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1. Introduction

In the theory of mathematical constants, an important concern is the definition of
new sequences which converge to these fundamental constants with increasingly higher
speed. These convergent sequences and constants play a key role in many areas of mathe-
matics and science in general, as theory of probability, applied statistics, physics, special
functions, number theory, or analysis.

One of the most useful convergent sequence in mathematics is

w —Zn:kln(k)— n—2—|-—-|-i ln(n)—i—n—2 (1.1)
S 2 2 12 4’ '

which converges towards the well-known Glaisher—Kinkelin’s constant In(A) and
A~ 1.282427130....

This constant appeared in Barnes [2]. Up to now, it has been computed to great
depth, which means that there must be some way to approximate it to high accuracy
at modest computational cost. One such approach would be by way of Euler—Maclaurin
summation. A good reference is Brendan McKay’s article [1], available in the “Talk”
page associated with the (defective in its discussion of error terms) Wikipedia page on
Euler Maclaurin summation.

It is not hard to see that

In(A) — w, = i [ngl + <k2;k+$) ln(l—l/k)]

k=n-+1

Replacing In(1 — 1/k) with its series expansion and rearranging gives

oo

— ., ( 1 1 1
ln(A)—wn:Z Z k <_§j+2(j+1)_2(]'+2))' (1.2)

=3 k=n+1

This last expression can be estimated term by term via Euler—Maclaurin techniques. The
problem of estimating >~ k=7 is known to history as the ‘Basel problem’ and it was
for the express purpose of tackling it that Euler invented the method. (Maclaurin hit
upon it separately, and with a different purpose in mind.) The upshot of this approach
is that

-1 1 1

1
nid—n Tt ——n 7 — ¥ O[]

In(A) — w, = — _
n(4) = wn = 755 5040 10080 9504

The expansion can be taken to arbitrary depth.
Related to Glaisher—Kinkelin’s constant, the following sequences are defined,

3 2 3

_ k21k,n7 n- 21 n_n 1.
Sn ; n(k) <3+2+6 n(n)+9 1 (1.3)
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and

4 3 2 4 2

- 1 n n
L= BSln(k) — (MM ™ =\ no_n 14
! ;k a(k) (4 Tt T i)t (14)

which converge towards the well-known Bendersky—Adamchik’s constant In(B) and
In(C'), where B ~ 1.03091675... and C' ~ 0.97955746.... These two constants were
considered by Choi and Srivastava in [3-5] in the theory of multiple gamma func-
tions.

Up until now, many researchers made great efforts in the area of concerning the rate of
convergence of the sequences (wy)n>1, (Sn)n>1 and (ty)n>1, and establishing sequences
which converge faster to Glaisher-Kinkelin’s and Bendersky—Adamchik’s constants and
had a lot of inspiring results. For example, in [13], Mortici provided some new inequalities
for these constants as follows:

L + ! ! <In(A) < L + ! (1.5)
n - n n T Son_ o YWl .
YT 72002 T 50400~ 1008018 U 72002 T 50400
] 1 1
. (B . 1.6
vt 350m ~ 7603 < MB) < st gg (1.6)
1 ]
¢ _ In(C) < t, 4+ ——— 1.7
nt Soa0n2 ~ 3360008 < ™M) <t F g0z (1.7)

In addition, the method using continued fraction to approximate the well known con-
stants often appeared in many literatures. For example, Mortici [12] and [14] used
continued fraction to approximate gamma function. Lu [7] provided approximation of
Euler’s constant by using continued fraction. From above works, we can see that the
approximations which used continued fraction have quicker convergence rates than the
others which used polynomials. In view of this fact, in this paper, using continued fraction
approximation, we provide some quicker convergent sequences for Glaisher—Kinkelin’s
and Bendersky—Adamchik’s constants as follows:

Theorem 1.1. For Glaisher—Kinkelin’s constant, we have

1 al
In(A) ~ w, + — , 1.8
) e (18)
where
G = —m, Gy= 5, a3 = =
1 7207 2 77 3 — 14’
For Bendersky—Adamchik’s constants, we have
In(B) ~ b 1.9
n(B) sy + (1.9
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and
In(C) ztn+%n+ A, (1.10)
nt 5
where

b= s b= o, by = o

and
1 3 703

C1= o5y ©2= 550 €3 = Jggg0-

Remark 1.1. Let ¢[r] = —1/(12r)4+1/(2(r+1)(r+2)). A proof that the desired asymptotic
continued fraction-type expansion exists for In(A4) — w, would be at hand if only the
following identity could be established: for integer ¢ with ¢ > 2,

1 1
c[2q+ 2] — §c[2q +1] 4+ ——

29+1 2q+18:1

K 2+ 1
2s 25

)c[2q+2—25] =0. (1.11)

However we do not provide a direct proof and more work needs to be done in this
direction. It also seems a challenging problem to give a proof of the equality (1.11).

Next, using Theorem 1.1, we provide some inequalities for Glaisher—Kinkelin’s and
Bendersky—Adamchik’s constants.

Theorem 1.2. For all natural numbers n > 1, we have

1 —L 1 — L
wy, + ——28— < In(A4) < w, + ——2; (1.12)
nn+ 7L nn_i_%
n+-1d
1 L
sp + —2% <In(B) < sy + —20—; (1.13)
n+ 2 n+ —2
" nt 210
1 L 1 _1
tp + =90 < In(C) < t, + ——3%0 (1.14)
"n4 20 "n+ 20
n n+LT§_0_

Finally, to show that the three continued fraction approximations convergence faster,
combining Theorems 1.1 and 1.2, we provide the rates of convergence of these three
sequences as follows:
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Theorem 1.3. For all natural numbers n > 2, we have

1 —=% 1
_ n+ — ) —In(4 _ 1.1
TR R P S S A VS TP TP (1.15)
53 = 53
<In(B) —s, — —380_ < : 1.16
T587600(n + 175 < (B~ Wt 2L 1587600(n— 1) (1.16)
703 1 = 703
<In(C) —t, — ——5%0_ < : 1.17
66 528 000(n + 1)° n(C) —tn N4 3 66528000(n — 1)8 (117)

To obtain Theorem 1.1, we need the following lemma which was used in [8-12] and
very useful for constructing asymptotic expansions.

Lemma 1.1. If (z,,)n>1 s convergent to zero and there exists the limit
lim n®(zp, — Tpi1) =1 € [—o0, +00], (1.18)
n—oo

with s > 1, then

lim n* 'z, = . (1.19)

n— o0 s—1

Lemma 1.1 was first proved by Mortici in [11]. From Lemma 1.1, we can see that
the speed of convergence of the sequence (x,,),>1 increases together with the value s
satisfying (1.18).

The rest of this paper is arranged as follows: In Section 2, we provide the proof of
Theorem 1.1. In Section 3, the proof of Theorem 1.2 is given. In Section 4, we complete
the proof of Theorem 1.3. In Section 5, we give some numerical computations which
demonstrate the superiority of our new convergent sequences over the classical sequences
and Mortici’s sequence.

2. Proof of Theorem 1.1

First, we deal with (1.8). Based on the argument of Theorem 2.1 in [12] or Theorem 5
in [14], we need to find the value a; € R which produces the most accurate approximation
of the form

2 2

- n n 1 n a
af) =3 k) (4 3 a2 2 1)
k=1

To measure the accuracy of this approximation, a method is to say that an approximation

(2.1) is better if wi — In(A) converges to zero faster. Using (2.1) and developing the

power series in 1/n, we have
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L _ 7200 +1 7200y —1 8404y + 1 ( 1 )

= 2.2
ntl 360n3 240n4 210n5 (2.2)

1
From Lemma 1.1, we know that the speed of convergence of the sequence (wg) —
In(A)),>1 is even higher as the value s satisfying (1.18). Thus, using Lemma 1.1, we
have:

(i) If a3 # —1/720, then the rate of convergence of the sequence (w%l) —In(A4))n>1
is n™2, since

_ 720a; + 1

lim n?(w) —In(A
Jim 7 (w n(A)) =20

£0.

(ii) If a3 = —1/720, then from (2.2), we have

b w11 1
w%)_w"+1__1260$+0<$

and the rate of convergence of the sequence (w$"” — In(A)),>1 is n~%, since

1
i 4D _ -
nh_r&)n (w,,” —In(A)) 010

We know that the fastest possible sequence (w%”)nZl is obtained only for a; = —1/720.

Next, we define the sequence (wg))nzl by the relation

n 2 2 1
(2) — I L S T 2.3
w! I;k:ln(k:) <2+2+12 ln(n)+4+nn+%2. (2.3)

Using the same method from (2.1) to (2.2), we have

(2.4)

w® — @ _ Tag—1  1—Tay | 140ag — 17 — 4243 O<1>,

n T T 196005 T 50An0 504007 n®
The fastest possible sequence (wg))nzl is obtained only for as = 1/7. Then, from (2.4),
we have

2 2 _ 1 1
w —wnis = Geger O <n8>

and the rate of convergence of the sequence (w,(?) —1In(A))n>1 is n75, since

1
i 6w _In(A)) = —
nhm n°(w,; n(A)) 1112

Similarly, we have ag = 5/14, - - -, the new sequence (1.8) is obtained.
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Next, we deal with (1.9). We need to find the value b; € R which produces the most
accurate approximation of the form

n 3 2 3 b
s =3 K In(k) - (n—-l-n——kE)ln(n)—i—n——ﬁ—F—l. (2.5)
k=1
Using (2.5) and developing the power series in 1/n, we have

s _

360b; — 1 1—360b;  420b; — 1 1
) ! L ( ) (2.6)

Sntl T 36002 T 36003 | 42001 n

From Lemma 1.1, we know that the speed of convergence of the sequence (81(11) —In(B))n>1
is even higher as the value s satisfying (1.18). Thus, using Lemma 1.1, we have:

(i) If by # 1/360, then the rate of convergence of the sequence (sﬁﬁ) —In(B))p>1 isn7t,
since

-1
lim n(s(Y —In(B)) = 3606, — 1

(if) If by = 1/360, then from (2.6), we have

n_m _ 1 1
s =iy = 2520m8 © <n5

and the rate of convergence of the sequence (557,1) —In(B)),>1 is 3, since

1

lim n?(s() — In(B)) = —.

i (s = In(B)) = 7565

We know that the fastest possible sequence (3511))”21 is obtained only for b, = 1/360.
Similarly, we have by = 1/21, b3 = 53/210, - - -, and the new sequence (1.9) is obtained.
Finally, we deal with (1.10). We need to find the value ¢; € R which produces the

most accurate approximation of the form

n 4 3 2 1 n4 n2 c
O =N Bk - (S L)) oA 2.7
n ]; e e R o7l A R TR T e (2.7)

Using the same method from (2.5) to (2.6), we have

tH — (2.8)

) 5040c; —1 | 1—5040c;  100800c; — 17 1
O .
nb

ntl T 959003 1680n4 2520015 nb

The fastest possible sequence (t%l))nzl is obtained only for ¢; = 1/5040. Then, from
(2.8), we have
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1) _ (1) 1 1
)t = saoons ¢ <n6)

and the rate of convergence of the sequence (t,(ll) —In(C))p>1 is n™4, since

1
lim nd(t?) — 1 -
i (6, = In(C) = 55

Similarly, we have c¢; = 3/20, ¢3 = 703/1980,---, and the new sequence (1.10) is
obtained.

3. Proof of Theorem 1.2

First, we deal with (1.12). Let

Since wgf), wﬁlz) converge to In(A), we only need to show that (w%g))nzl is strictly

increasing and (wg))nzl is strictly decreasing.

Let fa(z) = wt?) — wﬁzl, ga(z) = wt? — wf_&l. By some calculations, we have

Fy(x)

" _

A) = 21025 (x + 1)(222 + 1)2(22° + 622 + 7w + 3)L 0
G

i) = Aty <0

3023(z + 1)3(722 + D)4 (722 + 14z + 8)F

where

Fa(x) = 23680z + 165 76023 + 556 38422 4 1183 4242 + 1792 6242.1°
4206568027 + 1891 5202% + 1417 1842”7 + 885 34425 4 465 1842°
+ 204 710z* + 735002° 4 20 6552 + 41852 + 405,
G a(z) = 3705943522 + 222356 6102 4 583 202 90020 + 877 745 57527
+ 839828 9832% + 538 765 1922” + 241 633 8962° + 79 8322215
+ 209278022 + 4831 4982° + 1021 44022 + 143 360z + 20 480.
Combining f/{(c0) = 0, ¢g/4(c0) = 0 and f4'(x) > 0, ¢’{(z) < 0, we have f}(z) < 0,
g4(x) > 0 for & > 1. Thus, fa(z) is strictly concave, and ga(z) is strictly convex.

Combining fa(co) = 0 and ga(oo) = 0, we obtain fa(z) < 0 and ga(z) > 0 for z > 1.
The proof of (1.12) is completed.
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Next, we deal with (1.13). Let

1 1
2) _ 360 3) _ 360
s = s+ =0 s =5, + —0—
n‘f’% n -+ 2l
n+210

We only need to show that (s% ))n21 is strictly increasing and (5%3)%21 is strictly de-
creasing. Let fp(z) = s — sﬁl, ge(x) = s — 3;(53421 By similar calculations, we
have ff(z) > 0 and ¢/§(z) < 0. Combining f7(c0) = 0, g/5(c0) = 0 and f%'(z) > 0,
g (x) <0, we have ff(z) <0, g5(x) > 0 for x > 1. Thus, fp(z) is strictly concave, and
gp(z) is strictly convex. Combining fp(0co) = 0 and gp(oco) = 0, we obtain fp(x) < 0
and gp(x) > 0 for « > 1. The proof of (1.13) is completed.

Finally, we deal with (1.14). Let

1 1

ﬂm:t+_J%L7é?:%+ mg '
n+ S N+ —%0a—
n+ 530

We only need to show that (t% ))n>1 is strictly increasing and (tﬁf’))nzl is strictly de-
creasing. Let fo(z) = @ _ t:(flp go(z) = ¥ — tgi)_l By similar calculations, we
have fZ(x) > 0 and g&(xz) < 0. Combining f{(c0) = 0, g(c0) = 0 and f¥(z) > 0,
g (x) <0, we have fi(z) <0, gi(x) > 0 for > 1. Thus, fo(z) is strictly concave, and
gc(z) is strictly convex. Combining fc(oco) = 0 and ge(oco) = 0, we obtain fo(x) < 0

and go(x) > 0 for z > 1. The proof of (1.14) is completed.
4. Proof of Theorem 1.3

First, we prove (1.15). Based on the argument of Theorem 1 in [6], it is easy to

have
W ~In(4) = 3w - Z Full (4.1)
k=n
By some calculations, we have
fu(@) = =Fu()/Gu (), (4.2)

where
Guw(r) = 360x(z + 1)(72% + 1)?(72? + 142 + 8)?

and
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Fyu(x) = 1920 + 600 6632> + 29 809z — 74880 In(x + 1)2 4 864 360 In(z)z'*
+ 136 7622 — 15188040 In(x + 1)2® — 7717500 In(z + 1)z°
+ 3582180 1In(n)x’ + 864 3602'° + 4321 8002 + 9209 5502.°
+ 10907 4002”7 + 1330560 In(z)x* + 11520 In(z)x — 4753 980 In(z + 1)2'°
— 1330560 In(x + 1)z* + 15188040 In(x)2® 4+ 1833 174" + 428843125
4 810425725 + 12947 760 In(x)2” — 12947 760 In(x + 1)z” + 74 880 In(x)z>
—3607201In(x + 1)z — 11520 In(x + 1)x — 864 360 In(x + 1)z*!
+ 7717500 In(x)z® — 11298420 In(x + 1)z — 3582180 In(z + 1)2°
4360 720 In(x) x> + 4753980 In(z)2'* + 11298 420 In(z)2”

By some calculations, we have
Gow(z) — 33625 F,(2) > 0 (4.3)

as x > 1. For the upper bound in (1.15), we have

—fu(x) = gz((?) < 33:78. (4.4)
Since f,,(00) = 0, we have
o0 o0 k
/f x)dr < % r 8 = ﬁk_ % / " dx. (4.5)
k k—1

Combining (4.1) and (4.5), for all natural numbers n > 2, we have

k 0o
=1 e 1 . 1
- - = (4
<,; 2352 / = 535 / %= g ore (40

For the lower bound, combining (4.2), we have

Fy(x) 1
_ g — v 4.7
Fol®) =G5 7 336G 11 (47)
where we use the following fact, for = > 1,
Gu(z) —336(z + 1)%F,(z) < 0. (4.8)

Combining (4.7), we have
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oo k+2
1
— 1) 8dx = — “Tdz.
/fw Ydx > 336 (r+1)"%dz = 2352(/’4:—|— H~" > 5350 " 'dx
k1
(4.9)
Combining (4.1) and (4.9), we have
k+2 o) 1
Ty = ————————. 4.1
wi? Z2352/ 2352 /x =m0
kF1 nt1

Combining (4.6) and (4.10), we complete the proof of (1.15).
Next, we prove (1.16). It is easy to have

In(B) - s =3 (s}, — s = Z £o(k). (4.11)
k=n

For the upper bound in (1.16), by similar calculation, we have

—fulx) < %, (4.12)
for x > 1. Since fs(00) = 0, we have
o0 oo k
7/f‘é(x)d 52 920 / =317 520k 317 52 / z"%de. (4.13)
k k -
Combining (4.11) and (4.13), for all natural numbers n > 2, we have
A r 53
In(B) — 51 < 31752 / 317520 / T 1587600(n — 1)
(4.14)
For the lower bound, by similar calculation we have
—fulx) > Wm, (4.15)
for z > 1. Combining (4.15), we have
r r 53 53 1
/f Jdv > 55 920/ = 317520 V7> 317500 / v e
k k k+1

(4.16)
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Combining (4.11) and (4.16), we have

k+2 o
— 53 53 53
In(B) — s{?) > /—6d: /—Gd: :
a(B) =2 > > sirsan | © %= 37w | ¢ = Teg 600(n + 1)°
k=n k41 nt1
(4.17)
Combining (4.14) and (4.17), we complete the proof of (1.16).
Finally, we prove (1.17).
2 2
m(C) =t =Yt —t7) =D fi(k). (4.18)
k=n k=n
For the upper bound in (1.17), by some calculation, we have
703
—fi —_ 4.1
11(®) < 1531000 (4.19)
for > 1. Since f;(00) = 0, we have
03 [ 703 f
/ft /x_gdx = k< / 7 da.
1 1584000 11088000 11088 000
k —
(4.20)
Combining (4.18) and (4.20), for all natural numbers n > 2, we have
k r 703
In(C) -t < / / :
(©) Z 11 088 000 1 088 000 ~ 66528 000(n — 1)6
(4.21)
For the lower bound, by similar calculation, we have
703
—fl(z) > , 4.22
1) > 1551000 T 1)F (4.22)
for z > 1. Combining (4.22), we have
r 703 [
k)y=— [ fl(x)de > ———— 1)7%d
flb) == [ fitoyds > s [@ )
k k
703 703 e
= (k4+1)" "> ——— “Tdx. 4.2
rrossoo0 " Y > T10ss 000 /m v (4.23)

k+1
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Table 1

Simulations for w,, W, and w(?.

D. Lu et al. / Journal of Number Theory 163 (2016) 434—448

n

w, —In(A)
in(A)

W, —in(A)
in(A)

w’(?) —In(A)
n(A)

10
25
50
100
250
1000

5.5754 x 107°
8.9314 x 10~°
2.2332 x 107
5.5833 x 1077
8.9334 x 1078
5.5834 x 107°

3.9466 x 10710
1.6308 x 10712
2.5513 x 1071
3.9877 x 10716
1.6335 x 1018
3.9881 x 10722

2.8087 x 10710
1.1642 x 1012
1.8221 x 10~
2.8483 x 10716
1.1668 x 1018
2.8487 x 10722

Combining (4.18) and (4.23), we have

k+2 %)

= 703 703 703
n(C) -t > 7/ “7d =7/ “Tdy = .
n(C) — ty ;11088000 T T 11088000 / YT 66528000(n + 1)
=n k+1 n+1

(4.24)
Combining (4.21) and (4.24), we complete the proof of (1.17).
5. Numerical computation

In this section, we give three tables to demonstrate the superiority of our new con-
vergent sequences

1

1 1

w1(12):wn+ll701a 8512):5n+£017 tg):tn"_l Ms

nn + Z n4+ 2L oy + 20

over the classical sequences w,, Sy, t,, and Mortici’s sequences
1 1 1 1
Wn: U —— P YT VR Sn:n oen.  mEAn_ 30
Un = o002 5040 *n 3600~ 756007
1 1

Tn =t 5500n2 ~ 336000
respectively.

Combining Theorem 1.1, Theorem 1.2 and Theorem 1.3, we have Table 1, Table 2
and Table 3.

In conclusion, we assert that the use of continued fractions in the problem of approxi-
mating the constants of Glaisher—Kinkelin type is more adequate than the use of classical
asymptotic series as in Mortici [13], since more accurate approximations are obtained.

Moreover, sequences in (1.8)—(1.10) were obtained by using a step-by-step procedure.
We propose as an open problem the finding of an systematical method to present the
general term of the sequences which define the continued fractions (1.8)—(1.10).
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Table 2
Simulations for s,, S, and sg).
" In(B)—sn In(B)— Sy, in(B)—s®
in(B) in(B) in(B)

10 9.1186 x 1073 1.2935 x 1078 1.0868 x 10~8

25 3.6489 x 1072 1.3329 x 10710 1.1211 x 1071

50 1.8245 x 1073 4.1692 x 10712 3.5072 x 10712

100 9.1228 x 107* 1.3032 x 10713 1.0963 x 1013

250 3.6492 x 1074 1.3345 x 1071 1.1227 x 1071

1000 9.1229 x 107° 1.3033 x 10718 1.0964 x 10718

Table 3
Simulations for ¢,,, T}, and tf)‘
n In(C)—t, In(C)=T, n(C) -t
—in(C) —in(C) —in(C)
10 9.5911 x 10~° 7.2008 x 10710 5.0429 x 10710
25 1.5365 x 107° 2.9755 x 10712 2.0905 x 10712
50 3.8419 x 1076 4.6552 x 107 3.2721 x 10714
100 9.6053 x 1077 7.2761 x 10716 5.1149 x 10716
250 1.5369 x 107 2.9805 x 10718 2.0953 x 10718
1000 9.6054 x 107° 7.2768 x 10722 5.1156 x 10722
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