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Abstract

In this paper, we show that a special case of Lang’s conjecture on rational points on surfaces

of general type implies that there exist only finitely many elliptic curves, when the x-

coordinates of n rational points are specified with nX8:
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1. Introduction

There exists the following ‘folklore’ conjecture in the study of rational points on
elliptic curves (see [3], for example):

Conjecture 1.1. There exist elliptic curves defined over the rational field Q of

arbitrarily large rank.

As is seen in [5,6,8–10], the theory of twists, developed in [7], provides us with a
unified view point for the construction of elliptic curves of high Mordell–Weil rank.
In this paper we show that if we assume a version of Lang’s conjecture, then the
theory gives us a useful tool to find some constraints on the form of elliptic curves of
high Mordell–Weil rank. The version of the Lang’s conjecture we have in mind is the
following.

E-mail address: hizuru@u.dendai.ac.jp.
1Supported by JSPS Research Fellowships for Young Scientists and by Grant-in-Aid for JSPS Fellows.

0022-314X/03/$ - see front matter r 2003 Elsevier Science (USA). All rights reserved.

doi:10.1016/S0022-314X(02)00126-9



Conjecture 1.2 ([4]). Let X be a smooth projective algebraic variety of general type,
defined over a number field k: Then there exists a proper Zariski-closed subset Z of X

such that for all number fields K containing k; XðKÞ\ZðKÞ is finite.

Paul Vojta proved in [4] that if Conjecture 1.2 holds in the case where X is a
surface, then the only rational points on a certain projective variety are on lines
which are naturally contained in the variety.
Inspired by Vojta’s result, we show the following.

Theorem 1.3. Let K be a finitely generated field over Q: Let nX8 be an integer and let

ai ði ¼ 0;y; nÞ be fixed elements of K : Suppose Conjecture 1.2 holds for k a finitely

generated field over Q (cf. [2]). Then there are only finitely many elliptic curves of the

form y2 ¼ ax4 þ bx2 þ c ða; b; cAKÞ which have ai as the x-coordinates of some

K-rational points. In particular the Mordell–Weil ranks of such elliptic curves are

bounded.

2. Universal family for elliptic curves with some rational points

In this section, we show that all elliptic curves with a certain form are obtained by
similar arguments to the ones used in [5,7,8,10].
First, we construct an elliptic curve with c rational points defined over the function

field of an algebraic variety. Let E be an elliptic curve over a number field k defined
by the equation

E : y2 ¼ ax4 þ bx2 þ c; ð1Þ

and let f ðxÞ be the right-hand side of (1). Then the equation of Ec is

y2i ¼ f ðxiÞ ði ¼ 1;y; cÞ:

Let ii be the involution on the ith factor E of Ec defined by iiððxi; yiÞÞ ¼ ðxi;�yiÞ ði ¼
1;y; cÞ; and put Vc ¼ Ec=/ði1;y; icÞS; so that the defining equation of Vc is

y2i ¼ f ðx1Þf ðxiþ1Þ ði ¼ 1;y; c� 1Þ:

Let Ef ðx1Þ denote the twist of E by the quadratic extension kðEcÞ=kðVcÞ: Then we see
by a similar argument to [1] that Ef ðx1Þ is defined by the equation

f ðx1Þy2 ¼ f ðxÞ; ð2Þ

and it has at least c rational points

ðx1; 1Þ; ðxiþ1; yi=f ðx1ÞÞ ði ¼ 1;y; c� 1Þ: ð3Þ

Moreover, we can show the following.
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Theorem 2.1. Let E be a given elliptic curve defined by the equation

E : y2 ¼ ax4 þ bx2 þ c;

and let ðai; biÞ ði ¼ 1;y; c; b1a0Þ be rational points on E: Let Ef ðx1Þ be the twist of

E by kðEcÞ=kðVcÞ: Then E with these rational points is obtained by specializing Ef ðx1Þ
at the point

ðx1;y; xc; y1;y; yc�1Þ ¼ ða1;y; ac; b1b2;y; b1bcÞ on Vc:

Proof. Let xi ¼ ai ði ¼ 1;y; cÞ: Then the elliptic curve Ef ðx1Þ: f ðx1Þy2 ¼ f ðxÞ is

isomorphic to y2 ¼ f ðxÞ by the map Ef ðx1Þ-E: ðx; yÞ/ðx; b1yÞ: The c points on

Ef ðx1Þ given in (3) are ða1; 1Þ ðaiþ1; biþ1=b1Þ ði ¼ 1;y; c� 1Þ; and these points map

to ðai; biÞ ði ¼ 1;y; cÞ: &

From now on, we focus our attention on the variety Vc: In order to investigate the
rational points on Vc; put xiþ1 ¼ ai ði ¼ 0;y; c� 1Þ; and denote kða0; a1;y; ac�1Þ
by K : One of our ideas is that we regard Vc as a subvariety of the projective space

Pcþ1
K with coordinates a; b; c; yi ði ¼ 1;y; c� 1Þ: From this view point we can show

Vc is K-birational to an algebraic surface defined by equations of much simpler
form.
Given n þ 1 distinct elements aiAK ð0pipnÞ; let Wn be a subvariety of PnðKÞ

defined by the equations

1 1 1 1

a20 a21 a22 a2i
a40 a41 a42 a4i
Y 2
0 Y 2

1 Y 2
2 Y 2

i

���������

���������
¼ 0 ði ¼ 3;y; nÞ:

We put W2 ¼ P2ðKÞ; by convention. By the jacobian criterion one can check that Wn

is a nonsingular complete ð2; 2;y; 2Þ-intersection surface.

Theorem 2.2. Suppose that f ða0Þa0: Then Vnþ1 is K-birationally equivalent to Wn for

any nX2:

Proof. The map j : Vnþ1-Wn;

ða; b; c; y1;y; ynÞ/ðf ða0Þ; y1;y; ynÞ

is birational. Because the inverse map of j is

j�1 : Wn-Vnþ1;
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ðY0;y;YnÞ/
1 1 1

a20 a21 a22
Y 2
0 Y 2

1 Y 2
2

�������
�������;

0
B@ �

1 1 1

a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
�������;

a20 a21 a22
a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
�������;Y0Y1D;y;Y0YnD

1
CA; ð4Þ

where

D ¼
1 1 1

a20 a21 a22
a40 a41 a42

�������
�������: &

Remark 2.3. There exist 2n lines on Wn defined by

ðY0;Y1;y;YnÞ ¼ ðs þ ta20; ð�1Þ
e1ðs þ ta21Þ;y; ð�1Þenðs þ ta2nÞÞ;

where ei ¼ 0 or 1: The defining equations of these are

ð�1Þe1Y1 ¼ð�1Þe2 a
2
1 � a20

a22 � a20
Y2 þ

a22 � a21
a22 � a20

Y0

¼?

¼ð�1Þei
a21 � a20
a2i � a20

Yi þ
a2i � a21
a2i � a20

Y0

¼?

¼ð�1Þen
a21 � a20
a2n � a20

Yn þ
a2n � a21
a2n � a20

Y0; ð5Þ

where ei ¼ 0 or 1 ði ¼ 1;y; nÞ:
They have also a determinantal expression

1 1 1

a20 a21 a2i
Y0 ð�1Þe1Y1 ð�1Þei Yi

�������
������� ¼ 0 ði ¼ 2; 3;y; nÞ;

where ei ¼ 0 or 1 ði ¼ 1;y; nÞ:
They will be called the trivial lines on Wn:
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3. The connection to the result of Vojta

In [4], Vojta investigates the rational points on the variety Xn defined by

x2
i � 2x2

iþ1 þ x2
iþ2 ¼ 2x2

0 ði ¼ 1;y; n � 2Þ: ð6Þ

Moreover, the 2n lines on Xn defined by

7x1 ¼ 7x2 � x0 ¼ 7x3 � 2x0 ¼ ? ¼ 7xn � ðn � 1Þx0 ð7Þ

play an important role for his purpose. These lines is called trivial lines. In this

section, we show that the variety Xn ðnX2Þ is a special case of the variety X̃n defined
by the equations

1 1 1 1

b0 b1 b2 bi

b20 b21 b22 b2i
Y 2
0 Y 2

1 Y 2
2 Y 2

i

����������

����������
¼ 0 ði ¼ 3;y; nÞ: ð8Þ

Note that Wn is obtained from *Xn by letting bi ¼ a2i :

Lemma 3.1. Let m and n ðmpnÞ be integers and a0;y; an be column vectors of size m:
Suppose that any m vectors of these are linearly independent. Then the following three

conditions are equivalent:

ðiÞ rank
a0 a1 ? an�1 an

x0 x1 ? xn�1 xn

 !
¼ m;

ðiiÞ
a0 a1 ? am�1 ai

x0 x1 ? xm�1 xi

�����
����� ¼ 0 ði ¼ m;m þ 1;y; nÞ;

ðiiiÞ
a0 ai aiþ1 ? aiþm�1

x0 xi xiþ1 ? xiþm�1

�����
����� ¼ 0 ði ¼ 1; 2;y; n � m þ 1Þ:

Proof. It is clear that (i) implies (ii) and (iii).

Condition (ii) means that each vector
ai

xi


 �
ði ¼ m; m þ 1;y; nÞ is expressed as

a linear combination of
a0
x0


 �
;y;

am�1
xm�1


 �
: Therefore

m ¼ rank
a0 a1 ? am�1

x0 x1 ? xm�1

 !
¼ rank

a0 a1 ? an�1 an

x0 x1 ? xn�1 xn

 !
:

Hence (ii) implies (i).
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Next, from (iii) with i ¼ 1; we obtain

rank
a0 a1 ? am

x0 x1 ? xm

 !
¼ m:

By (iii) with i ¼ 2;
amþ1
xmþ1


 �
is expressed as a linear combination of

a0
x0


 �
;

a2
x2


 �
;y;

am

xm


 �
: Thus

rank
a0 a1 ? amþ1

x0 x1 ? xmþ1

 !
¼ m:

Repeat this with i ¼ 3 to n � m þ 1; then (i) is obtained. &

Through this lemma, we can relate Xn with X̃n:

Theorem 3.2. Xn is the variety which arises by putting b0 ¼ 0; bi ¼ 1=i; Y0 ¼
x0;Yi ¼ xi=i ði ¼ 1; 2;y; nÞ in the equation of X̃n:

Remark 3.3. Similarly, by substituting b0 ¼ 0; bi ¼ 1=i; Y0 ¼ x0; Yi ¼ xi=i ði ¼
1;y; nÞ into (5), (7) is obtained.

Proof. Let A be a matrix

A ¼

1 1 1 1 1 ? 1

b0 b1 b2 b3 b4 ? bn

b20 b21 b22 b23 b24 ? b2n
Y 2
0 Y 2

1 Y 2
2 Y 2

3 Y 2
4 ? Y 2

n

0
BBBB@

1
CCCCA:

By Lemma 3.1, (8) is equivalent to

rank ðAÞ ¼ 3:

Let b0 ¼ 0; bi ¼ 1=i; Y0 ¼ x0; Yi ¼ xi=i ði ¼ 1;y; nÞ; then

A ¼

1 1 1 1 1 ? 1

0 1 1=2 1=3 1=4 ? 1=n

0 1=12 1=22 1=32 1=42 ? 1=n2

x2
0 ðx1=1Þ2 ðx2=2Þ2 ðx3=3Þ2 ðx4=4Þ2 ? ðxn=nÞ2

0
BBBB@

1
CCCCA:
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Multiply the ith column by ði � 1Þ2 ði ¼ 2;y; n þ 1Þ; and exchange the first row with
the third row. Then A becomes

0 1 1 1 1 ? 1

0 1 2 3 4 ? n

1 12 22 32 42 ? n2

x2
0 x2

1 x2
2 x2

3 x2
4 ? x2

n

0
BBB@

1
CCCA:

Let us denote this matrix by B: By Lemma 3.1,

rankðBÞ ¼ 3

is equivalent to

0 1 1 1

0 i i þ 1 i þ 2

1 i2 ði þ 1Þ2 ði þ 2Þ2

x2
0 x2

i x2
iþ1 x2

iþ2

����������

����������
¼ 0 ði ¼ 1; 2;y; n � 2Þ:

By expanding this determinant along the 4th row, we obtain (6). &

4. Curves on Wn of genus 0 or 1

In this section, we show that for nX8; the curves on Wn of genus 0 or 1 are only
the trivial lines by extending a part of results in [4] to the case of Wn:

We recall W2 ¼ P2: The rational maps Pi-Pi�1 defined by
ðY0;Y1;y;YiÞ/ðY0;Y1;y;Yi�1Þ ði ¼ 3; 4;y; nÞ define morphisms

*pi : Wi-Wi�1 ði ¼ 3; 4;y; nÞ which form a chain

P2 ¼ W2’
*p3

W3’
*p4 ?’

*pn
Wn:

The morphism *pi is finite, is of degree 2; and is ramified along the curve C̃i

on Wi defined by Yi ¼ 0: The C̃i is nonsingular and the image of C̃n in W2 ¼ P2 is the
curve

1 1 1

a20 a22 a2n
a40 a42 a4n

�������
�������Y

2
1 �

1 1 1

a20 a21 a2n
a40 a41 a4n

�������
�������Y

2
2 ¼

1 1 1

a21 a22 a2n
a41 a42 a4n

�������
�������Y

2
0 ;
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i.e.

1 1 1 1

a20 a21 a22 a2n
a40 a41 a42 a4n
Y 2
0 Y 2

1 Y 2
2 0

���������

���������
¼ 0:

The map c : W2-X2; defined by

ðY0;Y1;Y2Þ/ð�ða22 � a21ÞY0; ða22 � a20ÞY1; ða21 � a20ÞY2Þ;

gives an isomorphism. We obtain the following *o2 by pulling back o2 in [4, (2.5)]
along c

*o2 ¼ða22 � a20Þ
2
Y1Y2 dY1#dY1

þ ðða22 � a21Þ
2 � ða22 � a20Þ

2
Y 2
1 � ða21 � a20Þ

2
Y 2
2 Þ dY1#dY2

þ ða21 � a20Þ
2
Y1Y2 dY2#dY2:

Then the next lemma holds.

Lemma 4.1. The only *o2-integral curves on W2 are

(i) the coordinate axes Y0 ¼ 0; Y1 ¼ 0; Y2 ¼ 0;

(ii) the four trivial lines 7Y1 ¼ 7
a21 � a20
a22 � a20

Y2 �
a22 � a21
a22 � a20

Y0;

(iii) the smooth conics

1 1 1 1

a20 a21 a22 c̃

a40 a41 a42 c̃2

Y 2
0 Y 2

1 Y 2
2 0

���������

���������
¼ 0; c̃AC\fa20; a21; a22g:

Proof. These are obtained by transforming the equations in [4, Lemma 2.7] by c:
The relation of c in [4] with c̃ in this Lemma is given by

c ¼ ða21 � a20Þðc̃ � a22Þ
ða22 � a21Þðc̃ � a20Þ

: &

Hence by the argument in [4] we obtain the following theorem.

Theorem 4.2. Let nX8 be an integer. Then the only curves on Wn of genus 0 or 1 are

the trivial lines.
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5. The rational points on Wn and elliptic curves

In this section, we show that the K-rational points on the trivial lines of Wn are
exceptional points for our construction of elliptic curves. Thereafter we prove our
main theorem.

Lemma 5.1. Let P ¼ ðY0;Y1;y;YnÞ be a point on Wn: Suppose Y0a0: The elliptic

curve given by P is K-isomorphic to the elliptic curve Ẽf ðx1Þ defined by the equation

Ẽf ðx1Þ :

1 1 1

a20 a21 a22
a40 a41 a42

�������
�������y

2

¼
1 1 1

a20 a21 a22
Y 2
0 Y 2

1 Y 2
2

�������
�������x

4 �
1 1 1

a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
�������x

2 þ
a20 a21 a22
a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
�������;

which is obtained by expanding

1 1 1 1

a20 a21 a22 x2

a40 a41 a42 x4

Y 2
0 Y 2

1 Y 2
2 y2

���������

���������
¼ 0

along the fourth column.

Proof. By the map j�1 in (4), a K-rational point ðY0;Y1;y;YnÞ on Wn goes to

ða; b; cÞ ¼
1 1 1

a20 a21 a22
Y 2
0 Y 2

1 Y 2
2

�������
�������; �

1 1 1

a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
�������;

a20 a21 a22
a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
�������

0
B@

1
CAAP2:

Therefore, the elliptic curve Ef ðx1Þ which corresponds to the point is

1 1 1

a20 a21 a22
Y 2
0 Y 2

1 Y 2
2

�������
�������x

4
1 �

1 1 1

a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
�������x

2
1 þ

a20 a21 a22
a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
�������

0
B@

1
CAy2

¼
1 1 1

a20 a21 a22
Y 2
0 Y 2

1 Y 2
2

�������
�������x

4 �
1 1 1

a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
�������x

2 þ
a20 a21 a22
a40 a41 a42
Y 2
0 Y 2

1 Y 2
2

�������
������� ð9Þ
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by (2). Since a0 ¼ x1; the coefficient of y2 in (9) is

�

1 1 1 1

a20 a21 a22 a20
a40 a41 a42 a40
Y 2
0 Y 2

1 Y 2
2 0

���������

���������
¼ �

1 1 1 0

a20 a21 a22 0

a40 a41 a42 0

Y 2
0 Y 2

1 Y 2
2 �Y 2

0

���������

���������
¼

1 1 1

a20 a21 a22
a40 a41 a42

�������
�������Y

2
0 :

Therefore, by the isomorphism Ef ðx1Þ-Ẽf ðx1Þ : ðx̂; ŷÞ/ðx̂; ŷY0Þ; Ef ðx1Þ is K-iso-

morphic to Ẽf ðx1Þ: &

In view of Theorem 4.2, the following lemma is crucial.

Lemma 5.2. The K-rational points on the trivial lines of Wn are exceptional for

constructing elliptic curves with n þ 1 rational points, namely they do not correspond to

any elliptic curves.

Proof. Every rational point ðY0;Y1;y;YnÞ ¼ ðs þ ta20; ð�1Þ
e1ðs þ ta21Þ;y;

ð�1Þenðs þ ta2nÞÞ; ei ¼ 0 or 1 ði ¼ 1;y; nÞ on the trivial lines in Remark 2.3

corresponds to the curve defined by

1 1 1 1

a20 a21 a22 x2

a40 a41 a42 x4

ðs þ ta20Þ
2 ðs þ ta21Þ

2 ðs þ ta22Þ
2

y2

����������

����������
¼ 0

by Lemma 5.1. Add ðthe first rowÞ � ð�s2Þ þ ðthe second rowÞ � ð�2stÞ þ
ðthe third rowÞ � ð�t2Þ to the 4th row. Then we obtain

1 1 1 1

a20 a21 a22 x2

a40 a41 a42 x4

0 0 0 y2 � ðs þ tx2Þ2

����������

����������
¼ 0:

Since

1 1 1

a20 a21 a22
a40 a41 a42

�������
�������a0;
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we have y2 � ðs þ tx2Þ2 ¼ 0: This is product of two quadratics, therefore our lemma
is proved. &

Proof of Theorem 1.3. By Theorems 2.1 and 2.2, all elliptic curves which are
stated in this theorem corresponds to K-rational points on Wn: But any
K-rational points on trivial lines do not give any elliptic curves by Lemma 5.2.
Therefore if Conjecture 1.2 for k a finitely generated field over Q holds for Wn;
then there are only finite K-rational points on Wn which correspond to elliptic
curve. &

Remark 5.3. All elliptic curves with nontrivial two-torsion point are obtained by
using the method of construction in Section 2. For each elliptic curve of this type is
expressed as follows without loss of generality:

E1: y2 ¼ x3 þ gx2 þ hx where ð0; 0Þ gives a two-torsion point:

Moreover, E1 is birationally equivalent to the elliptic curve E2 defined by the
equation

E2: y2 ¼ x4 � 2gx2 þ g2 � 4h;

by the birational map E1-E2 : ðx0; y0Þ/ðy0=x0; 2x0 þ g � y20=x2
0Þ:
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