all other the ratios A\ /A (1 < k <1 <5) are irrational. Let V be a
well-spaced sequence. If there exist some w € [0,1) for all the convergent denominators
qr1,; of trrational i/ A (1 < k <1 <5) satisfying
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q/ijl:;+1 < Gk,,5, (1.7)
then, for all X > 1,
E(V,X,0) < XX+t (1.8)

for any € > 0 with

1-w 11
. = e 1.9
X maX(7—4w’12> (1.9)

Theorems 1.1 and 1.3 follow immediately from Theorems 1.2 and 1.4, respectively.
Since, in the case of A;/\; algebraic, we can take w = . The reader should have no
difficulties in deducing the following Corollary, which improves Corollary 1 of [4].

Corollary 1.5. Let A1, A2, A3, A4, A5 be non-zero real numbers, not all of the same sign,
with A1/Ae irrational, w real and € > 0. Then there are infinitely many solutions in
primes p; to the inequality

9

|Z)\jp§? +w| < (maxpj)_%"’a.
j=1

Notation. Throughout the paper, the letter 77 denotes a sufficiently small, fixed positive
number. The letter ¢ denotes a sufficiently small positive real number. Any statement
in which £ occurs holds for each fixed € > 0. The letter p, with or without subscript,
denotes a prime number. Constants, both explicit and implicit, in Vinogradov symbols
may depend on A1, A2, A3, Ag, As. We write e(x) = exp(2miz).

2. Outline of the method and preliminary lemmas

We follow the modification of the Hardy—Littlewood method first stated by Davenport
and Heilbronn. Now let 0 < 7 < 1, P be some (large) positive quantity to be chosen
later (see equation (5.2) below in section 5) and X = P3. We define

S(@)= Y (logpe(ap®), T(a)

nP<p<P nP<n<P

I
(]
@
B}
X
©
o

sinTTa

K@) = (

yixes

>2, Az) = 71{(@)@(%)@. (2.2)

Then, by [13], it is easy to show that

K(a) < min(7?, |a]™?), A(z) = max(0,7 — |z). (2.3)
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If we write

5
Ny = — Z ( H log pj) A(A1pT + Aapl + Asp3 + Aapi + Aspi — v),
nP<p <P j=1

then 0 < N, < 9 (v), where ¥(v) counts the number of the solutions to
IMpT + Ao + Aap3 + Aapi + Asps — o] < T,

weighted by a term H?:1 logp;. We shall restrict our attention to those v satisfying
X/2 <wv < X. In general, one can consider X27i<p< X21_j, j=1,2,..., and obtain
a satisfactory bound for the exceptional set. Then, by (2.2), we have

+oo
N, :% / S(Ma)S(aa)S(Msa) SOua)S(Asa) K (a)e(—av)da. (2.4)

To estimate the integral in (2.4), we divide the real line into three parts: the major
arc I, the minor arc m and the trivial arc t which are defined by

M=A{a:la| <o}, m={a:¢<|a| <&}, t={a:|a]>L},
where ¢ = P35+ %75, ¢ = 72 pl+2e,
Lemma 2.1. Suppose that « is a real number, and there exist a € Z and q € N with
(a,q) =1, 1<q<P? and |ga —a| < P73/2

Then one has

Pl-‘,—a

3 e
P .
Z e(p’a) < P27 4 21+ P3la —a/q|)1/?

P<p<2P

Proof. This follows from Lemma 8.5 in [17] and Theorem 1.1 in [12] (also see Lemma 2.3
in [18]). O

Corollary 2.2. Suppose that P > Z > P137¢ and |S(\ja)| > Z. Then there are two
coprime integers a, q satisfying

1<q< (P/Z)*P°, |qg\ja—a| < (P/Z)?P3.

Proof. Let Q = P3/2, there exist two coprime integers a, ¢ with 1 < ¢ < Q and lgXjo —
al < Q1. By Lemma 2.1 and the hypothesis Z > P12 we have
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pl+s
q'2(1+ P3| \ja —a/q|)1/?

Thus we have 1 < ¢ < (P/Z)?P¢, |g\ja — a| < (P/Z)*P73. O

Lemma 2.3. With the previous notation, we have

1 1
/|Sj(a)|8da < pote, /|Sj(a)|4da < P*e,
—1 el
“+o0o
/ |Sj(@)PK (a)da < TPTE.

Proof. These immediately follow from Hua’s inequality. 0O
We define the multiplicative function ws(gq) by taking

3p~ %12 when u >0 and v = 1;
ws(p3u+v) :{ ]ju—l =

P , when v > 0 and 2 < v < 3.

Weyl’s inequality [15, lemma 2.4] and Lemmas 6.1-6.2 of Vaughan [15] together lead to
the following conclusion (also one can see [17, lemma 2.3] or [7, Lemma 2.1]).

Lemma 2.4. If « is a real number satisfying that there exist a € 7 and q € N with
(a,9)=1,1<¢g< Pi and lga — a] < P~1, then one has

Z e(zPa) < ws(q) P

P<z<2P 1+ Pla—a/q|’
otherwise, one has Y. p, op e(zPa) < pite.

Lemma 2.5. ([17, Lemma 2.1]) Let ¢ be a constant. For Q > 2, one has

D d(g)°ws(q)* < (log Q)4

1<¢<Q

where A is a positive constant, d(q) is the divisor function.
3. The major arc
Lemma 3.1. (/4, Lemma 3]) We have

/S()\la) - S(Asa)e(—va) K (a)da > 12 P2. (3.1)
M
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4. The trivial arc

By Lemma 2.3, we have

I

<L Tip3te « 72 p2E, (4.1)
5. The minor arc
We take o = 11/12. Let m’ = m; Umgy, m = m \ m’, where
my ={aem:|[S(\a)| < P}, my={aecm:|S(\0)| < Pt}
Lemma 5.1. We have

/ 1S(na) - - S(As0) 2K (a)da < 752742 (5.1)

Proof. This follows from Lemma 2.3. O

Lemma 5.2. Let g be a convergent to the continued fraction of A\1/Ae and let

oolee

P =gs. (5.2)

Then we have

/ 1S(A1@) -+ - S(Asa) 2K (a)dow < 7P 562, (5.3)

ﬁ1
Proof. We divide m into disjoint sets such that for a € S(Z7, Zs,y), we have

Zy <|S(a)| < 271, Zs < |S(Ma)| < 2Zs, y < |a| < 2y,

Please cite this article in press as: W. Ge, F. Zhao, The values of cubic forms at prime arguments, J.
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where Z; = P12+e2t 7, = P13 €22y = $2° for some positive integers t1, to, s. Thus,
by Corollary, there exist two pairs of coprime integers (a1, q1), (az,g2) with ajas # 0
and

1< q; < (P/Z;)?P?, |gj\jo— aj| < (P/Z;)* P73,

Then for any « € S(Z1, Za,y), we have

< g+ (P/Z)*P 3y < g + PTiYE < g,

%
!

We further subdivide m into sets S(Z1, Z2,y, Q1, Q2), where Q; < ¢; < 2Q); on each set.
Then, by a familiar argument (see p. 147 of [15] for example),

az(@ i — ay) + ar(az — @eA20)
)\ga

L Qo(P/Z1)* P73 + Q1(P/Zy)? P2

< (P/Z1)*(P)Z5)?P*3 < P~57%,

1
a1 — —a
241 Ao 192

Also
lazq1| < P*yQ1Qs.

If |azq1| took on R distinct values, we could apply the pigeon-hole principle to deduce
the existence of n with

P2yQ1Qo

8
<« P37 nk
R

nl
A2

Note that P = ¢% by (5.2), where a/q is a convergent to \1/As. This forces that

P*yQ:1Q»
q

R«

By the well-known bound on the divisor function, each value of |asg;| corresponds to
<& Pe# values of ag, ¢1. Hence we conclude that S(Z, Zs,y, Q1, @2) is made up of < RP*
intervals of length

1 /P\°__ . 1/P\* pe—1
<min [ — (=) P73, — (—) P53> L — .
(Q1 (21) Q2 \ Z2 712,Q17QL?

Please cite this article in press as: W. Ge, F. Zhao, The values of cubic forms at prime arguments, J.
Number Theory (2017), http://dx.doi.org/10.1016/j.jnt.2017.05.014




YJNTH:5779

W. Ge, F. Zhao / Journal of Number Theory ess (sees) see—see 9

Thus integrating over such a set gives

/ 1S(na) -+ S(Asa) 2K (a)dar

Pl PR01Qs
71 7,Q1°Qy? q

< TP « 7 PR (5.4)

< min(r?,y~ %) 2723 P°

Summing over all possible values of Z1, Zs, y, @1, Q2, we conclude that

/\S(/\la) SO PE (a)da < TPET. g (5.5)

6. The proof of Theorem 1.2

We take 7 = X 0. Let £ = £(V, X, §) denote the set of v € V, 1 < v < X such that
the inequality

APt + Aop3 + Aspd 4+ Aapi + Aspd — 0| < 7

has no solution in primes p1, p2, p3, p4, p5 and E = E(V, X,6) = |E(V, X, 0)|. Then by
(3.1) and (4.1), we have

Z/ (Ma) - S(Asa)e(—va) K (a)da

veE o

> 2 P*E. (6.1)

Now, we come to prove the first part of Theorem 1.2. Note that P = ¢8 by (5.2),
where a/q is a convergent to A1 /A2. By Cauchy’s inequality, (5.1) and (5.3), we get

Z/ (AMa) - - SOAsa)e(—va) K (a)da

veE
1/2
<<</|Z va|K doz) (/|S)\1a S(As0)|>K(a)d )
oo VEE
41 1/2 1/2 41
< (TPe10) / ( Z max(0,7 — |v1 —v2|)> < TEY?piatie (6.2)

v1,V2€E

Combining (6.1) and (6.2), we have

E(V,X,0) < X1st20te, (6.3)

Please cite this article in press as: W. Ge, F. Zhao, The values of cubic forms at prime arguments, J.
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Of course, there are infinitely many ¢ we could have taken in since A\1/Aq is irrational,
and this gives the sequence X; — oo. This completes the proof of the first part of
Theorem 1.2.

Next, we come to prove the second part of Theorem 1.2. Now, if the convergent
denominators for A;/Ag satisfy (1.3), then we can modify our work in Lemmas 5.1 and
5.2. We now let P be a sufficiently large number, and assume that

min(Zl, Z2) > PX+E,
with x given by (1.5). We then obtain

A1

a2q1~— — az2q1

< p174X735'
A2

However, we know from (1.3) that there is a convergent a/q to A;/Ay with
P91 « ¢ « pix—1,
Then, the expression corresponding to (5.4) is now
[ 181@)82(@)Ss(0) PK (@)da
« TPTH5eg~1  7 PT-(1-w)(x—1)+52 | p5+2x+5e
by our choice of y. Thus we have

/ 1S(na) - - S(As0) 2K (a)da < 7 PP2x+6 (6.4)

We work as (6.1), (6.2) and (6.3). Then the proof of Theorem 1.2 is now easily completed.
7. The proof of Theorem 1.4

We need only to re-estimate the integral in (2.4) on the minor arc m. First, we divide
m into two sets m” and m = m\ m” such that, for « € m”, we have that at least three of
the sums [S(A10)], [S(A2)], ..., |S(Asa)| do not exceed PX ¢ where x* is defined by
(1.9). Then for @ € ™, there are at least three of S(\;a) exceed PX *<. Since at most
one of the ratios A\;/A; (1 <@ < j < 5) is rational, there exist 1 < k < 1 < 5 satisfying
Ar/N; is irrational, and

|S(Ara)| > PX'Fe [S(Na)| > PX e,

Now, if the convergent denominators for \;/\; satisfying (1.7), then we can modify our
work in Lemma 5.2. We now let P be a sufficiently large number, then we know from

Please cite this article in press as: W. Ge, F. Zhao, The values of cubic forms at prime arguments, J.
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(1.7) that there is a convergent a/q to A\;/N\; with
pl-w)dx"~1) q< pix-1
Then, by the proof of Lemma 5.2, we can easily get
/|S (Ma) - S(As0) 2K ()da < 7PT~(1=@) (" —1)+62 o - pleax™+6s (7 1)

Now, we consider the integral on m”. Without loss of generality we need only consider
the set

m* = {a em: [S(\a)| > |S(ea)|, [S(\ja)| < PX+2 j = 3,4,5}.
Lemma 7.1. We have

/ 1SOna) -+ S(As0) 2K (0)dor << 7 PA+3x 62 (7.2)

Proof. For convenience, let G(a) = |S(\2a) - - S(Asa)|?. Therefore, we have

J(m*) := /|s (M) - S(sa) > K (a)da

= Z (logp)/e(oz/\1p3)G(a)S(—/\la)K(a)da

nP<p<P

< 3 (logp) / e(ap*)G (@) S(—Ma) K ()da
<(ogP) ¥ / e(aMn®)G()S(~Ma) K (a)dal .

nP<n<P ' 1«

Then, by Cauchy’s inequality, we get

2\ 1/2
e(a)\ln?’)G(oz)S(—/\la)K(a)da) . (7.3)

J(m*) < P2 logP( 3

nP<n<P m

We estimate the right sum in (7.3) and obtain

>

nP<n<P 4

= Y [ [6@SraK @G-St @i a - §)dads

nP<n<P.

2
e(arn®)G(a)S(=Aia) K (a)da

m* m*

Please cite this article in press as: W. Ge, F. Zhao, The values of cubic forms at prime arguments, J.
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= / G(ﬂ)S(A@K(ﬂ)( / G(a)S(—Aa)T (A1 (e — B) K (a)da> dp

/ IG(=B)S(MB)| F(B)K(B)d5, (7.4)
where
T(x)= Y e(xn®),
orep
and
/ G(0)S(~Ma) T (o - B)| K ()da. (75)

Let Ma(r,b) = {o € m* : [rAy(a — ) — b] < P~7}. Then, the set Mg(r,b) # 0 forces
that

b+ 1M B| < [rh(a—B) — bl + [rAral < P14+ |\ |r2P%.

Let A={beZ:|b+r\p| < P14 rIA1|T72P?%*}. We divide A into two sets A; =
(beZ:—r\M|r P + P4 <b4+r\B <ri\|r' — P4} and Ay = A\ A;. Let

Mg= |J U Msrb).

3 beA
1<r<P1 (bri=1

Then, by Lemma 2.4, we have

F(B) < P / Gle)S(—ha)l 1 Psﬁ(g[i (Zf))_b rpda
Mpgnm*
+P4+€/|G “Ma)lK (@)da (7.6)

For the first integral in (7.6), by Cauchy’s inequality, we get

w3 (r)K(a)

GOSN @ = ) — b ™

Mpgnm*

< (Jirorsom)"( [ ARG Yo

B

Please cite this article in press as: W. Ge, F. Zhao, The values of cubic forms at prime arguments, J.
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Next, we come to estimate the last integral in (7.7). First, we divide it into two parts.

[ Sl
(L+ PN (a—5) = b/r))?

Mg

=Y Y ¥ [ e e
3 — _ 2
J=1,21<r< P3/4 (gfn;ijlﬁ/lg(rb) (14 P3| Ai(a—=B) —b/r])

=: L1(B) + L2(B). (7.8)

For the first part, we get

[S(=Aia)[Pws(r)®
Li(B) < 72 Z Z / (1+P3|)\12a—ﬁ§_b/r‘)2da

<p3/4 beA
1<r<P (b 11/\/15(7‘,(7)

LT

2 Z Z / |5(/\1(5-|r7)‘i‘b/7“)|2w3(7")2d7

1<r< p3/4 be,Al . (1 + P3|\1v])2
(b,r=11 MY o677

U(A7)
< w2 [ A,
1<r§1:93/4 (14 P2Aay)®
- = ‘)\17|§TP+/4

where

= > ISu(B+7) +b/r),

bEAT

and
A ={beZ:—r(IM77 )+ 1) <b+rMp <r(M|771]+2)}.

Then, we have

UAD = Y D e(MmB+v) +b/r)®} —pd))
nP<pi1,p2<P be A}

3 .3
= Y anet-) 3 o )
nP<p1,p2<P be A%
< @M 43 Y eaB+) 0] 1))

nfézg p2<P
P =p5(modr)

< rr ! Z 1

Ufﬁlg ,p2<P
p1=p5(modr)

Please cite this article in press as: W. Ge, F. Zhao, The values of cubic forms at prime arguments, J.
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< rr P32 Z 1
1<by,ba<r,(b1b2,r)=1
b3=b3 (modr)
S DR S e (O
1<b<r
b>=1(modr)

Hence, by Lemma 2.5, we have

1
L P? 2(r)d(r)© / e
1B <P 3 wind() v
1§7‘SP3/4 P\I’Y‘S"'_1P_9/4
<7tP7' YT wi(r)d(r)t < TPTHE (7.9)
1<r<p3/4

Now, we begin to estimate La(f3). First, without loss of generality we need only con-
sider the set

Ay ={beZ v\t = P™%* < b4+ r)\ 3 < r|A\|r2P%* + P94}
which falls in the set
As=1{beZ: r([\)\1|7-_1] —1)<b+rap< r([|)\1|7-_2P25] +2)}.

Then, we obtain

[S(=A1a)[Pws (r)* K (o)
Ly(B) < § E do
e (zﬁe.f‘élwé ) L+ Phafa=8) =5/l

[(IAilr 2 P%)4+1 2 2
S(—=A K
< ) > > / ISC A ws(r)Kla)
(1+ P3|A(a— ) —b/r|)?
1<r<P3/4 k=[|A1]7~1]-1 Tk<b+(rb>\1)ﬁ§17n(k+l)/‘/‘5(hb)

[IAa]r—2 P41 -
[S(= D) s (r)?]o] 2
<X 2 | G et

3/4 Jo— —17_
1<r<P k=[| 1|7~ 1]-1 Tk<b+(rbA;S@:§1T(k+l)Mﬂ(T’b)

(A |72 P41 2
< Z Z 1 / U(By)ws(r) d,
(k—1)2 (1 + P3|A1v])?

1<r<P3/4 k=[|A1]7~1]-1 Ary|<r—1P-9/4

where B, ={b€Z:rk <b+rip <r(k+1)}. Similar to the estimate of U(A}), we
have U(By) < P?d(r)¢. Hence we get
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) wg(r)Qd(T)c 1
Lo(f) < P2 Y M- / m‘”

1§T‘§P3/4 |)\1'Y‘ST_1P_9/4
< 7P7! Z w3 (r)?d(r)¢ < TPTE, (7.10)
1<r<p3/4

Combining (7.6)—(7.10), we have
1/2
F(p) < 71/2P1/2+5</|G e! 2K(a)da>
P3/4+5/|G S(ha)|K()da (7.11)
Thus, by (7.3), (7.4) and (7.11), we conclude that
1/2
J(m )<<T4p4+e(/a 2K (a da) (/|G S(\a)|K (a)d )
P7/8+5/\G S(a)|K (a)da (7.12)

By Cauchy’s inequality and Lemma 2.3, we have

/IG S(\a)|K(a)da < J(m* 1/2</|G K (o )da>1/2

5 0 1/8
< Jm)Y2 ] ( / |S()\ja)|8K(a)doz)
=2 N
< T2 PpP/te ()12, (7.13)

By the definition of m*, we have

/ IG() 2K (a)dar < PPX 46 J(m?), (7.14)

Then we conclude from (7.12), (7.13) and (7.14) that
J(m*) < T1/2P2+36J(m*)1/2(}3%x* +P%) < 71/2P2+%X*+35J(m*)1/2. (7.15)

Therefore, (7.2) follows from (7.15). O
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At last, combining (7.1) and (7.2), we have

/ 1SOna) -+ S(Asa) 2K (a)da < 7 PA+3X+6

m

Then we work as in the section 6, the proof of Theorem 1.4 is now easily completed.
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