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1. Introduction

Studying the non-vanishing of special L-values is interesting as fascinating mathemat-
ical techniques and ingredients are involved. There are plenty of non-vanishing results
from which important arithmetic consequences arise.

Rohrlich [8] shows the non-vanishing of the special values of cyclotomic modular
L-values by estimating the Galois averages of fast convergent series expressions of the
special L-values. As a consequence, Rohrlich [8] deduces that the Mordell-Weil groups
of CM elliptic curves over the cyclotomic Z,-extension of Q@ are finitely generated.

One can consider more general settings. Rohrlich [9] proves that the L-values of auto-
morphic forms on GL(2) are non-vanishing for infinitely many GL(1) twists by modifying
the idea of Shintani cone decomposition [10] to count the number of ideals with bounded
norm in an arithmetic progression. Van Order [12] gives a proof of the non-vanishing of
cyclotomic L-values of non-dihedral automorphic forms on GL(2) over totally real fields.

The main result of the present paper is to show the non-vanishing of the special
L-values of automorphic forms on GL(2) over general number fields twisted by Hecke
characters of p-power order and totally split prime power conductors, which is a gener-
alization of Rohrlich [8, Theorem| or Luo and Ramakrishnan [5, Proposition 2.2].

1.1. Main theorems

Let us give some notations and settings. Let F' be a number field, 91 an integral ideal
of ', S(i,m),7(M, x) the space of cuspidal automorphic forms over F of a cohomological
weight (k,m), type J and level 91 with a central character x. Let % € %Z>0 be the
central critical point for f in the arithmetic normalization. Let p be a prime ideal of
F lying above an odd prime number p. Let f € S(m), (M, x) be a newform, ¥ be a
Hecke character of p-power order with p-power conductors, L(s, f ® 1) the L-function
attached to f and ¢, K the Hecke field of f over Q, which is the field adjoining all the
Fourier-Whittaker coefficients of f to Q, and ng := max{m € Z| p,m C Ky}.

To obtain fast convergent series expressions of twisted modular L-values, namely the
approximate functional equation of the L-function, we have to find the Fourier-Whittaker
expansions of automorphic forms and its Mellin transforms. Also we need Atkin-Lehner
theory for automorphic forms of GL(2) over F. These ingredients will be developed in
Section 2 and 3 together with a brief introduction to automorphic forms of GL(2) over F.

In Section 5, we estimate the number of ideals of bounded norm and the lower bound
of absolute norms of elements in an arithmetic progression, which make it possible to
calculate the limit of the Galois averages for our case. These are achieved by using the
coherent cone decomposition (see Rohrlich [9]).

Define the Galois averages of special L-values by

| k i
Loy (f @) ::W Z L(57f®1/) )

UEGal(Kf(w)/Kf)
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In Section 4 and Section 6, we will discuss the Galois averages of twisted L-values and
obtain their estimations, which play the key role in the proofs of main theorems. We
would like to remark that for a prime p of F' which does not split totally, the corre-
sponding estimations of the Galois averages over the characters are worse than ones in
the present paper, due to the existence of the corank one group of p-adic units.

We set 6 € [0, 3] as a bound of an exponent of the eigenvalues of a Hecke eigenform.
Let us assume that p is a totally split prime and coprime to hp091. Then we obtain an
estimation of the Galois averages of special L-values which depends on 6:

Theorem 1.1. Suppose some parity condition (see (3.8) and Remark 3.3) on F, (k,m)
and J. If we have 0 less than i, an estimation of Lay(f ® ¥y,) is given by

Lov(f ®@¢,) =14 0(1) (1.1)
as n tends to the infinity.

Note that the more optimal € we have, the better estimation on the error of the Galois
averages we have.

Let (¢p,)r be a primitive element of Homcont (C1(F, p°°), tioo ). By applying Theorem 1.1
together with the algebraicity result of Hida [3] and the bound 6 = 7/64, which is
obtained by Blomer-Brumley [1] and Nakasuji [6], we obtain the following non-vanishing
result:

Theorem 1.2. Suppose the parity condition on F, (k,m) and J. Then we have

k
L(5./®v) #0
for almost all Hecke characters v over F of p-power order and p-power conductor.

Kim-Sun [4] obtain partial results toward the mod p non-vanishing of cyclotomic
modular L-values by studying the homological nature of modular symbols. Sun [11]
proves that the Hecke field of a newform can be generated by a single special value of
the modular L-function, by studying an additive variant of the Galois average, which
supersedes the non-vanishing results. The first named author plans to generalize the
results in Kim-Sun [4] and Sun [11] to the current setting.

1.2. Notations

Let us provide some notations which will be used globally in this paper. Let F' be a
number field, Ar the adele ring of F, AE;X’) the finite adele of F', Fiy := F ®g R the
infinite adele of F', O the integer ring of F', 9 the different ideal of F/Q, dr a finite
idele of 9, D the discriminant of F, hp the class number of F, and |-|a, = |5 |- |A%oo)
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the idelic norm. For any place v of F', denote by O, the completion of O with respect
tov. Let A := A Ry 7 for a Z-algebra A. Let p be an odd prime number coprime to
Dg, ( a primitive p™-th root of unity and p,, the set of p™-th roots of unity. Let us
set by N the norm map of F/Q (or Hp‘p Ng, q,) and by Tr the trace map of F//Q (or
> plp ItF, /@, ). For 2z € C, denote e(z) := exp(2miz).

2. Cusp forms
2.1. Cusp forms on GL(2)

In this section, we will briefly give the definition of cuspidal automorphic forms on
GL2(A ) of cohomological weight. From now on, these are called cusp forms for simplic-
ity. All the settings in this section come from Hida [3].

Let us give some notations. Let Ir := Gal(F/Q) and Z[Ir] the free Z-module gener-
ated by Ir. Let id and ¢ € Ir be the identity map and complex conjugation on F' (or on
C), respectively. Let ¥(R) be the set of real places of F', ¥(C) the set of complex places
of F', and J a subset of X(R). Note that X(R) and X(C) can be considered as subsets in

Ip. Letk =% ; kooandm=} _; m,o be elements in Z[Ir| satisfying following
conditions:

1.k, > 2,

2. ko +2mgs =k, +2m, for any o,7 € Ip,

3. ks = ks for any o € X(C).

Lett =3 ;. 0,n=k—2t,andn* =3 _;, nio € Z[Ir], where nj; = ns + nyc + 2
for 0 € ¥(C) and n’ =0 for 0 € Z(R)UX(C) c. Let N be a non-zero integral ideal of F
and define subgroups of GL2(OF) by

U(M) := { <‘C‘ Z) € QLy(Op) : c e 51}

Uy (M) := { (Cc‘ Z) €UM) :de 1+§t}.

o

Let us denote x, = ();U ), X = ®gexn(C)Xs Where X,, Y,’s are indeterminates. For a
commutative ring 2 with unity and d = ), d,o € Z[IF], let L(d, R) := Qe L(ds, R)
where L(d,, R) is the space of homogeneous polynomials of variable x, of degree d, with
the coefficients in R. Note that there is a usual action of GL(2) on L(d, R). Let C;:’oo
be the maximal compact subgroup of SLy(Fl,), which is given by

seX(R) )
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Definition 2.1 (Hida [3, Section 2]). Let x : F*\Ay — C* be a Hecke character of
modulus M satisfying Xoo(2ec) = 25T for 2y € FX. A cusp form on GLz(Ap) of
weight (k,m), a type J, a level Uy(91), and a central character y, is a C°°-function
f:GL2(Ap) — L(n*,C) such that

(1) D, f = (n2_§ + ng)f for 0 € Ir, where D, is the Casimir operator for GLy corre-
sponding to o.

(2) f(yzgu) = x(2)xm(u)f(g) for v € GLyo(F), z € Ay, g € GLy(Ap) and u € Uy(M)
where xo (¢ Z) ) = [T x(dv).

(3) flgus)(x) = e(ZUeJ koo — ZUEZ(R)\J kago)f(g)( Qsex(C) uqxg) for g €
GL2(Ap) and

cos(2m0,) sin(27790)> ) ) +
0o = 1 y\Uo )o eC .
v (( <—sm(27r9[,) cos(2m8,) CZ(R) (us)oex(c) F,00
fF\AF (s O) g)(s)du = 0 for g € GLy(Ar) where du is a Haar measure on F\Ap.

From now on, we denote by Sq m),s(M, x) the space of the aforementioned cusp forms
on GLy(Ap).

Let us denote by K; the j-th modified Bessel function of the second kind, and write
Yoo = (Yo )o € FZ. Let Wiy : FE — L(n*,C) be the Whittaker function defined by

ka yoo H kao ya ® kaa(yo)<xa)
cex(R) cex(C)

where W m o (Vo) := [yo| ™ €(i|ys|) for o € L(R) and

*

nO

. vo \™ ctl—jo
Wicmo (o) (50) = 3 (57 ) v "7 <— )
jo =0 7 Z|y0|
Jo
X K _1-n,. (47T|yg\)X;L°‘_j”Yg'o
for o € ¥(C). Then we have the Fourier-Whittaker expansion of a cusp form on GLa (A p):

Proposition 2.2 (Hida [3, Theorem 6.1]). Let & be the group of fractional ideals of F'. For
J € Sae,m),s (M, x), there exists a function ay : F — C satisfying following properties:

(1) ay(a) =0 if a € F is not integral.
(2) We have the Fourier-Whittaker expansion of f by

f((45))e0=blar X aslemrWam(en) er(er)

geFX [E]=J

Please cite this article in press as: J. Kwon, H.-S. Sun, Non-vanishing of special L-values of cusp forms
on GL(2) with totally split prime power twists, J. Number Theory (2020),
https://doi.org/10.1016/j.jnt.2019.12.013




YJINTH:6467

6 J. Kwon, H.-S. Sun / Journal of Number Theory sss (ssee) sso—ses

for v,y € Ap, where [£] == {0 € Z(R) : & > 0}, yoo € Fuo is the infinite
part of y, and ep : Ap/F — C* is the additive character such that ep(zo) :=
HaEE(R)UE(C) e(Trg, /R (20)) for 200 = (25)0 € Fixo

3. Approximate functional equations

Let 91 be a integral ideal of F, xy a Hecke character of modulus 91 satisfying

—(n+2m)

Xoo(Zoo) = Zoo for zoo € FZ,

and f € S(m),s(I, x). In this section, we obtain
an approximate functional equation of the L-function L(s, f) of a cusp form f in a spirit
of Luo-Ramakrishnan [5].

Let Up := F} X @;ﬁ be the maximal compact subgroup of Aj. Let FY , :=
HJGE(R) RZ, % HUEE(C) C* be the identity connected component of FX. We can fix
a representative {a;}I'", C A(Oo) " of the class group CI(F) = FX\AE/UF of F such
that the corresponding integral ideals {a;}"7, of F. Let us set ; = (%), then by the
strong approximation theorem, we have

FX\AY Hal O;\Ur) (3.1)

Define a number [d] € Z by |a|?d := aad® for d € Z[Ir]. In our case, [n + 2m] =
Ny + 2m, which is independent on o € Ir due to our assumption on the weight (k,m).
So from now on, we will write k := [n + 2m] + 2.

Recall that the L-function L(s, f) of f is given by analytic continuation of the following
Dirichlet series

ag(a) k+2
Z N for R(s) > 5
0#£a<OFp

where a runs over the set of nonzero integral ideals of F'.
3.1. Integral representation of special L-values

To obtain an approximate functional equation of the special L-value L(%7 f ), we need
to compute the Mellin transform of f.

For j =3, cx(c)Jo0 € Z[IF], we define the j-th component fj of a L(n*, C)-valued
function f by fi(9) == [L,ex®) f+(9) [lses(c) fo.5. (9) Where g € GL2(Ap) and

= I[ @ & Zf% )X oY

cex(R) cex(C) jo=0

By Proposition 2.2, we obtain
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B4 7)) bar ¥ asemninmertn (32)

EEFX [¢]l=J
where
pvﬂ, . II W (Yer) - II vvaga
oeX(R) o€3(C)

and Wy . (y0)(xs) = ng_o WU’J" (y(,)Xn"_J"YJ” for o € ¥(C). Let us set the Haar
measure d*y on F*\ A} which satisfies the following conditions:

dyo .
Py { U if o € B(R)

drdg if 5 € B(C) and y, = re'® € FX

) / d*y, =1 for v { co.
27r X

F,v

Note that we can easily obtain the following equality:

{(eF* [f]=J)={:€€ Pry, e Op }

where OIX?’ 4 is the group of totally positive units of F' and P, ; is a representative set
{&} of OF\F* such that [{] = J. Thus by using (3.1), (3.2), and the above equation,
the Mellin transform of fy« /5 is given by

[ (3 4)) e

FX\AX
(3.3)

hp
Y Y [ awtapnlagat, W e )dy

i=1 Eeo;g . EGPF,JOX \Up
’ F

for R(s) > 1+ max,er, Mmo. As the integral in the above equation is invariant under the
change of variable y — uy for u € OF, (3.3) becomes

3 / (ai€euyor) aseuyly, Wi/ (Ecuyos)d™y

Or\Ur

[OX Z > / (ai€y*0p)|aiy ™[} o d*y! (3.4)

1= 1€€PFJ(5X

/Wn /2 gyoo ‘yoo|F d Yoo

where
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Yocmrer L L XY
0% : 0% ;
[ F F,-‘r] uGO;/O;‘Jr 660;Jr i=1¢€Pp

By the following integration formula (Hida [3, Section 7])

[e )

/ysKj(ay)% S ’SF(S;J)F(TJ) if R(s+4) >0
0

and our assumption on the weight (k, m), we have

/W“ P2 (€9o0) [Yoo | @ Yoo

11 /ka Eyo)lyo'd o - [] /W”“+1 Yo )|y > d" Yo

c€X(R)R'x a€X(C)p'x
7 0 (3.5)
2 —27 S—Mg dy 1 nt 2o—m, dfr
= H ‘gals /3 yy ? . H |€0—28‘/(”6“"_1)7/- ( )K0(47T7’)7
ceX(R) 0 s€3(C) J
9IZ(R)] 1 -
= — o . 2 —(S—mg)l-\ _ Y
IN(&)I* 4 (nmﬂ) 11 @) (s — my)
c€5(C) celn

for £ € Ppy and R(s) > maxges, m,. Combining the equations (3.4) and (3.5), we

obtain
0 s—
/ fn*/Q( <:(l)/ ) >|y| ldx

FX\AR
hr
1 S
T rim(s) Y Y W/af(aify(sFﬂaimA%w)dxy (3.6)
i=1 £€Pp.y g

OF

N(a;adp)®

a alab
=I'rrm(s Z Z a(@Rdr) _ =Trxm(s)L(s, f)
a
for M(s) > maxyer, (1 + me), where a runs over the set of non-zero principal fractional
ideals of F' and
2E® Dy 1 .
= = Z( " ). —(s=mo) (g —
Fkavm(s) T [OX . F+] H 4 (ngc—i-l) H (2’”) F(S ma)'

c€S(C) oclp

Note that the last equality holds due to the Proposition 2.2 (1).
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3.2. Fricke involution

To find an integral representation of the L-function which converges uniformly on
the entire complex plane, we need to cut the integral representation (3.6) of completed
L-function of f into two parts by using the Fricke involution, which is similar to the
classical case.

From now on, we assume that f € Sy m), (I, x) is a newform. Let us write x =
XooX(®) where Yoo and x(°) are the infinite part and the finite part of y, respectively.
For any finite place v of F, let w, be a uniformizer of Op,. Let us define the Fricke
involution Wy for a newform f € Sk m,s(M, x) by taking the right translation using an

element ( 0 Bl) of GLQ(A%OO)):

wan

Wanf(a)) = N - ) et (0 ( 0y ') )0

wn

—9 . .. do
where x| - |1§F2 is a normalization of y and wyn = vawgr (Y Then we have the

following fact:

Proposition 3.1. Wi f is an element of S(x m),7(M,X). Furthermore, it is a Hecke eigen-
form.

Proof. See Hida [3, Section 8]. O
Using the decomposition GLa(Ap) = GLg(Fix) X GLQ(A%DO)), we have
y 0 0 -1\_/(0 -1Y\ 1 0 0 1 won 0
0 1)\wx 0)={1 o 0 yoo)\=1 0)' 0 4@

where GL2(F') acts on GL2(A ) diagonally. From this matrix identity and the definition
of cusp forms, it is easy to obtain that

war (8 9) Joo=memto( 3ot S B

oed ceS(R)\J
-1
wonyY 0 0 1
(8 D)) 0))
Also from the definition of Wy and Proposition 3.1, we can check that
Waf =x™ (=1 f = (-2,

From these formulas, we can obtain analytic continuation and the functional equation
of a completed L-function A(s, f) attached to f, which is defined by

A(s, f) = FF7k7m(s)N(‘ﬁ)%L(s,f).
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Theorem 3.2. The completed L-function A(s, f) of f has analytic continuation to C.
Furthermore, if

(~)F®I-DcE ;1 (33)

sy

where Cr gk 5 a number defined by
Crjx = (1)|E(R)|+Z”€Z<C>(n°+l)e< Z k_g B k_(T)
IRg} 4 )

then we have following functional equation:
A(s, f) = CryxA(k — s, Wa f) (3.9)

Remark 3.3. The condition (3.8) is satisfied, for example, when the weights k, are all
even.

Proof. By splitting integral (3.6) into two pieces, applying a change of variable y —
wmy~! and putting (3.7) into one of the integrals, one can obtain the following integral
representation:

Mo =Novs [ gen((8)) )it

1/2
|y|AF2‘W‘JT|A/F

k—s O —1—s
+ Cp g N(M) 2 / W‘ﬁfn*/Q( (g 1) >|ZJ|XF1 d*y.

1/2
\y\AF2|wm\A/F

From the above formula, we can easily obtain our functional equation. 0O

We follow Luo-Ramakrishnan [5]. Let ® be an infinitely differentiable function on RZ,
with compact support and fooo @(y)dy—y = 1. Define

24100
_dt
Vis(z) = 57 KT pxm(s+t)x t?
2—1i00
24100
_dt
Vas(2) = 5 (=t Ficm(s + )™ —
2—i00

where k(t) == [;° @(y)yt%y. By shifting the contour, one can show that Vi s and V5 g
satisfy following:
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Vis(z) = O rxm(PR(s) +j))z77) forall j > 1 as x — oo
1

Vis(2) = Trim(s) + O(FF,k,m (9‘{(8) - 5):65) asz — 0 (3.10)

where the implicit constants depend only on j and ®. For R(s) > %, maxger, (My —2)
and y > 0, we have
1 2+i00 J ( ) N( )
t ar(a a
— HT HL(s+1, f)yt — = Doy, . (3.11
vy [ FOTmemG 0L Y = X L (FE). ey
2—100 0#a<OF
By the Residue theorem, we have
24100
1 Ldt
Crpm()Es f) =5 [ AT rm(s + L0 +1, )y S
2—i00
1 —2—100 d
t
+ — / KT Fxm(s+t)L(s+t, fy'—.
271 t
—2+1i00

Putting equations (3.9) and (3.11) in the above equation, we obtain

o (3.12)

k—s
+CrxN(M) = Z
0#£a<OFp

s (@) (N(a)y)

Vo k-
(a)kis 2,]6 S

when (71)‘2(R)|(k’2)C%’.]’k =1
3.8. Twisted cusp forms

We will define and discuss a cusp form twisted by a Hecke character. In this subsection,
we follow Hida [3, Section 6].

Let ¢ be an integral ideal of F' coprime to 0 and ¢ : FX\A§ — C* a Hecke
character of finite order with conductor ¢. Denote by (¢7!/OFr)* the set of elements of
[1,c Fo corresponding to the elements of ¢! /OF whose annihilator ideal is same as c.

For a € A%Oo), define the Gauss sum G(g, a) of ¢ (Hida [3, Section 6]) by

Glp,a)i=¢ " (dr) Y.  ¢(@w)er(dy au)
u€(c—1/Op)x

which is clearly independent on a choice of dr. Especially, we put G(p,1(>)) = G(y).
Then we have the following lemma for the Gauss sums:
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Lemma 3.4.

1. For any a € A%OO), we have G(p)p(a) = G(p,a).
2. @)P = N(c).

3. Gp) = o™ (-1)G(®).

4. G[@)G(p) = ¢ (~1)N(c).

Proof. Those are immediate consequences of Neukirch [7, Chapter VII, Proposition 7.5]
by using a bijection (¢7!/Op)* = (Op/c)* defined by u — weu. O

Define a function f ® ¢ : GL2(Ap) — L(n*,C) by

FoR) =Gl plae) S etwar(o(y §) oo @3

u€(c=1/Op)*
Then we have the following proposition:
Proposition 3.5. We have f @ ¢ € Si(MN %, xp?). Also we have arg,(a) = af(a)p(a).

Proof. A Hecke character ¢ of finite order with conductor ¢ can be considered as a ray
class character. Then our proof is immediate by Hida [3, Section 6]. O

Also we have the following relation between the Fricke involution and the twisting by
Hecke characters:

Proposition 3.6. If ¢ and 0N are coprime, then we have

Wae (f© @) =W(p)(Waf)@p

where W () := N(¢)' " x (@)X ( ( 4w ) Jo(—w2)G(@)?, a complex number of

—TWNNcU W

absolute value 1, and xm ( (‘Z Z) )= [Ty x(dv)-

Proof. In this proof, we keep using the bijection in the proof of Lemma 3.4. By our
assumption, w, and wnw.u are coprime for any u € (¢~1/Op)*, thus there exist d and
wv € O such that

w.d — wnw uwv = 1.
From this, we can easily check that the map w.u — wv is well-defined automorphism

on (O /). By the definition of the Fricke involution, the equation (3.13), and Propo-
sition 3.5, we have
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Warez (f ® 9)(9)(x) =N (92175 (x?| - [F72) 71 (det(9))G () ~Lp(det(g))p(wmez)

< % etwat(o(ame o) (6 1) )00

u€(c=1/Op)x

Put the identities

0 -1 1 v\ _ (w O 1 v d —VT, 0 -1
wynez 0 0 1) \0 w 0 1 — U We wym 0

and wy2uv = —1 mod ¢ into the above equation, then by the Definition 2.1 and Propo-
sition 3.1, we obtain

Waer(f © 9)(0)(%) =N (02 x(@)xm (b o7 ) )Gle) ™ Bldet(9))p(~2)

< Y wwawar(s(y 7))

u€(c=1/Op)x

Using Lemma 3.4, we can rewrite the above equation as

Waer (f @ 9) = N x(@)xn (ot 7)) G@ (D) (W) @ 5,
hence we are done. 0O

Note 3.7. Note that if ¢ is a prime power, then one can easily observe that ¢(w.) = 1,
thus W () = N(¢)* % x (@)X ( ( d _vw‘> )e(=1)G(®)? if ¢ is a prime power.

— TN U W

Finally, we can find a fast convergent series expression of the twisted special L-values:
Suppose that ¢ and 9791 are coprime, and (—1)|E(R)‘(k’2)0%7J7k = 1. Then by the equa-
tion (3.12) and Proposition 3.5, 3.6, we have

(55 r0v) = T Sy (M)

0#a<Op

s (@2(0);, (V@
+ OF,J,kW(QO) O;ég(%: N(Cl)k/Q V2,§' <

4. Galois averages of Hecke characters

In this section, we are going to discuss the Galois averages of Hecke characters, which
play a crucial role to show the non-vanishing of the special L-values.

Let K/Q be a finite extension and set ng := max{m € Z| p,, C K}. For a Hecke
character ¢ : F*\A} — C* of finite order with conductor ¢, or a ray class character,
we define the Galois averages of ¢ over K by
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Pay = o
Y K(e) K] 2

c€Gal(K (9)/K)

] Y W)

S —
[K(@ : c€eCGal(K(¢)/K)

~ | =

where K () is the field determined by adjoining all the values of ¢ to K.

Let p be a prime ideal of F' lying above p. We assume that p and 091 are coprime,
which allows us to use the discussion in Subsection 3.3. We assume that p is coprime to
hp, and a; is coprime to p for all i = 1,--- , hp. Let us fix an embedding F' < F}. Let
CL(F,m) be the ray class group of a modulus m of F'. Let us denote

Opyp = limOp/p™, O :=1im O} mod p™, and CI(F,p*) := lim CI(F, p™).

Then we have the following exact sequences:

1 —— Of —— 0f, — CI(F,p>) CI(F) 1, (4.1)
1 —— 14 pOpy —— OF, 28 (Opp/p)* — 1.

Let A be the torsion part of CI(F,p>), W be a split image of (Op,/p)* in Oé,p, and
I := 14 pOp,. By decomposing (4.1) into the torsion part and the pro p-part, then we
obtain the following exact sequences

W—A—Cl(F) — 1, Y —— Cl(F,p™), — 1.

Let us denote pioo 1= lim p, and Zp := Homcont (CL(F, p°°), fioo ). Then there is a
unique element (¢,), € lim | Homgont (C1(F, p™), ttoo) = E, corresponding to . From
now on, let us say that ¢ € Z, is primitive if and the conductor of ¢, is p™*"0 for
all n. Let ¢ = (¢,)n be a primitive element of =,, and 7:/; be a lifting of ¢ to I". Let

€ :=ker(y)), then we have the following split exact sequence

1 GRS N 1.

Let T' be a split image of pe in IV, whose Z,-rank is one. From the above exact
sequences, we obtain the surjections

AxT'2AxExT —s CI(F,p>) —s CI(F,p") , (4.2)

hence 1), can be considered as an element of Homcont (A X € X T, o) for each n.
Let us define a filtration on IV by I'}, := 14 p™Op. Let us denote &, := £ NT), and
T, :=TNTY. As ¢, has a p-power order and (p,hr) = 1, we have ¥, (A) = {1}. So we
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have ker(1,) D A x €& X 'y 1n,. The following proposition tells us that nonzero integral
elements which make the Galois averages non-zero, are distributed sparsely.

Proposition 4.1. Let (hp,p) = 1. Let a be an element of CI(F,p*>°) and v = (Yn)n a
primitive element of Z,. Then for n > 1, we have that ¥y, av(a) # 0 if and only if

ae U {bev} = U {bev}.

(b,6,7)EAXEXT,, (b,6,7)EAX (E/E,)xTY,

Proof. Assume that 9, av(a) # 0, then we have ¢,,(a) € po by our assumption. As the
conductor of 1, is p™ "0 1 factors through I'/T',, = p,,_1, hence ¥, (a) = (" _; for some
r € Z>o. Our assumption 1, .v(a) # 0 also says that

Trreer_y/x(Cho1) #0,

thus we have n — 1 — v,(r) < ng. Note that we can write a = bey for some (b,€,v) €
A x € x T', thus we have

Yn(a) = Pn(y) = (o1 € Hng,

which implies that v € T, /T ing = tng-
Conversely, if a = bey for some (b,¢e,7) € A x & X [y, then ¢, (a) = ¥n(y) € fng-
Thus, 1, (a) = ¢/, for some r € Z>o. Hence the Galois average of ¢, (a) is given by

no

1
n,av = T N ; 7= :L 0.
(@) = S geGauKan)/K)( )7 =Gy #

Assume that a = bey for some v € I”. Then by (4.2), we have bey = b’¢’+y’ for some
b’y € A x & xT. Then ¢, (v) = ¥, ('), which implies that v € /T = T'. The converse
direction is clear as T' C I". In conclude, vy € T,,.

For €1,€3 € £, we can easily check that I}, = eoI" if and only if 6162_1 €&, O

The following lemma allows us to estimate the size of ¢, ...
Proposition 4.2. For any integral ideal a of F'. We have
1 1
|¢:z,av(a)‘ L Fyng,p N(p)n(i_f(ﬂp))

where {(F,p) is the residue degree of F' at p.

Proof. If a is not coprime to p, then clearly the above inequality holds. Thus [a], €
CL(F,p™). Then a = a;« for some i and o € Op which is coprime to p. By the definition
of W () (see Proposition 3.6 and Note 3.7), we have
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O] = s

|G|Zw (a:0Bdp?)G (,)?

ceG

where G = Gal(K (¢,)/K). By the definition of Gauss sum, we have

Zw uv) ep< - Ei}m) (4.4)

where 3,4 and v runs over (O /p"™*T"0)*. Combining the equations (4.3) and (4.4), and
using change of variable 8 = uwv, we obtain

;En,av(aiaﬂdg‘z) D er (%) ‘ (4.5)

- p

1
|wn av( )| - N(p)n+n0

As cvd}2 is coprime to p, we can abbreviate ozﬁdf2 by (. By Proposition 4.1, 1y, 4y (5) # 0
ifand only if 8 € W -E/Entny - T'n/Tning- So (4.5) is equal to

> Y Y wnOXe(SE )|l s

KEW €€€/Entng YET R /Tntng u

n+n0

By Bruggeman-Miatello [2, Proposition 9], which is about the estimation on the Kloost-
erman sums, (4.6) is less than

Ny 2 2. 2

REW €€€/Ening YET R /Tntng

Z . (u + /iefyu_l)
” F de;LJrno

2|W|pno‘rkzp (F)p(n+n0—1)~rkzp (&)

+n = ntno

reW Eeg/gn«i»no 'YEFIL/F71+7LO

Note that we can observe that rkz (£) = rkz, (I'")—1kz, (4eo) = f(F,p)—1and rkz (') =
tkz (o) = 1, where tkz_ (M) is the Z,-rank of M. Thus we can conclude the proof. O

5. Number of elements in arithmetic progressions

In this section, we obtain an estimation of the number of elements and the absolute
norms of elements in arithmetic progressions by using the idea of Rohrlich [9], which
plays a key role to estimate our twisted special L-values.

For each a = [a,], € CI(F,p*>), let a,, be an integral ideal of F’ which is a representa-
tive of a ray class [a,] € CI(F,p™) modulo p™. Similarly, for each o = (), € I, define
(o), € Op\{0} by a representative of «, € I''/I'},. Then by Proposition 4.1, we have
the following lemma:
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Lemma 5.1. Let (hp,p) = 1. Let a be an integral ideal of F and (V). € Zp a primitive
element. Then for n > 1, we have that 1, av(a) # 0 if and only if

ac  J  A{ba@arive@+pmh

(b,e)eAX(E/ER)

Proof. It is an immediate consequence of Proposition 4.1. O

Let us denote by Fg := F®gR the real Minkowski space of ', and C% a fundamental
domain of Fr/O}, where Of acts on Fr via the natural embedding F — Fg. For
n € Zso, x> 0 and o € O coprime to p, let us define a number U, ,(z) by

Uan(z) = #{B € a(1 +p") N Cp : IN(B)| < z}.

Let us recall the following fact about coherent cone decomposition. By Rohrlich [9,
Proposition 5], there is a finite collection # of coherent Z-cones in F' such that

or\{0}c | U uB. (5.1)

u€O} Be#
Then we have the following estimations:
Proposition 5.2. Forn € Z~q, x > 0 and o € Op coprime to p, we have

Ua,n(x) <p max (

x
)
N(p)"
Proof. The inequality holds by the equation (21) in Rohrlich [9, Proposition 5] since

a(1+p")NCY% C (OF\{0})/0F C ( U U uB)/OX =B

we0} BEB Be®

by the equation (5.1). Also we can observe that the implicit constant in the equation
(21) in Rohrlich [9, Proposition 5] depends only on the coherent cone decomposition 2
of O, which is a finite collection of cones and depends only on F. O

Lemma 5.3. If o € (1 4+ p™)\{1}, then we have |[N(a)| > N(p)".
Proof. Let o =1+ 3 € (1 +p")\{1} N CY%. Then by the equation (5.1), we have

N@)" < IN@) = IN(a~ D] = IN(@)] T] - o

Note that for B € 4, there is a basis {zj};i:l of F' over Q such that B = Z>O<{zj}?:1>
where d = [F : Q]. Let 0 € Ir and z = Z?Zl n;z; € B, then we have max({n;}9_,) <p

|o(2)] as B is a coherent Z-cone (Rohrlich [9]). Thus the above equation becomes
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N(p)" < [N@)| J] @+ lo(@)™) <r IN(a)],

o€lp

asa € (148 € (1+p")\{1} NCE C Upey B by the equation (5.1). For ak), + 3 €
(14 p™)\{1}, there exists o/ € (1 +p™)\{1} N C% and u € OF such that o = o’u. Thus
we have N(a) = N(a') >Fr N(p)"™ by the above inequality. Hence we are done. O

Lemma 5.4. Suppose (hp,p) = 1. Define i be the identity element of A. For b € A\{i},
we have N(b,,) >p N(p)*/I14l.

Proof. Let b € A\{i}. If bl = Op, then b, = Op, which is a contradiction. So a
generator of 612! is an element of (1 4+ p™)\{1}. By Lemma 5.3, we have N(b,,) >

N(p)~/12l. o
6. Galois averages of the special L-values

In this section, we obtain an estimation on the twisted special L-values which allows
us to verify the non-vanishing of L-values under the assumption that p splits completely
over Q.

Let us recall that p is a prime ideal of F' lying above p, and coprime to hp0pp. For x > 0
and o € O which is coprime to p, we set U, (z) = #{8 € a(1+p")NC% : [IN(B)| < x}
and C?;v = FR/O;

Let f € S(k,m),s(M, x) be a newform and K the Hecke field of f over Q (cf. subsection
1.1). Let (—1)P®IE=2)C2 | —1and set K = K. For a Hecke character ¢ : F*\AX —
C* of finite order with conductor ¢, or a ray class character, define the Galois average
of the twisted special L-value by

TR gty 17

o€Gal(Ky(¢)/Ky)

Lay(f ® p) ==

Then we can obtain the following estimation on the averaged special L-values, which
will be proved in the end of this section:

Theorem 6.1. Let A be the set described in Section / and (¢n), be a primitive element
of 2 where Z, = Hom cont(CUF, p™), fio), thus the conductor of 1, is p"T"0 for each
n. Assume that f(F,p) =1. For a > 1 and & > 0, an estimation of L., (f ® ¥y,) is given

by

1
L(yz <op N(p)nO+e—/18]
Irxm (%) (6.1)

+N(p)n(a(%+9+6)—(l+ﬁ)) +N(p)n((20+25+%)7a(«9+5+%))

Lav(f ® ¢n) -

as n tends to the infinity.
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By (3.14), the Galois average Ly (f ® 1y,) is given by

; ()¢nw() . CL)
T (3] 02, N Vw( ) (6:2)

(
0#£a<OFp Y
C(F Jk a’W‘YIf( n av ( )
SREAE/. S ok (6.3)
FFk m(k) 075;(9 N( k/2 2\ N mp2n+2n0

as [ @ ¢ € Saem),s (M N2, xp?) by Proposition 3.5.
Now we will estimate the quantity L.,(f ® v¥,) for each n. To do this, we need a
bound for the Hecke eigenvalues of f. Let us assume that the coefficients satisfy

las(p)| < 2N(p)" = +0

for any prime ideals p of Or and a number 6 € [0, %] to be specified in Section 7. Hence,
for € > 0 and each integral ideal a of O, we have

las(a)] < 2d(a)N(a)" > ¥ <. N(a)"= T0Fe (6.4)

where d(a) is the number of the integral ideals of F' dividing a.

From now on, we do not consider the variables related to f and F' in the implicit
constants of our estimations. First, we estimate the last term (6.3) of the averaged
L-value by following;:

Proposition 6.2. For ¢ > 0 and y > 0, we have that

N n(20+2e+3 — rmpy)
(63) <o 2) :

yo+ets

where {(F,p) is the residue degree of F/Q at p.

Proof. Note that Wy f is also an Hecke eigenform by Proposition 3.1. By the Ramanujan-
Petersson bound (6.4) and Proposition 4.2, we obtain

awe 1 (@)Y5, o (@) N(a)y
Z N(a)k/2 ‘/27% (N(mp2n+2no))

0#a<OF
N _1 N(a)y
<<€’pN(p) G—mFw) Z N(a)9+6 sz,g <7N(‘ﬁp2”+2no)>
0#a<OF
(6.5)
_ 3 0
=N(p)" G- m7w) Z Z mfte— 2V <4({)’tp2n+2"0))
meZso N(a)=
m(l__1 1 my
<N(p)"3 “F*"))Zom”s %(W)
m>
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where in the last inequality, we use the fact that >y (q_,, 1 < d(m) <. m*. We can
split the last term of the above equation into two parts:

(6.5) = I 4+ II, where I = > I = >

N (mp2n+2n0) 0<m<N(mp2n+2n0)

m> M 7

Using (3.10), for j > 1, we have

-J
n(i——2—) fte—1 my
TNl 5 mt (W>

2n+2n
m> N y 0)

2n42n0\j ®
)N<mp 7;+ no)] / x9+e—%—jdl’
Y

< N(p)"“%f f(Fl‘,p)

N(mp2nt2n0)
Y

M4m0\ 0 1 n(2042e+ 35 — 2

(mp n—+ no) +e+3 < N(p) ( 2 f(F.p))

1 1 N
<. N(p)"z—mm)

y9+s+% y9+s+%
Similarly, we have
II < N(p)"z—wsy) Z mfte—%
O<m<w
Nop2rt2n0)
’ 3_ 1
< N(p)”(%_ﬁ) / 205 4 <. N )n(j;f::; fF))

0
Hence we can conclude our proof. 0O
Let us assume that p is totally split prime of F' lying above p. Then we have {(F,p) = 1,

which implies that £ = {1}. By Lemma (5.1), Lemma 5.3 and Lemma 5.4, we can rewrite
(6.2) as

N(bn)
15 () i ) ap(b,) Vit (=) (6.6)
FF,k,m(%) beA N(bn)k/Q FF,k,m(%)
N(b,)>crN(p)™/148I
N(b,a)
ap(b,0) Y av(brar) Vi k (=)

bEA ac(14+p™)NCY
IN(a)|>cpN(p)™

for some constant ¢y which depends only on F', where (6.6) and (6.7) turn out to be the
main term and the error term of (6.2), respectively. An estimation of (6.7) for the case
of f(F,p) = 1, can be obtained by following:
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Proposition 6.3. Assume that f(F,p) =1. Fore >0 and y > cpN(p)", we have that
140+
n(1+1A7)(0+—3) Yz

Proof. By the bound (6.4), (6.7) is bounded by

. vy i (M)

bEA ac(1+p™)NCY
[N(a)|>crN(p)"

Let us split the above sum by -1 (%) + > _pca (4%) where

() = > =Y

a€(1+p™)NCY a€(1+p™)NCY
crN(p)"<|N(a)|<y/N(bs) |N(a)|>y/N(bs)

For x > 0 and a € O coprime to p, define uq () := #{B € a(1+p")NCY% : [IN(B)| =

z}. Then Uan(z) = 3, <, ta,n(m). By the estimate (3.10) and the Abel summation
formula, (*) is bounded by

__ ! 1.0 (m)
(=g X o

1
m?2
erN(p)"<m<y/N(bn)

y/N(bn)
= (v s i+ )

m%—ﬁ—a
crN(p)™

Set j > 1. Then similarly, (**) is bounded by
Y’ U1, (m)
(3%) =———F—— Z Bt LA

1 g _ctq 1 _fQ—etj
N(b,)z =07t m>y/N(b,) 0 oot

<e

y’ < Un(y/N(bn)) / Uin(z) d:c)
N (b, 1 6—ctj N (b, L 0—e+j g5 —0—etj ’
(o0 (0/N(62) o

By the Lemma 5.2 and Lemma 5.4 on the above equations, then we are done. O
By using the above propositions, we can give a proof of Theorem 6.1:

Proof. For y > 0, by the bound (6.4), the second term of (6.6) is bounded by

N(bn))

Z af(by) Vlg( y

N(bn)k/2 FF,k,m (%)

<<67p N(p)"(9+57%)/|A‘

beA
N(by)>crN(p)™/ 141
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since the function V1, & is bounded on the positive real line.

Set y = y, = N(p)*™ for a > 1, then by the above equation, the main term (6.6),
Proposition 6.2 and Proposition 6.3, we can prove the theorem. O

7. Non-vanishing of L-values

In this section, we use the algebraicity result of Hida [3] and Ramanujan-Petersson
bound obtained by Blomer-Brumley [1] and Nakasuji [6] to show the non-vanishing result.
We have the non-vanishing of the special L-values as a corollary of Theorem 6.1:

Corollary 7.1. Let p be a totally split prime ideal of F lying above p and coprime to
hropN. Let (—1)|E(R)‘(k_2)0%“]7k = 1. For a newform f € S(k m),7(M, x), we have

k
for almost all Hecke characters ¢ over F' of p-power orders and p-power conductors.

Proof. To make the error terms of (6.1) converge to 0 when n goes to oo, the numbers
a and 6 must satisfy the following inequalities:

9<%, 1<a, a(9+%)<1+ri‘7 a(0+%)>29+%.

As we have set 0 € [0, %], those are clearly equivalent to,

1 20+1 1+ &
0<0< =, +12 a 1AL
2" 041 0+

1
2
Note that |A| > 2, where the equality holds when p = 3 and hp = 1. So we can find a

satisfying the above inequalities if

p<iy 1
17 9A

By Blomer-Brumley [1, Theorem 1] and Nakasuji [6, Corollary 1.2], one has § = 7/64 <
% + ﬁ, hence we can choose such a.

Let ¢ be a Hecke character of p-power order and conductor p™, or a ray class character
of p-power order and conductor p”. Then by Theorem 6.1 and the estimation (3.10), we
have

lim Loy (f® ) =1 (7.1)

Hence we have
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1 k i
Law(f®9) = s30T > L(§7f®80)7é0
[Ky(p) : K]
oeGal(K; (¢) /K )

for sufficiently large n. On the other hand, by the algebraicity result of Hida [3], we have
k 4 ) ) k
L(i,f®go) =0 if and only 1fL(§,f"®<pa) =0 (7.2)

for any o € Autg(C). Assume that L(%, f® gp) = 0 for infinitely many Hecke character
@ of p-power order and p-power conductor. Then by (7.2), we have L.,(f ® ¢) = 0 for
infinitely many such ¢. This contradicts to the equation (7.1). O
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