YJNTH:6383

Journal of Number Theory ees (esee) oeo—soe

Contents lists available at ScienceDirect
Journal of Number Theory

www.elsevier.com /locate/jnt

JOURNAL OF

General Section

Monotonicity properties for ranks of overpartitions

Huan Xiong *, Wenston J.T. Zang "

? Faculty of Mathematics, University of Vienna, 1090 Vienna, Austria
Y Institute of Advanced Study of Mathematics, Harbin Institute of Technology,

Heilongjiang 150001, China

ARTICLE INFO

ABSTRACT

Article history:

Received 4 March 2019

Received in revised form 12 August
2019

Accepted 13 August 2019

Available online xxxx
Communicated by L. Smajlovic

MSC:
11P81
05A17

Keywords:
Overpartition
Partition
Rank
Monotonicity

The rank of partitions plays an important role in the
combinatorial interpretations of several Ramanujan’s famous
congruence formulas. In 2005 and 2008, the D-rank and
Ms-rank of an overpartition were introduced by Lovejoy,
respectively. Let N(m,n) and N2(m,n) denote the number
of overpartitions of n with D-rank m and Mas-rank m,
respectively. In 2014, Chan and Mao proposed a conjecture
on monotonicity properties of N(m,n) and N2(m,n). In this
paper, we prove the Chan-Mao monotonicity conjecture. To
be specific, we show that for any integer m and nonnegative
integer n, N2(m,n) < N2(m,n + 1); and for (m,n) # (0,4)
with n # |m| + 2, we have N(m,n) < N(m,n + 1).
Furthermore, when m increases, we prove that N(m,n) >
N(m+2,n) and N2(m,n) > N2(m + 2,n) for any m,n > 0,
which is an analogue of Chan and Mao’s result for partitions.
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1. Introduction

The aim of this paper is to study monotonicity properties of the D-rank and Ms-rank
on overpartitions and therefore prove a conjecture of Chan and Mao [16].

Recall that a partition of a nonnegative integer n is a finite weakly decreasing se-
quence of positive integers A = (A1, A2, ..., A¢) with Y, ., ., \i = n. Here Ay, Ao, ..., Ny
are called parts of the partition A (see [1]). The rank of a partition was defined by Dyson
[20] as the largest part of the partition minus the number of parts. Dyson first con-
jectured and then proved by Atkin and Swinnerton-Dyer [8] that the rank can provide
combinatorial interpretations to the following Ramanujan’s famous congruence for the
partition function modulo 5 and 7, respectively:

p(bn+4)=0 (mod 5), (1.1)

p(Tn+5)=0 (mod 7), (1.2)

where p(n) denotes the number of partitions of n. Since then, various results on the rank
of partitions have been obtained by many mathematicians (for example, see [2,5-7,9,10,
13-15,11,16-18,21,23,27-34,39]).

Let N(m,n) denote the number of partitions of n with rank m. Chan and Mao [16]
established the following monotonicity properties for N(m,n).

Theorem 1.1 (Chan and Mao [16]). Forn > 12, m >0 and n # m + 2,

N(m,n) > N(m,n —1). (1.3)

Theorem 1.2 (Chan and Mao [16]). For n >0 and m > 0,

N(m,n) > N(m + 2,n). (1.4)

At the end of their paper, Chan and Mao [16] proposed a conjecture on monotonicity
properties of the D-rank and Mas-rank of an overpartition. Recall that overpartitions
were defined by Corteel and Lovejoy [19] as partitions of positive integers in which the
first occurrence of a part may be overlined. For example, there are 14 overpartitions of

4, (@), 3.1, (1), 6D, G, (2,2),
(2,2) (2,1,1), (2,1,1), (2,1,1), (2,1,1), (1,1,1,1), (1,1,1,1).

Lovejoy [35] defined the D-rank of an overpartition as the largest part minus the
number of parts, which is an analogue of the rank on ordinary partitions. Let N(m,n)
denote the number of overpartitions of n with D-rank m. Lovejoy [35, Proposition 1.1]
gave the following generating function of N (m,n):
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n=0m=—o0 =0 Zq’ /Z q)

Here and throughout the rest of this paper, we adopt the common g-series notation [1]:

o0

(@;9)0 = H(l —aq™) and (a;q), = %.

o (ag™; q)oo

The Mas-rank on overpartitions was also introduced by Lovejoy [36]. For an overpar-
tition A, let A; denote the largest part of A, £(\) denote the number of parts of A, and
Ao denote the partition consisting of the non-overlined odd parts of A. Then define

M

My-rank()\) = { 5

J ) + £0) — ¥V, (1.6)

where x(A) = 1 if the largest part of A is odd and non-overlined, and otherwise x(\) = 0.
For instance, let A = (7,5,4,4,2,2,1,1). Then A\; = 7, £(\) = 8, A\, = (5,1,1),
2(X,) = 3 and x(A) = 0. Therefore,

My-rank(A\) =3 -8 +3 = —2.

Let N2(m,n) denote the number of overpartitions of n with M-rank m. Lovejoy [36]
found the generating function of N2(m,n) as follows:

oo

ZZNan Z 1“2’“/Ciq) (1.7)

n=0m=—oo =0 Zq q

Various results on the D-rank and Mps-rank of overpartitions can be found in [3,4,12,
22,24-26,35-38].

The main purpose of this paper is to give analogues of Theorems 1.1 and 1.2. To be
specific, we obtain the following two theorems. Theorem 1.3 verifies a conjecture of Chan
and Mao [16] in 2014.

Theorem 1.3 (Conjecture of Chan and Mao [16]). For m,n > 0 with n # m + 2 and
(m,n) #(0,4),

N(m,n) > N(m,n —1). (1.8)

For m,n > 0, we have

N2(m,n) > N2(m,n — 1). (1.9)
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Theorem 1.4. For m,n > 0, we have
N(m,n) > N(m+2,n), (1.10)
and
N2(m,n) > N2(m +2,n). (1.11)

By the generating functions (1.5) and (1.7), it is easy to see that N(—m,n) = N(m,n)
and N2(—m,n) = N2(m,n). Therefore Theorem 1.3 also holds when we replace the
conditions of m,n with n # |m| + 2 and (m,n) # (0,4) for (1.8); and m € Z,n > 0 for
(1.9).

This paper is organized as follows. Some preliminary results are given in Section 2.
Then in Section 3, we establish a nonnegativity result Lemma 3.1 and use it to give a
proof of Theorem 1.3. Section 4 is devoted to prove Theorem 1.4.

2. Preliminary

In order to prove Theorems 1.3 and Theorem 1.4, we need to recall the definition of
a function f, x(¢), which was first given by Chan and Mao [16].
Definition 2.1. Define f,, 1(g) as coefficients in the following formal power series:

S i) = (2.1)

(zq;)r(a/z)r

m=—oo

When k = 0, by definition we see that fo0(¢) =1 — ¢ and fi,,0(q) = 0 for all m # 0.
Chan and Mao [16, Lemma 9] gave the following expressions for f,, 1(¢) and fn 2(q).

Theorem 2.2 (Chan and Mao [16]). For all integer m,

o0

|m|
@) = 30 (0= (22)
Form =0,
1 2 8
f0,2(Q)=—q+1iq3+1qq4+(1iq3(§(1iq4), (2.3)
and for m # 0,
— glml 1 —glmi+ gmi+s )
a0 =4 (= + =) 24
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Chan and Mao [16, Lemma 11] also found the following nonnegative property for
fm.k(q) when k > 2.

For the remainder part of this paper, let {b,, }°2, denote some sequence of nonnegative
integers but not necessarily the same in different equations (that is, we just need to use
the condition that each b, is some nonnegative integer but do not care the exact value
of by,).

Theorem 2.3 (Chan and Mao [16], Lemma 11). When k > 2,

forld) = —q+ @+ bag™; (2.5)
n=0
Frale) ="+ bag™; (2.6)
n=0
fik(@) =Y bug™,  form > 2. (2.7)
n=0

Remark 2.4. Note that (2.5) means that for fy 1(g), the coefficient of ¢ is by — 1, which
is at least —1 (may be large than —1). Also, the coefficient of ¢? is at least 1, and the
coefficient of ¢" (n =0 or n > 3) is at least 0.

By definition, it is easy to check that the constant term of fy x(¢) is equal to 1. Hence
(2.5) yields the following corollary:

Corollary 2.5. When k > 2,
oo
for(@=1—q+*+> bug™ (2.8)
n=0

We also need the following two lemmas in [16].

Lemma 2.6 (See Lemma 8 of [16]). When k > 0, we have

o gkt DIm=nl|
fmptr1(q) = Z fr(@) - @kt

Lemma 2.7 (See Lemma 10 of [16]). For any positive integer m,

1— qm+1
(1-¢)(1-¢*)

has nonnegative power series coefficients.

Please cite this article in press as: H. Xiong, W.J.T. Zang, Monotonicity properties for ranks of
overpartitions, J. Number Theory (2019), https://doi.org/10.1016/j.jnt.2019.08.025




YJNTH:6383

6 H. Xiong, W.J.T. Zang / Journal of Number Theory ess (ssss) sse—see

3. The proof of Theorem 1.3

In this section, we give a proof of Theorem 1.3. To this end, we need the following
lemma.

Lemma 3.1. For any nonnegative integer a,b and c, the coefficient of ¢ in

qa b

T+ A-@)-q)

is monnegative for n > b+ 6.

Proof. It is clear that
qb oo oo
_ b+3it+4)
(1— )T~ 22 !

Note that for any n > 6, there exists ¢, 7 > 0 such that 3¢ + 45 = n. To be specific,

(k,0) if n = 3k;
(i,j) =< (k—1,1) ifn=3k+1; (3.1)
(k—2,2) ifn=3k+2.

Hence we see that, the coefficient of ¢™ in

qb
)1 —q*)

= (3.2)

is at least 1. On the other hand,

— Z (_1)chm+a- (3.3)

Evidently, for any nonnegative integer n, the coefficient of ¢ in )~ (—1)"¢™** is
either —1, 0 or 1. Thus when n > b+ 6, the coefficient of ¢" in
a b
: .+ 3 4
L+¢° (1-¢*)(1-q")

is nonnegative. 0O

We are now in a position to prove Theorem 1.3.
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Proof of Theorem 1.3. We first prove (1.8) with the aid of Lemma 3.1, and then show

(1.9).

From (1.5), it is clear to see that

oo

_ — —1;q)rg"FV/2(1 - q)
1+ZZ (N(m,n) — N(m,n—1)) ZO RO (3.4)

n=1m=-—o0
By the definition of f, x(q) (see (2.1)), we derive that

o0 o0

1+Z Z — N(m,n—1)) Z Zmz (—1:q) ¢* "2 £ k().

n=1m=—oo m=—o00

Hence for fixed integer m # 0,

> (N(,n) = N(0,n—1)) q"

n=1
2q 1 q2 qg
= —q+ 421
T T (A +ad ( qu1—613+1—q4Jr(l—q?’)(l—q“)
+Z ~1;9)x ¢*F V2 fo 1 (q). (3.7)
k=3
By Corollary 2.5, we derive that
(N(0,n) = N(O,n—1))q"
n=1
21+ q)¢®  2(1+q)¢° 92¢'2
— g2t -2+ 2 ng ( qiq S
1—q 1—gq (1-¢%)(1-q"

2q 2q11

+1+q+(1—q3)(1—q4)

oo oo
Z —1;q) gD/ (1 g+ ) bnqn> : (3.8)

n=0

The last term in (3.8) can be transformed as follows:
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(—1;q)k ¢*FH/2 (1 —qt++) bnq”>

n=0

oo
(L @)k "2 " bg”
3 n=0

NE

204+ q)(—¢% @Q)p—2 " FV2(1 — g+ ¢*) +

=
Il

Me IM 1M

2(1+ ¢*) (% Q2" "V 13 (= 1;9)k FFTI D g, (3.9)
k=3 n=0

>
Il
w

which clearly has nonnegative coefficients. Moreover, by Lemma 3.1, the coeflicient of ¢"
in

2q N 2q11
I+q (1-¢3)(1-q"

is nonnegative for n > 17. From the above analysis, we see that
N(0,n) > N(0,n—1)

for n > 17. It is trivial to check that for 1 <n < 16,
N(0,n) > N(0,n —1)

except for n = 2 or n = 4. Therefore Theorem 1.3 holds for m = 0.
We now assume that m > 1. Substituting (2.2) and (2.4) into (3.6), we have

ZNmn N(m,n—1))q"

2qm+1 oo

= +) (L " F T2 k(g)
k=3

1+¢

(3.10)

1— m—+1 m—+3
+2(1 4 ¢q)g™*3 <( il a )

—&0—¢) 1= —q)

From Theorem 2.3, we see that for k > 3, fn, k(¢) has nonnegative coefficients. We
proceed to show the coefficients of ¢" in

2qm+1

1+g¢

1— m—+1 m—+3
F2ALE e ((1 T Rl q4>> (3.11)

is nonnegative for all n > m + 3.
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We first assume that m # 1, 3. In this case, we transform (3.11) as follows

2qm+1 . 1— qm+1 qm+3
+2(14¢)g"*? +

1+gq 1-¢)1-¢%) (1-¢*)1-q")

2qm+1 N d _ qm+1

N (D D)

1— qm+1

+2¢" =+ 2(1 + q)ﬂ. (3.12)
(1—¢*)(1—¢% (1-¢*)(1—q")

By Lemma 2.7, we find that

2qm+3 1-— qm+1
(1-¢*)(1-¢*)

has nonnegative coeflicients in ¢"™ for all n > 1. Moreover

2qm+1 m—+1

+2 _ 1—(] _ 2qm+1
1 T a0 =—P) 1
+q (1-¢*)(1—-¢% +q

+2 m+41_q3+q3_qm+1

(1-¢*)(1-¢*)

2 m-+1 2 m-+4
q + q
1+q¢ 1—4¢2

m—2

1—¢q
(1-¢*)(1—¢3)

m—2

1-—qg+¢° 7 1—g
:2qm+1 +2qm+
1—¢? (1-¢*)(1-¢°)
2 m-+1 1— m—2
1‘1 _ —9gMH2 4 9gm T q
—q

1=¢*)(1—-¢*)

Notice that when m # 1,3, by Lemma 2.7 we obtain

2qm+7 ]' - qm 2

(1-¢*)(1—¢%) Zb”q

n=0

This yields that (3.12) has nonnegative coefficients in ¢" for n > m + 3
It remains to consider the case m = 1 or 3. For m =1

, it is trivial to calculate that
(3.11) is equal to

2¢2 2" +2¢°
q U (3.13)
I+q (1-¢31—-q%)

From Lemma 3.1, we see that for n > 10, the coefficient of ¢

2q¢° n 2q¢*
I+q (1-¢)1-4q%
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is nonnegative. Hence we derive that N(1,n) > N(1,n — 1) for n > 10. It is trivial to
check that for 4 < n < 9, N(1,n) > N(1,n — 1) also holds. This yields the case for
m=1.

Finally, for m = 3, (3.11) is equal to:

2 4 2 12 2 13 2(1 + 1+ 2\ .6
¢ 2 . 24 . (1+4q)( ta )q (3.14)
I+q (1-¢)(1-q¢) @1-¢)(1-q" 1—q
Using Lemma 3.1, we find that for n > 18, the coefficient of ¢" in
2 4 2 12
1 a (3.15)

TR )T gy

is nonnegative. This yields that N(3,n) > N(3,n — 1) for n > 18. After checking
N(3,n) > N(3,n—1) for 6 <n < 17, we find that (1.8) is valid for m = 3.
We next prove (1.9). From (1.7), we see that

i lqqu
(/2% )k

quq

—¢% q)ar—2q"
q+2
kzl (0% ¢*)k(a?/2 4k

o] (o)
=1-q+2> (=% Qw-20" D 2" fmild®). (3.16)
k=1 m=—00
Hence
1+Z ~N2(0,n—1))q" =1 —q+22(—q2;q)2k72qkf0,k(q2)7 (3.17)
k=1
and for m > 1,
Z(m(mm)—m(m,n—l 22 —¢% @)ak—2 ¢" fm i (0°)- (3.18)
n=1 k=1

Similar to the proof of (1.8), we first assume that m = 0. From Theorem 2.2 and
Corollary 2.5, we deduce that
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1+Z ~N2(0,n—1))¢"
3y ,2 2 1 q¢* q'°
=1- 2(1 1 —
q+1+ 7+ 20+ )1+ < L T (1—q6)(1—q8))
+2) (~¢* Q)2 ¢" (1 —P g+ bnq2”>
k=3 n=0

2q N 2q18+2q20+2q21 _|_2q23

=1-q-2¢"—2¢°-2¢" —2¢° +

1+¢? (1—-¢%(1—q®)
2 A1+ ) (s
1—¢6 " 1-—¢8
[ee] o0 oo
+2) (0% @)an—20" Y bag™ +2) (¢’ @)ar-3"(1+¢°). (3.19)
k=3 n=0 k=3

Setting a = 0, b = 10 and replace ¢ with ¢? in Lemma 3.1, we find that for n > 33, the
coefficient of ¢™ in
2q n 2¢%!
1+¢  (1-¢°)(1-¢%)

is nonnegative. Thus the coefficient of ¢" in (3.19) is nonnegative for n > 33, which
implies that N2(0,n) > N2(0,n—1) for n > 33. It is trivial to check that for 1 < n < 32,
N2(0,n) > N2(0,n — 1) also holds. This yields (1.9) for m = 0.

We proceed to show that (1.9) holds for m > 1. From Theorem 2.2 and (3.18), we
have

Z (N2(m,n) — N2(m,n—1)) ¢"

=2¢fm,1 (%) + 2(=4°; 9)44’ fn,3(¢* +2Z % Q)2k—2 0" fn i (0°)

=3
_2¢7m ! 2. 3 2 - 2. k 2
= -+ 2% 0)a¢® fn3(®) + 2 Y (—0% @)2k—20" (@) (3.20)
1+¢ P
k£3
From Lemma 2.6, we see that
e q3|m—n| q6 e q3|m—n|
fm3(q) = n;oo fn.2(q) Top Jm2(Q) + fim.2(q) e n;w fn.2(q) Top

(3.21)
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By Theorem 2.3, the coefficient of ¢™ in fp, 2(¢) is nonnegative for all integer m and
n > 0. This allows us to transform f,, 5(¢) as follows:

fm,3(Q) = fm,Q(Q) + Z bnqn
n=0

 om 1—qm+1 qm+3
- ((1—q2)(1—q3)+(1_q )1 — b > anq (3.22)

Hence

2(—¢%9)4 ¢ fin3(d%)

2m—+2 2m+6

2 2m 1-
=2(—=q"¢)aq +3<(1_q4§(1_q6)+(1—z )(1—¢®) ) anq

4 23 1— q2m+2 2)( ) q4m+9 )
=2(—q"; ———— +2(1+¢°)(1+ t E n
(=45 9)2q - 0= (I+gq LRl vy 2 q"
:2q2m+3 1— q2m+2 5 q4m+9

- —¢)  “A—g1—q"

(4 5 9) 2m+3 1—g*m*?
+2(¢" +q¢°+q <qm —>
(1-¢*)(1-¢*)
gAmto

+2(¢* +¢°+4") <(1_q3) Z bng". (3.23)
From Lemma 2.7, we see that
1— q2m+2
(1-¢*)(1-¢%)

has nonnegative coefficients. Together with (3.23), we deduce that

2 3 2 omis  1—¢m? 2¢*m+9
2(-¢%9)4 ¢ fm,3(¢7) = 2¢°™ + + bag™.  (3.24
UL sl D) T-0-¢) - Z (3.24)
Moreover, from Theorem 2.3, we see that
Z( q Q)Qk 29 fmk anq (325)
173

Next we show that N2(m,n) > N2(m,n — 1) for m > 2. Substituting (3.24) and (3.25)
into (3.20), we derive that
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n=1
2q2m+1 2m43 _q2m+2 2q4m+9
— + 2¢q m — 4 3 ‘|‘ bnq
1+¢? (1-¢>)1-¢*) (1—-¢%( Z
2 2m—+1 1 _ 3+ 3 _ 2m+42 2 4m—+9
_ 4 _ +2q2m+3 q zq Q3 + q +anq,
l+gq (1=¢*)(1-¢%) (1—a%)(
2q2m+1 2q2m+3 9 1— q2m—1 2q4m+9
11 " 1-¢ 1 0-Al-¢)  1-¢)N Z q
2 2m—+1 _|_2 2m—+5 1— 2m—1 2 4m—+9
== R A ~ + 1 7t Z bng".
l1—gq (I-¢*)1-¢*) (11—
(3.26)
By Lemma 2.7, we see that when m > 2,
omi6 1 — q ! Z b
This gives N2(m,n) > N2(m,n — 1).
Finally, we consider the case m = 1. In this case, by (3.24),
2 )i g rala®) = 27025 L ¢ +Zb . (3.27)
19)aq" 1,3 - (1—q =) non .
Substituting (3.25) and (3.27) into (3.20), we see that
oo
. - 2q3 1 _|_q2
N2(1,n) — N2(1,n—1)) ¢" = 2¢° . bng"
;( (1,n) (1,n=1))q 1+q2+q1—q3+(1—q +Z 7"
(3.28)
From Lemma 3.1, we find that for n > 19, the coeflicient of ¢"
2q3 2q13

14 ¢2 - (1-¢*)(1—q)

is nonnegative. This gives N2(1,n) > N2(1,n—1) for n > 19. It can be checked that for
1<n <18, N2(1,n) > N2(1,n — 1) still holds. O

4. The proof of Theorem 1.4

In this section, we give a proof of Theorem 1.4. To this end, we need the following
lemma.
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Lemma 4.1. For integer k > 0, let

DD SIBE

n=0m=—oo

(qz; )k Q/Z Q)k

Then for m > 0, we have ak m(n) > agmt+2(n). Equivalently, for m > 0, the coefficient

1— 272
(2 0)k(a/2; Ok

is monnegative.
Proof. By definition, we see that
ag,m(n) = ag,—m(n). (4.1)

Moreover, it is clear that

1
Alt1,m
Z Z e () = e e Ot

n=0m=—o0

o0

1 n
T 1= 21— g Z > akm(n

n=0m=—o0

= i i zT*2iqT(k+1) i i ak,m(n)zmqn- (42)

r=0 1=0 n=0m=—oo
Thus we have
lzhz] -
Arirm() = Y Y apmorp2i (n—r(k+1)). (4.3)
r=0 =0

We prove this lemma by induction on k. For k£ = 1, it is trivial to check that

1 if m=mn (mod 2) and n > |m|;
ai m(n) =

0 otherwise.

Set bi,m(n) = ag,m(n) — akms2(n) and assume that by ,,(n) > 0 for m > 0. From
(4.3), we derive that

lerrl

brirm(m) = Y Y bemory2i (n—r(k+1)). (4.4)

r=0 =0
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Moreover, by (4.1), we see that

bkvm(n) = —bk7_m_2(n) (4.5)
and therefore
J r—m-—1

Z Z bem—rt2i (n —r(k+1)) = (4.6)

r=m-4+1 =0

Thus by (4.4) and (4.6), we derive that for m > 0,

m L&zl
bk+1,m(n) = Z Z bk,mfr+2i(n - T(k + 1)) Z Z bk,mfr+2i(n - 7"(]{) + 1))
r=0 i=0 r=m+1 i=0
m T F+1 r
=3 bemorg2in—r(k+ 1))+ D> > bemopgai(n —r(k+1)).
r=0 =0 r=m+41i=r—m

(4.7)

From induction hypothesis, we find that each term in the above summation is nonnega-
tive. Thus bgt1,m(n) > 0. O

We now give a proof of Theorem 1.4.

Proof of Theorem 1.4. By (1.5), for m > 0, N(m,n) > N(m+2,n) is equivalent to that
the coefficient of 2™ in

- (2¢; Dr(a/z D
is nonnegative. But by Lemma 4.1,

-2

m > (—=1; 9k qk(k+1)/2(1 — z_2) B > L k(k+1) /2] m 1—=2
= ,; (2¢; Dk (a/z Ok a kzzo( L il (2¢; )rla/z a)k’
(4.9)

which is clearly has nonnegative coefficients, where [2™] f(z) denotes the coefficient of
2™ in f(z). This yields (1.10).

Similarly, by (1.7), for m > 0, N2(m,n) > N2(m + 2,n) is equivalent to that the
coefficient of 2™ in
i ) qu F1-27?)

= (0% ¢°)k (¢%/2¢°)k
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is nonnegative. Again using Lemma 4.1, we see that

oo

Z L q 2k q (1 — Z_)Q) = Z(_l’ q)?k qk[zm] ( (1 — 2_2)
o k=0

= (2% )k (/2 ¢ 26% 6k (%)% 4%k

which has nonnegative coefficients. 0O
5. Outlook

The rank of partitions gives combinatorial interpretations of several Ramanujan’s
famous congruence formulas. In this paper, we derive several monotonicity inequalities
of the D-rank and Ms-rank for overpartitions and use them to prove a conjecture of
Chan and Mao [16]. Our proofs are based on the study of generating functions for such
ranks of overpartitions, which are analytic. It would be interesting to find bijective proofs
for our results. We will work on this in the future.
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