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1. Introduction

For any positive integer N, let Xo(/N) be Shimura’s canonical model over Q of the
modular curve of level I'g(N). Let Jo(N) be the Jacobian variety of Xo(N) over Q. In
this article, we study the rational torsion subgroup of Jy(IN). This kind of investigation
began with the work of Ogg (see [5] and [6]), who conjectured that, if N = p is a prime,
then

Jo(P)(Q)tor = ([0] — [o0)),

where [0] and [0o] are the only two cusps of Xo(p). This conjecture of Ogg is proved by
Mazur in [4]. The basic idea is to consider the Hecke module structure of Jy(p)(Q)tor-
The following is a brief explanation of the method of Mazur.

Let To(p) € Endg(Jo(p)) be the Hecke algebra of level T'g(p) generated over Z by
all the Hecke operator Ty’s, where ¢ runs over all the primes. By the Eichler—Shimura
theory, we have

Ty=1+/¢on Jo(p)(@)tor

for any prime ¢ # p. On the other hand, since there is no old form in S3(To(p), C), the
newform theory implies that

T, = £1 on Jo(p)(Q)sor-

In fact, it can be proved that T, = 1 on Jo(p)(Q)tor, so that Jo(p)(Q)ior is a
To(p)/Io(p)-module with Iy(p) := ({Ty — (1 + ) }exp, T — 1) being the Eisenstein ideal
introduced by Mazur. It is easy to see that ([0] — [o0o]) is also annihilated by Io(p). The
above conjecture of Ogg then follows from ring theoretical properties of To(p) at the
Eisenstein ideal Iy(p). For example, it can be shown that the index of Iy(p) in To(p) is
prime to 6(p — 1). Thus we find that, for any prime ¢ not dividing 6(p — 1), the g-part of
Jo(p)(Q)tor must be zero, which is in agreement with the order of the group ([0] — [o0]).

The work of Mazur has later been generalized to some other modular Jacobian va-
rieties. For any positive integer N, let Co(N) be the subgroup of Jo(N)(Q) generated
by the cusps of Xo(N). Let Co(N)(Q) be the Q-rational subgroup of Co(N). Then, if
p > 5 is a prime and r € Z>o, it is known that Jo(p")(Q)[¢*°] = Co(p")(Q)[¢*°] for any
prime ¢ 1 6p (see [3]). Secondly, if N is a square-free positive integer, then it is proved
by Ohta that Jo(N)(Q)[¢*°] = Co(N)[¢g™] for any prime ¢ 1 6 (see [7]). This square-free
case has also been studied and improved by Yoo (see [10] for example). Note that when
N is square-free, all the cusps of Xo(NN) are Q-rational and hence Co(IN) = Co(N)(Q).
After these pioneering work, one is naturally led to the following

Conjecture 1.1 (Generalized Ogg’s conjecture). For any positive integer N, we have that

Jo(N)(Q)tor = Co(N)(Q),
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where Co(N) is the subgroup of Jo(N)(Q) generated by the cusps of Xo(N) and Co(N)(Q)
is the Q-rational subgroup of it.

In this article, we will provide, for any positive integer N, a “support” for those primes
g such that the g-part of Jy(N)(Q)tor is not zero. More precisely, our main result is the
following

Theorem 1.2. For any positive integer N, we have that

Jo(N)(@)[¢™*] =0

for any prime q 1 6 - N - w(N), where w(N) := [[(p* — 1) with p runs over all prime
divisors of N.

The idea of the proof for the above theorem is similar to that of Mazur, except that
we have to deal with the problem caused by old forms. To this end, we will first prove the
same assertion as in the above theorem with Jo(V) replaced by its new-subvariety, and
then use an inductive argument to yield the desired result. Note that, for any prime p | N,
the action of the p-th Hecke operator on the new-part of Jo(IN) is basically determined
by whether p? divides N or not. We are therefore led to first consider the situation when
the level N is of the form DC, where D is a positive square-free integer and C' | D a
divisor of D. In the second section, we construct a collection of rational Eisenstein series
of level T'g(DC') which are all eigenforms. These Eisenstein series will provide us with
the Eisenstein ideals to study the rational torsion subgroups later. The rest of the second
section is devoted to the determination of the constant terms of these Eisenstein series.
Then, we will use these results to control the indexes of the corresponding Eisenstein
ideals and complete the proof of Theorem 1.2 in the third section.

Notations. We denote by Ba(z) to be the second Bernoulli polynomial. For any positive
integer N = leNp”P(N), let @w(N) := leN(p2 —1), 9(N) := leN(p+ 1), and v(N) :=
Zp|N vp(N). Let q be the function z — €™ on the upper half plane used in the Fourier
expansions of modular forms. For any function g on the upper half plane and any v =

(a 2) € GLj (R), we denote by g|y to be the function z — det(v) - g(v2) - (cz +d)~2.
c

2. Rational Eisenstein series of level T'o(DC)

In the following, let D be a positive square-free integer and C be a positive divisor
of D. In this section, we will construct some Eisenstein series in £(To(DC),C) whose
Fourier coefficients at [oo] are all rational numbers. We will show that these Eisenstein
series are all eigenforms and then determine their constant terms at the cusps of Xo(DC).
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2.1. The definition and Hecke action

Let N be a positive integer and M3 (T'o(N), C) be the space of weight two modular
forms of level T'o(N). Then

M3 (Ty(N),C) = S2(To(N),C) @ E(To(N),C),

where S3(T'o(N),C) is the sub-space of cusp forms and & (T'g(N),C) is the sub-space
of Eisenstein series. For any prime /¢, there is a Hecke operator EFO(N) acting on
My (To(N),C) with respect to the above decomposition. Let 7o(IN) be the Z-algebra
generated by the EFO(N) for all the primes £. Denote the restriction of EFU(N) to So(T', C)
by TZF o) Then we define the Hecke algebra of level T'o(N) to be the Z-algebra gener-
ated by the TZFO(N) for all the primes ¢ and is denoted as T (V). Note that To(N) is a
quotient ring of To(N). If E € E(To(N), C), then we define the Fisenstein ideal of E as
the image of Anny(n)(E) in To(V), which is denoted by I, (£).

Before giving the definition of the above mentioned rational Eisenstein series, we
will first introduce some operators on the C-vector space Ms of weight two holomorphic
modular forms of all levels. Note that similar operators are also considered by Yoo in [10].
For any prime p, we denote by 7, to be the operator on My, which maps any g € My

to g| (p . Then we define the following two operators [p]* : My — My by

0 1
[p}+ =1-—"
_ 1
p =1-—v
[p] o

More precisely, for any g € My and z € §), we have

(2)
(2)

9(z) = p-g(pz)

9(2) — g(pz)

It is easy to see that if p; and py are two primes, then the four operators [p1]™, [p1] ™, [p2] T
and [ps]” are commutative with each other. This enables us to define, for any positive

square-free integer M, two operators [M ]i on M, as

[M]" = [p1]* o [pa]* 0.0 [pe]*

with M = py - ps... - pr, in any order.

To give the construction of our Eisenstein series, recall that there is a collection of
functions ¢, on the upper half plane, indexed by all row vectors z € (Q/Z)®? with the
following properties:
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For any z # 0, ¢, is an Eisenstein series, and we have that

buly = Pury (2.1)

for any v € SLy(Z), with SLy(Z) acts on the row vectors form the right in the usual way.
Moreover, these functions satisfy the following distribution law

Gz = Z ¢g|a (2'2)

yo=z

For more details about these functions, especially their Fourier expansions and the action
of Hecke operators, we refer the reader to §2.4 of [9].

Definition 2.1. For any two of positive divisors M and L of D such that M # 1 and
D | ML | DC, we define the following

Bxv = (L] o [M]* (= 3600)

which is an Eisenstein series of level I'o(DC). In the following, we will denote by H(DC)
to be the set of pairs M, L of positive divisors of D with M # 1 and D | ML | DC.

Example 1. When D = p is a prime and C = 1, we have H(p) = {(p, 1)}. The Eisenstein
series corresponding to (p,1) is E, 1 = [p]Jr(—%(f)(o,o)) by definition, so it follows from
the distribution law that

1 1
E,1 = —§¢(o,o) t3 Z b0,
yEZ/pZL
1
=3 2. ‘o

y€e(Z/pz)*
By §2.4 of [9], the Fourier expansion of E, 1 at [0o] is given as

oo

1 1 mim(kz+ % - mim(kz— 4
S I S U ST e
ye€(Z/pZ)* k=1 k=1

o0

_ 172;41 B Z Z d( Z 62771'%%) 627rinz

n=1 |1<d|n y&(Z/pL)*

p—l — n
=5 T2 o) -a,

n=1

where 0(n) 1= 31 gy, pra @ for any positive integer n.
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Proposition 2.2. For any (M, L) € H(DC), we have a1(Ep 1; [00]) = 1. In other words,
all these Eisenstein series are normalized.

Proof. We first observe that, if f is any modular form of level I'o(N) for some positive
integer N with its Fourier expansion at [oo] being Zzo:l an-q", then the Fourier expansion
of flyp is > oo (fay,) - ¢ for any prime £. In particular, we find that a;(f|v,;[o0]) = 0
and hence a;(f;[o0]) = a1 ([()F(f); [oc]).

For any (M, L) € H(DC), we choose an arbitrary prime divisor p of M and find then
by definition that

Eyp=[L]" o[—

Jf [ (Bp)

Since a1(Ep 1;[o0]) = 1 as we have seen in Example 1, it follows that Eps ; is also
normalized by the above observation. 0O

Lemma 2.3. For any prime p, we have that

1+0)- By, ift
TTW) (g, ) = (L+0) - Epa z'f 7D
Ep,17 fo:p

Proof. By Proposition 2.4.7 of [9], we have

b 90,2) + 0,12y, iflfp

I
7 P (o0.) = - .
- d,2) + Do,y — Dm0 b0,z 4%y, HL=p

for any y. Since ), = % ZyE(Z/pZ)X ¢(07%), it follows that

1
,721“0(19) (Ep,l) _ 721“0 (p) 5 Z ¢(07%

yE€(Z/pZ)*

: Y ("6

y€E(Z/pZL)*

(1490 -Ep

for any prime ¢ # p. On the other hand, if £ = p, then we have that

p—1
TLoW(Ey ) =p Ep1+ (p—1) - ¢0,0) — Z Zd’(o,%Jr%)

yE(Z/pL)* k=0

Please cite this article in press as: Y. Ren, Rational torsion subgroups of modular Jacobian varieties, J.
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=p-Epp—(p—1)-Ep,

= Lp1,

which completes the proof of the lemma. 0O

Lemma 2.4. For any 1 # M | D, we have that

Enpys if €| M
EPO(D)(EM,D/M) =0 Ev,p/ms if | D/M

(14+£) - Exr,p/a, if 04D

Proof. Let ¢ be a prime not dividing D. Choose a prime p | M. Then we find by definition
that

M
E = |—| o|— + E .
wo = (571 0 121" (Bpa)
It follows that
To(D D._ M r
T2 Basop) = [0 (L1 0 TP ()

=(1+4) - Exp/us

which proves the third assertion.
If £ is a prime divisor of M, then we have that

D M
TP EBanopan) = T (I71 o (1 (B
D, M .
=[5 o[ o T )
= FEn.p/ums

which proves the first assertion.
Finally, if ¢ is a prime divisor of D/M, then we have

Enxtp/ve = [0 (En,pyaae)s
and hence

D
z

0 0 ‘€ 0
T PN Eprpy) = T (Byy p) — Eyp o | ( )

»ME »ME 0 1

-1
1 00 1k
—ZEy S
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=Ll -Exp/ms

which proves the second assertion and completes the proof. 0O

Proposition 2.5. For any (M, L) € H(DC), we have that

(1+40)-Erxp, ifl{D

, M

nFO(DC)(EM’L) _ Enr, Z'fﬁ | (ML,L)
C-Enr, if | wroy
0, if ] (M, L)

In particular, the Eisenstein ideal It (pcy(Enr,z) of To(DC) associated to Eny 1, equals
to ({Te — (L + Otep ATe = 1}y s ATe — Lty o {Teken,n))-

L
(M, L (M,L)

Proof. It remains to prove this theorem for those Eys  with (M, L) # 1. By the def-
inition, we have that Enr = [(M, L) (Ea,p/m), so if £ is a prime not dividing D,
then

TP (B ) = TP o (M, L)) (EMD/M)

DC
72F EM ,D/M)
= (1 +£) . EM,L7

7,;0( arry) are given by the same for-

)
"(Er,pym) = (14+0)-Engp
for any prime ¢ 1 D. By similar arguments as above, we can prove that 7, O(DC)(EM,L) =

where the last equality holds because 7';

mula and we have already seen in Lemma 2.4 that

E,p, for any prime £ | (M—ML) and EFO(DC)(EM,L) = (- Ep,p, for any prime / | ﬁ
Finally, if £ is a prime divisor of (M, L), then ¢? | ML | DC and we find that

77 (Ban) = TP o (M, L)/6)7 o (67 (Bat,pja)

=[(M, L)/ o TP o [0~ (Ear,pyar)

et DEG 1)

=[(M, L)/~ (EFO(D) (Em,p/mr) — EM,D/M) =0,

= [(M, L)/]”

which completes the proof of the theorem. O
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2.2. The constant terms

Now we turn to the calculation of the constant terms of Ejs . Note that similar
results have been obtained by Banerjee in the prime square case (see [1]). Firstly, we
give some convenient representatives for the cusps of Xo(DC).

Lemma 2.6. If we take r to be a positive divisor of %, s,t two positive divisors of C
satisfying (s,t) = 1 and let © runs over a set of representative of (Z/tZ)* which are
prime to D, then {["5&* m]} is a full set of representative for the cusps of Xo(DC).

Proof. It is clear that any divisor of DC = % -C? is of the form rs?t with some r, s,t as

above, and we have (rs*t, C) =t for any such a divisor, so the above set has at most
doic <d|DC o(d, 2 ) elements Thus, it is enough to prove that the above are all different

cusps, since we know that the number of cusps of So(DC) is also ;g pe (d, By,

rls%tlml ] _ [T283t25132

Suppose, to the contrary that we have [~35 2c— ), then there exists some

V= (D(é'é B) € I'y(DC) such that (=% tlrl) = r"’SDgtéw. It follows that we have
w

azy + B2

drisitizy +w’

2
2 2 r18it1
7’282t2$2 = T181t1$1

But as dr1s¥tiz1 + w is a unit at every prime dividing risit;, we find that r,s1,t
divides 73, so, t2 respectively, and hence ry = ro,s1 = s2 and t; = to by symmetry. If we

po € SLy(Z), then
rs?t

T Ul x2 Uz
rs2t U1 rs2f U2

so that there exists some integer n such that

" xr1 U Z2 U2 1 n
- =
e R ow)\0 1)

which implies, after a straight forward calculation, that

choose some u;,v; (i = 1,2) such that

Vg

Dcvl - D—Cvg En~D—C e (mod DC).

rs2t rs2t rs?t  rs2t

Since t? | DC, it follows that
vy =vg (mod t) = z1 =22 (mod t),

and hence completes the proof of the lemma. 0O
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By a similar argument, we can prove the following

Lemma 2.7. Let p be a prime divisor of D and ["5 m] be a cusp of Xo(DC), then we
have that:

24 r .
(1) Ifp|r, then [Z5e] = [CR1] in Xo(DC/p);
2 r(s z
(2) Ifp| s, then [“5E] = | (D/Cp/pt | in Xo(DC/p?);
(3) I p | t, then [Fpfe] = ["ULEED)] in Xo(DC/p?);
2 rs2t-(px)y -
(4) Ifp| &, then [5L8] = [“5299] in Xo(DC/p);
7’82 L+ 2.7) .
(5) Ifp| S, then [5528] = [Z5e20 in Xo(DC/p?).
Proof. The first two assertions are obvious. Since the proofs of last three assertions are
similar, we will in the following only give that of (3). If [Tgéf”] = [T/Dslcg/p ]in Xo(DC/p?),

a B

ncs o, ) € I‘o( ¢) sending the former point to the latter
P

then there exists some v = (

one, and we find thus

DC
ra+ rs2t

drs2(t/p)r + wp’

's’2t’x’ — 7’32(1‘,/])) A

Since drs?(t/p)x + wp is a unit for any prime dividing rs%(t/p), it follows that r, s, t/p
divides 1/, s’, ' respectively. We find thus
A xa+ﬂ£g
r = —-.
ro s2 t/p drs?(t/p)x + wp

If there is some prime g | r's't’ (so that ¢ # p as p 1 t') but not dividing rst, then
ra+ B DC
proved the assertion. O

adic unit. But this contradicts to the above equation, so we have

To determine the constant terms of K, we still need to know how the operators
[p]* effect on the constant terms of a modular forms. Let [2] be a cusp represented by

b
d
Y([oc]) = [%]. Let N € Z>; and f € My(I'g(N),C). For any prime p, we have that

a pb\(p O .
, ifple
c/p d 0 1
Tp Y =
g ap b 1 0 .
, ifpfe,
c d/p)\0 p

Please cite this article in press as: Y. Ren, Rational torsion subgroups of modular Jacobian varieties, J.
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where we may and will always assume p | d if p{c. We find then by definition that

ao(f;[2]) —p~ ' ao(f; [%2)), ifpte,
and
a ao(f;[2]) — ao(f;[%2)), ifplec
aolpl~ (£ 1) = o(f3[£]) (i(Qf [£]) a | Pl
¢ ao(f;[2]) —p™ -ao(f;[%2]), ifpte

It follows by an easy inductive argument that, if K is a positive square-free integer, then

1)@ - ag(f: [2a K e
(KT (52 = { 2z it K| .3
¢ Zl§a|K(_1)U(a) st ao(fi[2e)), if (K,c¢) =1,
and
1)) - gg(f: [2a K e
ao([KI- ()54 = § s DT ol B, At 2.0
‘ Sicax (DD - am?ao(f5[%2)), if (K, ¢) =1,

Lemma 2.8. The constant terms of Ep 1 are given by

rs’te (—1)”(%)_190(D)

In particular, we find that the constant terms of Ep 1 are independent of t and x.

Proof. By applying the second formula of (2.3) to the cusp [ng”] with K = rs, we find
that

2
R S (Cpe) ot retlaz)
DC ]) - - | ( 1) « [0 ao(ED/rSJ,[ DC ])
Since Ep/ys,1 is of level T'g(D/rs), it follows from (1) and (2) of Lemma 2.7 that

t(ax)
D/rs-C/s

rs’tx

a(Ep i [~ = Y (=1D)"®-a™ ag(Epps ;|

B0 )

1<a|rs

= Z (_1)y(a) . Ol_l : aO(ED/rs,l; [OO])
1<alrs
p(rs)

=5 ao(Ep /rs,1;[00]).

Please cite this article in press as: Y. Ren, Rational torsion subgroups of modular Jacobian varieties, J.
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Thus we only need to prove the lemma for the cusp [0o]. However, if p be an arbitrary
prime divisor of D, then the first formula of (2.3) shows that

ao(Ep;[oo)) = | D (=) a | -ag(Epa;[o0])

and our assertion follows. 0O

Lemma 2.9. The constant terms of En p/a are given as

rs?tx
ao(En,p/as [D—C]) =

In particular, we find that the constant terms of En p/y are independent of t and x.

Proof. If [ é?] is a cusp such that L | s, then (£, 2
formula of (2.4) and (1), (2) of Lemma 2.7 that

) = 1 and we find by the second

rs’tx _ ars
ao(Evpyms [~ DO D= > ()" -a"? ag(En; [—5~

1<al| &

_ Z (_1>V(a).a_2~ao(EM,1§[)7

1<a| &

with ’s’ - & = rs. By Lemma 2.8, it then follows that

rs’tz )= Lo(M)
E u(a)
( M D/Mv[ DC ]) 1<Z| ) 24y 5
Safqr
sy
_ DB D) ()
247"3M

However, if £ frs, then K := (%
that

) # 1 and we find by the first formula of (2.4)

Please cite this article in press as: Y. Ren, Rational torsion subgroups of modular Jacobian varieties, J.
Number Theory (2018), https://doi.org/10.1016/j.jnt.2018.02.009




YJNTH:5985

Y. Ren / Journal of Number Theory ese (ssss) sse—see 13
B ) rs’tx _ 1@ B ) ars’tx
ao(Ewn,p/ns [D—C]) = Z (=1) - ao( M,ﬁv[ DC )
1<a|K
rs?(7is)x
v(a (t,2)
= Z( 1)() aO(EM,A}I-_’Kv[Q. C )

1<a|K a  (C,a)

But as (K,rs) = 1, Lemma 2.7 implies that [TSD(@)I] = [£S2t'cz' ] as a cusp of Xo(£ -
o (C,a) , 7;(0,1()

&) for some ¢’ and ', so that all these ag(F,, b _; [MD are the same by the
(C.K) TME ST

rs2te

above result. It follows that ao(Ear,p/ar; [“he

]) = 0 which completes the proof. O

Proposition 2.10. For any pair of integers M and L as before, the constant terms of
Eu,p are given as

—1YE D) (L)
rthx]) ) janr,s (1= %)( ) 24”“2( o) if & |rsand (M,L) | st
DC

ao(En,rs |
0, otherwise.

Proof. We have already proved the above assertions when (M, L) = 1 in Lemma 2.8 and
Lemma 2.9, so we assume in the following that K := (M, L) # 1. Note that we must have
K | C. Now, if [”i‘;é"”} is a cusp such that K | st, then we can decompose K = K, - K;
with K := (K, s) and K, := (K,t). It then follows from the second formula of (2.4) that

rs’tx 5 _ rs*t(asz)
ao(Ewm,L; [D—C]) = Y ()redia? ~ao(Ey g, s [TC])-
1<as| K
rs?t(asz+ = 2§ . .
Since [TSztD(gsx)] = X D+C“3 727)] with s 1= asz+ - LE prime to D, we find that
o rs’tx _ Dles) . o2 I ) rs?tx,
ao(Ewm,L; [D—C’D = Z (-1) o ao MK, L5 [D—C’D

1<as| K

Z Z (—1ylesad) . g 2. aO(EM,Kt%3 [—r(sat)D(gat)xS])’

1§O¢s|Ks 1S0¢t|Kt

and hence get the assertion by a straightforward calculation using previous results. How-

ever, if H := % # 1, then H TDSZCt and we find by the first formula of (2.4) that

rs’tr o rs’t(ax
ao(EM,L;[D—C]) = Z (—1)“¢ )'GO(EM,L/H;[%])
1<al|H

2
But it is easy to see from the above result that all these ao(Enr,r/m; [= Dt(g:c)]) are the

same, so it follows that ao(Em, L; [Tgéf”]) = 0. We have thus completed the proof of the

proposition. 0O
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3. Proof of the main theorem
3.1. Algebraic modular forms

Here, we briefly review the algebraic theory of modular forms. For more details, the
reader is referred to [7].

The algebraic modular forms that we will mainly use in the following are those in the
sense of Serre and Swinnerton-Dyer. For any positive integer N, let

Ms(To(N), Z) := {f € Ma(T'o(N),C)|f(a) € Z[[a]]},
S2(Po(N), Z) := {f € S2(T'o(N), C)[ f(a) € Z[[q]]}-

Then we define, for any ring R, that

MQ(F()(N), R) = MQ(F()(N),Z) ®Z R,
S2(Po(N), R) := S2(T'g(N),Z) ®z R.

These are the spaces of algebraic modular forms that are denoted as M and SP re-
spectively in [7]. On the other hand, we have also the following spaces of modular forms
in the sense of Deligne-Rapoport and Katz (see Definition 1.2.5 of [7])

M?(FO(N%R) 2 SQA(FO(N)vR)v

which are defined from the view of moduli. If R is any Z[1/N]-algebra, then there are
g-expansion preserved injections ([7], lemma 1.3.5)

M (To(N), R) =+ M3'(Lo(N), R), S2(To(N), R) = S3'(To(N), R)

between these two kinds of modular forms. Moreover, if R is flat over Z[1/N], then the
above injections are in fact isomorphisms ([7] (1.3.4)).

For any prime /, there is a Hecke operator T'(¢) acting on M3'(To(N),R). If f €
M3 (To(N), R) has its Fourier expansion as > a,q", then (see (1.5.1) of [7])

S o aneq™ L0 anq™t, it N

T(0)(f) = { = .
ano aneq™, if | N.

Note that T'(¢) is denoted as U(¢) in the paper of Ohta. When R = Z[1/N], these opera-
tors coincide with the classical Hecke operators T(ZF o(V)5g Tt follows that these operators
preserves the sub-spaces My (T'o(N), R) and Sz(I'o(N), R) for any Z[1/N]-algebra R. We
will denote TZFO(N) as Ty for simplicity in the following and refer to them as either the
classical operators or the algebraical operators if there is no risk of confusion.

Please cite this article in press as: Y. Ren, Rational torsion subgroups of modular Jacobian varieties, J.
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3.2. New-part of modular Jacobian varieties

Let N be a positive integer. For any positive divisors n | N and m | %, we have the
following homomorphism

SQ(Fo(n), (C) — SQ(FQ(N), (C),
which maps f(z) to f(mz). These maps then induce the following homomorphism

H SQ(FO(n)vC) %SQ(FO(N%(C%

n|N,n#N and m|%

whose cokernel is isomorphic to the subspace of new forms of level I'g(V). The above
homomorphism induces the following morphism between abelian varieties over Q

LN - J()(N) — H Jo(ﬂ)

n|N,n#N,m| &

The new-part of Jy(N) is then defined to be the kernel of the above morphism, so we
have the following Cartesian diagram

Jo (V) 0

T

Jo(N) ——= J§"(N)

where J§'¥(N) is defined to be the image of ¢y which is a sub-abelian variety of

Hn|N,n¢N,m|g Jo(n).
8.8. The proof of Theorem 1.2
For any positive integer N, we can uniquely write it as
N=D-C-Cy---Ck,

where D, C,Cy,...,C}, are all square-free positive integers such that 1 < Cj | --- | Cy |
C'| D. Thus, for any pair of integers M and L in H(DC), we find that the Eisenstein series
Enp € E(To(DC),C) and hence also in E(T'g(N),C), so we have the corresponding
Eisenstein ideal I, () (Ear,z) of To(V).

Lemma 3.1. For any pair of two integers M, L in H(DC), there is a natural isomorphism

To(N)/Iro(ny(Enr,z) = Z/mZ

Please cite this article in press as: Y. Ren, Rational torsion subgroups of modular Jacobian varieties, J.
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for some non-zero integer m. Moreover, if (M,L) # 1, then q¢ 1 m for any prime q 1
6-N-w(N).

Proof. We first prove that the above quotient ring is finite. Since it is obvious that the
natural homomorphism Z — To(N) /I vy (Ewm,1) is surjective, we only need to prove
that the kernel of this homomorphism is non-zero. However, if the kernel is zero so that
Z ~ To(N)/Iryny(Enr,z), then the ring homomorphism T — To(N)/Ir,nv)(Enr,z) =~
Z — C will give rise to a normalized cusp form whose eigenvalue is 1 4 ¢ for any ¢t D
which this contradicts the Ramanujan bound. This proves the first statement.

Now we turn to the second assertion of the lemma. Suppose that g1 6 - N - w(N) is
a prime divisor of the above index m of It (ny(Es,z) in To(N). Recall that there is a
perfect pairing of Z-modules (see [8])

To(N) x So(L'o(N),Z) — Z, (T, f) = a1 (f|T}[o0]).

Then, by base change from Z to Z/qZ, it follows that there is also a perfect pairing

To(N)/qTo(N) x S2(Lo(N), Z/qZ) — Z/4Z.

Since To(N)/(q, Iry(vy(Ewm,z)) is a quotient of To(n)/qTo(N), we get thus the following
perfect pairing

To(N)/(q, Irg(ny(Enm,z)) % S2(Lo(N), Z/qZ) [ Ir, vy (Enm,L)] — Z/qZ

of Z/qZ-modules, which induces a canonical isomorphism

S2(To(N), Z/qZ)[Iro vy (Enm,z)] = Z/qZ.

Since ao(Ens,r; [00]) = 0 when (M, L) # 1, it follows that Sy(I'o(N), Z/qZ)[Ir,(n)(En,L)]
is expanded by Enr (mod q). So there exists some g € M3(T'o(N),Z) such that
Eymp+q-g € S2(To(N),Z). Note that, as we have mentioned before, Ma(T'o(N),Z) C
My (To(N),Z[1/nZ]) is naturally embedded in M3'(T'o(N),Z[1/nZ]), g can be naturally
viewed as a modular form in the sense of Katz with coefficients in Z[1/nZ]. Now since
Xo(N) is connected, it follows from Corollary 1.6.2 of [2] that the constant terms of g
at the various cusps of Xo(N) are all in Z[g, pun], so that

ao(En,ilc]) € q- Z NP ﬂ@—q Z ]

for any cusp ¢ in Xo(N), which contradicts to Proposition 2.10. This completes the proof
of the lemma. 0O

Lemma 3.2. For any positive integer N, we have JJ¢*(N)(Q)[¢>°] =0 for any q¢16- N
w(N).

Please cite this article in press as: Y. Ren, Rational torsion subgroups of modular Jacobian varieties, J.
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Proof. Suppose to the contrary that there is a prime ¢ f 6 - N - @w(N) such that
Jye(N)(Q)[¢>°] # 0. There exists a non-zero point P € J§<*(N)(Q)[¢] C Jo(N)(Q)[q]-
By Eichler—Shimura theory, we have

Ty(P)=(1+4P
for any £1 N. On the other hand, by the newform theory, we have

5- P, ifl] 5

T,(P) =
") {o, ife)c,

where 0, € {£}, so that

q | [To(N): Ip],

where Ip is the ideal

Ip = ({Te = L+ O}an {Te koo {Te = 0}y 2)-

Then, by the same argument as that in Lemma 3.1, we find that S2(To(N),Z/qZ)[Ip] # 0
and is generated by a unique normalized fp.

Let Fp € So(I'g(N),Z) such that Fp = fp (mod ¢). For any ¢ | %, we have Fp—‘%Fp
belongs to So(To(N¥),Z[1/N]). Moreover, simple manipulation on Fourier expansions
shows that

b)
Ty(Fp— %

7 Fp)=T,(Fp)—6¢-Fp

=0 fp—9d-fp=0 (modq).

Thus, by raising the levels in such a way, we will finally get a normalized © €
S2(To(ND/C),Z[1/N]), and hence, by reduction, a normalized § € S3(T'o(ND/C),Z/qZ)
which spans

So(Lo(ND/C), Z/qZ)[Iry(npyc)(ED,D)]-

It then follows that ¢ | [To(ND/C) : Ir,(np/c)(Ep,p)], which contradicts to Lemma 3.1
and hence completes the proof. O

Proof of Theorem 1.2. We prove the theorem by induction on v(N). When v(N) =1 so
that N is a prime, the claim follows from the theorems of Ogg and Mazur. In general,
if ¢ is a prime such that ¢ | 6 - N - @w(N), then we also have g { 6 - n - w(n) for any
n | N. Thus, by the induction hypothesis, a point P € Jy(N)(Q)[¢°°] must be mapped
by tn to zero of JO'4(N), because v(n) < v(N) for any n | N and n # N. It follows that
P e Jiev(N)(Q)[g®°] and is hence zero by Lemma 3.2. This completes the proof of our
theorem. 0O
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