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0. Introduction

Modular forms are of great interest in modern number theory, one reason being that their Fourier
coefficients carry number theoretic information. A theta series attached to a positive definite quadratic
form Q is an example of this: Given L =Zv{ ® --- ® Zvy, scaled so that Q (L) C 27Z, set

O(LiT)=> emeOr,
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* Fax: +44 (0) 117 928 7999.
E-mail address: l.walling@bristol.ac.uk.

0022-314X/$ - see front matter © 2012 Elsevier Inc. All rights reserved.
http://dx.doi.org/10.1016/j.jnt.2012.10.007


http://dx.doi.org/10.1016/j.jnt.2012.10.007
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jnt
mailto:l.walling@bristol.ac.uk
http://dx.doi.org/10.1016/j.jnt.2012.10.007

L.H. Walling / Journal of Number Theory 133 (2013) 1608-1644 1609

where 7 lies in the complex upper half-plane; it is well-known that 6(L; t) is a modular form of
weight m/2. As a Fourier series, 0(L; T) =) .., (L, 2t)e2™iT \where the Fourier coefficients are the
representation numbers

r(L,20) =#{teL: Q(t) =2t}.

For each prime p we have a Hecke operator T(p) acting on the space of modular forms; Hecke oper-
ators help us study Fourier coefficients of modular forms, as the space of modular forms has a basis
of Hecke-eigenforms, and the Fourier coefficients of a Hecke-eigenform satisfy arithmetic relations.

Siegel was interested in generalised representation numbers that tell us the number of rank n
sublattices A of L on which Q restricts to T, T any other quadratic form. For this he introduced
generalised theta series, giving us the first examples of Siegel modular forms. These modular forms
have Fourier series supported on symmetric, n x n, even integral matrices (so the diagonal entries
of these matrices are even). We again have Hecke operators, but for each prime p, we now have
operators T(p) and Tj(pz) (1 < j < n) generating the local Hecke algebra. For integral weight, the
action of T(p) on Fourier coefficients is given in [9], and the action of T]-(pz) on Fourier coefficients
is given in [6]. In this paper we turn our attention to the half-integral weight case.

Hecke operators on half-integral weight Siegel modular forms, particularly Siegel theta series, have
been studied before, notably by Zhuravlév using a representation theoretic approach. In [17], the
author defines and explains properties of Hecke rings over a universal cover of the symplectic group;
to help accomplish this, he uses a theta lift. In [18], the author considers the twisted Dirichlet series

Z A(det M)c(fMRM)(det M)—(s+lc/2—1)
M

where ¢(T) is the Tth coefficient of a weight k/2, degree n Siegel modular form F (here k is odd),
A is a completely multiplicative function (with moderate growth), R is fixed with detR # 0, and M
runs over a set of n x n integer matrices with positive determinant. When F is an eigenform for all
the Hecke operators attached to primes not dividing the level of F, he uses the spherical map (which
takes the Hecke ring into a ring of symmetric polynomials) to aid in establishing a factorisation of
this Dirichlet series. The factorisation is a product over the primes p not dividing the level of F; for
each such p, the corresponding factor is a product of “Euler factors” that encode the eigenvalues,
“Euler factors” that encode the generating relations in the local Hecke algebra, and a polynomial in
the Rth coefficients of the images of F under certain elements in the local Hecke algebra. The author
also shows that this series has analytic continuation. In [19] the author uses a generalised theta lift to
take an automorphic form on an (adelised) orthogonal group to an automorphic form on the universal
cover of the (adelised) symplectic group; this latter form corresponds to a half-integral weight, vector
valued theta series with a spherical harmonic. In [20] the author develops formulas for generalised
Brandt matrices that give the action of the Hecke operators on these (generalised) theta series with
spherical harmonics. One of his applications is to express, in terms of the Brandt matrices, some
representation numbers of quadratic forms by quadratic forms. Finally, in [21], the author gives a
recounting of this theory in a unified manner. At the end of the paper he specialises to half-integral
weight, vector valued theta functions without spherical harmonics; he explicitly describes the Euler
factors in his factorisation of the corresponding Dirichlet series as considered in [18] (although here
he includes a twist by a character in the Dirichlet series). Further, he establishes conditions for linear
dependence of theta series.

In this paper we take a different tack: Instead of using representation theory, we modify classical
methods to explicitly determine the action of Hecke operators on the Fourier coefficients of a Siegel
modular form of half-integral weight, and then we use elementary techniques to obtain various appli-
cations. We begin by considering the standard generators of the Hecke algebra; using the algorithm
developed in [6], we obtain an explicit set of matrices giving the action of these Hecke operators.
Then elementary techniques allow us to give a completely explicit formula for the action of these
Hecke operators on Fourier coefficients (see Proposition 2.1 and Theorem 2.4). However, the formulas
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for this action involve generalised “twisted” Gauss sums; while the values of these Gauss sums are
explicitly known (proved in [11], repeated in Proposition 1.4), they are sufficiently complicated so that
computations with these operators are cumbersome. Thus we introduce an alternate set of genera-
tors Tj(pz) for the Hecke algebra; taking a very direct approach, we obtain an explicit formula for
the action of these operators on Fourier coefficients (Theorem 3.3). From this we rather easily obtain
several applications: First, we extend [14,15] to reprove Siegel’s result that, with L an odd rank lattice
equipped with a positive definite quadratic form, the average theta series ™ (genL) is an eigenform
for the Hecke operators attached to primes not dividing the level. Further, we explicitly compute the
eigenvalues of the average theta series (Theorem 4.3), and we identify Hecke operators that annihilate
the (unaveraged) theta series (Theorem 4.5). Next, we bound the eigenvalues of Hecke operators in
terms of bounds on Fourier coefficients (Theorem 5.1). Then we give a quick proof that the “Kitaoka
space” of half-integral weight is invariant under all Hecke operators, where the Kitaoka space consists
of those forms whose Fourier coefficients depend only on the genus of the parameter (Theorem 6.2).
Finally, we observe that the formula for the Fourier coefficients of f |Tj(p2) is virtually identical to
the formula in [16] for the Fourier coefficients of Fﬁ:j(pz) where F is a Jacobi modular form of in-
dex 1; from this we see that with #™ (7, Z) the classical Jacobi theta series, f(t) — f(7)0™ (z, Z)
is a Hecke-invariant isomorphism from the space of modular forms of level N, character x, weight
k + 1/2 onto the space of “even” Jacobi modular forms of level N, character x’, weight k + 1, and
index 1 (Theorem 7.4). (We say a Jacobi modular form is even if it is supported only on pairs (T, R)
where R, which multiplies Z in the exponential, is even. The relation between the characters x and
x’ is stated and explained in Theorem 7.4.)

Note that Ibukiyama has a result related to the last application of our formula. In [7], with-
out explicitly knowing the action of Hecke operators on Fourier coefficients, Ibukiyama shows that

there is a Hecke-invariant isomorphism between a Kohnen-type subspace MZ’+1/2(F0(")(4), 1) and

Jer1a (1“0("’1)(1), 1). Presuming there is a way to define a Kohnen-type subspace M,jﬂ/z(]"o(”) (4N), x)
for arbitrary level N € Z; and character x, and that there is a Hecke-invariant isomorphism

v:M,fH/Z(FO(")MN), Xx) — ],<+1,1(1“0("’1)(N),X’), we should have the following: Let n denote our

isomorphism from ],ff1“.1(1’()("‘1)(4N), x') onto Mk+1/2(F()(”)(4N), Xx), and let B4 be the “shift opera-

tor” mapping f(t) to f(4t). Then B4 should map Mk“/z(l“o(") (4N), x) into M;+1/2(F()(“)(16N), x),
and v o B4 o 1 should be the identity map.

Thanks go to Cris Poor, David Yuen, Jurg Kramer, Martin Raum, Richard Hill, and Abhishek Saha for
helpful and interesting conversations.

1. Preliminaries

Here we review the basic definitions, terminology, and results we rely on in the rest of the paper.
To read more about the basic theory of Siegel modular forms, see for instance [1,2,4]; to read more
about the basic theory of quadratic forms, see for instance [5,10].

Given odd m € Z4 and a lattice L =Zv1 @ --- & Zv;y equipped with a positive definite quadratic
form Q, and given n € Z with n > 1, Siegel’s generalised theta series is

oM(Lit)= ) el'GQer}

Gezmn

where T e Hipy = (X +iY: X, Y € Rgﬂn, Y > 0} and e{*} = exp(wiTr(x)); here we have associated Q
with a symmetric m x m matrix relative to the given basis for L. We assume that Q has been scaled
to be even integral, meaning that %Q x € 2Z for x € Z™! (and hence as a matrix, Q is integral with
even diagonal entries). The level of L is the smallest positive integer N so that NQ ~! is even integral.
(Note that since L has odd rank, 4|N; see Theorem 8.9 of [5].) As stated precisely in Theorem 1.2, and
proved, for instance, in Section 1 of [1], 9™ (L; t) transforms under the congruence subgroup
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F()(n)(N) = {(? g) € Spn(Z): C =0 (mod N)}

(here Sp,(Z) is the symplectic group over Z; in our notation, the elements of Sp,(Z) are 2n x 2n

A B) € GSp;'(Q) act on Siegel's upper half-space Hyy by y7 =

matrices). Note that elements y = (C D

(AT +B)(Ct + D)~ 1.
We will need the following result, which is proved, for instance, in Lemma 1.3.15 of [1].

Theorem 1.1 (Inversion Formula). Let L be a rank m lattice, m odd. Define the dual of L to be

1*={weQL: Bo(w,L) S Z},

where Bq denotes the symmetric bilinear form associated to Q via the relation Q (x + y) = Q () + Q (y) +
2Bq (x, y). Also, for Go € Q™", define the inhomogeneous theta series

0L, Go;T)= Y e{QIG+Golt},

Gezmn

where Q [E]='EQE. Then

6™ (L, Go: 7) = (det Q)2 (det(—1)) ™* 3 e{-Q'[Glt ™" —2'GGo}.
GEZmn

Here (det(—it))'/2 is taken to be positive when T =iY, Y > 0; in general, the sign is found by analytic
continuation.

One can use this to derive the Transformation Formula (below), either as done in Chapter 1 of [1],
or alternatively, by adapting Eichler’s argument (where n was 1), beginning with the identity

(AT +B)(Ct+ D) '=D 1B+ D 1t (Dt 4+ D)!

(valid when det D # 0). Eichler’s approach yields the character as a generalised Gauss sum, which can
then be evaluated using fairly standard techniques (see [3]).

Theorem 1.2 (Transformation Formula). For L a rank m = 2k + 1 lattice of level N and y = (’g g) € FO(")(N),
(=Dk2det Q

oM (L; = det(Ct + D)™/?
(L; yt) =det(Ct + D) et D]

) sgn(det D)0 ™ (L; 7).

Here, for det D # 0, lim, _, o+ det(CiAl 4+ D)!/? = (det D)!/2, and in general the value of det(Ct + D)1/? is
found by analytic continuation.

In particular, this theorem applies to the basic Siegel theta series

(@) =0"(2:1)= ) ef2'GGr}
Gezl.n

with y € FO(") (4). Thus we can simplify our notation by introducing automorphy factors and the slash
operator, as follows.
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Given y € GSp;F(Q), an automorphy factor for y is an analytic function ¢ : Hup — C so that
lo(y, T)]? = |det(Cy T + Dy)|/y/dety. Given y1,¥» € GSp;F (Q) with corresponding automorphy fac-
tors @1, @2, we define the product of the pairs [y1, 1(7)], [¥2, 2(T)] by

[Y1. 01(D][y2. 02(D)] = [V172. 01 (12D @2(7) .
Correspondingly, we define a weight m/2 action of such a pair [y, ¢(t)] on f:Hu — C by
fOIy. @] = fOlmpe[y. ¢@]=0@ ™ f(y.
The default automorphy factor for y € 1“0(”)(4) is

6™ (y1)
oM (7)

and we write ¥ to denote [y, 8™ (y1)/0™ (1)].

Definition. Given k,n, N € Z, with 4|N and x a Dirichlet character modulo N, a Siegel modular form
of degree n, weight k +1/2, level N and character y is an analytic function f :#n) — C so that

flis12¥ = x(detDy) f

for all y € I'p(N). Here D, denotes the lower right n x n block of y; often we simply write x (y) to
denote x (D, ). We write Mk+1/2(1’0(”)(N), X) to denote the space of all such modular forms.

Remark. Suppose L, Q,N are as in Theorem 1.2. Note that (§™(1))™ = 6™ (Ly; ) where Lo is a

rank m lattice with quadratic form given by 2Ip,. Thus for a lattice L of odd rank m and level N, and
ye F()(”)(N), Theorem 1.2 gives us

0™ (L; )| = x(det D,)0™(L; T)

where, for d #0, x(d) = (ZdztlQ).

Suppose f € Mk+1/2(1“0(")(N), x). Then for any B € Zgy,, we have (1 lf) € FO(")(N), and hence

f(t + B)= f(t). Since f is also analytic, f has a Fourier series expansion

f(ry=) c(Te{Tt}

T

where T varies over n x n, even integral matrices T with T > 0 (meaning T is positive semi-
definite). Further, for any G € GL,(Z), we have y = (Gfl fc) € Spn(Z) and 6™ (y1) = 0™ (7); so
f(GT1'G1) = x(detG) f(t), and consequently, c(!GTG) = x (det G)c(T). Hence we can write

f)=) c(Ae*{Ar}

clsA

where cls A varies over isometry classes of rank n lattices equipped with even integral, posi-
tive semi-definite quadratic form (oriented when x(—1) = —1), c(A) = ¢(T) where T is a matrix
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for the quadratic form on A, and e*{At} =) e{!GTGt} with G € O(T)\GLy(Z) if x(=1) =1,
G € OT(T)\SLy(Z) if x(—1) = —1. (Here O(T) is the orthogonal group of T, 0™ (T) = O(T)NSLy(Z).)

Definitions. A pair of n x n integer matrices (C, D) is called a coprime symmetric pair if CD is
symmetric, and for G € GL,(Q), G(C, D) is integral only if G € GL,(Z). (Note that if (’é g) € Spn(Z),
then (C, D) is a coprime symmetric pair, as is (‘B, ‘D). Conversely, if (‘B,'D) is a coprime symmetric

pair, then there is some (’é g) € Spn(Z).) For (‘B,'D) a coprime symmetric pair of n x n integral

matrices with det D # 0, we define a generalised Gauss sum

geD)= > ef2'cGBD7}.

Gez\n/zlntp
Thus for b, d coprime integers with d # 0, G, (d) is the classical Gauss sum.

Remark. When following Eichler’s approach to prove the Transformation Formula, we encounter the
Gauss sum

gs(D;Q)= Y  e{'GQGBD '},

GEZW,H/ZWI,H [D
which we can evaluate using the theory of quadratic forms over finite fields.
Proposition 1.3. Suppose p is an odd prime, D = diag{I,, pl,, p21r2, I3} and Y is the integral matrix

Yo p Y, 0 Y3

t

Y = Y, Yy O
0 0 I,
ty3

where, fori =0, 1, Y; isr; x rj and symmetric. Then

det Y

Gy(D) = Pr2< )g1 ("

where G (p) is the classical Gauss sum.

Proof. With Y, D as above, we have

Gy(D)= Y e[2'GiGiv1/p} > e{2'GaGy/p?).

Grez'"1 GyezZl2
It is easy to see that
r
;
> ef262Gy/p?) = ( > e{2g2/p2}> =G1(p?)? =p".
G gEL/pZ
Then, since Y7 is symmetric and p is odd, the quadratic form given by Y1 can be diagonalised over [Fp.

Since SL;(Z) maps onto SL.(Fp) (see, for instance, p. 21 of [12]), we can find E € SL;,(Z) so that
EY;'E =diag{us,...,ur,} (mod p), and thus
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Y e{2GiGiY1/p) = e{24(GiE~Y)(G1E)U/p)

Gq G1
where U = diag{uy, ..., uy, }. Since G1E~! varies over Z"/pZ!" as G; does, we have
> e{2'G1G1Y1/p} ng, (p) = ( )(g1 )"
Gy
Finally, note that detY; = detU, so (u1 Uy — (de;Y1 ). O

Next we introduce some notation for various types of representation numbers. Let p be a prime,
F=Fp; let T eIFgg,‘fn, S € Fgym, a < d. We set

r(T,S) =#|C eF": [cTC =5},
r*(T,S) = #{C e F**: 'CTC = S, rankp C =a}.

Thus (T, S) is the number of times T represents S, and r*(T, S) is the number of times T primitively
represents S. We use O (T) to denote the orthogonal group of T, i.e.

0(T)={G e GLy(F): 'GTG =T},

and set o(T) =#0(T). When Y =!GTG for some G € GLy(F), we write Y ~T.

When V is a dimension d vector space over F with a quadratic form given by a symmetric ma-
trix T (relative to some basis), we call V a quadratic space over F, and we write V >~ T. We say V
is regular if detT # 0. With W another quadratic space over F with dimension a < r and quadratic
form given by a symmetric matrix S, we set

(T, S)
o(S)

R*(V,W)=

so R*(V, W) is the number of dimension a subspaces W’ of V isometric to W, meaning that relative
to some basis for W', the quadratic form on W' is given by S. If dimV < dim W, then R*(V, W) =0.

Now suppose the prime p is odd. We use H to denote the dimension 2 quadratic space over I,
with quadratic form given by the matrix (1, —1) = diag{1, —1}; we also write H ~ (1, —1). Similarly,
A denotes the dimension 2 quadratic space over Fj, so that A >~ (1, —w), where (%) = —1. Given any
dimension d quadratic space V over Fp, V splits as Vg L R, where Vy is regular and R =rad V =~
(0)%, some s > 0 (where (0)° denotes the s x s matrix of zeros). Also, the isometry class of Vy is
determined by the dimension of Vg and the value of the Legendre symbol (d‘SCTVO) where disc Vg is
the determinant of a matrix for the quadratic form on Vj (so disc Vg is well-defined up to squares
in F). We have

HC if dil‘l‘IVOZZ(:7 (dlS;fVO):(—T])C’
HC LA if dimVo=2c, (456Y0) 2 (=1)c,

12

Vo .

HE L {(w) ifdimVo=2c+1, (diS;fVo)#(—Tl)C.
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(Note that while Vy is not uniquely determined by V, the isometry class of V is.) We say V is totally
isotropic if V =radV, i.e. V >~ (0).
We now define another generalised Gauss sum that we will later encounter.

Definition. Suppose p is an odd prime and V is a dimension d quadratic space over F =T, with
quadratic form given by T modulo p, where T is an even integral matrix over Z. Then we define the
twisted Gauss sum G*(V) by

d
gwy= Y ( e;Y>e{YT/p}.

Ye]F‘Sig,‘,’n
We define the normalised twisted Gauss sum §(V) by

Gy =p (G (p) g (V).
When V = {0}, we agree that §(V) =1.
By Theorem 1.3 of [11], we have the following.
Proposition 1.4. With p an odd prime, we have:
G(H L (0)°) =G(H " LA L(0)%)

_ (_1)Cp(C+X)2_(C+x) l_[;(:] (pZi—1 -1 l'fS = 2x,
0 ifs=2x+1;
and with n e F>,
— 2 i .
G(HC L (2n) L (0)°) = (=DEGHP T (! = 1) ifs=2x,
_1\C (X% —(c+x) TTX 2i—-1 _ e 9y
(=Dp [Tiza(p 1) ifs=2x—1.

There are several elementary functions we use throughout: For fixed prime p and m,r € Z with
r>0,

r—1
§(m.r)=8,(m,r)=> "(p"" +1),

i=0

r—1 )
pm, )= pp(m,ry=>y (p" 1),

i=0

8(m,0) = u(m,0)=1.
When we have m>r >0

p(m,r)
wu(r,ry’

ﬂ(ms r) = ﬂp(ms r) =

which is the number of dimension r subspaces of a dimension m space over F,. We will sometimes
write, for instance, §u(m,r) for §(m,r) - w(m,r).
We will frequently use the fact that Tr(AB) = Tr(BA), and hence e{AB} = e{BA}.
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2. The standard generators of the Hecke algebra
We begin this section by defining the standard generators of the Hecke algebra for half-integral
weight Siegel modular forms; then we analyse their action on Fourier coefficients.

Fix N so that 4|N, and set I" = (7: y € I (N)}; let § = [(’” ,),p‘“/z]. Similar to the case of
integral weight, we define

FIT(p)=) X(FI5'¥
v

where ¥ runs over a complete set of representatives for (F HEI:E‘])\F. For 1< j<n, set

plj Xj = _in
Xf=< ! ,n_j)’ 51=< X)) and 5 =[8;, p~/"%].

For F € Myy1,2(Iy" (N), x), define

FITi(p?) =) X (FI8; 'Y
7

where $ runs over a complete set of representatives for r ﬂgjl':gjq)\ﬁ
Proposition 2.1. For F € My.1,2(N, x) and p prime, F|T(p) =0

Proof. With ¢ € 27, write 8™ ((¢); t) for 6™ (L; T) where L = Zx ~ (£). So 6™ (1) = 0™ ((2); 1).
Take y = ( ) el= F()(")(N) so that y’ =8y8~! e I'. (So p|C, and ptdetD.) By Theorem 1.2,

(n) -1\ _ 1/2 (n)
0™ (ys~"'t) =det(Ct/p + D) (ldtD|>9 (T/p),
and
o™ (y't)=0"(2p) y/p)
4p
— 1/2 (n) .
=det(Ct/p+ D) <|detD|>9 (2p); t/p)
_ 12( P ()
=det(Ct/p + D) <|detD|>9 (7).
Thus
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and hence with I = 81871, [(If—r;?’) I HEF:SL]] < 2. To show this index is 2, choose a prime
qtN so that (g) = —1. Choose a,b € Z so that ag — Nbp =1, and set

a b
Infl 01171
= erl.
Yo Np q
On—l In—1
So
a pb
Yo= Sypd ! = N In—1 a On—1 erl,
On—l In—1

but ¥g # 87061, Therefore 1, ¥, are coset representatives for r 031:3_1)\(1“/3?/), and
FI8 g ==F1703"" = —x (o) 15"

So with ¥ running over a set of coset representatives for (I:HF’)\F , and noting that x (y{) = x (o).
we have

AT =Y " xFI8'7+ > X (vv) FI18 ' %7
4 4

= (Zﬂwﬂ’a‘l?) - (ZY(V)fIE’W)
Y Y

= 0’
proving the proposition. O

We use a similar argument to prove the following.

Lemma 2.2. Let I" = I'y(N) and let §;, 5} be as above. Set Ii= 81-1“8]7l ; then for p{ N,

—~

/ SRl A
FjﬁF_SJF(Sj nr.
Proof. Say y = (’2 g) eI’ so that y' = 6j)/8j_1 € I'. Then by Theorem 1.2,
) _ —1,y—1 -1 \1/2
6™ (y't)/6™ (v) = det(X;'CX} 't + X;'DX;)

=det(CX; X7 + D)

=" (ys;'7) /6™ (57 1),

and hence y’ :'5]')751._1. O
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Theorem 2.3. Take p a prime and F € M,<+1/2(F0(") (N), ).

a) If ptN, then

N
FITi(p?)= > x(detD)F[3; [( DZ1>,(dYeED))](G fc)

2,4

where §2, A vary subjectto pA C 2 C %A, and 2’1 varies over all codimension n — j subspaces of AN
2/p(A + £2). Here

D = D(£2) = diag{Iny, plj—r, P*Iny. In—j}
withr =ng +ny, and G = G(82, A}) € SLy(Z) so that
Yo Y 0 Y3

Or, g
Q2=AGD7'Xj, Aj=AG e ;. w=|PY2 1 0
0 0 0 I

tY3

with Yo symmetric, ng x ng, varying modulo p?, Y1 symmetric, (n —r) x (n — r) varying modulo p with
the restriction that p tdet Yy, Y2 no x (j —r), varying modulo p, Y3 ng x (n — j), varying modulo p.

If p|N, then
G~ 1
FITi(p ZF|S ( 1)( fc)

where $2 varies subject to pA C 2 C A, [A: 2]=pJ, G =G(82) € SLy(Z) so that 2 = AGXj and

(Yo Y3
Y_(% 0)

with Yo symmetric, j x j, varying modulo p?, Y3 j x (n — j), varying modulo p.

(b

=

Proof. By Lemma 2.2, a set of coset representatives for the action of the half-integral weight Hecke
operator Tj(pz) is {¥} where {y} is a set of coset representatives for the integral weight Hecke oper-
ator Tj(pz), and a set of representatives for this was given in Section 6 of [6]; note that the matrices
G presented there can be chosen from SL,(Z). Thus a set of coset representatives corresponding

to Tj(p?) on Myg1/2(Iy  (N), x) is
D ty\/G!
u w G

where (3 x) e I' = I{"(N) with U = diag{Uo, 0,_j}, W = diag(Wo. I,_j}, and G = G(£2, A)), D =

D(£2), Y vary as claimed. (From the definition, we know that for yy,y2 € I', )7?)75 = $1%>.) Note that
DW =1 (mod N), so X (detW) = x(detD).
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Suppose first p{ N. Set X = X;j, X' = XUD7'X,

(D Y (D Y T | .
y_<U W)’ /3_< D71>7 )/—8] yﬂ 8]—<X/ I)’

since XU = UX, X’ is integral and divisible by N, and so y’ € F()(”)(N). We will show that ¥’ =
Eflf[ﬂfl, (det D)(Gy (D))~ 118}, and hence

FI57'Y = FIP'S;'[B, (det D) 'Gy(D)] = FI8; [, (det D) Gy (D)].

We have

_1~[ﬂ, detD ]8 [, detD 6™ (yp7's; r)] ﬂq_(D‘] —Y)
Gv (D) Gy (D) 6W(p5;7) = D)

Also, since DU must be symmetric, DUD~! is integral and divisible by 4. Therefore, using the Inver-
sion Formula (Theorem 1.1), we have

“1(det(—it (X't +1)"") "

0" (ypl0T) =

-3 e{—%tgg(UDqXT+X7])‘L’71X71}

gezln

_ é (det X)~ (det(—it (X' +1) 1)) 12
> e{—%fgogOUD”}e(")((z) gD, —DXx 11X~ D)
£0(D)

= (det X)~!(det(—iD "Xt XD~1))"*(det(—it (XUD ' XT +1) "))/

1
. Z e{—ifgogOUD_1} Z e{2'ggD'XTXD™' — 2D gog}.
20(D) ezin

(By go(D) we really mean g € Z"/Z"D.) Since y,y ! are symplectic, we know UY = WD — I,
YU ='WD —1,and D' =UD"! with 4|U; thus

_ 1 _ _ _
e{2'(gU/2 + g)(goU/2 + YD} =e{—5fgogOUD '-2p 1rg0g}e{2rggyp .
Thus, remembering that det D, det X > 0,

0™ (y 8718;7) = (det D)~ (det(—it)) "/ (det(—it (XUD ' Xt +1) "))/

Y. e{2gU/2+g)(gU/2+ YD}

8.80€ZM"
go(D)

ef2'gg(D'XtXD ' - YD)}
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We know that (D, U) is a symmetric pair with U = diag{Ugq, Op—;}, so

Wy W3 Ws
U= p tW3 W1 Wy
pPWs p'Wy W,

with the diagonal blocks symmetric and of sizes ng x ng, (j —r) x (j —r), and ny x ny. Since we

‘ivv\]/‘; a//:) ; thus for fixed g € Z'", goU /2 + g varies

over Z'"/Z1'"D as gy does (recall that 4|U). Thus the sum on go is independent of the choice of g,
and so the sum on gg is Gy (D). Hence

also have that (D, U) is a coprime pair, pfdet(p

0™ (y 8718;7) = (det D)~} (det(—it)) "/ (det(—it (XUD ' Xz +1) "))/

Gy (D)™ (B718)7).

Next, recall that XU = UX with N|X’, and hence for g € Z"", 4|lggX’. Thus, using Theorem 1.1,
we have

9(”)(V/T) —

1 o —1\\—1/2 1, 4
o (det(—it(X'T+1) 1)) Z ei—fggr }
V2 gezln 2

= (det(—it (X't +1)7")) """ (det(~ir))'"?

6™ (7).
This means

0™ (y't)  Gy(D) oM (yp15;7)
oMW (r) — detD OMW(B-15;T) "’

completing the proof in the case that ptN.
In the case p|N, the argument is much simpler, as the coset representatives for (I“j/ N\

are those rgpresentatives as above where D = I. Since 2 = AGX, we have pA C 2 C A with
[A:2]=p). O

We complete this section by evaluating the action of Tj(pz) on the Fourier coefficients of a half-
integral weight Siegel modular form. These involve the normalised twisted Gauss sums, as defined in
Section 1 and whose values are given in Proposition 1.4.

Theorem 2.4. Take f € /Vlk+1/2(FO(H) (N), x) where 4|N, and let p be a prime. Let x’ be the character mod-
ulo N defined by

(_l)kJrl

"(d) = x ()| ——
X (d) X()( |

)(sgnd)"“.
(a) Suppose p t N. Given

1
A=A @ A1 @ Ay, -QZPAO@Al@EAZ

with nj =rank A;, r =ng + ny, set
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Aj(A,2)=x'(p)p/PHHmmotIom) NP R (A /p Ay, UNG(U)

csUu
dimU=j—r
if A, 2 are even integral, and set Aj(A, £2) = 0 otherwise. Then the Ath coefficient off|Tj(p2) is

> AA 2)c(R2).

pAgQg%A
(b) Suppose p|N. Then the Ath coefficient 0ff|Tj(p2) is

pi—k+1/2) Z ().

pACLcA
[A:2]=p

Proof. Suppose first that p{N; then p #2 and

f(f)ITj(pZ) = pk+1/2) Z X(detD)(detD)2’<+1gy(D)_2k_l
D.Y,G
Y e(Me{TXx 'DG't'cT DX He{TX 'Y DX !}
T

where D, Y, G vary as in Theorem 2.3, and T varies over all n x n even integral, positive semi-definite

matrices.
Fix T,G and D = diag{InO,ij,r,pzlnz, In_;}, and let Y vary. As described in Theorem 2.3, we

have

Yi Yy 0 Y3 To T2 * T3
t t
tv _|pY2 Y1 O ) . T2 Thox o
Y= 0 0 1 ;o write T = e e s s
€ T3 % % x

with T; the size of Y;. By Proposition 1.3, Gy (D) = p”z(dEtTY‘)g] (p)I~"; so

> gy(D)y*le{Tx 'yDX}
Y

=p NG (p) DAY N T efToYo/p?} - ) e(2T2Y2/p)
Yo(p?) Y2(p)
detY;

)e{T1Y1/p}.

- Y e{2TsY3/p}- ) (

Y3(p) Y1(p)

If To=0 (mod p?), To =0 (mod p), T3 =0 (mod p) then the sum on Y is

_1\ Ukt - o ~
< - ) p kD= ko=t D E(T, mod p),

and otherwise the sum on Y is O (here we used that (G1(p))? = (%)p). Therefore,
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fOITj(p?) =) x'(det D)p!/2Hrammoyonne)
D,G

3 G mod pe(e{T[x ' DG e}

T
T[X~!D] integral

Let A =27Zx1 @ --- ® Zx, be equipped with the quadratic form T[X~1DG~!] (relative to the given
basis); then £2 = AGD~1X ~ T relative to (X1 ... x,)GD~1X. Also, relative to these bases we have
splittings

1
A=A @A A @ AT, szAoeBAq@aEAzeaA’{

where ng =rank Ag, j —r = rankA/l, ny = rank A,, and A’1 ~ Ty. From [HW] we know that with
Ar = A} @ A and £ fixed, G = G(£2, A)) varies to vary Z/l over all dimension j — r subspaces
of A{/pA1~ANKR/p(A+ £2). Thus

Y GMmodp)= )Y R (A1/pA1,DGU).
A/

clsU

1 dimU=j—r

This proves the theorem in the case p{N.
In the case p|N, the analysis is simpler, as D is always I (and hence ng =r = j, n, = 0); following
the above reasoning yields the theorem in this case. O

3. An alternate set of generators for the Hecke algebra

In pursuit of a more utile formula for the action of Hecke operators on Fourier coefficients, we
introduce an alternate set of generators. When we studied the action of Hecke operators on integral
weight Siegel modular forms in [6], in the case p{ N we encountered incomplete character sums,
which we completed by replacing T j(pz) with

j
Ti(p?) =p ™Y x (') — ¢, i — OTe(p?).
=0

Here, with half-integral weight, the incomplete character sums are twisted, giving us the generalised
twisted Gauss sums. In Theorem 3.3 we show that by replacing T j(pz) with

j
Tj(p?) =p ™Y p~ Py (P ) — £, - OTe(p?),
=0

we eliminate these Gauss sums from the formula for the action on Fourier coefficients.
_ To ready ourselves to prove Theorem 3.3, we first establish the following relationship between
G(W) and a weighted sum of representation numbers.

Lemma 3.1. For p an odd prime, F =T, and W a quadratic space over F with dimension m > 0,

(j(W) — Z(_l)m+apm(m—l)/2+a(a—m)R*(W 1(2), (O>a).
a=0
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Proof. Since R*((2), {0}) =1, the lemma holds for m = 0. So suppose m > 1. Then standard theory
tells us that with Fv >~ (2), W L Fv splits as Wo L R where R =rad(W L Fv) >~ (0)°, some s € Zx,
with Wy regular. Any totally isotropic subspace U of W L Fv splits as Ug L U1 where Uy =U NR.
Given a dimension t subspace Uy of R and a > t, the number of distinct totally isotropic, dimension
a subspaces U of W L Fv with UNR=Uj is

pCVIRN (Wo L (2),(0)").
Since (s, t) is the number of dimension t subspaces of R,
N
R*(W L (2),(0)%) = B(s.)pS D@ IR (Wo L (2), (0)°7).
t=0
For s,t,c,q € Z with s, t,c > 0, set

C
St(c,q) = (=) p DY (1) ptE=2HDg(c, £)s(c + g, ),
=0

N
Xs(c,q) =Y (=)D B(s,0S¢(c, q).
t=0
Using, for instance, Theorems 2.59 and 2.60 of [5], we know
B(c,0)8(c—1,¢) if Wo L (2) ~HC,

R*(Wo L (2),(0)Y) =1 Blc—1,0)8(c, &) ifWoL (2)~H"" LA,
B(c, 0)é(c, £) if Wo L (2) ~HE L (n).

[

(Here n € F*.) Hence, with w € F* so that (%) =-1,

D (=DM EMRH(W L (2), (0)%)

a=0
(=D pU=9X,(c, —1) if W~HT L (—2) L (05,
={ (D 1p0-9X(c—1,1) ifW~H"T L (—2w) L (0),
(=1)p~* X,(c, 0) if W~ Wp L (0)5, dim W, = 2c.

When ¢ > 0, replacing £ by c —¢ and using the identities 8(c, £) = B(c,c—£) and B(c, £) = p*B(c—
1,€) + B(c —1,£—1), and then replacing ¢ — 1 by £ we get

So(c,q) =So(c—1,4+1)=S50(0,g+¢)=1.
Clearly S;(0, q) = 1; using the definitions of g and §, when ¢ > 0 we have
Sec,) + (pC = 1)(pTI+1)Si(c— 1.9

(o
— (—1)Cpele—tta) Z(_l)ipf(l—ZC-H—q) n(c, H3(c+q,0

= e, 0

C
)8 i
4 (—1)F pele—tHa)—2e-qt+1 Z(_])zp(z—1>(e+1—2c+r—q)N(C )8(c+4q,0)

o wEe=1.0-1)
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C
— (_l)CpC(C*FFq) [1 + Z(_l)ép£(£+172c+t7q)ﬂ(c’ Z)(S(C + q, 6)}

=1
=D Se1(c, ).

Taking S¢(c,q) =0 when ¢ < 0, the above relation also holds for c =0.
Using that B(s +1,t) = p'B(s,t) + B(s,t — 1), and the recursion relation for S;(c, q), we have

s s+1
Xsp1(6, @)=Y (=D DB, 0)Se(c, )+ Y (=D IV B(s, £ — 1)Se(c, 9)
t=0 t=1

=Xs(c,q) — p27IX(c,q) — p 2 I (p" — 1) (pTT + 1) Xs(c — 1,9)
where

N

Xi(c,q) =Y (=1 B(s, 1)Se(c, ).
t=0

Similarly, using that B(s +1,t) = 8(s, t) + pST17I8(s, t — 1),

X} q(c.q) = Xs(c,q) — p~ 219X (c, ) — p~ 219 (p" — 1) (pT + 1) Xs(c — 1, 9).

Using induction on x, the recursion relations for X and X’, and the fact that So(c,q) =1, we get
the following.

2x—2cs—x% TTX 2i—1 ;
; -1 if s = 2x,
Xs(c,=1) = b c—2cx lglll—ll)cg-pl 2i—1 )]) i 2 1
- - ifs=2x+1,
1 ifs=0,
Xs(c, =) =1 Xs_1(c, =) + (P '+ DXs(c—1,—1) ifs=2x>0,
P+ DXs(c—1,-1) if s =2x+1;
2x—2cs—x% TTX 2i—1 :
i—1 -1 if s = 2x,
Xc—1,1)=1" [Tz )
,c 2cx—x? 1—[x+1 2i— 1_1) ifs=2x41,
1 ifs=0,
Xc—1,1) =1 Xm1(c =1, D)+ (p' = DXs(c —2,1) ifs=2x>0,
—(p“ T = DXs(c—2,1) ifs =2x+1;
—2cx—x% 7% 2i-1 _ e
Xs(c,0) = p [Tici(p 1) ifs=2x,
0 ifs=2x+1;
1 ifs=0,
X;(c,0) =13 Xs(c—1,0) ifs=2x>0,
p 2o [Pl (p2=1 1) ifs=2x+1.

The lemma now follows from these identities and Proposition 1.4. O

Using this, we also establish the following.
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Lemma 3.2. Suppose W is a dimension m > 0 quadratic space over F =T, p an odd prime.

(a) For0<a<m,

R*(W L (2),(0)") = R*(W, (0)") +2R*(W, (0)* ' L (-2)).

(b) With clsU denoting the isometry class of a space U,

> > RFW.U)GU) = p™MDRRY(W L (2), (0)").

q=0 clsU
dimU=q

Proof. (a) Fix a, 0 <a <m. If a=0, then the claim is that

R*(W L (2),{0}) = R*(W, {0}),

which holds since there is only 1 dimension 0 subspace of any space. So suppose 1 <a < m. Let U’ be
a dimension a totally isotropic subspace of W L Fv where Fv >~ (2), and let U be the projection of U’
onto W. Then either U = U’ ~ (0)%, or U ~ (02! L (—2); also, there are exactly 2 totally isotropic
subspaces of W L Fv that project onto a given subspace U ~ (0)4~! 1 (—2) of W, and from this the
claim in (a) follows.

(b) Here we argue by induction on m. For m = 0, the claim is trivially true. So suppose m > 1.
Using the identity f(m,a) = B(m —1,a) + p™ ?B(m —1,a—1), and then replacing a — 1 by a, we get

m
Z(_1)m+ap(mfa)(mfafl)/2/3(m’ a) — 0.

a=0
Thus for a < g <m, replacing m and a by m — q and a — q in the above identity, we get

m—1

Z(_1)m+a+1p(mfa)(mfafl)/zﬂ(m —q,a— q) -1.

a=q
With W a dimension m space over I, the number of ways to extend a dimension g subspace U

of W to a dimension a subspace Y of W is f(m —q, a —q). Thus with the preceding expression for 1,
using the induction hypothesis and (a) of this lemma, we have

Y. RW,0)GU)

clsU
dimU<m

m—1

— Z(_1)m+a+1p(m—a)(m—a—1)/2 Z R*(W, Y) Z R*(Y, U)G(U)
a=0 csy clsU

dimY=a dimU<a

m—1

— Z(_1)m+a+1pm(mfl)/2+a(a7m)R*(W L (2), <0>a).
a=0

Now add §(W) = R*(W, W)?(W) to both sides of this equation; using Lemma 3.1 yields the re-
sult. O
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Now it is easy to prove our main formula.

Theorem 3.3. Take f € M,<+1/2(1"0<">(N), X) where 4|N, and let p be a prime such that p 1 N; let x' be
defined as in Theorem 2.4. Given

1
A=Ag® A1 ® Ay, S?ZPA06A1@EA2
with nj =rank A;, r =ng + ny, set

Ej(A, 2) = j(k —n) +k(nz —ng) +no(n —n2) + (j —1)(j —1 —1)/2;
set
Aj(A,2)=x'(pP ) pEIN DR (Ar/pAr L (2),(0))7)

if A, 2 are even integral, and set Zj (A, £2) = 0 otherwise. Then the Ath coefficient offﬁj(pz) is

> A4, 2)c(R).

pAgQg%A

Proof. By Theorem 2.4, the Ath coefficient of fﬁj(pz) is

> AjA. 2)c(R2)

pAgQg%A
where

j
Aj(A,.2)=x'(pPpS YT N pm—t.j - OR (V. U)G(U)

£=0 clsU
dimU=¢—r

with E}(A, 2) = jk —n) +k(np —ng) +no(n —ny) and V = A1/pAq. The number of ways to extend
a dimension ¢ — r subspace U of V to a dimension j —r subspace W of V is

B(n—1) = =1),(—1)—(=1)=B0—L,j—0);

thus

Aja.2)=x (e Y R vaw) YRR WL DEW).

clsw clsU
dimW=j—r dimU<j—r

By Lemma 3.2, we get
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Aj(A,2)=x'(p"")pH D N RYV.WHRH(W L (2),(0))
dimc\l/{/V=Vj7r

/(pj—r)pfj(A,Q)R*(v 1 <2>, <0>j—r),

=X
=X

proving the theorem. O

4. Hecke operators on Siegel theta series of weight k + 1/2

Throughout this section, we assume that L is a rank 2k + 1 lattice with an even integral, posi-
tive definite quadratic form Q; we fix n < 2k + 1. As in the case when rank L is even [14,15], we
prove a generalised Eichler Commutation Relation, and from this show the average theta series is
an eigenform for Tj(pz) (p 1 level L), computing the eigenvalues. As in Theorem 1.1, we use By to
denote the symmetric bilinear form associated to Q, N the level of L, x the character of 8™ (L),
and x’ the character defined by x’'(d) = X(d)(<_BTH Y(sgnd)¥*1. With L =Zv; @ --- @ ZVy4q, the

matrix for Q relative to this basis for L is given by Q = (Bq (vp, vi)). Thus for C € Z%*+11n and with
(X1 ... Xn) = (V1 ... vok11)C, 'CQC = (Bq (xp, xi)) is the matrix for the quadratic form Q restricted to
the (external) direct sum A =7x1 & --- ® Zx,. Hence

oMLty = Y ef(BoGn.x))T}.

Note that as a sublattice of L, we may have d = rank(Zx; + --- + Zx,) < n. In such a case there
exists some G € GLy(Z) so that

(x1...x)G=(x] ...x;0...0).

Still, we can consider A as a sublattice of L with “formal rank” n. Given a sublattice A’ = Zx/l +- 4
Zx, of L with rank A’ =d and T' = (Bq (x},, X)) (a d x d matrix),

» e{(BQ(Xh,Xi))T}:Ze{tG(T, On,d>GT}

X1yeees xpel G
ZxX1++Zxn=A"

where G varies over

{({:’ 2) c GLn(Z)} \GLn(Z).

Thus with x;, ; =--- =X, =0, A =7x] & --- ® Zx, (the external direct sum), we define

e{At} = Ze {tG (T/ 0n—d> G‘C}

G

where G varies as above. Then

oM (L; 1) = Z e{AT)

ACL
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where A varies over all distinct sublattices of L with formal rank n. (When x;, y; € L, we say Zx; &
- @®Zxp and Zy, ® - - ® Zyy are distinct sublattices of L with formal rank n when Zxq + - - - + Zx, #
Zy1+---+Zyn.)

Remark. For x; € L, A=7x1 @ --- ® Zx,, and A’ =7Zx1 + --- + Zx,, we have e{At} =o0(A")e*{AT}
since, with d =rank A’ (as a sublattice of L),

*

0(A" L (o)) = {(i’ 0) €GL(Z): E' € O(A’)}.

Proposition 4.1. For p a prime not dividing N and 1 < j <n, take 2 C %L so that $2 is even integral and has
formal rank n; decompose §2 as %.Qo @ 21 D pS§2, where 2; C L and 2o @ $§21 is primitive in L modulo p,

meaning that the formal rank of 29 & $21 is its rank in L, which is also the dimension of 20 & §21in L/pL. Let
ri be the (formal) rank of £2;; set

E(,t,2)=tk—n)+t(t—1)/2+ ek —19—11)+ L —1)/2,
and set

Ci(2)=> pPEtDR (21/ps21 L (2).(0))
L.t

8k —rg—£,0)B(r2,)B(n —r9 — £ —t,n — j);

if x'(p) =1, and

Ci(2)=Y (=) pFEE DR (21 /ps21 L (2).(0)")
et

ek —rg—£,0)B(r2, )N —r9 — £ —t, N — j)

if x'(p) = —1. Then

0™ (L; T)|Tj(p%) = ) _Tj(R)e(s27)
2

where $2 varies over all even integral sublattices of %L that have (formal) rank n.

Proof. The proof is virtually identical to that of Proposition 1.4 of [14] (see also Proposition 2.1
of [15]), so here we merely give an indication of how this is done.
By the definitions of T;(p?) and T;(p?), we have

ONLDITi(p?) = Y. Aj(R2 AeleT)
ACL
pAgQg%A

where Zj(fz, A) is defined in Theorem 3.3. (Note that at the end of the proof of Theorem 2.4 we made
a change of variables that we do not make here.) Since p #2 and 2 C %L, £2 is even integral exactly

when it is integral, so 21(9, A) =0 when £ is not integral. Interchanging the order of summation,
we have
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(L DITj(p%) = ) S A de(r).
QE%L p.QgAg(%QﬁL)
£2 integral

So one fixes £2, and follows the procedure of [14] to construct all the A in the inner sum, keeping
track of the data carried in Aj(£2, A). O

Proposition 4.2. Let L be as above, and fix a prime p { N; choose j so that 1 < j <nand j < k. We say a
lattice K is a p’-neighbour of L if K € gen L and

1
L=Lo® L1 ®Ly, K:ELO@L]@I?LZ

with rank Lg =rank Ly = j.

(a) The number of pi-neighbours of L is pIU=D/285(k, j).
(b) Take 2 C %L so that $2 is even integral and has formal rank n; decompose $2 as in Proposition 4.1. Set

j—To
bj(2) = p(J*TO)(J*TO*U/Z Z pf(k*]*ﬁJr[)R*(Ql/le 1(2), (0)5)
=0

Ok—rg—4L,j—ro—O)pk—r9—11,j—10— )
ifx'(p)=1,

j—=To
bj(2) = p(j—ro)(j—ro—U/Z Z(_])fp@(k—j—rl-F@)R*(_Ql/pgl 1(2), (0)5)
=0

“Bk—ro—4L,j—r0—0)8(k—r9—T11,j—10— )

if x’(p) = —1. Then

D oMK ) = Zb](.Q)e{.Q}

K;

where K varies over all pJ-neighbours of L, and 2 varies over all even integral sublattices of %L with
(formal) rank n.

Proof. The proof is virtually identical to that of Proposition 1.5 of [14] (see also Proposition 2.2
of [15]), so here we merely give an indication of the proof.

To construct all p/-neighbours K of L, we begin by choosing a j-dimensional totally isotropic
subspace C of L/pL. Thus L=C®D® J where CoD~H/, Bq(C®D, J)=0 (mod p). Set K'=C®
pD @ p]J (the preimage of C); then in K’/pK’ (scaled by 1/p), C® pD =~ HJ with pD totally isotropic.
Thus we can refine C to a totally isotropic subspace C’; set K = 1C’eapD @ J (the preimage of (C/)1).

Given 2 C pL with £2 decomposed as described above, 2 lies in K exactly when 2 & 21 C ct
in L/pL, and 29 € C’ in K’/pK’, and we can easily count how often this is the case. O

Next we have a generalised Eichler Commutation Relation.
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Theorem 4.3. Let L be a lattice of rank 2k + 1 equipped with a positive definite quadratic form Q of level N,
and 1 <n < 2k+1; fixa prime p so that p N. Take j so that 1 < j<nand j <k; for 0 < q < j, set

j
ug(j) = (=111 V2 —j+q.9.  Tj(p?) =D ug(HTj—q(p?).
q=0

DIk —n+q-1,9sk—j+q.9 ifx'(p)=1,

Vq(j):{ . I
=Dk —n+q-1,9pk—-j+q.9 ifx'(p=-1

Then

Z 9<”)(1<]-_q)>

Kj—q

j
0" (DI} (p?) =) vq(j)<
q=0

where K j_q runs over all pi—9-neighbours of L (as defined in Proposition 6.3).

Proof. Fix 2 C %L as in Propositions 4.1 and 4.2; suppose that x’(p) = 1. Then with 21 = £21/p$21,

j
D ug()Ciq(82) =) pFEEPR (21 L (2),(0)))8(k —ro — £,0)B(r2, )
q=0 .t

j
Y ug(HB—ro—L—t,n—j+q)
q=0

where E(¢,t, 2) is defined in Proposition 4.1. Using the identities

pum-+r,ryum,u+q,q)
w(r+q,Qur,nuq,q)
=pm+r,npim,q)

pm+r.r+qpr+4q.9 =

and B(m,q) = piB(m — 1,q9) + B(m — 1,q — 1), we find that when m=j —rg— € —t > 1,
Y gm0 Ug(HB(m,n — j+q) =0. Thus

D ug()Cjq(82) =Y  pFEIT0mEDRY (24 1 (2),(0)")
q 14

Sk—rog—20,j—10—0)B(r2, j —10 — £).

On the other hand,

Z Vq(j)bj—q(-Q) — p(j—fo)(j—f0—1)/2 Zpe(k—h-!-l—j)R*(ﬁl 1(2), (0)5)
q ¢
Stk—ro—¢€,j—10—14)

C— - SG—ro—10)
u(j—ro—+£,j—ro—14) !

where
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m

S(m) ="y (=)IpI IV k —rg — 11, m — @)k —n —149,9)B(m, q).
q=0
Using that n =rg +r; + 3 and that B(m,q) =B(m —1,q) + p™ 98(m —1,q — 1), we find that
S(m) — pkfﬂ (pr27m+1 _ 1)5(111 _ -l) — pm(kfﬂ)u(r2’ m).

Thus
D va(dbjq(82) =D ug(i)Tj—q().
q q

The case when x’(p) = —1 is virtually the same, and so the details are left to the reader. O

In the next corollary, we average across the generalised Eichler Commutation Relation to show that
6™ (genl) is a Hecke eigenform for primes p { N, where

1
(n) _ (n)
6% (genl) = E O(K)Q (K)

clsKegenlL

(here cls K varies over all isometry classes within the genus of L).
Corollary 4.4. With p a prime, pt N, and 1 < j <nwith j <k,

0™ (genL)|T(p?) = 1;(p*)6™ (genL)
where

3i(p?) = {pf<f—”/2+f<’<—”>ﬂ<n, Dk, ) ifx'(p) =1,
' pIUVEHIEI g, i, ) if x'(p) = 1.
Proof. First note that for K € genL, we have disc K =discL, so K is a p™-neighbour of L (as defined
in Proposition 4.2) if and only if pL C K C %L, and either multy..xy(p) = m or multy.x)(1/p) =m

where {L : K} denotes the invariant factors of K in L. Classifying the p™-neighbours into isometry
classes, we see that the number of p™-neighbours of L in clsK € genL is

#{isometrieso: pLC oK C %L, multy;.; k(p) =m}
o(K)

(since 0K = 'K if and only if 6 =16’ € 0 (K)). Also, using Proposition 4.2(a),

#{isometries o: pL' CoK C %L’, mult(;/., gy (p) =m)

2 o(L)o(K)

clsl’egenl

#{isometries o: pK Col' C %K, mult(g.; 1y (p) =m)
o(L")

o
~
o
=
N
o
@
=

1
= —#{p™-neighbours of K }
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1 m(m—1)/2
=— 8(k,m).
O(K)P Bk, m)

Thus
0™ (genL)|T)(p?) = 1;(p*)60™ (genL)
where
1j(p?) =D va(ppm VIV Bs k. j —q).
q=0

When x'(p) =1, %(p?) = pIU=D/22&D5(j) where

J
S() =) _(=1)IpIatD2=Ug(j qyuk —n+q—1,quk, j—q).
q=0

Using the identity 8(j,q) =B —1,q9) 4+ pi~98(j —1,q — 1), we find that for 1 <d < j,

S =p*um—j+d d)SG—d) =p*um, j),

proving the corollary when x’(p) = 1.
The case x’(p) = —1 is virtually identical. O

Just as in the integral weight case (Section 3 of [15]), we have the following.

Theorem 4.5. When 1 < a < n —k, p is a prime not dividing N, and T} (p?) is defined as in Theorem 4.3,

0™ (L)|T}yq(p%) = 0.

Proof. One argues exactly as in the integral weight case (see Section 3 [15]): First, using Proposi-
tion 4.1, one shows

k
Cera($2) =) We(@)Thq(2)
q=0

where wgq(a) = (—=1)9p9@*tD/28@ +q —1,9)B(n —k +q,a+q). Hence

k

0" (DI Tira(p?) =0 (D)) wo(@Ti—q(p)-
q=0

Then one shows
r ~
> Bn—q.r— 9Ty (p?) =T: (p?).
q=0

Substituting and using induction on a yields the result. O
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5. Bounding Hecke eigenvalues

In [13] we used the formula from [6] to bound the eigenvalues of Hecke operators acting on
integral weight Siegel forms. Using Theorem 3.3, we can do this for half-integral weight. We obtain
the following bound.

Theorem 5.1. Let f be a nonsingular Siegel modular form of degree n and weight k + 1/2 so that for some j,
1<j<n, f|Tj(p2) = Aj(pz)f for almost all primes p. Also suppose that the Fourier coefficients c(A) of f
satisfy the bound |c(A)| < (disc A)¥/2+1/4=Y (Note that with y = 0, this is the trivial bound for cusp forms.)
Then

|2j(p?)] <5 M (asp > o0)

where M = (j+n—2y + )2+ §(j—n+2y —1)* + j(k—n). When y =0, we can take M = 3 (j+n+
D2+ jk—n).

Proof. The proof is somewhat similar to that of Proposition 4.1, and almost identical to that in [13]:
Given A, we construct all the even integral §2 so that pA C 2 C %A, keeping track of the relevant
data for the formula of Theorem 3.3. Note that since we are bounding the Ath coefficient of f|7j(p2),
we can replace x’(p?~") by 1 in this formula.

Since f is nonzero, we can choose A so that c(A) # 0 and disc A # 0. Also, assume p {2 disc A.
We first partition the lattices 2, pA C 2 C %A, according to the invariant factors {A : £2}. Choosing
ng, ny > 0 so that ng + ny < j, we construct all integral £2 so that

1
Q:p/\o@/h@;/\z where A = Ay @ A1 & Ay,

n; = rank A;. In this process, we compute R*(A1/pA1(2), (0)i~") where r =ng + ny. (Note that since
ptdiscA, A/pA is a regular quadratic space; so when £ is integral, we must have that, in A/pA,
Ay is totally isotropic and A is orthogonal to A,. Consequently we must have ny < ng.)

First we choose A, to be a totally isotropic, dimension n, subspace of A/pA. Since A/pA is
regular, the lemma of Section 4 of [13] tells us that the number of choices for A, is bounded by

4m pnz(n—nz)—nz(nz+1)/2.

Note that A/pA = (A, & A}) L ] where Ay & A, ~H" and ] is regular; thus Ay = A, L J.

Next we extend A, to A, & W where W € Ay and either W ~ (0)/~" or W =~ (0)J=""1 L (-2);
when W ~ (0)/~"=1 1 (-2), we count W with multiplicity 2. So the number of such W, counted
with the appropriate multiplicity, is R*(J L (2), (0)/~"); by Section 4 of [13], this is bounded by

4= pU=n(=2m2 1 =j4+) (=N (=r+1)/2

Now we extend A, & W to A, & Ay where A; € Ay. The number of choices for Ay is f(n — j +
ng — ny, n — j), which by Section 4 of [13] is bounded by

znffp(n*j)(n()*ﬂz)_
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Now let A be the preimage in A of Ay, and £’ the preimage in A of Ay @ A1. Thus

A=Ag®D A1 & A,
A=pAg@®pA1 & Ay,
Q'=pAg® A1 ® Ay

So Q(A2)=0 (mod p), Bg (A2, A1) =0 (mod p) where Q denotes the quadratic form on A, Bg the
corresponding symmetric bilinear form.

Our final step in constructing §2 is to refine our choice of A; so that Q (A3) =0 (mod p2). For this,
we work in A/pA, with the quadratic form scaled by 1/p. We extend p2' = pA; to pA; @ A, where
A is totally isotropic of dimension n, and independent of pA. As discussed in [13], the number of
choices for A, is bounded by p"™—"2) Now we take ps2 to be the preimage in A of pA; & As.
Note that disc £2 = p2(™0—7"2) disc A.

Thus, using Theorem 3.3 and the assumed bound on the Fourier coefficients of f, we see the Ath
coefficient of f|Tj(p2) is bounded by

Z 2n+j_2"°pE(n°’n2)(discA)l</2+1/4_y
no+ny < j

where E(ng,nz) = —n3 +no(j+n—2y +1/2) — 3n3 +ny(j —n+2y — 1)+ j(k —n). E(no, nz) has its
maximum when ng = %(]' +n—-2y+1/2),ny = %(j —n+2y — 1). Since ng, n are actually restricted

to be non-negative, when y = 0 we see that E(ng,ny) has its maximum when ng = %(j +n+1/2),
ny =0. With M the maximum value of E(ng, ny), we have

|2j(p?)c(A)| < (disc AY/2H1/47y pM,
and hence |Aj(p2)| L M M. o

6. Hecke-stability of the Kitaoka space

In [8], Kitaoka identified a subspace of integral weight Siegel modular forms f where cf(A) =
cf(A") whenever A’ € gen A, and he showed that the space is stable under the Hecke operators asso-
ciated to primes not dividing the level. Here we show that the half-integral weight Kitaoka subspace
is invariant under all Hecke operators; note that our argument also works for the integral weight
Kitaoka subspace (without the restriction that the prime does not divide the level).

Proposition 6.1. For p a prime and A, A’ lattices in the same genus, there is a bijective map
] / / / 1 /
0:12: pACRC—A} > 12 pACRC—-A
p p
so that o ($2) € gen §2. Further, with pA C 2 C %A, we have
{A:2)={A":0(2)} and aj(A,Q2)=0wj(A,0(2))
where { A : §2} denotes the invariant factors of §2 in A. Hence o also gives a bijection between

{(2: pACRC A} and {2":pA'c cA}.
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Proof. Since A, A" are in the same genus, we can choose an isometry o, : QyA — QpA’ so that
0p(ZpA) =7ZpA'. Then for 2 C %A, and working in QpA’, we set

1
0(2)=0y(Zp2) N EA’.

(Soo(A)=A")
Now take £2 so that pA C 2 C %A; thus

1 1
pA =0(pA) Co(2)C U(EA> = EA/.

Also,

1 1
Up(ZpQ) g O'p(;ZpA) == EZPA/,

o)
1 /
Zpo (2) =0p(Zps2) N EZPA =0p(Zp$2) =7Zp$2.
For all primes q # p, since pA’ C o (£2) C %A/, we have
1
ZgA =pZygA C Zqo (2) C EZqA/ =ZgA',
thus Zqo (2) = ZgA'. Similarly, Zq§2 = Z4 A, so

Zqo (2) = ZgA' =LA =74 Q2.

Hence 22’ € gen £2.

To see o is a bijection as claimed, take 2’ € - A’; working in Qp A, set

1
p
(2) =0 (Z,2)) N LA
o'( )_Up (Zps2) P
Then one easily checks that o o 0/ (£2") = £2’, and for £2 C %A, o' o0 (2)=21.

Next, we show that for pA C 2 C %A, we have {A: 2} ={A":0(£)}. First recall that for all
primes q # p, Zq2 = Zq A and Zyo (§2) = ZgA'. Hence

(A 0@} ={ZpA : Zpo (2)} ={0p(ZpA) : 0p(Zp$2)}
={ZpA:ZpR}={A:Q2}.
Finally, we show that with pA C 2 C %A, (A, 2) = aj(A',0(£2)). Note that since Z/pZ ~

Zyp/pZp, the Z/pZ-space (AN 2)/p(A+ £2) and the Zy/pZy-space (ZpANZp§2)/p(ZpA+ZpS2)
can be viewed as isometric (over Zp/pZp). Thus
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aj(A,R2)=aj(ZpA,Zp$2)
=j(0p(ZpA), 0p(ZpS2)) = tj(Zp A, Zpo (2)) = aj(A', 0(2)).
This proves the proposition. 0O
Note that when A, A’ are oriented, §2 inherits its orientation from A, and o (£2) inherits its ori-
entation from o (A) = A’. Then the above proposition together with Theorem 3.4 immediately gives

us the following.

Theorem 6.2. For k,n, N € Z . and x a character modulo N, the subspace

{fe /\/lkﬂ/z(l“o(")(N), X): cf(A)=cs(A") when A" € gen A}
is stable under the full Hecke-algebra.
7. A transparent Hecke-correspondence
In [16], we developed a formula for the action of Hecke operators on Jacobi modular forms; here
we observe that this is almost identical to our formula in Theorem 3.4. From this we easily obtain a
Hecke-correspondence. We begin by introducing notation and terminology for Jacobi modular forms
that we will use in our correspondence.

A Jacobi modular form of index 1, weight k + 1, Siegel degree n + 1, level N, and character x’ is
an analytic function F : Hy x C1'" — C so that

~ tz ,
F <; T,) = F(t, 2)e{27')

transforms like a degree n+ 1, weight k+1, level N, character x’ Siegel modular form under matrices

(A B 0
'<C D)efo (N)

(Here t’ is a formal variable.) So with 7 = (;;Z,) Y € FO("’”(N), we have (F(T,Z)|Z)e{2t/} =
/I;(I”Z; also,

yery" (N)=

— % ¥ %

A 0 B
* 1 %
cC 0D
0 0 O

?(g):Z?(De{Ig} and F(t,2)=Y) c(T,Rye{Tt +RZ}
T T,R

where T varies over n x n symmetric matrices and R varies over 1 x n matrices so that T = (; f) is
even integral and positive semi-definite, and ¢(T) = c(T, R). We say F, F are even if 2|R whenever T
is in the support of F. Let ]kH,](Fo("'l)(N), x/) denote the space of Jacobi modular forms of weight
k + 1, index 1, Siegel degree n + 1, level N, and character y’. Let ]Ef{fl(l“o("’”(N), x) denote the
subspace of even Jacobi modular forms in ]k+1,1(1“0m'”(N), x/). For

G 0
GeGLl,, (2)= {g= (R 1) e GLn+1<Z>},
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c({GTG) = x'(det G)(det G)**'c(T). Consequently we can define F as a Fourier series supported on
lattices as follows. Fix a rank 1 lattice A =Zw =~ (2), and for A® A a rank n+1 lattice with quadratic

form given by the matrix T = (; [5), set cA(A D A)=7<(T). Let

ex{a@ )T} =) e{cTCr)
G

where G varies over O(T) N GL]HJ(Z)\GL,{HJ(Z) (or, if )(/(—1)(—1)"+1 =—1, over O(T) N

n

SLY .1 {(D\SL],, (Z) where SL) | (Z) = SLn41(Z) N GLJ,, ,(Z)). Then

Fo=) caa@ner{(ae r)r)
ADA

where A@® A varies over all isometry classes of rank n+ 1, even integral, positive semi-definite lattices
(with A fixed, and A oriented when x’(—1)(=1)¥*! = —1; note that the orientation of A is fixed).

Note that with G = (lR ?) we have (G (-1 ) € FO(”‘])(N) for any N, and so ¢(T,2R) =c(T —2'RR, 0).
T 2R
2R 2

ADA=ALA with A LA~ (T 2), T =T —2'RR. We will see that the space of even Jacobi

forms is stable under the Hecke operators Tj(pz) provided p # 2; to allow us to handle p =2, we
introduce a projection map onto the space of even Jacobi forms.

Thus when F is an even Jacobi form, the support of T is on lattices A’ ® A ~ ( ) , and we have

Proposition 7.1. For F € Jiy1.1(Iy" " (N), x) with 4|N, define F|y by

I ty /2
_ 1 Y/2
Fly=2"-3"F /

Y(2)

where Y varies over Z'" modulo 2. Then v maps Jiy1.1 (FO("’”(N), x’) onto Jfﬁ“] (FO("’”(N), x'), and ¥
acts as the identity map on kejr’ﬁnl (1"0("’1> (N), x).

Proof. Take F € Jir1.1(Iy""(N), x'). We first show Flyr € Jer11(Iy" (N), x). Take Y € Z'™,
(’2 g) € Fo(")(N), and set

In ty /2 A B
1 Y2 1 0

Then with Y/ =YD and
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we have §y; = y{8’ where y| € FO("‘U(N) and x’(y{) = x'(y1). Also, since 4|N, we know 2 {detD;
thus, as Y varies modulo 2, so does Y’. Hence F|y|y1 = x'(y1)F|¥. Next, take U,V € Z'", w € Z,
and set

I ty

v 1 v w
V2= I —ty

1

Then with § as above, 8y, =y, with y; € Fo("‘l)(N) and x'(y2) = x'(v3); so Flylys = x'(y2)Fli.
Since matrices of the form yi,y, generate F()("’l)(N), we have F|y € \7;<+1,1(F(]("’1)(N), x). Finally,

applying ¥ to the Fourier expansion for F(t, Z), we see that F|yr € J7/{" (1“0("’1)(N), x’), and that
acts as the identity map on the even Jacobi modular forms. O

Theorem 3.2 of [16] gives us the following theorem; note that in [16] we refer to the even integral
quadratic form on A as the index of the Jacobi form, so index 1 in this paper corresponds to index
(2) in [16].

Theorem 7.2. Take F € Ji1.1(Iy"" (N), x/), p prime, 1 < j <n,and A = (2).

(a) Suppose p t N. For U a rank d lattice identified with an even integral quadratic form also denoted by U, let

o/ (U)=) e{UY/p)

Y

where Y varies over symmetric d x d matrices modulo p so that p { detY; whend = 0, we take &' (U) = 1.
With §£21 @ A an even integral lattice, let R (21 @ A, U) denote the number of subspaces of 21 ® A =
21/p£21 ® A/pA isometric to U and independent of A. Given even integral A @ A and 2 @ A so that

1
A=Ag® A DA DA, Q@A=PA0@A1@EA2®A
with nj =rank A;, r =ng + ny, set

A]]-’A(/L )= X/(pjfr)p(k+1)(n27n0)+no(nfn2+2)

> RA(219A,U)d'(U).

clsU
dimU=j—r

Then the A & Ath Fourier coefficient ofFlT]! (p?) is

ZAJ{A(A,.Q)CA(Q@A)
2

where 2 varies so that 2 @ A is even integral, and pA’ € 2 C %A/for some A’ that satisfies A’ @ A =
ADA.
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(b) If p|N then the A @ Ath Fourier coefficient ofF|Tj] (p?) is

plHR Y @ e )
2

where 2 @ A varies so that pA C 2 C Awith[A: 2] = pj.

To complete the incomplete character sum «’(U) when ptN, we set

T (p?) =pi* D 3 X' ) pn—t. i — 0T] (p?).
0<I<j

(The coefficients for this linear combination were not correct in [16], and were later corrected in an
erratum.)

Corollary 7.3. Take F € Jry1.1 (F()("’])(N), x') and p a prime so that p t N; using the notation of Theorem 7.2,
set

X},A(A’ Q) = X’(pjir)pEj'A(A’Q)RZ(ﬁl @ Z’ (O)jfr)

where Ej A(A, £2) = jk —n) + k(ny —no) +no(n —n2) + (j —r)(j —r — 1)/2. Then the A & Ath Fourier
coefficient ofFlT]! (p?)is

ZZJ{A(A,.Q)cA(Q@A)
2

where 2 varies as in Theorem 7.2.

Proof. To prove this, we need to show that

Z Pt —t, j—0) Z (210 A, U)d'(U)

Ostsi dimcglsyl r

=> Y RA@i®AWW)

r<esj clsw
dimW=j—r

where, identifying W with the even integral matrix for the quadratic form on W, o(W) is the com-
plete character sum

a(W)=7 e(WY/p},

Y(p)

Y varying over all symmetric (j —r) x (j — r) matrices modulo p. (Note that at(W) = pU—nU—r+1/2
if W ~ (0)~", and 0 otherwise.)

Given r < ¢ < j and a dimension ¢ —r subspace U of 21 @ A that is independent of A, pi—¢(n —
£,j —£) is the number of ways to extend U to a dimension j —r subspace W of £2; @ A that is
independent of A. With such W, all subspaces of W are necessarily independent of A. Therefore,
withd=j—r,
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PR j—ORAEZ1®A V)= ) RA(Z1®A W)R*W,U).

clsW
dim W=d

So we need to show that with W of dimension d,

d
aW)=>)" > R*W,U)'(U).

a=0 clsU
dimU=a

First suppose p # 2; let F =T,. Take w € F* so that (%) = -1, and for a > 1, set J, =

diag{l,—1, w}. Note that for Y € IE‘?S’,%, Y can be diagonalised and so either Y ~ I, L (O)d*" or

Y~ JsL (0)4-9 some a. In what follows we will sometimes write GLy for GL4q(F). Then (using
notation from Section 1),

a(W)—l_Z< Z e{WY/p}+ > e{WY/p})

Y~lgL(0 Y~ JaL(0)d-a

We have

and similarly, o(Jq L (0)4-9) = pad- ”>0(]a)]_[d 4=1(pd=a _ piy Also, writing GW G = <Z :) with U
an a x a matrix, we have

e{wfc('“ 0) G/p} =e{cwfc (’“ 0)/13} =e{U/p}.

Given an a x a symmetric matrix U over F, the number of G € GLy(F) so that GW G = (li :) is

d—a—1

T*(W, U)pa(d—a) 1_[ (pd—a _ pi)
i=0

as ;1;01 (p? = p') is the number of ways to extend a d x a matrix with rank a over F to an element
of GL4(F). Hence
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“<W>—1—Z > e, U)<e{wa/p} e{UJa/p}>

=) o(la) 0(Ja)

dimU=a
d
* e{GU'GI4/p} e{GUtG]a/p}>
= wW,U
; 12,; r )Geo%\au< ol T oo
dimU=a
d
e{U'GI.G/p} e{U'GJ.G/p}
=y > R*(W,U)Z( + )
a=1 clsU GeGlg 0(la) 0(Ja)
dimU=a
d
:Z Z‘ R*(W, U)o/ (U).
a=1 clsU
dimU=a

Hence a(W) = Y4_o R*(W, U)a’ (U), as R*(W, {0}’ ({0}) = 1.
When p = 2, the argument is virtually identical. The difference is that the symmetric, invert-
ible d x d matrices over Z/2Z lie in one GLy4(Z/27Z)-orbit if d is odd, and in two GLy4(Z/27)-orbits

when d is even; for d = 2c > 2, the GLy(Z/2Z)-orbits are represented by I and Jc = <? (1)) 1. L
01
(%) o

Notice that the formulas in Theorem 3.4 and Corollary 7.3 are identical when the lattices 2 and
A in Corollary 7.3 are orthogonal. This leads us to our final result.

Theorem 7.4. Let f be a degree n Siegel modular form of weight k + 1/2, level N with 4|N, and character x.
Let 6™ be the weight 1/2, level 4 Jacobi modular form defined by

0" V(r,2)= ) e{2'RRT +4'RZ}
Rezl:n

where T € Hyy and Z € CH". Then f(t) — f(t)-0™V(z, Z) is an isomorphism from Mk+1/2(1"0(”)(N), Xx)

onto J&5Y (1“0(”’1)(N), x) where

)k+1

-1
x@= xS

k+1
d )(sgnd) .

Further, for p prime and 1 < j <n, we have
(FIT;(p?) - 0™V = (£ -0 )T (v?)
ifpfN,

P (1T (07) 07 = (56T (0?)

if pIN and p # 2, and

22 (F1T;) 0™ = (£-0")|T] @]y
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Remark. When p { N, the definitions of T;(p?) and TJ! (p?) give us

PR (T (2)8 ) = (16 ) (p%).

Proof of Theorem 7.4. We first explain why the character of f(t)0™V(z,Z) is x’. Recall that
Fo(n'l)(N) is generated by matrices of the form

A B I ty
1 o (vt vow
Y=lc b |0 Y7 I -
0 1 1
where (’é g) € FO(")(N), U,V eZ"", w € Z. By Theorem 1.2, for T = <;;Z,> € Hns1) With 7 € Hen,
we have
6™ (y1)
1) (1N _ gt (n+1) _ (n+1)
0"V (y't)=6""" (@ and 6" V(yr)= 5 () 6TV (0).

Since ™V (z, Z) is the 1st Fourier-Jacobi coefficient of 6@+ (1), with ™D (7) = 0™V (¢, Z)e{27’}
(t’ a formal variable), we have

FOI" V@, )y’ = fF(0)8™ V(. 2),
and

—(k+1)

fF@B™V @)y = (det(Ct+D)) " fyDI"V(yD)

o™ (y1)

2k+2 -
— n,1)
o (1) ) X (detD) f ()0 (7).

— (det(CT + D))“"“’(

Now, (6™ (1))Z+2 =9™(L; 7) where L is a lattice with rank 2k + 2 and quadratic form given by the
matrix 2Ip,. Hence 0™ (L; T) is a modular form of weight k+ 1, level 4, and character ¢ defined by

_ 1 \k+1
Qﬂ(d):(( |1;| )(sgnd)k“.

Thus 6™ (L; yT) = (det(CT + D))¥+1p(det D)¢™(L; 7), and hence
F@B™V @)y = x'(detD) f (1)8™ V(D).

So f > fO™D maps Miy1/2(Iy" (N), x) into JEP (™D (N), x).

Now suppose F € ],‘jfﬂ](l"o(”’l)(N), x’). Then

F(t.2)= c(T’.2R)e{T't +4'RZ}
T',R
=Y (T, 0)e{(T +2'RR)7 +4'RZ}
T,R

=f()e™V(z,2)
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where f(t) =) ;c(T,0)e{Tt}. Also, as a function of Z, f(r) is the Oth Fourier coefficient of F;
consequently f is analytic. Then, reversing the derivation in the previous paragraph, we see f €

Micz12(TgP (N, 0.
It is clear that these maps between Mk+1/2(1"0<") (N), x) and ],‘jflnl(l“("’”(N), x’) are inverses of
each other, and hence we have a bijection between these spaces.

Now take p prime; suppose first that p{ N (so in particular, p # 2). For f € Mk+1/2(F(J(") (N), x),
set F = f0™D_ Then with A = Zw >~ (2), we have

F(r,2Z)e{21'} = ZCA(A LAaye {(aLay)
A

where ca(A L A) =cf(A). We first show Flﬂ (p?) is even. As a Fourier series, F(t, Z)|TJJ (p%)ef21'}
is a sum with exponentials

e[r[x;" DG ]e)

where X; =diag{pl;j, Iny1—j}, D = diag{Iy,, pIrl,pZIrz, Iny1-j} withro+r1 +r2=j, G e GL,{HJ(Z),

T= (”;};RR 2;R) and I[X;lDQ‘H even integral. Consequently

gty 1 1
T[X7'DG7 '] = T , 2R where R' € —Z!""n =z = 71"
2R 2 p 2

Thus with A’ @ A ~ (27;2// Z;R/) , we have

Y I 0\ _(T -2RR 0
A@A_(A@A)(—R’ 1)‘( 0 2)

Hence

(F(x. 2)IT!(p?)ef2t'} = Y Ca(a L A)er{(a L M)}
ALA

by Theorem 7.2,

TAALA) =) Al (A.2)ca(2 @A)
Q/

where £’ varies so that pA L AC Q' @ A C %(A 1 A)and pA'C Q' C %A’ for some A’ with
A ®A=A_LA. (Recall that cA(£2’ ® A) =0 unless 2’ @ A is even integral.) Since A >~ (2) and
p # 2, any even integral sublattice of %(A L A) is actually a sublattice of %A 1 A. So suppose

1
pAJ.Ag.Q’EBAgEAJ_A.
Taking 2 =(2'® A)N %A, we have

1
QJ.A:.QGBA:(.Q’@A)O<EALA)=Q’@A.
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Consequently

GaLA= > Al A 2)ca@2 LA
pAgQg%A

= Y Aj(A, 2)cr (),

pAgQg%A

which is the Ath coefficient of f|T;(p?), and hence the (A L A)th coefficient of (f(7)|T;(p?)) -
™D (z, 7).

Now suppose p|N. When p # 2, the argument follows much as when p t N, except the situation is
simpler since D is always I. When p = 2, this argument breaks down since %ZL” N %Zl’” = %ZL”,

not Z!". For this reason we need to follow TJJ (4) by ¥ to get the desired equality. O
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