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1. Introduction

The study of metaplectic Eisenstein series goes back at least to Maass [16] who com-
puted the Fourier expansion of half-integral weight Eisenstein series and found quadratic
Dirichlet series among the non-degenerate coefficients. Kubota [14], inspired by the works
of Hecke [7], Selberg [22], and Weil [25], took the next step by computing the Fourier
coefficients of an Eisenstein series on the n-fold cover of GL(2) over a number field con-
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taining the 2n-th roots of unity. Using the Fourier expansion Kubota was able to study
the automorphic residues of the metaplectic Eisenstein series. In the case of the double
cover of GL(2) the Jacobi #-function is such a residue. Subsequent works continued to
include the hypothesis that the base field contains the 2n-th roots of unity. (The con-
struction of n-fold covering groups requires the base field to contain the n-th roots of
unity.) Kazhdan-Patterson [12] developed a general theory of automorphic forms on n-
fold covers of GL(r +1). Their work includes a computation of the Fourier coefficients of
metaplectic Eisenstein series and a study of their residues. Brubaker-Bump-Friedberg-
Hoffstein [3] and Brubaker-Bump-Friedberg [4] provided a combinatorial description of
the non-degenerate Fourier coefficients of Eisenstein series on an n-fold cover of GL(r+1).
However, the double cover exists over Q and thus it is natural to try to extend the results
of the above authors to this case.

This paper represents a modest step toward bridging the gap between our understand-
ing of Eisenstein series on n-fold covers over number fields containing the 2n-th roots of
unity and those over number fields containing only the n-th roots of unity. Specifically,
we use the results established in [11] to derive explicit formulas for the Fourier coeffi-
cients of a minimal parabolic Eisenstein series on the double cover of SL(3) over Q, as
opposed to a number field containing Q(4). These explicit formulas provide a means to
study the poles of the Eisenstein series and its residual representations, a point we will
return to momentarily.

We will now highlight some of the notable features of this work. Theorem 45 includes
an explicit formula for the constant term, which can be used to determine the poles
of the Eisenstein series. Proposition 44 contains the formula for the non-degenerate
Fourier coeflicients and the results of Subsection 3.7 express the unramified p-parts in
the style of Brubaker-Bump-Friedberg-Hoffstein [3]. Subsection 3.5 contains formulas
for the ramified parts (p = 2) of the non-degenerate Fourier coefficients. It would be
interesting to know if these ramified coefficients also admit a combinatorial description
in the style of [3].

We would also like to mention that this computation is performed in the context of
automorphic distributions. This perspective should be advantageous for studying certain
Archimedean integrals, as demonstrated by Miller-Schmid [19]. Specifically, Rankin-
Selberg integrals for the exterior square L-function on GL(n) were provided by Jacquet-
Shalika [10] and Bump-Friedberg [6], but the Archimedean integrals were not evaluated.
However, Miller-Schmid [19] computed the Archimedean integrals of the exterior square
L-function on GL(n) by revisiting the construction of Jacquet-Shalika in the context
of automorphic distributions. A similar situation persists in the case of the symmet-
ric square L-function. A Rankin-Selberg construction is known, but the computation of
the Archimedean integrals remains open. Thus a natural test for the theory of auto-
morphic distributions, as it relates to Archimedean integrals, is the computation of the
Archimedean integrals of the symmetric square L-function on GL(n). When n = 3, the
formulas for the Fourier coefficients of the minimal parabolic Eisenstein distribution con-
tained in this paper provide a means to study the distributional analog of the #-function
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(i.e. a residual representation) used in the Rankin-Selberg construction of the symmetric
square L-function due to Patterson and Piatetski-Shapiro [20].

We will now provide a brief description of the contents of this paper. Section 2 contains
notation and basic computations. Subsection 2.6 introduces the Banks-Levy-Sepanski
2-cocycle [1] and collects some computations involving this 2-cocycle. Subsection 2.7
reviews some results from [11] about an arithmetic splitting function s. These results
provide the foundation for all of the subsequent computations.

Section 3 isolates the computations of the exponential sums associated with the big
Bruhat cell appearing in the Fourier coefficients of the metaplectic Eisenstein distribu-
tion. The symmetries of s studied in Subsection 3.1 induce enough symmetries of the
exponential sums to reduce the general computation to more manageable special cases,
which are treated in subsections 3.4 and 3.5. The principal reduction is described in
Proposition 13. Another significant consequence of Proposition 13 is that the Dirich-
let series appearing in the non-degenerate Fourier coefficients, which do not possess an
Euler product, can be reconstructed from their p-parts. Similar twisted multiplicativity
appears in the work of Brubaker-Bump-Friedberg-Hoffstein [3].

Section 4 contains the computation of the Fourier coefficients of the minimal parabolic
Eisenstein distribution on the double cover of SL(3) over Q. An outline of the computa-
tion follows. We begin, as is typical with computations of Fourier coefficients of Eisenstein
series, by breaking up the Eisenstein distribution into six pieces using the Bruhat decom-
position. The computation of the Fourier coefficients of each of the six pieces occupies one
of the six subsections 4.1-4.6. Specifically, the formulas for the Fourier coefficients can be
found in Proposition 34, Proposition 36, Proposition 38, Proposition 40, Proposition 42,
and Proposition 44. For each of the six pieces, we compute the Fourier coefficients using
the method of unfolding which reduces the computation to the determination of certain
exponential sums. The most complicated exponential sums appear in the case of the big
Bruhat cell, but these are exactly the exponential sums studied in Section 3; the expo-
nential sums appearing in the degenerate coefficients are related to Fourier coefficients of
Eisenstein series on the double cover of SL(2) over Q and are handled directly. Finally,
the formula for the constant term of the Eisenstein distribution appears in Theorem 45
in Subsection 4.7. This formula is derived by specializing the computations of the Fourier
coefficients in subsections 4.1-4.6 to the case of the constant term.

2. Notation
2.1. SL(3,R) and SL(3,R)

This section contains the notation and basic computations that will be used through-
out this paper.

Let §I/4(3, R) be the nontrivial topological double cover of SL(3,R). As a set §I:(3, R) &
SL(3,R) x {£1}. The Banks-Levy-Sepanski 2-cocycle o : SL(3,R) x SL(3,R) — {£1}

[1], recalled in Subsection 2.6, defines the group multiplication on SL(3,R) as follows:
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(91,€1)(92, €2) = (9192, €1€20 (g1, g2))- (2.1)

The following list establishes notation for some subgroups of SL(3,R) and éi(i&, R):

b
|

00 ~ 00
b0 )l]a,b>0 , A = 060 ), 1])|a,b>0¢,
0 2 00 2
€ 0
0

10 0 —~
0 e O )|61,62_:|:1} , M =
0

(
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S pner) r - {1 uen).
(
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N
I
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o

(

o O

T z
ly |.
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Now we list particular representatives of elements of the Weyl group of SL(3,R):

0-10 10 0
Wey, = 100, Wa, = 00-1 |,
00 1 01 0
001 0-1 0
Woy Wy = 100), Weay Way = 00 1),
010 10 0
00 1
and wy = Wa,Wa,Wa, = WayWayWay 0—1 0).
100

These representatives of the Weyl group are used in the formula for the 2-cocycle defined
in [1]. We recall this formula in Subsection 2.6.

If g € SL(3,R), let Tg denote the transpose of g. If Q) is a subgroup of B, then @Q_
and Q°P will denote the set {Tq|q € Q}.

Let s((3,R) be the real Lie algebra of SL(3,R) and let a be the subalgebra of diagonal
matrices. For X € sl(3,R), let exp(X) = >.>7 %n be the exponential map and let
log denote its inverse on a. The map K x A x N — SL(3,R) defined by multiplication
is a diffeomorphism. Define the maps x : SL(3,R) — K, H : SL(3,R) — a, and v :
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SL(3,R) — N such that g — (k(g), exp(H(g)),v(g)) is the inverse of the map (k, a,n) —
kan.

2.2. The As root system

This subsection establishes notation related to the root system of SL(3,R). Let
X(T) =Zey+Zex+ Zes/Z(e1 + e2 + e3) be the group of rational characters of T (writ-
ten additively), where e;(t(¢1,t2,t3)) = t;. The Weyl group W acts on X(T) through
its action on T by conjugation; this action extends to an action on the vector space

X(T)®C.
Let ® = ®(SL(3,R),T) = &7 U P, where & = {(e; — e2),(e2 — e3),(e1 —e3)}
is the set of positive roots of SL(3,R) with respect to B and ®~ = —®7T is the set

of negative roots. To each root @ = =£(e; — e;) € ® there is a canonically defined
element h, = +(e;; — €j;) € a, where e;; is the 3 x 3 matrix with 1 in the (4, j)-
position and 0 elsewhere; details can be found in [8]. The elements of X (T') ® C pair
with these matrices by the formula (aie; + azes + ases, £(e;; — €55)) = £(a; — a;).
This pairing shows that X(7') ® C is isomorphic to ag, the space of complex valued
linear functionals of a. It will be convenient to embed X(7T) ® C into C3 via the map
aie1 + azes + azes — (%al — %ag — %(lg,, —%al + %ag — %CL?,, —%al — %ag + %ag). In this
case the pairing with a is given by ((A1, A2, A3), £(eis — €55)) = £(Ai — Aj).

2.3. Pliicker coordinates

abc

Given (d ef ) € SL(3,R), define six parameters, called Pliicker coordinates, as fol-
ghi

lows:

abc
Theorem 1. (/5, Ch 5]) The map taking (d e f) € SL(3,R) to (A}, By, Cy, AL, B, C4)
W

defines a bijection between the coset space ]gV\SL(3,R) and the set of all

(AL, B, 1, Ab, B, C%) € RC such that: AJCh+ B, By + C1 AL = 0, not all of Ay, B}, C}
equal 0, and not all of Ay, By, C) equal 0. Furthermore, a coset in N\SL(3,R) contains
an element of SL(3,Z) if and only if A}, By, C} are coprime integers and A%, By, CY are
coprime integers.

Versions of this result hold for other congruence subgroups. Let A] = 4A4;, A}, = 4A,,
B} = 4By, By = 4By, C| = C1, C% = C5. The coset space I'so\I'1(4) can be identified
with

(2.3)

(4Ala4Bl7 Cl74A274BQ7 CQ) (S Z6|A102 —+ 4B1B2 + ClAQ = 07
(Ay, B;,C;) =1, Cj = —1 (mod 4)
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Table 1
I'wo\I' representatives.

Cell Constraints I'o\I' Representative

/ Sz
C1
-,

—1

B C1,C2 #0

A1, B1,A2 =0,

Nwa, B C1,Ba #0

Al = 0,
Nwa, wa, B Bi,A2 #0

B;,C2 #0
Az <
B 4B,
—4B, 15152
Ag
=1

44,

Ay =0,

Nwoawer B 4 ', # 0

1

—4A, —4B, —C;

=1

1 4By
By
Ay
_1 4A, 4B, C,;
Az =B
-1 ) Ay Ay
1
14,

Coset Representatives: Table 1 lists coset representatives of I'no\I" following Bump [5].
The next proposition collects some symmetries satisfied by the Pliicker coordinates.

Nw,B A1,A2 #0

—
(C2
Ay, Ao, Bs =0 -t
N’wazB 1,42, 02 = U, ( 71>
<1
1
( 1
1
(—1

Proposition 2. Let g € SL(3,R) with Plicker coordinates (4A1,4B1,C1,4A5,4B5,C5),
n=n(zr,y,z) € N, So =t(1,-1,1), and S3 = t(1,1,—-1). Then:

(1) The matriz ngn~' has Pliicker coordinates
(4141, 4B1 - 4A1$, Cl - 4Bly + 4A1 (xy - Z), 4A2, 4B2 + 4A2y, CQ + 4B2I + 4AQZ)

(2) The matriz SggS;1 has Pliicker coordinates (—4A1, —4B;,C1,—4A5,4B5,Cy).
(3) The matriz S’ggSgl has Pliicker coordinates (4A1,—4By,C1,4A5, —4By, Cs).
(4) The matriz we Tg~ w, has Pliicker coordinates (4Az, —4Bg, Cy,4A1, —4B1,C1).
(5) Let g € T'1(4). If D divides (A1, A2), D1 = (D, By), D = D1D5, and
T =t(1,Dy', D) then TgT~" € SL(3,Z) has Pliicker coordinates

(4A1/D,4B1/D1,C1,445/D, (4B3)/ D4, Cs).

Furthermore, TgT—' € T'1(4) if and only if Dy divides Bs.

The proof is straightforward matrix algebra and will be omitted.
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Let

S(A1, A3) = {y € T'1(4)|y has Pliicker coordinates of the form (4Ay, *,*,4A45, %, %)},

(2.4)
and let
S(A1, As) = {(441,4B1,C1,445,4B5,C5) € Z°|A1C + 4B1 By + C1 A = 0,
By By (s
Ai7Bi7 % :17 i =-—1 4, X 9 A Y A a ,1 . 2.
(45,8 C) =1, G = —10mod 4, 2152 @ 1o 1)y 05)

The maps of Proposition 2 induce maps on the double coset space I'o o \S(A1, 1As)/Too =
S(A1,Az). ((1) in Proposition 2 implies the bijection.) The next proposition describes
another important property of these double coset spaces. We will refer to this property
as multiplicativity of the double coset spaces.

Proposition 3 (/11]). Let A1,aq > 0, Ag, a0 # 0, suppose that (A1 Az, anaz) =1, Ay, Ay

are odd, and suppose that Ayay + Asae =0 (mod 4). Let = (714_11142 ). Then

Foo\S(Ala17A2a2)/Foo & FOO\S(A17I’(’A2)/FOO X FOO\S(Oél, —H(XQ)/FOO.
The bijection is induced by the map

(4A101,4B;, C1,4A205,4B5,C5) v
((4A13 4Bl7cl7 /1/41427 4327 ’702)3

(401,4B;, (A—)AQCI, —pdas, —(_—1)u4Bg, —M(—)A102))a

-1 -1
2 A2 A2
(2.6)

(1) ¢ = *Al’YC2AT431Bz .
pA2 ’
(2) + is the smallest positive integer such that v =1 (mod 4) and v = oy (mod As).

2.4. Ezxponential sums

This section collects some basic identities involving Gauss and Ramanujan sums. The
proofs are elementary and will be omitted. The definition and basic properties of the
Kronecker symbol (<) can be found in [11] (or [9]).

When d divides n, let

gldmmny= 3 (5)emCE), (2.7)
z€(Z/nZ)*
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When n = 2% k> 3, and € = £1 (mod 4), let

: X wi(m -
ge(2m, 2" = (5)62 (m3w), (2.8)
z€(Z/2%2)*
z=e (mod 4)

Note that if 7 is even then g.(2¢,m, 2¥) is also well defined for k = 2.
In what follows, if P is a statement then we define dp to be 1 if P is true; 0 if P is

false. If a,m € Z, we write a or (a)_!

mod m for a multiplicative inverse of a modulo m.

Lemma 4. Let p be an odd prime, let a,b,m € Z, and let j, k,{ € Z>q.

(1) Ifce(Z/dZ)*, then g(d,cm,n) = (§) g(d, m,n).
(2) If k #£ 0, then

) 0, k#5741
g(pl’p]’pk):{ k=1,0p1 0 1 ;
p lg(phpp), k=j+1,
o(p*), k—j<0;
g(p07p]7pk) = _pk_la k _] = 17
0, k—j>2.

(3) pg(p', £p7,p") = g(p", £p"*", p*H0).
(4) 2°ge(2,£27,2%) = g (2, 2774, 2MFF).
(5) Suppose that p does not divide a and j > 0, then

—
ar +b . onime omi=mab @ . , b kpj Yo me
o (kT =T (D) mp?) — (2) e pt
se@/pzy< P P P
(2.9)
(6)
Z g(pzamap ) - 5pk|mp (210)
0<t<k

2.5. Zeta-functions

This section collects some definitions and identities involving zeta-functions. Let ¢ be
the Euler ¢-function and let

A 1, ifd=1(mod 4);
K, (n;4c) = Z 5;“(5)62”%, where eg = <4, if d=—1( mod 4);

deZ/(4c)Z 0, otherwise.
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The prototypical zeta-function is the Riemann zeta function

()= I a=p)t=>"n, (2.11)

p n>0
prime
where Re(s) > 1. When the 2-part is missing we will write (2(s) = [, (1 — p~s)~t =
((s)(1=277).

The computation of the semi-degenerate Fourier coefficients will employ the identity

d(4k?) _9 2728 1—pt=2 95 C(25 —2)
Z (2k)7% = —(25-2 H 55 =2 ' (2.12)
= 2 1—2-( )p¢21—p s C2(25—1)
and will include the appearance of the zeta-function
tep(n) = €d™ Qv +1) > VT K (—n;de), (2.13)

C€Z>0

where Re(v) > 1. Bate [2, pg 26, 35] shows that (2.13) is a Fourier coefficient of a
metaplectic Eisenstein series on the double cover of SL(2,R) and evaluates it in terms
of quadratic L-functions when n # 0 and ¢ when n = 0.

The following identity is used in the calculation of the constant term. Let n € Z~,
then

0 , if n is not a square; (2.14)

K, (0,4n) = {

(1+ i’“)d’(g") , if n is a square.
2.6. 2-cocycle

This section collects basic facts about the Banks-Levy-Sepanski 2-cocycle [1]. For
z,y € R* we will write (z,y)r = (x,y) for the Hilbert symbol which is equal to —1 if
both 2 and y are negative and 1 otherwise. As a warning, for =,y € Z we also write (z,y)
for the GCD of = and y. The correct interpretation of (x,y) will be clear from context.

Let g € SL(3,R) with Pliicker coordinates (A}, By, C1, AL, B, C4). Let X;(g) =
det(g), let X2(g) be the first non-zero element of the list —Ag, By, —Cs, let X3(g) be
the first nonzero element of the list —A;, —B;, —C1, and let A(g) = t(X1(g9)/X2(9),
X2(9)/X3(9), X5(9))-

Let o be the 2-cocycle defined in [1]. The cocycle o can be computed as follows. If
g1,92 € G such that g1 = naw;...wyn’' is the Bruhat decomposition of g;, then in
Section 4 of [1] Banks-Levy-Sepanski show that the 2-cocycle o satisfies the formula

o(g1,92) = o(a,wy ... wn'ga)o(wy, wy ... wgn'gs) . .. o(wr_1, wrn’ g2)o(wi,n'gs).
(2.15)
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Each factor can be computed using the following rules: let h € G, a € T, then

a(t(al, as, a3), t(bl, bg, bg)) :(al, bg)(al, b3)(a2, bg),
o(a,h) =o(a, A(h)),
and 0(Wa, h) =0 (A(wah)A(R), —A(R)).

The next lemma describes some simple identities involving o.

Lemma 5. (Banks-Levy-Sepanski [1]) Let n,ni,na € N and let a € A, then

o(ni1g1, g2n2) = o(g1,92), o(g1m, g2) = o(g1,n92), o(n,g) = o(g,n) =1, and o(g,a) =
1.

Note that {(Tn(z,y,z),1)} is not a subgroup of G. For this reason we define the
subgroup N_ = (wg, 1) ' N(wy, 1) = (we, 1) N (we, 1)~
Finally we will collect several identities that will be useful later. The proofs follow

directly from the definition of o and are omitted.

Proposition 6. Let ' € SL(3,R) with Pliccker coordinates (A1, By, C1, Aa, Ba, Cs).

0 0 -1 14145, G
e IfY = 0 -10 0 3% &% | and e = (A1, —As), then

-1 0 O ooﬁ

0 0 -1 13 32 U
(v, 1) Hwg, 1) = [ | 0 -1 0 1 " ls 0 |52 0
Y, 2 Wy, 01 A2 Ay

-1 0 O 2 0 0o -1

00 1 [143]
sign(A;) 0 0 -1
X 0 sign(32) 0 el . (2.16)
0 0 sign(i)

Az o C2
001 B 4Bq
o Ify = (100)( 0 —4Bl%> and € = (—By,—A3), then
010

—1
00 =

010 10 22 |=4Bi] 0 0\l
2 0 |42 o

001 Jwy,1 Co B

1 ? 01 4% 1

00 00 1 0 0 |zz,|

sign(—B1) 0 0 -1
( 0 sign(g—f) 0 ),6) . (217)
0 0 sign(;—;)
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—4A1 —4B; —C4
)( 0 am; O ) and € = —(A1, —Bs), then

0 e
L —By [—44:] 0 0 -1
wy, 1 L 0 1Fl o
1 0 0 lgg5]
sign( Al) 0 0 -1
B
mgn(ﬁ) 0 L€ . (218)
0 sign(};—;)

010
L0

> and e = —(—C1, —B3), then

/ —1 0 -10 Lo 7%2 ‘Cl‘ 422 0 B
(’7 7]-) (U}g,l) = -10 0 |wygl 1By 0 I o
0 0 -1 00 1 0 0 |g
( 51 1

0
1
0

]f’—<01
. v = 00
10

Q

00 :
10
01

S o
(=N
[N

(717 1) ’LUg, <

Q

sign(Ch) 0 0 -1
X ( 0  sign(z2) 0 ),e) (2.19)
0 0 sign(Biz)
10 0 g 0 0
e IfyYY=1 0 0 -1 0 481 C1 | and e = (By,—C3), then
0 -1 0 0 0 4%21

|4B1]| 0 0 -1
10 0 11
(7/a 1)_1(111@,1) = 0 0 -1 Jwy,l1 0 4?1 o 0 |4CT21| 0
0 -10 0 0 1 0 o1&l
sign(B1) 0 0 -1
(0 e o)) o)
0 0 sign(cLQ)

In [17], Miller constructs a group homomorphism S : I';(4) — ﬁ(S,R) such that
S(y) = (7,s(v)), where s(y) € {#1}. This map S is a splitting of I'; (4) into SL(3,R).
Now we will describe a formula for s, which we may also call a splitting, in terms of
Pliicker coordinates. These results are proved in [11].

2.7. The splitting

Theorem 7 ([11]). Let v € T'1(4) with Pliccker coordinates (4A1,4By,C1,4A5,4By, Cs)
such that A; > 0, and As/(A1,As) = 1(mod 2). Let D = (A1, As), D1 = (D, B),
Dy =D/Dy, and let e = (ﬁ). Then

o (he) (5) (5) (2580 () (2) o
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Proposition 8 ([11]). Let v € T'1(4) with Plicker Coordinates (A1, By, C1, Aa, Ba, Cs).
Then:

Cell (A1, B1,C1, Az, B3, C3) s(7)

B (0,0,—1,0,0,—1) 1

Bw,, B (0,0, 1,0, Bz, C3) (7 )

Bwa,B (0,B1,C1,0,0,—1) (=&

Bwg, wa, B (0,B1,C1, A2, B3, C3) (A 2 ) <,Bl>

Bwe,wa, B (A1, B1,C1,0, By, Ca) (—A1, Ba) (=2422) (Z)
Bw,B (A1,B1,C1, Az, B3, C2) Theorem 7

The splitting s also satisfies identities induced from the maps described in Proposi-
tion 2.

Proposition 9 (/11]). Let v € T'1(4) with Pliicker coordinates (4A1,4B1,C1,4A5,4Bs,

Cs). Consider the involution ¥ : v — wy T’y’lwé_l.

o If Ay and Az are not equal to 0, then s(1(7y)) = (—A1, —A3)s(7).

o If A1,By # 0 and As =0, then s(¢()) = (—A1, B2)s(v).

o IfneT, then s(ny) = s(yn) = s(v).

o If Sy =1t(1,—1,1) and A1, Ay # 0, then s(S37S2) = —sign(A1As)s(y).
o IfSs=1t(1,1,—1) and Ay, As # 0, then s(S3vS3) = s(7).

Remark. Using Proposition 2, Theorem 7, Proposition 8, and Proposition 9, we may
compute s(vy) for any v € I'1(4). Specifically, Proposition 8 provides a formula for any
v € T'1(4) that is not contained in the big Bruhat cell; Theorem 7 provides a formula
for a subset of v € I'1(4) in the big cell; Proposition 2 and Proposition 9 allow the
calculation of s() for any v € I'1(4) in the big cell to be reduced to the subset covered
in Theorem 7.

We conclude this subsection by recalling the twisted multiplicativity of s.

Proposition 10 ([11]). Let Ay, a1 € Z~g, Az, € Z such that A1, Ay are odd,
(4145, a100) = 1, Ajag + Asas = 0 (mod 4), and = 1 (mod2). Let p =

(a a2)

(ﬁ). Then with respect to the map from Proposition 3,
142
p: S(Arar, Asan) — S(A1, pAs) x S(ar, —pas), the following holds:

5(7) = s(m (£ () s(na(o() ((;—}) A1> () (2.22)

where m; is the projection onto the i-th factor.
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2.8. Principal series

The following discussion establishes the preliminaries needed for the definition of the
Eisenstein distribution. A complete treatment of automorphic distributions can be found
in [21] and [18]. Bate [2] provides an explicit exposition of some of these ideas in the
context of éi(Z,R) principal series representations. We will solely be concerned with
gﬂ(iﬂ,R) principal series representations.

To construct a metaplectic principal series we employ the following representation.
Let (¢, W) = (¢, C?) be the representation of M where o : M — SL(2,C) is defined by

(b(((g Z 8) ’i1)> —x(, ) (_’Q)l_;? : (2.23)

One can see that M is isomorphic to the quaternion group Qs = {+1, +i, +5, +k} and

the representation ¢ is the unique irreducible two-dimensional complex representation
of Qs. The contragredient representation (¢¥, WV) can be realized as (T¢~1,C?). Under
this identification, the natural pairing between W and WV becomes the pairing (,-) :
C? x C% — C defined by (e;, ej) = 0;5, where e; is the i-th standard basis vector in C?
and d;; is the Kronecker delta function.

Now we can define the principal series representations. Let A\,p € ag, where p =
(1,0,—1). Let

V% = {f € C¥(SL(3,R), W)| f(grian_) = exp((A — p) (H (a™"))$(m ") f(9),

for all man_ € MAN_},

Vs = {f € Lio(SL(3,R), W)| f(gman_) = exp((A — p)(H(a™")))e(m ™) f(9),

for all man_ € Mﬁﬁ_},

Vis® = {f € CT°(SL(3,R), W)| f(gian_) = exp((A — p)(H(a")))o(m ") £ (9),

for all man_ € Mﬁﬁ_}

The group G acts on each of the three preceding spaces by 7(h)(f)(g) = f(h™1g).
These spaces are called the smooth, locally L2, and distributional principal series rep-

resentation spaces, respectively. Note that ‘N/AO‘;) - ‘7,\,¢ C ‘N/A_go. For fi = j:l’l] €
’ ’ 1,2
Voyrg-1and fo = Hz; € Vag, define (f1-f2)(9) = f1,1(9)f21(9) + f1.2(9) fo.2(9). We

define the pairing (-, -)x ¢ : ‘7_)\71-(;5—1 X ‘7)\745 — C by
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(s f)ns = / (- fo)(R)dF, (2.24)

K

where K = SU(2) = Spin(3 ) and dk is the Haar measure of K. By a slight modification

o [15, Theorem 3], if h € G, f1 € V_ Ate-1, and fo € Vi &, then (mw(h)f1,7m(R) fa)r,e =
(f1, f2)x0-

For us, distributions will be dual to smooth measures, and thus can be thought of as
generalized functions in which the action of the distribution on the measure is given by
1ntegrat10n of their product over the full space. Thus, the pairing can be extended to
V_7 on the right. Restriction from V. A,1¢-1 to its smooth vectors results in a pairing
‘N/oﬁ\ g1 X V/\_’¢ — C. Under this pairing V>\7¢ may be identified with the dual of

VO‘/{ Tg-1- This duality is to be understood in the context of topological vector spaces,
thus some comments about topology are in order.

The map mduced by restriction to K defines a vector space isomorphism between
Ve g1 and C°°( K). The family of norms ||0* f||,, = sup, . z1/0% f(k)|} defines a topol-

ogy on C*(K ) which can be transferred to ‘70‘/’\ r4—1 via the previous isomorphism. The
dual V)\ & can be given the strong topology [24, §19]. With respect to these topologies

VA & can be identified with the continuous dual of Vee Additionally, V)\ " is dense

-\, T~ 1"
in XN/A e and sequential convergence in VX P with respect to the strong topology is
equivalent to sequential convergence with respect to the weak topology [24, §34.4].

The pairing just described focuses on the compact model of the principal series repre-
sentations. The Eisenstein distribution considered in this paper will be more amenable
to study using the non-compact model of the principal series representation which we
describe presently.

Let w € W. As wNDB_ is open and dense in é, restriction from G to wN defines an
injection ‘7)\0‘;) < C*(wN) and the pairing is compatible with this injection in the fol-
lowing sense. Let F : G — C, be a smooth function such that F(gb_) = e2?(H(b-) F(g).
Then, by a slight modification of Consequence 7 in [13],

/ F(k)dk = / F(wn)dn. (2.25)

K N

For b_ € B_ we have (f1 - f2)(gb_) = e*HO))(f1 . £,)(g). This identity allows us to
apply Equation (2.25) to establish a bridge between the pairings of principal series in
the compact and noncompact pictures. Specifically,

(1o fo)rs = / (f1 - f2)((w, Vyn)dn, (2.26)

N

and so the pairing can be realized as an integration over the non-compact space N.
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The element 7 € IN//(go , characterized by

7 ((Cwnn) (833 ) man- ) = exp( = (e )on ) [5“’0’0)?’% ﬂ (22

will be used to construct a metaplectic Eisenstein distribution on éi(i%, R).

Proposition 11. Let 7 € ‘7)\_;0 be as above. Then:

(1) 7 is right N_-invariant.
(2) supp(T) :~(wg, 1)B_- = B(wy, 1).
(3) T is left N-invariant.

Proof. The first two properties follow immediately from the definition of 7. For the final
claim let f = Hﬂ € V25 14-1- By the definition of 7, we have (f,F)x¢ = fi(we).
On the other hand, (f,m(n)7)r¢ = (F(n™1)f, F)xe = fi(nwe) = fi(we), as n(we, 1) =

(we, 1)n_, where n_ € N_ = (wy, 1)_1]V(wg, 1). Thus, 7(n)7 =7. O
Now we can define the metaplectic Eisenstein distribution as

E@N= Y n(S(m™7@ eV, (2.28)

YEL\T
where 7 is as in line (2.27) and A = (A1, A2, A\3) € C? such that A\; + Aa + A3 = 0. Note
that E is well defined since 7 is left N-invariant. Furthermore, standard arguments show
that the sum is convergent when the real parts of Ay — Ao and Ao — A3 are sufficiently

large.
3. Exponential sums
3.1. Preliminaries

Let A1, Ay € Zyo. This section begins a study of the exponential sums, X(A, As;
mi, ma) (defined below), that appear as the coefficients of the Dirichlet series that make
up the Fourier coefficients of the metaplectic Eisenstein distribution associated with
the big cell. The primary focus of this section is to reduce the general computation of
Y(A1, Ao;my, ma) to the case where A; and Ag are prime powers.

We begin by describing how the symmetries of s, described in subsection 2.7, affect

B

. B
S(Ar, Azsmy,mo) ) s(y)e?mim AT tma ) (3.1)
YET o \S(A1,42) /T

Proposition 12. Let Ay, Ay € Zo and let my, mq € Z. Then:
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(1) B(A1, Ao;my,mo) = X(—A1, —As;my, —ma).
(2) (A1, Ag;my,mo) = (—A1, —A2)E(As, Ar; —ma, —my).
(3) IfAlAg >0, then E(Al,AQ;0,0) =0.

Proof. This follows from the definition of X(Aj, Aa;my,mg) and Propositions 2
and 9. O

We can also apply the twisted multiplicativity of Proposition 10 to study 3(A;, As;
mi,ma).

Proposition 13. Let Ay, a1 € Z~q, Az, an € Z such that Ay, Ay are odd, (A1 Az, 1) =
1, and a9 is divisible by fewer powers of 2 than «ay. Let p = _XllAz). Then with

respect to the map from Proposition 3, S(Ajaq, Asas) R S(A1, pAs) x S(aq, —pas), the
following holds:

Y(Arar, Agag;my, ma)

Q2 aq _ _
= (Cx_i)Al) (142) Y(Ar, pAs; (al)mid A, (%)mad Asz)

_ -1 _
x S, —pag; (Ar), L, o, M1, (A_> (A2), 1t 0y M2)-
1
Proof. This follows from Proposition 10. O

The function (A, Ag;mq,ms) also exhibits a multiplicativity in the variables
mi,Mma.

Proposition 14. Let Ay, As, mq1,mo,c1,c0 € Z such that, A1 > 0, Ay, my,mo # 0, and
(Clcg,AlAg) = 1. Then Z(AhAQ;Clml,Cng) = (2—11) (2—22) E(Al,Ag;ml,mg).

Proposition 14 is the byproduct of Proposition 13 and our computations in subsections
3.4 and 3.5, so no direct proof will be given.

Proposition 13 and Proposition 14 show that the exponential sums 3(A;, Az;mq,ms)
are built from those of the form X (&p*, £p; p™,p™), where p is a prime.

3.2. Explicit description of double cosets: Ay, Ay odd

The sum X(A;, Ag;my, me) is indexed by the set oo \S(A41, A2)/Too = S(A1, As). In
this section we provide a description of the sets S(A1, A2) when A;, As # 0. We begin
with a few simple observations.

Note that as C; = —1 (mod 4), it follows that A; = —As (mod 4). Thus, if A; # —A,
(mod 4), then S(A;, A3) = 0; thus X(A;, Az;mq, me) = 0. By Proposition 12, it suffices
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to consider the case in which A; > 0; by Proposition 3 it suffices to study S(p*, £p'),
where p is prime. However, a description of S(A;1, Ag), with (A1, A2) = 1, will be included
as it provides a clean presentation of the boundary case A; = p*, Ay = £1. The proofs
of the results of this subsection are straightforward and will be omitted.

Proposition 15. Let Ay, As € Z such that (A1, A3) =1, A1 + A3 = 0 (mod 4). Then
S(Ay, As) consists precisely of the elements:

A1C2 —+ 4BlBQ

Ay, B
( 1, D1, —AQ

3 A27 327 02)7
where:

e 0< By <A and (B1,41)=1;
o 0< =By < |42 and (B2, A2) = 1;
o Co=—(A1)"'(4B1By) (mod As), Oy = —1 (mod 4), and 0 < sign(A2)Cs < 4|As|.

In particular, |S(A1, A2)| = ¢(A1)p(As).

The description of S(p”*, £p’) will be broken into several cases: k > £ >0, k = £ > 0,
and 0 < k < £. However, Proposition 2 reveals that the last case is redundant.

Proposition 16. Let p be an odd prime, p = £1, and let k > ¢ > 0 be integers such that
p = —up® (mod 4). Then S(p*, up®) consists precisely of the elements:

(1) (p*, By, p*~*Cy, up®,0,Cs) where:

e 0< By <pk and (By,p*) =1;

e 0< uCy < 4pl, Co = —1(mod 4), and (Ca,p*) = 1.
(2) (p*,bip®, pFCy + 4b1bo, up’, bo, Co) where:

o 0<by <pFt, (by,p") =1;

o 0< by <pt, (ba,p" ") =1;

o 0< uCy < 4pt, and Cy = —1(mod 4).
(3) (p*,bip?, p*Cy + 4byby, up®, bap®=*, Cs) where:

« 0<i<l;

e 0< by <pF i (by,p") =1;

o 0 < pby < PP (by, pFtH) = 1;

e 0< uCy < 4p!, Co = —1(mod 4), and (Ca,p*) = 1.

Proposition 17. Let p be an odd prime and let k € Z~o. Then S(p*, —p*) consists pre-
cisely of the elements:

(1) (p*,0,Co,—p*,0,C2) where:
o 0< —Cy <4pk, Cy = —1(mod 4), and (Ca,p*) = 1.
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(2) (p*,0,Co, —p*, Bs, Cs) where:

e 0< —By < pk;

e 0< —Cy <4pF, Cy = —1(mod 4), and (C2,p*) = 1.
(3) (p*, By, Cy, —p*,0,Cy) where:

e« 0< By <pF;

e 0< —Cy <4pF, Cy = —1(mod 4), and (Co,p*) = 1.
(4) (pkablpich +4b1b2,*pk,b2pj,02) where:

e 0<i<k, O0<j<k,andk=1+j;

e 0<by <pF?, and (by,p*) = 1;

o 0< —by <pFI, and (by,p*) = 1;

e 0< —Cy < 4pF, Cy = —1(mod 4), and (Ca,p*) = 1;

o Co+4biby # 0 (mod p).
(5) (p*,b1p?, Co + 4b1bo, —pF, bop?, Cy) where:

e 0<i<k,0<j<k,andk<i+y;

e 0<by <p", and (by,p") = 1;

e 0< —by <pt=I and (be,p*) =1;

L 4pl, Cy = —1(mod 4), and (02,pk) = 1.

3.8. Explicit description of double cosets: Ay, As even

It remains to consider S(A;j, Ay) where A; = 2F and A, = +2°. Before describing
S(2k,4+2%) a few comments are in order. First, as A; is a power of 2 and C; must
be odd, the condition (A;, B;,C;) = 1 is vacuous. Second, when k > £ the equation
2k=LCy +227¢B By + C; = 0, implies that £ > 2. Once again the following results are
straightforward and the proofs are omitted.

Proposition 18. Let k > ¢ > 2 be integers and let u = +1. Then S(2F, u2%) consists
precisely of the elements:

(1) (2%,2%b1,25“Cy + byby, u2°, 27by, Cy) where:
e 0<i<k,and0<j </l suchthati+j=40—2;
e 0< uCy < 4(29, Cy = —1(mod 4);
o 0< by <287 such that (2,b1) = 1;
o 0< by <277 such that (2,by) =1, and biby = p + 28~ (mod 4).

Proposition 19. Let k € Z~q. Then S(2F, —2%) consists precisely of the elements:

(1) (2%,0,C2, —2%,0,Cy) where:
e 0< —Cy <4(2%), Cy = —1(mod 4).
(2) (2%,0,Co, —2%, By, Co) where:
e 0< —Cy < 4(2F), Oy = —1(mod 4);
e 0< —By <2~
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(3) (2%, By, Cy, —2%.0,Cy) where:
e 0K -0 < 4(2k), Cy = —1(mod 4);
e 0< B < 2k,

(4) (2%,27by, Cy + 22H1HT kb by, —2K 27Dy, Cy) where:
e 0<i<k,and0<j <k suchthati+j>k;
e 0<-0Or < 4(2k), Cy = —1(mod 4);
o 0<by <2877 such that (2,b1) = 1;
o 0< —by <2877 such that (2,bs) = 1.

Proposition 20. Let k € Z~q. Then S(2%,2F) consists precisely of the elements:

(1) (2k, Zibl, 702 — 2b1()27 2k, ijg, CQ) where:
e 0<i<k,and0< j <k suchthati+j=k—1;
e 0< Oy <4(28), Oy =—1(mod 4);
o 0< by <287 such that (2,01) =1;
o 0< by <2877 such that (2,b) = 1.

3.4. Ezxponential sum: E(pk, :tpl;mhmg)

In this subsection and the next we use the description of the set S(A;, As) contained
in sections 3.2 and 3.3, and the formula for the splitting (Theorem 7) to evaluate the
exponential sum (A7, Ao; my,ms) defined on line (3.1). In particular, by Proposition 13
the computations can be reduced to the case where A; and A, are powers of a fixed prime.
We begin with p an odd prime.

The proofs of the next two propositions, 21 and 22, are similar to the proof of Propo-
sition 23 and will be omitted.

Proposition 21. Let p be an odd prime, let p = +1, and let k,my, mo € Z such that
k> 0. Then

E(la ,u;mth) :6M=—17

0, if p* = p(mod 4);

and X(p*, p;ma, mo) :{ :
g(pkamlvpk)a prk = _/J:(mOd 4)

Proposition 22. Let p be an odd prime, let p = £1, and let k,¢,m1,my € Z such that
k>¢>0.

o Ifp*~t= pu (mod4), then X(p*, up*;my,my) = 0.
o IfpF~t = —p (mod 4), then S(p*, up*;my, ma) =

peg(pevmQaPZ)g(pkamhpk_é) +¢(pl) Z g(pi7m27pi)g(pk7m1apk_i)'
0<i<l,
1=l (mod 2)
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Proposition 23. Let p be an odd prime and let k,my, ma € Z such that k > 0. Then

k—1
E(Z)ka 7pk7 my, m2) = Zpkilg(pa m27pz)g(pk717 7m2ap2)g(pk7 m17pk71)
i=1

+ 62|k¢(pk)(5pk\m1pk + 5pk\m2pk - 6pk*1|m1pk71)'

Proof. The summands of ¥(p*, —p¥;my, ms) will be grouped into five cases in accordance
with Proposition 17. However, it will be more convenient to include case 1 in both case
2 and case 3, and then subtract those terms that are double counted.

Case 2: B; = 0. For v € S(p*, —p*) such that B; = 0, equation (2.21) implies that

s(y) = (g—i) = (L) = (*pc,;l) = (*pc,sz ). By Proposition 17 the sum under consideration

becomes

Sa (1Ot |y P S(PF). (3.2)

Case 3: By = 0. For v € S(p*, —p*) such that By = 0, equation (2.21) implies that
s(y) = (g—ll)(g—;) = (C%) = (g—];) = (;C,;Z), where the second equality follows from the

identity A1Cy + 4B1Bs + C1 A5 = 0. By Proposition 17, the sum corresponding to this
case is given by

So (1O |y PE S (PF). (3.3)

Remember that we included case 1, By = By = 0, in both case 2 and case 3. To
compensate for this we subtract 52|kgz5(pk).

Case 4: B1By # 0, i + j = k, where By = p'b; and By = p’by such that (bybe,p) = 1.
As 0 < 4,j < k it follows that 0 < 4,j5. We apply equation (2.21) to see that if

v € S(pk,—p*) and v satisfies the conditions of case 4, then s(y) = (g—l)(pg;) =

(;Cil )(p}c,%) = (%)( ;,C—cl%) Now we can sum over the elements of this case de-
scribed in Proposition 17 with ¢ fixed to get

S S a1 =) L

C2€(Z/4p*Z)* b1E€(Z/p*—L)* ba&(Z /P L)>
Cy=—1(mod 4)

(3.4)

To simplify this expression consider the sum indexed by bs in line (3.4). By Lemma 4,

p

Z <—C’2 + (—4b1)(bz))iezm(—mzz—%)

b2

omi(=m2=Ca) ) (b’ ; i —C5\' i
=T )<?1> g(p,mz,p)_<72> Sp=tmep’ ' (3.5)
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Next we consider the sum over by and C5 in line (3.4) and apply equation (3.5) to get
b \' o
(—) g(p*,ma,p)pr"
p
—C2\ opi(=m2tb1(=C2)) —Cy 4 i1
X Z <p—ki> e p* — » (Spi—1|m2pZ

Co€(Z/4p'Z)*
Cy=—1(mod 4)
by ' i i\ k—i & omi(=m2dbie i
= <_> g<p , M2, P )pk Z < ki) € i« vt ) - ¢(pk)52\k6pi*1|WL2p 17
P ce@ipzy NP

(3.6)

where the previous equality follows from an application of the Chinese Remainder The-
orem. We simplify the result to get

—m

. bi\" i iy, k—i c i 2
(36) = <;1> g(p , a2, p )pk Z <F> 62 ( P

cE(Z/ApiZ)x

) - ¢(pk)52|k6pi*1|m2pi_1
b \* . _ _ . .
= (;) g(p',ma, p )P g(p" T, —ma, p") — (¥ ) Sa G-t map’ (3.7)

Now consider (3.4) in its entirety and apply the simplifications that resulted in line (3.7)
to see that (3.4) is equal to

k
bl . . s o . 271 bl_
Z(;) (0t ma, p )P g (pF 7, g, pt)e T )
by

ik _ i—1 2mi(mi —y)
¢(p )52|k5p"*1|m2p € P
1

7i7 —ma, pz)g(pk7 my, pkii)fg(pa mlapkii)amk(b(pk)épi*l |m2pi7 .
(3.8)

k

%

= g(p*, ma2, p")p" g(p

This must be summed over 0 < 7 < k.
Case 5: B1By # 0, i+ j > k, where By = p'b; and By = p’by such that (b1bs,p) = 1.
Using equation (2.21), it follows that if v € S(p*, —p") satisfies the conditions of case 5,

then s(vy) = (gl)(pg;) = (_pcl)(%) = (;Cil )(;ch) = (776;;2) The last equality follows

as C1 = Cy (mod p). Thus the sum under consideration becomes

SN SR D -
p

b1 €(Z /P L)% ba€(Z/pF—IZL)* —Cye(Z/4p*ZL)*
—C2=1(mod 4)

= 62\k¢(pk)g(p2a m17pk_i)g(p25 m27pk_j>'
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This must be summed over 0 < ¢ < k, and k — i+ 1 < 5 < k — 1, and then can be
simplified using equation (2.10). Specifically,

o Yy )9 ma,p ) g(p? ma, pF )

0<i<kl<k—j3<i—1

= Gad(0") Y g0® ma, p" (=1 + Syt ap )

0<i<k
= oo d(@) (= D 9@ map" )+ Y g m, pF )61 pm,p’ )
o<i<k o<i<k
= (") (1 = Opp1)n, P + Z 9% ma, P )i, (3.9)

0<i<k

The final result follows once we add (3.2), (3.3), (3.8), and (3.9) together, remembering
to sum (3.8) over 0 < 7 < k and to remove what was double counted in cases 1 and 2. O

3.5. Exponential sum: ¥(2F, £2';my, mo)

In this subsection we consider the bad prime p = 2. Recall that an explicit parame-
terization of the index of summation of
% (2%, £21;,my, my) is described in Section 3.3.

Proposition 24. Let k,¢ € Z such that k > € > 0, let mi,mo € Z, and let p = +1.
e If¢=0,1, then (2%, u2t;my, my) = 0.
From now on assume that ¢ > 2.

o Ifk—€>3, then B(2F, u2';my,ma) =

20 Y (9u(2F,m, 28 gr (21, ma, 2712)

0<i<f—2
=L (mod 2)

+ (—p)g-1(2%,m1, 287 g_1 (25, ma, 272)).

o Ifk—€=2, then B(2%, u2';my,ma) =

(—1)2* Z (91(2%, mq,257) g1 (25, mg, 2712)
0<i<l—2
=L (mod 2)

+ (=) g-1(2%,mq, 281 g_1 (2, mo, 2772)).
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o Ifk— (=1, then (2% u2':my,my) =

(_/”L)é2e Z (gl(2k,m172k_i)971(2£7m272i+2)
0<i<e—2
=L (mod 2)

+ (—p)g-1(2%,m1, 287 g1 (2, ma, 2712)).

Proof. Proposition 18 implies that the set S(2%, u2¢) will be empty unless £ > 2. In this
case the sum must be equal to 0. From now on suppose that ¢ > 2.
We will begin with the formula for the splitting. Let By = 2?1, By = 27by, and € =

(g—ll) Using equation (2.21), if v € S(2F, u2!), then s(y) = (;—f) (2,’5—1,@) (m)

(22; ) This computation will be broken into three cases, k—¢ >3, k—{( =2, k—{ = 1.
First consider the case k—¢ > 3. By equation (2.21), s(y) = (_“) (52 )( 2 ) (2ﬂ_i).

K Qkfz b1b2 Cz
Now we compute the exponential sum. By Proposition 18, ¥(2%, u2% my, my) =

>y ooy oy (PG
- < - by ok+i—t by
i=0 by €(Z/28—1Z)% bye(Z/2F2Z)* Coc(Z/2°+2Z)

bibo=p (mod 4) Co=—1 (mod 4)

l—1i 1 m
o (20 izt pumatay (3.10)
Cs

First sum over Cs. If this is to be nonzero it must be that £ = i (mod 2). Next consider
the sum over bs. By definition (2.8) this is equal to g, (2, uma, 2°72) = gy, (2, mo, 2072).
Finally consider the sum over b;. Begin by splitting this into two pieces based on the
residue of by mod 4. By definition (2.8), the summand in line (3.10) corresponding to a
fixed i is equal to

2¢(g1(2%,m1, 2871 g1 (28, ma, 2072) + (—p)g_1 (2%, my, 2879 g1 (2%, ma, 2072)).  (3.11)

Putting everything together yields

E(Qka,uQZ;mlamZ) = 2e Z (g1(2k7m1a2kii)gl(2z7m272i+2)
0<i<l—2
i={ (mod 2)

+ <_M)g—1(2ka my, 2k—i)g_1(2£’ ma, 2i+2))'

Now we will consider the case k — ¢ = 2. By equation (2.21), s(y) = (;—f) (40217211!)2)

(22:;) =(-1)* (;—f‘) (%) (22:;) By Proposition 18, we have X(2%, —2¢;,my,mq) =
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2 .
i [ ZH 2
> > D
; . - b1 b1b2
=0 ble(Z/Qk—LZ)X sz(Z/21+2Z)X CQE(Z/QIH»QZ)
bibo=p (mod 4) Ca=—1 (mod 4)

—

£—i
(1) 2GR (319
Cy

First sum over Cs. If this is to be nonzero it must be that £ = i (mod 2). Next consider
the sum over by. By definition (2.8) this is equal to g,p, (2%, uma, 2072) = gp, (27, mo, 2072).
Finally consider the sum over b;. Begin by splitting this into two pieces based on the
residue of b; mod 4. By definition (2.8) the sum in line (3.12) associated with a fixed ¢
is equal to

2e(gl(2£7 may, 2k_i)gl(2ea ma, 2i+2) + 9*1(2{ my, 2k_i)971(2€a ma, 2i+2))'

Putting everything together and using that k — ¢ = 2 yields

E(2k’72l;m17m2) - (71)£2€ Z (91(2k7m15Qkii)gl(Qzam%?iJrz)
0<i<t—2
i={ (mod 2)

+ (7#)9_1(2’6,777,1, 2k7i)g—1(2£7m23 2i+2))'

Lastly we will consider the case k—¢ = 1. Note that since b1by = —p (mod 4) it follows
2! _ 2! : 9 < _ (= b 2!
that (g3;) = (—1)(5%;)- Thus, by equation (2.21), s(v) = (b—l") (%) (202+b1b2)
(%:) = (—p) (%‘) (%) (bfgz) (2(:) Now we compute the exponential sum. By
Proposition 18, ¥(2%, —2¢:my, my) =

-2 S~ by 9i
> 2 > >, w5 ) (%
; . - b1 2 bibs
1=0 blg(z/gk—'Lz)x bQE(Z/QH'QZ)X C2E(Z/22+2Z)

biba=—p (mod 4) Cy=—1 (mod 4)

x <i> PTG ) (3.13)
Cy
First sum over Cy. If this is to be nonzero it must be that ¢ = i(mod 2). Next
consider the sum over by. By definition (2.8) this is equal to g, (2%, umae,2i72) =
g—p, (21, m2,27%2). Finally consider the sum over b;. Begin by splitting this into two
pieces based on the residue of b mod 4. By definition (2.8) the sum in line (3.13)
corresponding to a fixed ¢ is equal to

2°((—p) g1 (21 g, 287 ) g1 (24, mo, 27F2)
+ (=) g1 (257 my, 28 g1 (24, ma, 2012)).
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Putting everything together yields

225, =2 mi,ma) = (=) 2 D (125, ma, 28 g2, ms, 2717)
0<i<t—2
i={ (mod 2)

+ (_:U/)g—l(Qk’ my, 2]6*2')91 (2é7 ma, 2i+2)) :

Proposition 25. Let k € Z~q, and let m1,mq € Z. Then
E(Qk, —Qk; my, mg) = 2k(52‘k((52k‘m12k + (52k|m22k — 52k—1|m12k71

k—1 k—1
+ 2(71)19(227 my, 2k7i)9(227 ma, 22) + Z 52i*1|m22i719(227 my, 2k7i))'
i=1 =1

Proof. Recall the description of S(2¥, —2*) from Proposition 19. The computation of
Y (2%, 2% my, my) will utilize the cases discussed in that proposition. We begin by com-
puting the splitting. If By and By # 0, let By = 2¢by, By = 27by. By equation (2.21),

7 k—1i k
In case 1 the sum is given by

ok A
> (@) = 2%
Co€Z/2*1F 7
Cy=—1(mod 4)

We will incorporate case 1 into both case 2 and case 3 and subtract the duplicated terms
later. With the previous remark in mind, case 2 yields

28\ i, B2
S S Y O

B2€Z /27 CyeZ /2%t 7
Cy=—1(mod 4)

Similarly, for case 3 we have

2k mi(mq BL
2 () .,

B1€Z/2*Z CyeZ /2%t 7
Cy=—1(mod 4)

Once we subtract the duplicate case 1 the sum of the first three cases is equal to
256511, (2% 691y + 2690, — 1) (3.14)

Finally we must consider case 4. The cases i +j = k and i+ j > k must be dealt with
separately. First consider ¢ + 7 = k. In this case the sum is given by
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>
|
—

k
Z Z Z (—1)2 (é—) 627ri(m1 2;51—1', _mQI;%)
L by €(Z/281Z)% ba€(Z/2VL)*  CocZ)22+ 7 P
Cy=—1 (mod 4)

.
Il

k—1
= 2885, > (—1)'g(2%,m, 27)g(28, —m,2%).  (3.15)
=1

Now suppose that i + j > k. In this case the sum is given by

k ) b b
Sy oy e (et
1<i<h—1 by€(Z/2F L)% ba(Z/2~IT)X Cyez 2>+hg N 2
1<j<k-1 Co=—1(mod 4)
itj>k

:2k62‘k Z g(2%,my, 28" g(2%, —my, 2879).
1<i<k—1
1<j<k—1
it+i>k

This expression can be simplified using line (2.10) in Lemma 4. Specifically,

> g2 me, 28) = Gy, 27 — 1
1<k—j<i—1

This can be summed over ¢ to get

21662|k Z g(Qkathk_i)g(Zkv_m272k_j)

1<i<k—1
1<j<k-1
i+j>k
= 2k52|k( Z 62’3_1\m22i_lg(2k7m172k_i) - Z g(2kam172k_i))
1<i<k—1 1<k—i<k—1
=280 D Oamrm,2 g (28, my, 2877) = (G127 = 1)) (3.16)
1<i<k—1

Finally we add (3.14), (3.15), and (3.16) together. O
Proposition 26. Let k € Z~q, and let m1,mo € Z. Then

k—1
Z(2k7 2k7 my, m?) = 2ké2|k 2(91(227 my, 2k_i) + (_1)i+1971(22’ mi, 2k_i))
=0

X (91(22’ ma, 2i+1) + (71)ig—1(225 ma, 2i+1))'

Proof. Recall the description of S(2%,2%) from Proposition 20. We begin by computing
the splitting. Let v € S(2%,2%). Let B; = 2'b; and By = 27by. By equation (2.21), we
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have s() = (;—11) (szi;blb?) (22. 1) Since Cy = —1 (mod 4) and (b;,2) = 1, it follows
that Cy + 2b1be = 1 or 5 (mod 8). Thus we will split %(2%, 2¥;m;, my) into two pieces

based on the residue of b1bs mod 4. First assume that b;bs = 1 (mod 4). In this case the
sum is given by

SOY Y Y Gh(gh) (B
b 2
=0 by €(Z/26—1T)% bye(Z/2H12) Cre(Z/242L) Ce+ C

b1b2=1 (mod 4) Cz=-—1(mod 4)

3 k
. o . bl CQ
1=0 by e(Z/2k—Z)* b2€(Z/21+1Z)X C2E(Z/2@+QZ)
b1b2=1(mod 4) Ca=—1(mod 4)

Ju

The sum over Cs is nonzero if and only if k is even. The sum over by is equal to

gp, (22, M2, 20%). The sum over b; will be split into two cases based on the residue of b;
mod 4. Putting this together gives

i k—i
> oy > Y Gga) (o)
2
i=0 by €(Z/2F L)% bye(Z/21 L)X Coc(Z/2°72Z) 1 2+ 2

b1b2=1 (mod 4) C3=-1 (mod 4)

k—1
= Z 2k62|k(gl(227 mi, 2k7i)91(227 ma, 2i+1) - g—1(22a mi, 2k7i)g—1(22a ma, 2i+1))'
i=1
Next assume that b1bo = —1 (mod 4). By similar computations we have

k—1 i k—i
DS > S G U)o
=0 by €(Z/26—1Z)% bye(Z/2H12)% Cre(Z)20H2T) 2 2

b1bo=—1(mod 4) C>=—1 (mod 4)

El
I
—

= (_1)Z2k52|/€(‘g1(227 my, 2]6*7;)‘9_1(227 ma, 2i+1) - g—1(22a my, 2]6*1')91 (22a ma, 2i+1))'

@
I
=)

Putting everything together yields

E(Qk, Qk; my, TTLQ)
k—1

=250 > (91(2%,m1, 257 g1 (22, ma, 2771) — g1 (2%, my, 2870 g1 (2%, g, 21)
i=0

+ (71)ig1(22’m172k7i)g—1(223m272i+1) - (71)1‘9—1(223mlvzkii)gl(223m272i+l))'

Finally note that the summands can be factored. O
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3.6. Big cell constant term

We can specialize the results of the preceding subsections by setting m; = my = 0
to determine the big cell’s contribution to the constant term Fourier coefficient. We
assemble the complete constant term in Subsection 4.7.

Proposition 27. Let p be an odd prime and let k € Z such that k > 0. Then:

e (1,-1;0,0) = 1.

. ¥(1,1;0,0) = 0.

« %(p*,1;0,0) = 0.

o Ifk is odd, then %(p*,—1;0,0) = 0.

o Ifk is even, then X(p*, —1;0,0) = ¢(p*).

Proof. This result follows directly from Proposition 21 by setting m; = ms =0. O

Proposition 28. Let p be an odd prime and let k,l € Z such that k > 1> 0. Then:

%(p*,p%0,0) = 0.

o IfpF=t=—1 (mod 4), then %(p*, —p*;0,0) = 0.

o Ifp*=t =1 (mod 4) and k or ¢ is odd, then X(p*, —p*;0,0) = 0.
If p*=* =1 (mod 4) and k and ¢ are even, then

£+2 {—2

S(p", —p"50,0) = o(p" )b (")[( 5P 5

Proof. This result follows directly from Proposition 22 by setting m; = ms=0. O
Proposition 29. Let p be an odd prime and let k,l € Z such that k > 0. Then:

o« X(p*,p*;0,0) = 0.
e Ifk is odd, then X(p*, —p*;0,0) = 0.
e If k is even, then

k+2 k—2

S(p*, —p*;0,0) = ¢(Pk)Pk_2((T) P—(k-1)p+ (T))-

Proof. This result follows directly from Proposition 23 by setting m; = myo=0. O

Proposition 30. Let k,¢ € Z such that k > ¢ > 0, and let p = £1. Then:

o If£=0,1, then (2%, u2;0,0) = 0.
o If£>2, then (2%, 120,0) = Smrmo (mod 2) (TG4 )28 H=1 (L),
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Proof. This result follows directly from Proposition 24 by setting m; = mo =0. O

Proposition 31. Let k € Z~q. Then %(2%, u2%;0,0) = 52“6( ))(k + 4)22k=2,

Proof. This result follows directly from Proposition 25 and Proposition 26 by setting
mp=mo=0. O

3.7. The formula of Brubaker-Bump-Friedberg-Hoffstein

In this section the formulas for ¥(p*, +p°, m1, ms), computed in Section 3.4, are ma-
nipulated to resemble those contained in Brubaker-Bump-Friedberg-Hoffstein [3].

Proposition 32. Let p be an odd prime, let p = +1, and let k,€,71,72 € Z such that
kE>0>0,p"* = —p(mod 4), and r1,7o > 0. Then

L
S0, ups ™ p) =Y 90’0, p)g(p
=0

(—1

Lo, p g (R, p T R (3.17)

Proof. In Proposition 22 it was shown that
S, w0 ™) = ' 0", 0 ) g (0" P )
L+ (=)
o) 3 N gy g ). (319
0<i<t

First note that in line (3.17) the terms with [ =7+ 1 (mod 2) vanish. Now the ith term
on the right hand side of line (3.17) will be paired with the (I — ¢)th term in the right
hand side of line (3.18), where p'g(p', p"2,p')g(p*, p™, p"~") is considered to be the i =
term. Now compute the terms explicitly using Lemma 4 and note that they agree. O

Proposition 33. Let p be an odd prime and let k,r1,72 € Z such that k > 0 and ri,r2 > 0.
Then

S, -phpm ) = Y g, —p gk T P g T )
0<i<k—1

+ k<P g (0", 0", p").

Proof. First suppose that &k is odd. In this case the claim is that

k—1

> g —p,p ) (0 g (kP )

i=1
Z Pt =", p ) g(p", p L pR) g (PR pre T pE ) e pP g (0, pF, "),
0<i<h—
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by the computation of Proposition 23. By Lemma 4,

g(p', —p", )" g p"2, 0" g (" P, P )
=g(p', —p", p")p* " g(p" ", p"2, p") g (", p T, p")

=g(p’, —p",p")g(p" 7, pr TR

k

k—i)

P gk, p T pb).

Note that £ =1 (mod 2) was not needed for this. Thus it remains to prove that

k r2+k7pk)

0=g(p° —p", p°)g®*, p™,p")g(p*,p + Srp<raP g (", p", pF).

As k is odd Ok<r,g(p®,p*,p*) = 0 and g(p*,p"2*,p*) = 0. Thus the desired equality
holds.
Now suppose that k is even. In this case it must be shown that

k—1
> g’ —p )t gt P ) (0F p P )
=1

+ ¢(") (Sr<r, D" + Sk<ryd” — Spc1<r ")

= > g, =g P M) g0 T TR )+ S g (0", 0F 1),
0<i<k—1

again by Proposition 23. As was mentioned in the previous case

k—i k

g(p’, —p™, PP g ™, p) gk, p" P

k—i  ro+k—2i
)

=g, —p™.p")g(P"".p P

k T1+i7pk).

P )gp”,p

First note that since k is even 6<,,p(p*)p* = dr<,,p"g(p"

,p*,p*). Thus it remains to

show that ¢(p*)(Ok<r,P* = Ok—1<r, 0" 71) = g(0%, =", p%)g (0", p™, P*)g (0", 72 7F, ).
Now g(p°, —p™,p") = 1 and as k is even g(p",p"**,p¥) = ¢(p*). Thus it remains

to show that (8p<,,p* — 6k—1<mp*~1) = g(p*,p™, p*). This can be proved directly by

considering the cases ry <k —1, 711 =k—1,and r; > k. O
4. Metaplectic Eisenstein distribution

Recall the definition of the metaplectic Eisenstein distribution

E@ AN = Y (S ) e Vi (4.1)
YET \I

first introduced on line (2.28). In this section we compute the Whittaker distributions
of E(g, ).

The Eisenstein series may be split into six parts depending on the Bruhat cell in which
~ resides. Let
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EugN= >, w3 7). (42)

Y€ET o \[N(NwB)

Thus, E(j,)\) = > wew Ew(g, A). As usual, the Fourier coefficient computation is ac-
complished by addressing each E,, individually.
The subsections 4.1-4.6 contain the formulas for the Fourier coefficients. For each

Bruhat cell the computations are similar, so we will only include the details for B,
lx 2z

Nwg, wa, B, and NwgB. Let 1/)m1,m2((0 1 y)) = ¢2mi(miztmay) Ip the computations
001

that follow, f € I~/f§\ T-1 and thus may be paired against elements of 17)\_:;0 as described
in Section 2.8. In particular, f may be paired against E.
The Whittaker distribution of E is defined to be

/ E(ng, \)m, m,(n)dn. (4.3)

T\ N

In what follows the parameters my, mso, and A\ will be suppressed.
4.1. Bruhat cell: B

Proposition 34. If f = Hﬂ eV then

7)\’T¢*1 ’

U@, [ Butngs@insg = [ vlmnfi(w ) (4.4)

T\ N Foo\N

This distribution is nonzero if and only if m; = mo = 0.

Proof. This follows from the definition of 7 and the left N-invariance of Eiq(§) =
7(g). O

4.2. Bruhat cell: Nw,, B

1 -1
Let w = (( —1) , 1) = <(—1 ) wy, 1). We begin by computing the effect
-1 —1

of each summand of Ey, on a test vector.

Proposition 35. Let v € Nwy, B with Plicker coordinates (0,0, —1,0,4B5,C5) and let

F=[1] €VXrgr. Then:

oy ) = (B—) 4B,y (wn (0

—CYy —1, Zf By > 0;
0
" ) {

4By’ 1, ifBy<0.
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Now we compute the Fourier coefficients of Ewal'

Proposition 36. Let f = [}2} € ‘72‘/’\ Tg-1-

If ma # 0, then (£(9), Jp_\n Euwe, (0§)1(n)dn)xg = 0.
If mg =0, then

G@: [ B, 0g)otmdnne = | 32 @B 12K (mi 4B2)

Foo\N BQEZ>0

></fg(n(:r,0,0)w)e—%im”dm. (4.5)
R

This L-function is studied by Shimura [23] and Bate [2]. Bate introduces the L-function
in Section 4 and provides an explicit description of it in terms of quadratic L-functions
in Proposition 5.2.

4.3. Bruhat cell: Nw,,B

-1 —1
Let w = ((—1 > ,1> = (( 1) Wy, 1). We begin by computing the effect
1 -1

of each summand of E“’ag on a test vector.

Proposition 37. Let v € Nwg, B with Plicker coordinates (0,4B1,C1,0,0,—1) and let
F=[1] €VXrgn. Then:

IV e T e { ifi(wn(3. 0.0, if B >0

-y — fa(wn(5%-,0,0)), if By <0.

Now we compute the Fourier coefficients of Ew%-

2 AT

Ifma #0, then (£(9): Jp_\y Buwa, (n)¥(n)dn)xs = 0.
If m; =0, then

Proposition 38. Let f = Hl} s

o) / B, (n@)$(n)dn)s g

Too\N

— Z (431)_1_>\1+)\2 (Kl(m2;4Bl)+K1(m2;4Bl)>

2
B1€Zxo
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x / f1 ((0,,0) (w, 1)) 1 (n(0, 3, 0))dy
R

(=) [ DD @By (Kl(m2s431)—2K1(m2;4Bl)>
Bi1€Zxo

x / f2 (n(0,9,0) (w, 1)) &= (n(0, 4, 0))dy.

R

4.4. Bruhat cell: Nwq, wq, B

-1 1
Let w = ((1 ) ,1) = (( 1) wy, 1). We begin by computing the effect of
1 1
each summand of By, w,, on a test vector.

Proposition 39. Let v € Nwg, wa, B with Plicker coordinates (0,4B1,C1,4As,4Bs, Cy)

and f = [g} S ‘73?\77(;571; then:

fo (wn(0,{%,52)), if BL>0,43>0;
y ify (wn(0, {2, 82)), if By > 0,4y <0;
fi(wn(0, £2,582)),  if B1 <0,45 <0;
ify (wn(0, £, 82)),  if Bi <0,45 >0,

Proof. By the definition of 7 we have

(Fomr e = (W) Prag
- Hi/ o) () (330)) 7 () (015 ) ) dodys. (1)

By the definition of 7, line (4.6) is equal to the first component of the f((7, s(7)) ™! (we, 1)).
We can compute this quantity using equation (2.17), the formula for s(vy) from Propo-
sition 8, and the definition of ¢ from equation (2.23). O

Now we compute the Fourier coefficients of Ew

a)Wag *

Proposition 40. Let f = Hﬂ € ‘753 To-1-

Iy # 0, then (F@): fr_n Bunyny (03)$(n)dn) 6 = 0.
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If mqy =0, then

(@), / B, e, (nG)0(n)dn)» 4

Too\N

) 4 Kq(mg;4B1) — K_1(mo;4B1)
1) |5 e
Bi1€Z~o 2

PV 2o — 2\ —omima
X (2 2(-1 >\2+>\3)CZ(<2()\222>\3?J’21)>/J’1 (n(0,y, 2)w) e~ 2™™2Y dydz
R2

K ;4B K_ ;4B
DYDY |4Bl|—1—k1+Aa< 1 (ma; 1)+2 1 (ma; 1))
B1€Zxo

(1 2X3 — 2\ —2mim
- (2 e C2(Cz</\2 2— 23 :ji-) 1)) /f2 (n(0,y, 2)w) e 2T dyds.
R2

Proof. We begin with a bit of notation. In what follows, the summation over v (as
opposed to over 4') will be indexed by Piicker coordinates for the set ', \I" such that
the matrix representative 7y is in Nwg, wa, B. In terms of the Pliicker coordinates, this
set can be described as

Soras = {(0,4B1,C1,4A2,4B5,Cs) € Z°|By1, Ay # 0, (B1,C4) =1,

As

4B By = —C; As, (B—’
1

Cy)=1,C; =—1 (mod 4)}. (4.7)
The summation over 7’ will consist of distinct representatives of the double coset space
T \['/(Too Nwlsow™1). Proposition 2 shows that this double coset space is in bijection
with the subset of S,,4, such that 0 < €y < |4B1] and 0 < Cy < |4As|. The switch
between v and 4 occurs when the integral over I'o,\ N is unfolded.

Let n denote n(x,y, z), and define e, € {£1,+i} and f, = f;, with j € {1,2}, such
that

~ L L ) _ Cl Bl
() f.m(S(N)) T F)ag = 4B T MR 44| TR e () <” 11””(0’14_2714_2))’

in accordance with Proposition 39. Observe that e, s(v), and j only depend on the
double coset I'oo\I'/(T'so N wloow™1). By Proposition 39,

(/). / B, (n@)$(n)dn)s g

Too\N
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N / Z (f,m((yn) " F)ap Y (n)dn

Coc\N 'VEFQC\FQ(Nwalw{QB)

1 1 _ Cy B
SB[ A e s(3) (i wn(0, =2, 22) ) 4 (n) dn.
4A2 A2

Teo\N 7
(4.8)
Since the 2-cocycle o is trivial when one entry is an element of N, we have

’ _ !
wn (0, S—Z, B—Cgl) = n(0, i?, ACF Jw. Thus,

(4.8) = / S BTN g Ay s s() £
P \N 7

X ((n(O, %, fﬁ)n)%u) P (n) dn. (4.9)

The next step requires unfolding the integral. An element v € N walw%B N T that
represents a coset in I'oo\SL(3, Z) can be factored as v = +'4", where v’ € NwalmeﬂF
represents a double coset in T'oo\I'/(Too N wloow ™) and 4" € (To Nwlw™!) =
Z2. If a set of distinct representatives of the double coset space is identified, then the
factorization is unique. The integral over "o\ V is unfolded with respect to the sum over
oo Nwloow™1; the result is an integral over (I'oo N wI'%w ™)\ N. Thus

(4.9) = / SO By gy 1Ny

T\ N vy 3,keEZ

(00 2 Sty b 24 K) ) iy + o+ ) d

=3 4By I g Ay T Re R ()

,-Y/
—By C
<[ (0 T St ) vt )
(TeoNwIZw—1)\N
(4.10)
Perform the change of variables n — nn(0, g , 45"‘) and recall that A—"‘ = 431 to see

that

. -C
(4.10) = Z 4B, | "1 ‘4A2|—1—>\2+>\367/8(7/)62771(7@ L)
,YI

Y B ((n(o,

(TooNwle8w=1)\N

—By (% By —Cy . _,
(0,52, ) ) v ) o

(4.11)
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The previous change of variables is advantageous as elements of the form nn/n=! in N

can be written in the form n’z, where z € [N, N] is an element in the derived subgroup.
. —B C} B, —C} — B}

In this case, n(0, A—/227 A—z)n(az:7 y, 2)n(0, A—Z, A—,;) = n(z,y, 2z)n(0,0, A—,zzx) Thus another

change of variables n(z,y, z) — n(z,y, 2)n(0,0, i—éx) pushes the element of the derived
subgroup into the character where it contributes trivially. Thus

) —-c
(4'11) _ Z |4B1‘717)\1+>\2 ‘4A2|717)\2+>\36’Y/8(7/)627rz(m2 4]311) (4.12)
,yl

<[ (0l on0.0. S0 ) v ate ) an

(PooNwl'Ew—1)\N

(o1

— Z |4Bl‘_1_)\1+>\2‘4A2|_1_>\2+A367'5(’Y/)€27Ti(m2 ZBl )
o

X / fy (n™tw) 1 (n) dn. (4.13)

(Too MWD w=1)\N

We now perform the change of variables n +— n~! and apply the right N_-invariance to
remove the z-variable to see that

) -c
(4.13) — § |4Bllflf>\1+>\2|4A2|717>\2+)\367/S(7/)62ﬂ'z(m2 4311)
,Y/

x / Fyr (00, y, 2)w) 61 (n(x,y, 2)) dn. (4.14)
N/(TooNwl2Zw—1)

If my # 0, then this expression is 0, as can be seen by integrating over z. Thus suppose
my = 0. In this case,

D fom((m) T agdb(n)dn

Feo\N 7

[ (00, 2)) 27y
R?

= BTN Ay TN ()T
,\//

Let €1,e2 € {£1} and define

_ Z1oA A —1—Xa+A:
581762 - E |4Bl| ! 2|4AQ| 2T
e1B1€Z+o
e2A2€Z~o
4BI|A2
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A2/B1) <B1) 2mima =1
X Z ( e 245,
(mod 4B) —C2 —C1

C
C2 (mod 4A2)
C;=—1(mod 4)

We have just shown that

(@), / B, (@) (n)dn)s g

Foo\N

= (Sua+ (=081-) [ F2 (00, 2Jw) €2y
RQ
(S + (-0500) [ A 0,320 e >y
RQ

We will simplify the Dirichlet series S_; _1; the other series are similar. We begin by
considering the change of variable B; — —Bj to get

S_1-1= Z 4B |1 Mt |4 4, T A

B1€Z~o
A2€Z <o
4B1| A,

—A2/B1\ (B1\ 2mims, S
—_— — 2By 4.1
- 2 ( —Cy ) <Cl> ‘ (415)

C1 (mod 4By)
C3 (mod 4A3)
Cj=—1(mod 4)

This is followed by the change of variables k = ng .

4k B ; <51
4.15) = 4By |72 Mt A g T AR <—) <—1> 2 m2 3By
(115) = > KB [4k| > - )&

B1EZ>0 C1 (mod 431)
k€Z~o C5 (mod 16kB1)
C;=—1(mod 4)

(4.16)
Since the character (f—&) only depends on C3 modulo 4k we have

i 1 4k B1\ orim, L
4.15) = 4B, |71 M A g T I At As ( )<—>e Tim2 By
()= 3 B > (Z5) (&

B1€Z>o Cy (mod 431)
k€Z~o C3 (mod 4k)
C;=—1(mod 4)

(4.17)
Now the sum can be factored.
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B )
(417) = Z |4Bll_1—)\1+>\3 Z <_1> eZﬂzmQETll
)

C
B1€Zo C1 (mod 4B, !
Ci1=—1(mod 4)

« Z |4]€‘_1_>\2+>\3 Z (422) . (418)

k€Z o Cs (mod 4k)
Cy=—1(mod 4)

The first factor in line (4.18) can be rewritten as

Z ‘4Bl|717)\1+)\3 Z (&) e27rim240711

C
Bi€Zso C (mod 4B;) !
C1=—1(mod 4)

K :4B) — K_ ;4B
=iy |4Bl‘1‘*1“3( 1(mz; 451) 5 1(ma; 1)>. (4.19)
Bi€Z~o

As for the second factor in line (4.18), the sum of quadratic characters will be nonzero
precisely when k is a square. Thus by the identity in line (2.12)

1 4k o(l1- C(2X2 — 2X3)
Z |4]€‘ 1—X2+As Z <_) =92 2(=1=22+2A3) . (420)
k€Z o Cs (mod 4k) —C2 C2(2X2 — 243 +1)

Cy=—1(mod 4)

By combining lines (4.19) and (4.20), we see that

K ;4B1) — K_ ;4B
Y QRS (AR SR Y)

2
Bi1€Zo

_a(—1-xatrs) G(2A2 — 2)3)
x 2 Aol (4.21)

4.5. Bruhat cell: Nwqo,wa, B

100 1
Let w = <<0 0 1) 71) = ((1 )wg,l). We begin by computing the effect of
0-10 1

each summand of E,,, v, on a test vector.

Proposition 41. Let v € Nwg,,wq, B with Plicker coordinates (4A1,4B1,C4,0,4Bg, C5)
and f = Hﬂ c ‘N/j’j Tg-1- Then:



254 E. Karasiewicz / Journal of Number Theory 215 (2020) 216—260

—-A,/B B
(F.r( )P g = [Ty 1o (AU B2 (B
-4 —Cy

f2 wn(f_ll707 _ABil) ) ZfA1>OvBQ>07
% ’Lf2 wn(f_ll707 _ABil) ) ZfAl > 0732 < 07
— f1(wn({2,0,=24) ), if AL <0, By <0;
ify (wn(55,0,=24)),  if Ay <0,By > 0.
Now we compute the Fourier coefficients of Ewazwal .

Proposition 42. Let f = Hﬂ € ‘N/fi Tp-1

If mao 7£ 0} then <f(g)> IFOO\N Ewagwal (nﬁ)w(n)dnh,¢ =0.
If my =0, then

<f(§)a / E71)a2wa1 (ng)?/f(”)dnh,qs =

Too\N

o C(2M\1 — 2, i
(2 21 A1+A2)(2(2(/\1—2/\2+)1) ST 4B NN K (g5 4By)
By€Z~o

) 001 -1 n\x z Taz.
xﬂg(—flﬂfz) (nt0.2) (28 1) 1) ) w7 0,0, 2o

4.6. Bruhat cell: NwyB

—1 -1
Let w = (( 1 ) , 1) = <( -1 ) wy, 1). We begin by computing the effect
-1 -1

of each summand of EW on a test vector.

Proposition 43. If v € Nw;B with Pliicker coordinates (4A1,4B1,C1,4A5,4B5,C5) and

= {chﬂ € f/ff\ p— then:

~—

(fm(r )P )ne = [4AL TR 44|71 A e sy

f1 wn(%, _As;z,f—";) , if A1 >0,As > 0;

y ify (wn(B, =22, 52)), if AL > 0,45 <0;
— fo wn(ﬁ—i,_f;z,%) , if A1 <0,A5 <0
—ify (wn(§:, =£2,{2&)), if A1 <0,43>0.

Recall that the formula for s(vy) in this case is contained in Theorem 7.
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Now we compute the Fourier coefficients of EW.

Proposition 44. Let f = [}01} € ‘7°f’\ Tg-1-

2

(@), / By (ng)tb(n)dn)s g

T \N
- Z [4A; | MR 4 A [T (B (A, Ag; —miy, ma) + i5(Ar, —Ag; —ma,my))
A1>0
A;>0

x/f1 (n(z,y, 2)w) Y (n(x,y, 2))dedydz
R3

YA TR 4 A [T (S (A, Ags —my, —mg) — 15 (A, — Ag; —my, —ma))

A1>0
As>0

x/f2 (n(z,y, 2)w) Y (n(z,y, 2))drdydz.
R3

The terms (A1, Az;mq, mg) satisfy a twisted multiplicativity in A; and As, stated in
Proposition 13; a form of twisted multiplicativity in m, and ms, stated in Proposition 14;
and the symmetries of Proposition 12. Thus the computation of X(A41, As; m1, m2) may
be reduced to that of X(p*, up'; p™,p"2), where u = +1. Formulas for these expressions
may be found in Section 3.7.

Proof. In what follows, the summation over v will be described by Piicker coordinates
for the set I'oo \I'N (NwgB). The summation over 4’ will consist of elements of the double
coset space I'oo\I' N (NwyB) /T .

Let n denote n(z,y, z). Define e, € {£1,+i} and f, = f;, where j € {1, 2} be defined
so that

() 7(S0) )70 = Ha| a4 s, (G S ).

A’ Ay T 44y

in accordance with Proposition 43. Observe that e,, s(v), and j only depend on the
double coset I'oo\I'/T's. In fact €, and f, only depend on the signs of A; and As, so we
will write €4, 4, = €, and fa, 4, = f+.

Begin with the change of variables n — n~! and then apply Proposition 43 to see
that

(. / B, (ng) $(n)dn) g

Too\N
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B, -B
- / D AA TR g Ay | T s () £ nen(, —=, &) ¥~ (n)dn.
Ay’ As T 4A
N/To
(4.22)
Since the 2-cocycle o is trivial on N we have wn(%, 752 , 40722) = n( 7A51’1 , f—;, 46;32)10

Thus

(4.22) = / D A TR 4 AT e () £,

N/Too

—B1 By ( —1
x(nn( m ,Az,%)w)w (n)dn. (4.23)

The next step is to unfold the integral. For details recall the analogous step in Proposi-
tion 40. In this case,

(423) _ Z |4A1|717)\1+)\2 |4A2‘717)\2+)\36’y/8(,yl) / f'y
v N

—-B1 By () 1
x(nn( 1 ,A—2,4—Az)w>w (n)dn. (4.24)

Finally, apply the change of variables n — nn( _ABl L i—i, 40722)_1 to get

0 [ 1 (o) v ).
N

(4.24) =Y [4A [T AR g gy TN () 2T
"
(4.25)
Now line (4.25) is equal to

D AT [T ey B (Ay, Ags —ma, mg)
Av1,A2€ZL 4o

« / Fara, (nw) =Y (n)dn.  (4.26)

We can complete the proof by applying Proposition 12 and by using Proposition 43 to
evaluate €,, and fy. O

4.7. Constant term

The computations of the previous section can be specialized (m; = ms = 0) to
produce the constant term.
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Theorem 45. Let f = [g} € Vof\ ey

(@), / B(ng)dn)rg = fi((we, 1))

Foo\N

_ 9 —2(1+A2—A3) C( >\2_)\3 -t
4 (1 — )220 00y 1T /f (,0,0) (( B we, 1 ))dx

1921+ M—A) 42(42((2)\(1)‘1__)\:\)21_) D) Hz(iﬁ — f2) <n(0 y,0) <(1 - 1) wy, 1)) dy

 o—2(1+A1—As)9—2(1+Az2—X3) 20 = A3))¢(24 = 2)3)
+(1—1)2 2 G(2(A1 = A3) + 1)G2(2(X2 — A3) +1)

x/(flJrifg ( n(0,y, 2) ( 111>wg,1>)dydz

R2

_ -20h—Aa)g—2(1+a—Aa) G2 = A3))C(2(A1 — A2))
+(1—1)2 2 (200 = As) + 1G22\ — A2) + 1)

Senit (a0 (oY) )asa
J

+ i272(1+)\1*)\2)272(14»)\27)\3)(1 _ 272(/\17)\2) _ 272()\27)\3) _|_ 6(272()\17)\34»1)))

o (2 (/\1 A2))C(2(A2 — A3))C(2(A1 — A3))
G(2(A1 = A2) + 1)(2(A2 — A3) + 1)G2(2(A1 — A3) + 1)

X /(f1 —f2) (n(m,y,z) ((_1 -1 _1) wy, 1)) dadydz.

R3

This formula can also be written more succinctly as follows: Let

Fra(h e, Ag) = 224200200 (1 - 9720030) _ 92000 4 (9200 —dat D)),
Vid = T[(l)] ; Vy, = Fz,2()\)T{_ﬂ ;
0 i
Vwa, = Tl o Vway = T —1} '
_ 1—1 _ —1+i
'Uwqu,l2 =T 144 ) 'Uu)azw,ll = T 1+i:| ’
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T M C(Q(Aaha))
- w;/’ ocE‘bJrEwgCD* ! o )m
: / (U“’ ' [}C;D ((n, 1) (w™ " wy, 1))dn.

wlweN(w—twe) " 1NN

Proof. To compute the portion of the constant term that does not arise from the big
cell NwyB we may set m; = mgy = 0 in Propositions 34, 36, 38, 40, and 42 and apply
the identities of lines (2.12) and (2.14).

Finally, we consider the big cell NwyB. We begin by setting m; = my = 0 in Propo-
sition 44. From Proposition 12 we see that (A1, Aa;my, mo) = 0 if A; Ay > 0. Thus we
may focus on computing X(A;, —A2;0,0) where Ay, A3 > 0. Note that Proposition 12
also implies that 2(A1, —A2;0,0) = 3(Az, —A1;0,0). By twisted multiplicativity, Propo-
sition 10, we see that up to sign X(A;, —A2;0,0) is a product of L(p*, +p*;0,0) for p
prime. The computations of Subsection 3.6 show us that if %(p*, ep®;0,0) # 0, then k
and ¢ are even and € = —1. Thus the twisted multiplicativity of Proposition 10 is a true
mutliplicativity and

D AT 44| T4y, — 4p;0,0) (4.27)

A1>0
As>0

has an Euler product. Thus we may focus on computing

D TR e —p0,0), (4.28)

k>0
£>0

where p is a prime. We can write line (4.28) as a rational function using the computations
of Subsection 3.6. First we will consider the case where p is an odd prime.

In this case we can evaluate % (p?*, —p?%;0,0) using Propositions 27, 28, 29, and 27.
After applying the formula for geometric series and some algebraic simplifications we
find that when p is an odd prime

(1 _ p—2(>\1—>\2)—1)(1 _p—Q()\Q—)\g)—l)(l _ p—2(>\1—>\3)—1)

(4'28) = (1— p72(/\17/\2))(1 — p*2()\2*/\3))(1 - p*2(>‘1*/\3))

(4.29)

We proceed in the same manner for the prime p = 2. In this case we can evaluate
»(22F —22¢:0,0) using Propositions 30, and 31. When p = 2 we find that

1 — 27 2(A1—22) _ 9-2(X2—A3) + 6(2*2(/\1*/\3+1))

(4.28) = (1 — 27 200=22)) (1 — 2202 —23)) (1 — 2200 —Aa))

(4.30)

The result follows once we identify the Euler product as a product of zeta func-
tions. O
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