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Throughout this paper, q is a fixed power of a prime p, Fq is the finite field of q elements. Let
A =T4[T] be the polynomial ring with the discrete valuation at oo, and k be the fraction field of A.
For an element « in A, we denote by degr (o) the degree of o as a polynomial in T, the subscript
T is omitted if it does not cause any confusion. By convention, deg(0) = —oo. On the completion
ko =Ty ((%)) of k at oo, we take 7 = % as the uniformizer, and set Ay, =Fy[[7]] = Fq[[%]]. The val-
uation v and absolute value |- | of ky are normalized such that v() =1, and || = % Let Co, be
the completion of an algebraic closure of ko, with the absolute value also denoted by | -|. We set
I' =GLy(A).

1. Introduction

Let A* = {monic polynomials in F¢[T]}. Over the function field k, the analogues of the Riemann-
zeta values [Ca] is given as
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z(n) = Zal—n

aeAt

for n € Z*. The above series clearly converges and z(n) € K. The analogous zeta function is given
by Goss [Go6, Chapter 8] as an analytic function {(s) over the “complex plane” Sy, = C}, x Z, with
s=(X,¥) € Sec!

OEDS %=Zx—f< > <a>-Y), (11)
j=0

acAt aeAt
deg(a)=j

where (a) = T~98@ . g is the 1-unit part of a e k%, and a® = x98@ . ((a))Y. Under this construction,
we get the power sum z(n) = ¢(T",n) for an integer n > 1. Goss [Go6] also constructs the general
L-series over the “complex plane” S.

One aspect of the analytic theory over function fields is the study of the Drinfeld’s upper half
plane 2 = Cy — Koo, Which comes as the rank 2 case of the analytic structures related to the moduli
spaces of Drinfeld modules, see [Gel] for an exposition. There are rich structures of rigid analytic
spaces on £2, so that we can talk about the concepts like modular forms and Hecke operators over
function fields, see [Go1,Go2,Go3,Ge1,Ge2,GR], etc. But the Hecke operators thus defined so far can’t
distinguish the modular forms, and we don’'t know if there is any analogue of Mellin transforms
relating the modular forms to the L-series over S (in Goss’ sense), even for the L-series coming
from geometry as [Bo] points out. Since there are no Haar measures of characteristic p, a general
idea of dealing with this problem is to study the measures (more precisely, distributions) which de-
fine the L-series through integrations over power functions, and the measures associated to modular
forms.

On the measures associated to the Goss zeta function ¢(s) in Eq. (1.1), we have the computations
by Thakur [Th] at finite places and by Yang [Ya2] at the place oco. The special values ¢(x, —j) are
determined by the formula [Ya2]

ctx—i)= [ dauf® 0 = [ a0 (12)
A U
(00) (00)

for integers j > 0, where U; is the 1-units of Ay, and p, ' and vy~ are measures on A, depending
on the variable x.

On the measures associated to the modular forms, Teitelbaum [Tel]| established an isomorphism
between the vector space of the cusp forms of weight n of an arithmetic subgroup G of GL;(Kk)
and the vector space of the G-invariant harmonic co-cycles on the Bruhat-Tits tree 7 associated
to Koo. A harmonic co-cycle on 7 can also be viewed as a measure on P!(ky,), therefore Teitelbaum'’s
theorem gives a way to compare the relevant measures we have discussed about. Goss [Go5] has
pointed out some implications from Teitelbaum’s construction of measures. But the construction of
the harmonic co-cycles in Teitelbaum’s theorem is quite abstract, it is not easy to understand what is
behind these measures. We will carry out an explicit computation of the measure associated to the
Drinfeld discriminant in Teitelbaum’s theorem.

We summarize some well-known facts about Bruhat-Tits trees in Section 2, and give a simple
introduction to characteristic p valued modular forms in Section 3.

In Section 4, we talk about the space of C"" functions on an open compact subset S of P!(ks) and
study its dual space, which is proved to be the space of h-admissible measures on S.

In Section 5, we introduce some known results of the theory of functions on Bruhat-Tits trees,
and Teitelbaum’s theorems on the correspondence between cusp forms of an arithmetic subgroup G
of GLy (k) and G-equivariant harmonic cocycles on Bruhat-Tits trees.
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In Section 6, we explicitly determine the characteristic p valued measure associated to the Drinfeld
discriminant A(z).

In Section 7, we calculate some special values of the L-function associated to the Drinfeld dis-
criminant, and also give similar results on the characteristic p valued measure associated to the
Poincaré series. Some comments about characteristic p valued modular forms and harmonic func-
tions on Bruhat-Tits trees are made, and some possible application to algebraic ergodic theory is also
mentioned in this section.

2. Bruhat-Tits trees

Let V = ko @ koo be a two-dimensional vector space over ko. A lattice L of V is a finitely
generated free Ay,-module of rank 2. Two lattices L and L’ are said to be equivalent if there ex-
ists a A e k%, such that L’ = AL. Let V7 denote the set of all equivalence classes [L] of lattices L
of V. For any elements A, A’ € Vo, we can find lattices L € A and L’ € A" such that L’ C L and
L/l =Ax/m"Ax = A/7"A for some non-negative integer n, which we denote by d(A, A’) =n. We
define

Er={ean:d(A,A) =1},

where e 44 denotes the edge connecting A and A’. Then the Bruhat-Tits tree 7 consists of the set
V7 of vertices and the set Eg of (oriented, with orientation to be determined later in this section)
edges. The action of GLy(Ky) on V induces an action of GLy(Ks) on 7 (in fact, an action of PGL; (Ko)
on 7).

Suppose that G is a group acting on a graph X. Then we have the quotient graph G\X. A funda-
mental domain of G\ X is a subgraph Z of X such that the natural map Z — G\X is an isomorphism
of graphs. A fundamental domain of a graph by a group action doesn’t necessarily exist, but we have
results in some special cases. Let

GLz(Koo) ™ = {o € GLa(Koo): v(dete) is an even integer}.
Let A, denote the class of the lattice Ao ® T"Ax ~ T"As @ A for n € Z. We know the follow-
ing properties of the actions of subgroups of GL;(kKs) on 7, the detail can be found in Serre’s

book [Se].

e Let G be a subgroup of GLy(Keo)™'. If the closure of G in GLy(Ks,) contains SLy(Kso), then the
fundamental domain of the action of G on 7 is

O ——©oO

Ao Aq
e The fundamental domain of the action of I" = GL,(A) on 7 is

[e] [e] [e] o

Ag Aq A Ap

(2.1)

The action of GLy (k) on V7 is transitive, thus we have the bijections

Vr < Gl (ka) /Stab(Ag) = GLy (Kxo)/ (K5, - GL2(Ano)), (2.2)
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where Stab(Ag) denotes the stabilizer of Ag in GLy (K ). Therefore we can use matrices to express
the vertices of 7 in terms of the coset representatives in the above relation:

k
VT::(TE) L{):kez,uekm,umodnkAoo}. (2.3)

Let vi = (1,0)7, vo = (0, )T be the standard basis of V = Ky, @ Koo. Under the one-to-one correspon-
dence (2.2) and the representations of the coset representatives (2.3), we have

k
[nkvl, uvq +vz] PAEEN <7€) 1;), (2.4)

where k and u are as in (2.3), and [7w¥vy, uv; + v,] denotes the equivalence class of the Ay -lattice
generated by w¥v; and uv; + v,.

An end of the tree 7 is an infinite path starting at some vertex and without back-tracking, for
example, the half line in (2.1) from the vertex Ag to A1, Ay, and so on. Two ends are equivalent if
and only if they differ by a finite number of vertices and edges. The set of ends of 7 is in bijection
with P! (k). This bijection is set up in this paper as follows. We choose the vertex Ag as the starting
point of any end (in some equivalence class), then oo € P!(k.,) corresponds to the end (2.1). For
xX= Z,ﬁno cat" € Koo, Where ¢, € IFy, the corresponding end (which is in some equivalence class; but
the end of the following graph may not start with the vertex Ag) is

o o (0] [0)

2.5
[vi,Xx-v1 + Vo] [v1, X - V1 + Vo] [V, X - V1 + Vo] (2:3)
where we notice that [7"vq, x - vi + V2] = [T"Vq, X[p—1] - V1 + V2], with x[p = ZZ:no k.

The edges of 7 are oriented, with the set E;“- of edges of positive orientation given in terms of
the oo end of 7

¢} (o) o > 0 —>

Ao Aq As An

(2.6)

any edge with a consistent orientation with the above is in E;t (since 7 is connected).
Let Iy =GLy(Fy), a subgroup of I' = GL,(A), and

= {(8 Z) a,deIE‘;‘;, b e Fy[T], degr(b) gn},

for n > 1. Then we have

Proposition 2.1. (See Serre [Se].)

(1) I3, is the stabilizer of Ay.

(2) Iy acts transitively on the set of edges with origin Ay.

(3) Forn > 1, I, fixes the edge A, Any1 and acts transitively on the set of edges with origin A, but distinct
from the edge Ay Apyq.
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3. Modular forms
The group GLy(Kso) acts on the Drinfeld’s upper half plane £2 = Co — koo = P1(Cs) — P! (ko) by

Z_az—i—b
T cz+d

for y = (Z Z) € GLy (k) and z € £2. This action is also written as y (z) or yz. The space £2 has a good
covering {D;}ic;, where I ={(n,x): n€Z, x € Koo /" 1AL}, D@,x) =X+ Dy, and

| < 2| < |7
Dy, =43z€Cx: S

lz—cr"| > |7"|, |z— e > |n" ! forall c € F;
These subsets D;’s of £2 are affinoid spaces and §2 has a rigid analytic structure, see [GR] and [GP]
for the details. Hence we can talk about the rigid analytic functions on §2 and study their proper-
ties.

A finitely generated A-submodule L C C, is said to be an A-lattice of C if L is discrete in the

topology of Co.. Hence an A-lattice L of C, is a projective A-module of finite rank d, and we have an
isomorphism of A-modules

LAl
since A =1Iy[T] is a principal ideal domain.

Example 3.1. Let L C C« be an A-lattice of rank 1, in particular, a fractional ideal of A. Then

ee=z [] (1 - g)

0#£ael

and

@ =e'(=)_

ael

— (31)

are [Fg-linear rigid analytic functions on £2. These two functions are invariant under L-translations.
See [Go6], or [Ge2].

Generally, a subgroup G of GL, (k) is called arithmetic if G is contained in GL(Y) and contains the
kernel G(Y, a) of the reduction map GL(Y) — GL(Y/aY) for some rank 2 projective A submodule Y
of k@ k and some ideal a of A. In this paper, we assume that A is a polynomial ring over g, hence
the rank 2 projective A-module Y is free: Y =A@ A, thus we only consider the arithmetic subgroups
of GL,(A).

As a subgroup of GL(K«), an arithmetic subgroup G acts on the Bruhat-Tits tree 7. The quotient
G\7T is a finite graph joined by a finite number of ends. For example, in the following graph, there
are two ends on the left and on the right, and the middle is finite.

end < > end .
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These ends are called the cusps of the arithmetic subgroup G. We have the bijection

{cusps of G} —> G\P! (k).

We refer §2, Chapter II of [Se]| for the details. Thus we see from (2.1) that the group I" has exactly
one cusp oo.

Definition 3.1. Let G be an arithmetic subgroup of GL,(k). A rigid analytic function f : £ — C
is called a modular form with respect to the arithmetic subgroup G of weight k and type m for
a non-negative integer k and a class m in Z/(q — 1) if the following two conditions are satis-
fied:

(1) for any y = (‘C’ Z) € G, the following equation holds

fIY lem(@ = f(2),

where fI[ylkm(2) := (det(y)™j(y.2)~* f(y2), and

v, o) =cz+d; (3.2)
(2) f is holomorphic at every cusp of G.

In the above definition, the second condition is interpreted as follows. For a cusp p of G, we take
an element p € GL,(k) such that p(co) = p. Then the stabilizer of co in p~!Gp contains a maximal
subgroup of G consisting of elements of the form yyx = ((l) ;‘) where x € L for some fractional ideal L
of A. Such an element yy acts on §2 as a translation by x, therefore the first condition gives f(z+x) =
f(yxz) = f(2). Compared with the classical situation, the rigid analytic function t;(z) of (3.1) serves
as a parameter at the infinity point co. So f is holomorphic at p if and only if f can be expanded as
a series in terms of the parameter t;(z):

fllolkm(@ = citi(2)',  where c; € Coo. (33)
i>0

If the expansion coefficient co =0 in (3.3) for all cusps of G, then f is called a cusp form of G with
weight k and type m.

Remark 3.1. In this paper, we assume A =[Fy[T], and k =T (T), but the same definition as above can
be stated for the general case when Kk is the field of functions on a complete, geometrically irreducible
curve over the field Fy and A is the ring of regular functions away from the point oo.

Example 3.2. The Eisenstein series Ey(z) is defined as

1
E@= ) L (34)
(0,0)#(c,d)eA?

for an integer k > 0. If k%0 mod (q — 1), then Ey(z) is identically equal to 0. For k=0 mod (q — 1),
the Eisenstein series Ey(z) is a non-cuspidal modular form of the arithmetic subgroup I' = GL(A)
with weight k and type 0. See [Go2] for the detail.
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Example 3.3. This is an example given by Gekeler [Ge2]. Let

a by, .
H:{(O ]>.ae}Fq,beA}

be a subgroup of I', and t(z) be the rigid analytic function defined as (3.1) for the rank 1 lattice A7,
where the constant 7 € C}, is some “period”. Then the Poincaré series

Pem@ =Y (det))"j(y,2) " (y2) (35)
yeH\TI"

is a cusp form of I" with weight k and type m mod (q — 1), where j(y, z) is defined as in (3.2).

Example 3.4. Let L C C5 be an A-lattice of Co, of rank 2. Such a lattice L is associated with an
Fg-linear function

ei(z2)=z l_[ (1 — ;)

0#£hel

which is rigid analytic on §2. Then there exists a ring homomorphism

ol A Coft) = { Zaiti: a; € C, for each integeri > 0},
i>0

a|—>¢£

such that

¢,aL.eL:eL.a (3.6)

for any a € A, where t(x) = x? for any x € C, is the Frobenius map. In the above Eq. (3.6), the dot
notion “.” denotes the composition map, a is regarded as the multiplication map from Cy to itself,
and e; : Cooc — C is the additive map given by the function e (z).

The ring homomorphism ¢’ is a Drinfeld module of rank 2 over Cy, associated to the A-lattice L
of Coo. For 0#a € A, we can see that ¢%(z) is a polynomial in z and is given as

L 4
= 1-—
do=e T (o)

0#iea~1L/L

by checking the zeroes of e; (az) and ¢é(eL(z)) and the coefficients of the first terms of the expansions
of these two rigid analytic functions in terms of z. The homomorphism ¢ is determined by

¢k =TT+ g7+ AT (3.7)

We notice that AL is also an A-lattice of C, for A € C, and e, (Az) = Ae;(2), therefore
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ot (reL(2)) = ¢t (e (A2))
=e1(TA2)
=Xe;(Tz)

=197 (eL(2).

Putting the above equation into Eq. (3.7) for ¢} and ¢3%, we get

Ther(2) + 8129 (2)7 + AaT e ()T =ATe(2) + Agrer (D) + AALe (D).

Thus we have

2
g =xr"g, AL =2TT AL (3.8)

An A-lattice of C of rank 2 can be written as L =Aw; ® Awy = w2(Az ® A) with wy, w2 € €}, and
Z=w1/wy € 2 (because L is discrete in the topology of C,). We define for the lattice L, = Az &®
ACCy with ze 2

8@ =281, A@D=AL. (3.9)

From the above Eq. (3.9), it is not difficult to see that for y = (‘Z Z) el

gy =(z+d)" g2, Ay =(z+d)T AQ).

The two functions g(z) and A(z) on £2 can be expressed in terms of Eisenstein series E(z) (see [Go1]
or Section 2, Chapter II of [Gel]), so they are rigid analytic functions on £2 and are holomorphic at
the cusp oo of I'. Therefore g(z) is a modular form of I of weight ¢ — 1 and type 0 and A(z) is a
modular form of I" of weight g2 — 1 and type 0.

The function A(z) on the Drinfeld’s upper half plane £2 is called the Drinfeld discriminant. We
refer Chapter 4 of [Go6] for more details and related topics of Drinfeld modules, see also [Gel].

Theorem 3.1. We have the following results with respect to the modular forms of I':

(1) (Goss [Go1].) The graded ring of modular forms of type 0 associated with the group I" has dimension 2
and is equal to the polynomial ring Coo[g, A].

(2) (Gekeler [Ge2].) The graded ring of modular forms associated with the group I' has dimension 2
and is equal to the polynomial ring Clg, Pg4+1,1], Where Pqi11 is given in (3.5). Moreover, A =
—(Pgs1,097

(3) (Goss [Go1]; also see [Ge2].) The following two equalities hold

g(2) = (T1 = T)Eq-1(2),

A@) = (TT = T)Ep_1@ + (T = T)"Eq_1 (271, (3.10)



2192 Z. Yang / Journal of Number Theory 132 (2012) 2184-2227

4. Characteristic p valued measures on P! (k)

For a € Ky and r > 0 a real number, we denote the closed ball of radius r and centered at a by
Ba(r) = {x € Koo: |x —a| <1}. As the set of absolute values of Ko is {|7|': 1 € Z} = {q": 1 € Z}, we
need only consider the closed balls Bq(|7|") = Ba(q™") of radius g, for I € Z. We also denote by
Boo(IT]) = {x € Koo: |X] > || 7!} U {o0}, which is viewed as a closed ball of radius g~ centered at oc.
A function f : Bo(|m|)) = Cs on the ball By(|7|) is said to be analytic if f can be expanded as a
Taylor series

f(x)=ch(X;—,a> (cn € Coo for n > 0) (41)
n=0

which is convergent for any x € Bo(||"), i.e., ca = 0 as n — co. And a function f : B (|77 |') = Cs is
said to be analytic on Bso (|7 |) if g(x) := f(%) is analytic on the ball Bo(|7|").

Let S c P!(k) be an open compact nonempty subset. Hence S is a finite disjoint union of closed
balls of positive radii.

A function f:S — C is said to be locally analytic (of order I, respectively) at the point a € S
if f is analytic on some closed ball B, which is centered at a and of positive radius (at least ||,
respectively). And f is said to be locally analytic (of order I, respectively) on S if f is locally analytic
(of order I, respectively) at every point of S. The space of all locally analytic functions (of order I,
respectively) (taking values in C,) on S is denoted by LA(S) (LA;(S), respectively).

Remark 4.1. The above definition of local analyticity of order [ is a little ambiguous, since the balls
Ba(]|") may not be contained in S for a given positive integer . But we have assumed that S is open
compact, therefore By(Jr|') C S as long as the integer [ is sufficiently large (say || is less than or
equal to the smallest value among all radii in a decomposition of S into finite disjoint union of closed
balls of positive radii). So the definition makes sense, and we always assume that such an integer [ in
the above is sufficiently large.

The space LA|(S) is equipped with a norm || - || as follows. We have a decomposition of S into a
finite disjoint union

S=|_|B,‘, (4.2)

where each B; is a closed ball of radius |7 |'. We notice that if one of these closed balls, say Bi,,
is centered at oo, then B;, = Boo(IT]) = {x € Koo |X| = |7|7!} U {o0}. Suppose f € LA/(S). As every
element of a closed ball is a center under a non-Archimedean absolute value, f has an expansion as
Eq. (4.1) on each closed ball B; in the decomposition (4.2):

fl, (0 = Zcm(%) , (43)
n=0

for any a; € B;, and the expansion should be replaced by the following if B, is the closed ball centered
at oo:

g 1
gm(x):Zcio,n(%) N :=f|3i0<;)-

n>0
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Then we define

I flig; = Iglgg{lcinl}, and || fll = miélX{IIfIIBi}. (4.4)

=

To see (4.4) is well defined, we need to show
Lemma 4.1. || f|| g, is independent of the choices of the center a;.

Proof. Suppose b; € B;. Then b; is also a center of B;. And f|p,;(x) has expansion (4.3) at a;, and has
the following expansion at b; as well:

x—b;\" A\ (bi—a) ™"
g5 ez C5)

n=0 j=n

As |bi—ail <|7'], |(})I < 1, and |cii| < || fl|g;, we see that || f[|. :=maxn>oflc),|} < | fllg,. In the same
way, we have | f|; < ||f||j5i, hence we get the conclusion. O

It is easy to see that LA;(S) is a Banach space with the norm defined above. And we have the
following sequence of closed inclusions of Banach spaces

> LA(S) = LA141(S) = LA2(S) — -+

and LA(S) = lim LA/(S) = |, LA(S). We equip LA(S) with the topology of direct limit. In our case, a
subset W C LA(S) is closed if and only if W NLA;(S) is closed in LA;(S) for each sufficiently large inte-
ger I. This is equivalent to saying that for any topological space Z, a map f : LA(S) — Z is continuous
if and only if f|ia,s) : LA(S) — Z is continuous for each sufficiently large I.

We denote by M* = Homc,, (M, Cx) the space of all C-linear continuous maps from M to Cs
for a given topological vector space M over Cu.

Remark 4.2. Suppose (M, || - ||) is a separable C,,-Banach space. For any map f: M — C,, we define
I fII = supgzxemil f O)1/11xIl}. Then

M* =Homc¢,, (M, Cx)
={f: f is Cx-linear and continuous from M to Co.}

={f: fisC-linearand | f|| < oc}.

Take now M = LA(S) (with the topology given above). The elements of LA(S)* are called tempered
distributions on S (with values taken in Cy ), and we write (f, i) := u(f) for u € LA(S)* and f €
LA(S).

Remark 4.3. Let LC(S) denote the C,,-vector space of locally constant functions on
P(S) ={U: U c S is open and compact}.

A distribution on S is a linear functional u € (LC(S))*. We put

p(U) = (5u (), i),
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where &y (x) is the characteristic function of the subset U. Then p can be viewed as a function
from P(S) to Cs which satisfies the finite additivity property: if U,V € P(S) and U NV = {, then
U UV)=pnU)+ V). If {uU): U e P(S)} is bounded, then w is called a measure on S. Since
locally constant functions are locally analytic, we see that any element p € LA(S)* is a distribution
on S, thus it is natural to write

/f(X)dM(X) =,
S
for f € LA(S). We also write for an open compact subset U C S
/fummw=ffm&ummw
U S
provided that f(x) is locally analytic over U, and we extend f by 0 outside of U in the second
integral.
Definition 4.1.

(1) For integers I, j > 0, and a € S, we define the following functions on S:

(x—a)l, ifxeBq(m]),

al;j; x)=
x@kh 5% {o, ifx ¢ Ba(l |,

for By(J|") C S, provided that a # oo, and

(1)), ifxe Buo(ll),

X (00,1 ji %) = i
0, ifx¢Boo(ml),

for Boc(|7'r|l)lc S, where Boo(I|) = {x € Koo: |X] > |7rf1|l}. In what follows, we understand the
term (x —a) on By(|7r|) needs to be replaced by (1/x)/ if a = occ.

(2) Let I,n be non-negative integers. The Co.-vector spaces P,(") are defined as
PV = Y Cox@l:jix,
acs
ogj<n
this is the vector space generated by all the functions x (a,[; j; x), with 0 < j<n,a € S, over Cx.
We put
P™ = lim P"
— 1 >
where the direct limit is taken with respect to the injective maps P,(”) — Pl(fl.
(3) Denote

p(eo) — @)] P™ . and PI(OO) _ ﬁj}lpl(n),

where the direct limits are taken over the injective maps P™ — P@+D and Pl(“) — Pl("“) re-
spectively. P(> is in fact the space of all locally polynomial functions over S, and Pl(oo) those
defined for balls of radius |r|' (which are contained in S).
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We notice that for u € LA(S)*, the set {u(U) = (éy(x), u): U C S open compact} does not deter-
mine j, instead we have

Proposition 4.1.

(1) pe (Pl(oo))* = Homc_, (Pl(oo), Co) can be extended to an element of (LA;(S))™* if and only if

<C-|m,

/ x@,l; j;x)du(x)

Ba(I7|")

= ‘/X(a,l; Jixdux)
S

forany j > 0 and any By(|7|') C S, where C is a constant depending only on 1.
(2) e (PO)* =Homc_, (P, Cx) can be extended to an element of (LA(S))* if and only if

<CW-|m )Y,

/ x@,l; j;x)dup(x)

Ba(I7r 1)

= ‘/x(a,l; Jidux)
S

for any sufficiently large integer I, any j > 0, and any Bq(||') C S, where C(l) is a constant depending
only onland .

Proof. Since the topology on LA(S) is induced from those of all LA;(S)’s, we need only prove (1).

Suppose u € (P,(OO))* can be extended to an element of LA;(S), which is still denoted by w. By Re-
mark 4.2,

/ x@,l; j;x)dp(x)

/ (x—a) dp(x)

Ba(7|") Ba(I |
i | (x—ay
AL |
i
<l -1,

if oo ¢ Ba(|m|"). And similarly if oo € Bq(||') (therefore a = oo by the assumption on the notation
Ba(Ih).

Conversely, suppose the condition holds, and f € LA;(S). Then we decompose S =| |; B; as a finite
disjoint union of closed balls of radius |7 |'. On each B;, the function f can be expanded as

n
X —aj .
B, (X) = cin[ =—=) , witha; e B;, andcj, = 0asn — oo
i in TL’I i i in
n>0

(if oo € Bj, the function f(x) = g(1/x) for some analytic function g on Bg(|7|), and we get the
expansion of f in terms of the parameter 1/x by the expansion of g, then we proceed similarly).
Therefore we extend u € (Pl(oo))* by defining

fomy=)_Y 7 " /(x —a)"dp (),
Bi

i n=0



2196 Z. Yang / Journal of Number Theory 132 (2012) 2184-2227

which is convergent under the given assumption. The assumption on u € (Pl(oo))* also implies that
the extension of w to LA;(S) is continuous. O

Remark 4.4. In Proposition 4.1, the condition for u € (P(°)* to be extendable to an element of
(LA(S))* is based on the topology of the space of locally analytic functions. In the following definition,
we are going to specify the constant C(l) in (2) of Proposition 4.1 and define the “h-admissible”
measures, which will be proved dual to the C"-functions (see Definition 4.3).

Definition 4.2. For a non-negative integer h, a linear functional p € (P™)* is called an h-admissible
measure on S, if it satisfies the following growth condition:

<C- )= (4.5)

f x—a) dju(x)

Ba(l7|"

for 0 < j < h, any [ sufficiently large, and any By(||') C S, where C is a constant depending only
on W. If a = o0, then (4.5) should be understood as

J (2o

Ba(I |

<C- |J'L'|l(j_h).

Remark 4.5. This definition is a little bit different from [Vi1] and [Vi2] by Vishik. The right side
of (4.5) is o(1) - | |'"d=P) in Vishik’s papers. This change is made in order to relate the h-admissible
measures with C'-functions on S instead of functions satisfying the “h-th order Lipschitz” condition
(as in Vishik’s paper).

It is clear from the above definition that the 0-admissible measures on S are exactly the measures
on S. In general, the h-admissible measures on S are dual to the space of C"" functions on S. Since
K~ is of characteristic p > 0, the definition of differentiability of a function is a little different to the
usual one in the case of characteristic 0. At first, we consider the functions on closed balls of P! (Ks)
and follow Schikhof’s definition of C"-functions [Sc] that we present now.

Definition 4.3. Let B C ko, be a closed ball of positive radius. For an integer n > 0, set
A"B={(x1,%2, ..., %) € B": x; #£x; if i # j}.

The n-th order difference quotient @, f : A"1B — C, of a function f : B— Cq is inductively defined
by

Pof=f,
(Pn-1)(X1,X3, ..., Xny1) = (Pn_1f)(X2, X3, ..., Xn 1)
(Pnf)(X1, X2, -+, Xnp1) = — nt n -
X1 — X2
for n >1 and (XLXZ, ...,Xn+1) S Aﬂ+1B_ The function f is called a C"-function on B if ¢nf can be

extended to a continuous function @, f : B! — Cu. For B = Buo(|7|!), we change the parameter
of B by the transform ¢ : x — 1/x and make a similar definition. Since ¢ is one-to-one and contin-
uous on B, the definition of differentiability of functions on B’ C Buo(J7|") for B’ a closed ball not
containing oo agrees with that on B, (|7 |)). For convenience, it is understood throughout this paper
that such a transform is automatically applied to change the parameter whenever the closed ball B is
centered at oco.
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The space of C"-functions from B to Cy is denoted by C"(B). For f € C"(B) and x € B, set

Dnf(x)=®nf(x,x,...,x) forn>0, and Dgf(x)= f(x).

Dy f is the n-th order hyper-derivative of the function f. We have the following characterization of
C"-functions on B, in terms of Taylor expansions:

Theorem 4.1. (See Section 29 and Section 83 [Sc].) Let B be a closed ball of positive radius. If f € C"(B), then
forallx,y €B,

n—1

FO=F+Y xX=yVDif()+ &= (@)X Y, ..., y)

i=1

=f+ Y &x=yIDif(y)+ =" (@S y.....y) = Daf (V).

j=1
Conversely, let f be a function on B. If there exist continuous functions Aq,...,An—1 : B > Cx and
Ap : B x B— Cy such that
n—1 )
FO=F+Y X=y2m) +E =", y) Y €Ax),
j=1

then f € C"(B).

C"(B) is a Banach space over C, with the norm || - ||; defined by

I flln = max{||(®of)] ..

(@10 -

(@nf)|} for feC'(Ax) (4.6)

where the functions (@;f) for 0 < j <n are as in Definition 4.3, and || - || is the sup norm of
the functions on the respective topological spaces. As the spaces B/ = B x B x --- x B (j times,
1< j<n+1) are compact, the right side of (4.6) is finite. On the notation of the norm, we use
Il - llcnegy for || - |In if any confusion may occur.

In the case B = A,. The functions in C"(Ay,) (as well as LA,;(Ax) and LA(Ay,)) can be described
by the Carlitz basis {G;(X)}n>0, Where G(x) is a polynomial of degree n for each integer n > 0, they
are defined in the following. Set

[il= 7l = (l/T)qi — (1/T) for i positive integer;

Li=1ifi=0; and L; = [i]-[i = 1]---[1] if i is a positive integer;
Di=1ifi=0; and D;=[i]-[i—1]9--- [1]‘5’171 if i is a positive integer;
eix)=x,ifi=0; ej(x) = ]—I%Fq[ﬂ]’degﬂ(aki(x — ), if i is a positive integer;
Ei(x) = ej(x)/D;j, for each non-negative integer i.

Thus we see that e;(x) and E;(x) are FFg-linear polynomials of degree q'. For any non-negative inte-
ger n, write n in g-digit expansion: n =ng +n1q + --- + nsq® with 0 < n; < g, the Carlitz polynomial
Gn(x) is defined by

N

Ga) = [ [(Ei0)™.

i=0
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Theorem 4.2. (See Wagner [Wa], also see [Go4] or [Ya3].) The Carlitz polynomials G, (x) (n > 0) constitute an
orthonormal basis of the Banach space C(A,) of continuous functions from A to Coo With the sup norm, that
is, any f € C(Ax) can be expressed as

x
fx) = ZanGn(x), witha, € Co, and a, — 0 asn — oo.
n=0

And the norm || f || (which is also denoted by || f||o in (4.6)) is given by

I fll := sup {If(X)I}zlnn%{lanl}.

X€A

Theorem 4.3. (See [Yal,Ya3].) For integers j,1 > 0, let ;= Z?im i/q'.

(1) The polynomials i G j(x) with j > O constitute an orthonormal basis of the Banach space LA;(Ax),
that is, any f € LA/(Ax) can be expanded as f(x) = Z?‘io ajwHilGj(x) withaj — 0 as j — oo, and
Il fllLaAs) = max;{lajl}.

(2) Let f(x) = Z]OO:O a;G;j(x) be a continuous function from Ay to C. Then f € C"(Aw) if and only if
lim;_, o |a;j|j"=0.

From (2) of the above theorem, we can define a norm || - ||}, on C"(Ax) by
11l := max{laj| - || "% 1} for f(x) =) a;G;(x) € C"(Ax)
! >0
so that (C"(As), || - II,) is a Banach space over Co.

Remark 4.6. The norm | - ||, and the norm || - ||, defined in (4.6) (take B = Ay) on C"(Ax) are
equivalent, that is, there exist constants A1 > 0 and A, > 0 such that Aq|| - ln < | - I, < A2|l - [ln. This
can be seen through the computation of the difference quotients of the Carlitz polynomials Gy (x),
which is carried out in the proof of Theorem 5.1 in [Ya3].

Due to the above remark, we will use the same notation || - ||, for the two norms | - ||, and || - ||},
on C"(Axo).
Corollary 4.1. For n > 0 an integer, (C"(Ax), || - ln) is a Coo-Banach space with an orthonormal basis

816 0} jo.

On a closed ball B = By(|7r|) for a € ks, and Iy a non-negative integer, a function f can be ex-
pressed as f(x) = g((x—a)/m'0) for some function g on A, and f € C"(B) if and only if g € C"(Aso).
For a = oo and Iy a non-negative integer, on B = By (|7 |0) = {x € Kso: |x| > || 710}, a function f
can be expressed as f(x) = g(l/(n’ox)) for some function g on Ay, and f € C*(B) if and only if
g€ (C"(Ax). Hence we get the following

Corollary 4.2. Let ly,n € Z withn > 0, and B = B(|r |'0).

(1) If a € Koo, then (C™(B), || - |ln) is a Coo-Banach space with an orthonormal basis {7r"!1°% ”Gj((x —a)/
7o)} 0. A
(2) Ifa=o00, then (C*(B), || - |ln) is a Cso-Banach space with an orthonormal basis {7 "% J]Gj(l/(nlﬂx))}j>0.
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Corollary 4.3. Let [y, n € Z withn > 0, and B = By(|7r|°). For integers j,1> 0, let Hjl= Zfil+1[j/qi] be as
in Theorem 4.3.

(1) If a € Ky, then the polynomials 7w #i! G j((x — a)/m') with j > 0 constitute an orthonormal basis of the
Banach space LA|(B).

(2) If a = oo, then the polynomials n“fv'Gj(l/(nlox)) with j > 0 constitute an orthonormal basis of the
Banach space LA;(B).

To study the C"-functions on the open compact subset S C P1(Ky,), we fix a decomposition (4.2):
S =LJ; Bi, where each B; is a closed ball of radius ||, A function f on S is called of C" if and only

if f|p; is of C", and the space of all C"-functions on S is denoted by C"(S). We define a norm || - |,
on C"(S) by

Il £ lln =miaX{||f||c"(B,-)}-

Then (C™(S), || - |ln) is a Banach space over C,. We have

Theorem 4.4. Let h be a non-negative integer. The space of h-admissible measures on S is dual to the Co-
Banach space (C(S), || - |In).

Proof. The conclusion follows from subsequent Proposition 4.2 and Proposition 4.3, and the proof will
occupy the rest of this section. O

Lemma4.2. Let jtn =Y ;5 1[n/q']. Then

Mn, = +1—log,n—1.

_n
(@—1g

Proof. Express n in g-digit expansion: n =nyq" +---+n1q+no with ny, #0 and 0 <n; <q—1 for
o<i<w.lets(n,)=ny+---+n43+n4q1, and t(n, ) =mq +--- 4+ n1q + ng. We have

[n/ql“] = anw_l_1 4o+ Ng2q + Ny,

[1/d7%] = nwg" 2+ + o,

[n/q“’w] = .

Add up the above equations, column by column on the right sides, then

qwfl -1 w—Il-1 _ 1 q- 1
Mn,l:anf1 ‘i‘”w—]qf‘1 +"'+nl+1q_1
_q'n—t@m, D) —sn,l)
q—1
n—tm,0) —q'sn, 0
T @-nd

It’s easily seen that s(n,)) < (g — D(w —1) <(q—D(loggn —1) and t(n,) < (q — 1)q', therefore Hn, =

m-l—l—logqn—l. o
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Proposition 4.2. Let h be a non-negative integer. If it € (C"(S))*, then y is an h-admissible measure on S.

Proof. We need to prove the inequality (4.5). As S C P!(k) is open compact, we have the decom-
position S =] |; B; for a fixed sufficiently large integer ly, where B; = Bai(|ﬂ'|’0). Then for any integer
1> lg, any closed ball By(|mr|') C S is contained in B; for some i. Hence ((x —a)/(x))J - oy ) 1s
locally analytic of order I and has norm 1 in the space LA;(B;) or LA/(S). Corollary 4.3 implies

j 00
X—a
<7> Epy(h ) =D an ™Gy ((x — ap) /7)), (4.7)
n=0
where a, — 0 as n — oo, |ay| <1 for all n > 0. And pp; > m +1—1—log,n, by Lemma 4.2. Also

Corollary 4.2 implies

’/ﬂh[logq n]Gn((X —ai)/ﬂlo)dﬂ(x) < ||M||(ch(3i))* < ||M||(Ch(s))*

since p € (CM(S))* and C"(B;) c C"(S). Therefore

n

m —-1- logq n+l— C] — (logq n)h (48)

V(an”'u"”/Gn((x_ai)/nlo)dﬂ(x)) >

i
where C; does not depend on [. A little calculation on the minimum value of the function m(x) =
X — (h + 1D)(logyn) > C2 — I(h + 1), where the constant C; does

o~ (h + 1)(logg x) gives (q—nl)q‘
not depend on [ or n. Therefore the right side of (4.8) is greater than or equal to C3 —[h with C3 a
constant not depending on [ or n. Integrating Eq. (4.7), we get the required estimation. 0O

Now we are going to show that the converse of Proposition 4.2 is also true. Suppose w is an
h-admissible measure on S, we are going to show that u € (C(8))*.
For each fixed integer | which is sufficiently large, we have the finite disjoint decomposition

s= ] Bi(nl)

0<i<r()
where r(l) is a positive integer depending on [. Let us fix a point a;; inside each closed ball Bi(j|h.

Let f € C"(S). For any a € S, there exists a B;(|7|") containing this element a. From Theorem 4.1,
the function f has a Taylor expansion on B;(|7|):

fO=F@+Df@E—a)+---+Dpf@x—a)" + Ap(f; x, @) (x — )" (49)
where Ay(f;x,a) is continuous on B;(|7|") x Bi(j|") and limy_q Ap(f: x, a) = 0. The Riemann sum
of f with respect to the h-admissible measure w is defined by

h
Ri(f oty =Y Y Difta(xd j. ai; %), ). (410)

0<i<r() j=0

Lemma 4.3. (See Schikhof, Theorem 78.2 of [Sc].) Let h be any non-negative integer and f € C h(S). Then
Djf eC'I(S)yand D;D;f = ("{/)Diy; f for0<i,0< jandi+ j<h.
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Lemma 4.4. The limit lim;_, o Ri(f, i, {a;;}) exists, and does not depend on the choices of a; ; € Bi(|7 Yy for
any [ sufficiently large and 0 < i < r(l). And we define

[ reodueo = fim Ri(r. . ta). (411)

Proof. The proof here follows Vishik’s paper [Vi1], where the integral is with respect to the h-th order
Lipschitz functions instead of C"-function. At first we prove the limit does not depend on the choices
of {a;}ogigrqy if it exists. Let by ; € Bi(||') be another choice for each I and i. Then

Ri(foubiid)= Y > Diftbi)(xbuil: j: %), u(x)

o<i<r() 0 j<h

- ¥ ¥ ()D F s — b ™ (x @ 0, 1)

<i<r() 0 j<h 0k

h h—k

k
-2 ZZC: )Dka(b,,)(az,—bzl)f(xmlu’ ki), ().

<i<r() k=0 j=0

But

hk .
+k -
> (J )D]+kf(bll)(all_bll)1 Dy f (@) — Ap(Diefs ayi. by (ay — b )"

. k
j=0
by making an appropriate substitution in (4.9) and applying Lemma 4.3, therefore

rd) h
Ri(f. p.{bii}) = Ri(f. p, {ayi}) — Z Z An(Diefsar, b — b )" (x (@, 1 ks %), ().

i=0 k=0

This proves limy_,(R;(f, u,{b1i}) — Ri(f,m,{a;;})) = 0, by the condition (45) on p and
limy_, oo Ap(Dk f; a1, b1 ;) =0 for each k with 0 < k < h. Therefore the limit limi_, o Ri(f, . {aii}),
if it exists, does not depend on the choices of q;; € Bi(|r|") for each i and I.

Now let m > I. Then B;(|7|') can be decomposed disjointly into qm‘l smaller balls for each i:

Bi(ll) = || Bso(IwI™).

s(i)eld,m,i)

Therefore
rd) h
Ri(f, o faid) =) Y Djf (@) f x—a)! du)
i=0 j=0

Bi(7|")

r() h

j .
=Y Y Diftan Y. > / (7{) (@m.say — 1,07 (x — @50 dja(x)

i=0 j=0 s(i)el(,m,i) k=0 By (7 |™)
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r(l)

-y ¥ zz( )of @@~ [ = amodue
i=0 s(i)el(l,m,i) k=0 j=k By (I 1™)
r(l)

= Z Z Z Dkf(am S(l)) — Ap(Di f; am Ls@)» a 1))

i=0 s(i)el(l,m,i) k=

x / (X — am.s(i)) A ().
Bsqiy (Ir|™)

Applying the definition of Riemann sum for h-admissible measures, we get

r() h

Rl(fv M, {al,i}) =Rm (f» W, {am, 1} Z Z Z Ap(Dy f Am,s(iy» A1,i) (Am,s(i) — al,i)h_k

i=0 s(i)el(l,m,i) k=0

X / (X — am,si))* d L (x). (412)

By (Ir|™)

Let m=1+ 1. We see from (4.12) that

|Ri(f. o Aari}) = Riga (F, o @i i) < C -ksul(l){|Ah(Dkf 5 Om,s(i)»
1,5(1

Dlis

where C is a constant. So for any € > 0, there exists an integer N > 0 such that

|Ri(f. w.fari}) — Riga (f, e fain i})| < e

for any | > N. Therefore {R;(f, w, {a;;}))}i is a Cauchy sequence in Coo. Thus the limit limy_, o Ri(f, .,
{a;;}) exists. O

From this lemma, an h-admissible measure x on S extends to a linear functional on C"(S). Its
extension on C"(S) is still denoted by .

Corollary 4.4. An h-admissible measure (. satisfies

<C U

f x—a) du(x)

B(lz |

forall j > 0,and a € B(|7r|') C S (where C is a constant not depending on B(|x |))).
Proof. Apply the definition of Riemann sum for an h-admissible measure. 0O
Proposition 4.3. The extended functional v on C"(S) is continuous, so 1 € (CM(5))*.

Proof. We need to prove u is bounded. Let f € C"(S). In the proof of Lemma 4.4, take € = || f ||, then
there exists a sufficiently large integer N, such that

IRN(f, i, {ani}) — Ri(f s {aid) | < U flln (4.13)
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for any [ > N. Meanwhile,

r(N) h

Rn(f, mofani)) =) Djfan.) / x —an.)) du(x).
i=0 j=0 Bi(lIN)

From max;;{|D; f(ani)|} < max;{|®;fllec} < C1 - |l flln and the inequality (4.5) in the definition of
h-admissible measures, it is clear that |[Ry(f, i, {an,i})| < Ca - || fllp. Therefore |R;(f, w, {ai})| < Cs3-
I fllp from (4.13) for any [ > N. This implies

<Gz [ flln,

’f Fx)dux)
S

thus y is bounded as a functional on C"(S). O
5. Functions on Bruhat-Tits trees
In this section, we’ll recall Teitelbaum'’s results [Tel] on the correspondence between the space
of cusp forms and the space of harmonic functions on the edges of the Bruhat-Tits tree 7. Recall
that 7 = (V, E7) is the Bruhat-Tits tree associated to the field ky, with an orientation chosen in
Section 2. And ET = E} U EZ with E;“- the set of edges of positive orientation and E- the set of
edges of negative orientation.
Let M be an abelian group. An M-valued function ¢ on the set E+ of edges of 7 is called harmonic
if the following two conditions are satisfied:
(1) >, c(e) =0 for any vertex v € V, where the sum is taken over all the oriented edges with
final vertex v;

(2) for each e € E7, we have c(e) + c(e) =0, where e denotes the edge e with opposite direction.

For a positive integer n, let
V(n) ={F(X,Y) € C[X, Y]: F is homogeneous of degree n — 1}.
There is a natural action of GL;(Ks) on V(n) given by
(v - F)(X,Y) =F((dX —bY)/(ad — bc), (—cX +aY)/(ad — b)),
or equivalently,
(y 7' F)(X,Y) = F(aX +bY,cX +dY)

for y = (‘; Z) € GLy(Ky) and F € V(). We assume GLy(Kyo) acts trivially on the field Cy, and acts
on V(—n)=Homc_ (V (n), Cs) by diagonal, that is,

(y - M) (F) :)\(y’1 -F) for y € GLy(Kso), 2 € V(—n), and F € V (n).

Let G be an arithmetic subgroup of GL,(K) acting on the Bruhat-Tits tree 7, with the action
denoted by “x”. For an integer n > 1, we take M = V(1 —n) as an abelian group, and let G act on M
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by V(1 —n) ® det diagonally, where det denotes the determinantal representation of G, that is, for
A € V(1 —n) regarded as an element of M, y € G, and F € V(n — 1), the action given by

(y - W(F)=det(y)-A(y ' - F).

Therefore we can define the diagonal action of G on the M-valued functions on E by

(y-0@)F)=(y-c(y~" xe))(F)=det(y) - c(y ' xe)(y " - F),
where ¢ is an M-valued function on E7, e € E7, ¥y and F are as above. The space Cp,(G,n) of
harmonic cocycles of weight n for G is defined to be the space of G-invariant V(1 —n) ® det valued

harmonic functions on E, that is, Cp,(G,n) consists of harmonic functions ¢ on Eg which satisfy
the equation y x ¢ =c¢ for any y € G. Therefore ¢ € Cp,r(G, n) if and only if

c(y xe)(F(X,Y)) =det(y) - c(e)(F(aX + bY,cX +dY)) (5.1)

foree Eq, FeV(n—1), y as above, and this condition on ¢ is also equivalent to
c(y xe)(X'Y"27) =det(y) - c(e)((aX + bY) (cX + dY) 27D, (5.2)
Remark 5.1. As G is a subgroup of GLy (k) C GL;(K), it has an induced action on the Bruhat-Tits tree

T from the natural action of GLy(Ky) on Ke @ Koo. In the subsequent content, we are also going to
use an action “x” defined by

fory € GLy(Koo) and v € Koo D Koo, ¥ * vV :i= (y_l)T v
where “.” denotes the natural action.

To any oriented edge e € E, we associate with the set U(e) of ends of 7 which pass through e.
By using the bijection between the set of ends of 7 and P! (k) chosen in Section 2, we also denote
the corresponding subset of P! (ky,) by U(e). Then U(e) is an open compact subset of P! (Kso).
Example 5.1. For the edges e = AgA1, A1Ap, A1 A3 on the half line (2.6), we have

U(AoAD) = {x € Keo? x| > 7|~} U {00} = Boo (|7 "),

U(A149) = {x € koot [x| < 71°} = Bo(I7 (%) = Awe,

U(A142) = {x € ko? [X] > || 72} U fo0) = Boo (|7 ).

And more generally, for an integer m > 0

U(AmAm+1) = {x € Koot [x] > |77 ™D} U {00} = Boo (| ™),

U(Am+14m) = {x € koot x| < ||} = Bo(I| ™).

Example 5.2. Consider the edges on the half line:

(5.3)
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where A_,,; is the equivalence class of the lattice = 1A, ® A for each integer m > 0. Then

U(A-mA—m+1) = {X € Koo x| < |7 ™1} = Bo (|7 ™),

U(A—ninyA-m) = {x € Kool |x| = |7 |"} U {00} = Boo(I7|7™).

Example 5.3. In general, let M; = [rivy, xv1 +V;] denote the equivalence class of lattice generated by
vy and xvi 4+ v, (the two vectors v; = (1,‘0)7, v, = (0, )T are the standard basis of V = ks @ Kso)
on the half line (2.5), where x = Z?ijo cjm! e Ko and cj € Fy, then a little computation shows that

UMMjs1) = {y € koot [y —xI <71} = By (1),
UMjpM)) ={y € ke |y = x| = [} U{y € koot |y = x| = 7}
U Uy €koot [y —xI =m0} U{y € koot Iyl = |07} U {00}
={y koot ly —x > ||’}

Notice that the set of ends of 7 is in bijection with P1(k,), as explained in Section 2, we conclude
from the above examples that

Proposition 5.1.

(1) Forany j € Z and any x € K, we have

Bx(Im) =UM;j-1M)),  Boo(Il) =U(Aj-14)),

where the notations are as in Examples 5.1-5.3.
(2) Forany e € ET, we have P! (Kx,) = U(e) LU (€). And oo € U (e) if and only if e € E7-.

For an integer n > 2, a harmonic cocycle ¢ € Cpa (G, n) can be associated with a p. € (PA=2)* =
Homc_ (P2, Cy) (the space P™ is defined in Definition 4.1) as follows. Given an e € E7 and an
integer i with 0 <i<n— 2, we define

/ Xdpe(x) = c(e)(X'y"27), (54)
U(e)
and extend to P2 by linearity. Proposition 5.1 assures p. € (P™=2)*,

Lemma 5.1. (See [Tel].) For ¢ € Cpar (G, 1), ¥y = (‘i Z) € G, ec Er, and f a polynomial of degree at most
n — 2, the following hold.

(1) We have

FoOdpe(0 = / det(y) - FyR)(ex+d™2 due(0), (55)
U(yxe) U(e)

where the action of G C GLy (Koo ) on P! (Ky) is given by yx = (ax + b) /(cx + d).
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@ f £ 00 dpe () =0. (5.6)

P! (Koo)

(3) There exists a constant C > 0 such that forall 0 <i<n—2,

’ / (x—a) dux)| < Cple)~"=2/72, (5.7)

U(e)

where e € Ex-, a € U(e), and p(e) = supy yeu ey 1 — y| is the diameter of U (e).
Proof. See [Tel]. O

Let h be the smallest integer greater than or equal to (n —2)/2.

By Proposition 5.1, every closed ball is of the form U(e) for some edge e of the tree 7, there-
fore the inequality (5.7) implies that the measure u. is h-admissible on any open compact subset S
of K. Hence the functions of C"(S) are integrable against p. by Theorem 4.4. For Boo(||™) =
U(Ap—14m) = {x €Kkso: |x| > |m|™™} U {co} where m is an integer, we can decompose it as

Boo(|7r|m):< || {xeke: |x|=|n|*s}>u({xekooz x| > 7|V} U {o0})

m<s<l

S(L L et watnt)

ceFg* m<s<

for | > m a large integer, and define for an integer i > 0

K ldpe) = lim 30 37 / X dpe(x). (5.8)

Boo(l ™ CeFq mSSSl g o (s
The limit of (5.8) exists because

~i g4 LY 1 id
/ X dpe(x) / (cn’") <1+(x—cn—l)/(C7T_l)> e

B, 1|71 B, —1(Im| 1)

<

where C is a constant independent of the closed balls contained in P! (ky,), and we have the estimate

(i+(n-2)/2)

X! die(x) fori >0 (5.9)

<C- (™)
Boo (|7 |™)
where C is a constant independent of the closed balls contained in P'(Kso).

In Lemma 5.1, we take e = A1 Ap. Then e = A, Ap—1 is the edge with opposite orientation of
that of e, and U(e) = Bso (| |™), U(€) = Bo(|r|~™—V). Therefore c(e) + ¢(¢) = 0 implies

/ X due(x) / X dpe(x)

Boo (I ™) Bo(|r|=(m=1)

_ —i+(n—2)/2

(5.10)

<C-(Im™)



Z. Yang / Journal of Number Theory 132 (2012) 2184-2227 2207

Combine (5.9) and (5.10), we have

Proposition 5.2. (See [Te1].) There exists a constant C such that form € Z and —oo <i<n—2

X dpe (0| < C- (lmm)~ P2, (5.11)

Boo (|7 |™)
Therefore by recalling Theorem 4.4 of Section 4, we have

Corollary 5.1. The map

Char(G,n) — (CM(P (ko))"

¢ e

injects Char(G, 1) into (C"(P (ks )))* as the subspace of h-admissible measures satisfying Eqs. (5.5) and (5.6)
for a polynomial f of degree at mostn — 2.

Proof. As every closed ball of P!(ky,) is of the form U(e) for some e € E7 by Proposition 5.1, this is
direct from the estimates (5.7) and (5.11). O

Remark 5.2. Due to the inequality (5.10), not only we can integrate C" functions on P!(ks)
against u., but also we can integrate those functions with a pole at co of order at most n — 2.
More generally, if the integral fu<e) f(x)dpe(x) is defined for a C" function f and an edge e of T,
then we can also formally define

/f(X)duc(X) :=—/f(X)nd(X). (5.12)

U(e) U(e)

We’'ll always apply this convention in the subsequent discussion. Finally, we notice that although .
is constructed as an element of (P~2))* by definition, but we see that 1. is determined by its values
on P®™,

Corollary 5.2. Eq. (5.5) induces an action of G on Char(G, n), when viewed as a subspace of (C" (P! (Kso)))*:

y-duc(x) = det(y)(cx+d)”_2 di(x) force Cha(G,n)andy = (g Z) . (5.13)

There is a natural relation between the Bruhat-Tits tree 7 and the Drinfeld’s upper half plane £2,
which we will describe below, more exposition about it can be found in [GR]. The Bruhat-Tits tree
T is in fact a pair of sets V4 and E+ with two maps o,t: E; — V7 designating the origin o(e)
and the terminal t(e) of an element e of E4, and an orientation given in Section 2. Let 7 (R) be
the realization of 7 consisting of a unit interval for every edge (without considering orientation) of
T which is glued at the extremities according to the incidence relations of 7. The set of vertices of
T (R) is T (Z), which corresponds to V.

An edge e of T(R) corresponds to some edge [L][L'], where L and L’ are Ay-lattices of V =
Koo ® Koo satisfying wL’ C L C L’ (which is the same as saying that d([L], [L']) =1 in Section 2). Then
every point P of e can be formally expressed as

P=(1-t[L]+t[L'] for0O<t<1. (5.14)
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We have defined an action y - [L] for ¥ € GL(Kx) and L an A -lattice in Section 2, which is induced
from the ordinary action of GLy(Kso) on V =Ky @ Koo. There is another action

GLy(Kso) X V7 — Vi,
(. IL) >y = (L= (y7) -1 =[(y") " 1] (5.15)

which induces an action “x” of GL;(Ky) on 7T (R).
To any lattice L of V, we associate a norm v; over Ky, by

v (v) =inf{|x|: x€Keo, v XL} foranyveV. (5.16)

This is equivalent to saying that L is the unit ball with respect to v;. For a point P € 7 (R) in (5.14),
we define a norm vp by

vp(v) =max{v (v),q' vy (v)} forveV. (5.17)

Two norms vy and v, on V are said to be similar if there exists a real number C > 0 such that
vy = Cvy. Similarity of norms on V is an equivalence relation. The equivalence class of v is denoted
by [v]. It is easy to see that equivalent lattices correspond to similar norms, and we have the well-
defined notions [vj;;] =[v.] and [vp] according to (5.14)-(5.17).

Example 5.4. If we denote by L = Aso ®Aso, and L' = mA & Awo, then for v = (a,b)T € V = Koo DKoo,

vi(v) =max{al, [bl},  vi(v) =max|q-al, |bl}.

The group GL;(K~) acts on the space of similarity classes of norms on V by

v =v(y"v) (5.18)
for y € GLa(Ks), v € V, and v a norm on V (this induces an action y - [v]).

Theorem 5.1 (Goldman-Iwahori). (See [GR].) The association of a point P in T (R) with [vp] establishes a
canonical GL; (K~ )-equivariant bijection between T (R) (with respect to the “x” action defined by Eq. (5.15))
and the space of similarity classes of normson V.

To any z € 2 we also associate [v;] of the norm v, on V by

vz(u,v)) :=luz+v| foru,vekey. (5.19)

Due to Theorem 5.1, we can identify 7 (R) with the space of similarity classes of norms on V. There-
fore (5.19) gives the “building map”

L2 —> T[R),

Z+ [vg].

The image of A is 7 (Q).
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Proposition 5.3. (See [GR].) The building map X is GLy (Ko )-equivariant, that is, it satisfies

AMy2) =[vy =y -[vs]
forany z € 2 and any y € GLy(Kuo).

Proof. This is a direct verification. Notice that the notion of the action of GL,(Ks) given by (5.18) is
a little different from [GR], the group GL;(K) always acts on the left in this paper. O

Example 5.5. Let A, be the equivalence class of the Ay -lattice L, = 7 "A,, @ A as in Section 2.
(1) 2™ Y(Ap) ={z€ R: |z—cx"| = |x" for all c € Fy}.

(2) Let ep = ApApy1 € T(R) be the edge with the two end points A, and A,41, and e, the edge
with the two end points removed. Then

A len) ={ze2: 7" <zl < |2"

b

- | < 2| < |7,
A (en)=3z€e $2: n n i1 i1 i
|z—cr"| > |7, |z—cr"| > |7 forall c € Fy

These relations can be verified directly from the definition of the building map A. A natural way to
understand them is by considering some analytic reduction of £2 to a locally finite scheme over Fg,
which gives rise to the Bruhat-Tits tree 7, as in [GR].

Now we identify 7 with its realization 7 (R) and let e, be as in Example 5.5. Let e € E7 with the
two endpoints removed and D(e) = A~ !(e). Then

D:=D(eg) ={zeQ: || <|z| <1}

is a fundamental region of £2. Since &y = AgA1 is a fundamental domain of the action of GLy(Kyo)™
on 7 as explained in Section 2, we have

T
e=yxeo=(y"") -eo (5.20)
and there is an isomorphism
D — D(e),
Vi>zZ=yV (5.21)

given by an element ¥ € GLy(Ko)™, from Theorem 5.1 and Proposition 5.3. Then any rigid differential
form fdz on D(e) can be expressed by

Zaividv. (5.22)
i€Z

We have the following definitions (see [Tel]).

e Define Res, fdz:=a_q, where a_; is the coefficient of v—'dv in Eq. (5.22). Here e € E7 is an
oriented edge which is related to eg by (5.20).
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e Suppose f is a modular form of weight n for an arithmetic subgroup G C GL; (k). Then define a
harmonic cocycle Res(f) of weight n by

Res(f)(e)(X'Y""277) :=Res. Z' f (2) dz. (5.23)

For convenience, in the discussions throughout the rest of this paper, we will use the same notation
for an edge with the end points or without the end points if no confusion occurs in the context. It
can be verified that Res(f) is harmonic and G-equivariant (note that we need to use the action “x”
of G on 7 defined in (5.15) for Res(f) to be G-equivariant).

Theorem 5.2. (See Teitelbaum [Te1].) Let ¢ € Char(G, n) be a harmonic cocycle of weight n > 2 for the arith-
metic group G, and let (4. be the associated measure. Define f by the integral

1
f(@)= / 7 x dpe(x).
P! (ko)

Then f is a rigid analytic cusp form for G of weight n and Res(f) = c. Moreover, let e € E- (thus oo ¢ U(e))
and a be a center of U (e). Then for allm € Z, we have

Rese(z—a)" f(z2)dz= / x—a)"duc(x). (5.24)

Ue)
Remark 5.3. In Eq. (5.24) of Theorem 5.2, the integral fu(e) (x —a)™du(x) is certainly well defined
for all m > 0, because oo ¢ U(e) and so (x —a)™ is an analytic function on U(e) when m > 0. For

m < 0, the function (x —a)™ has a pole at the point a € U(e), therefore the integral cannot be defined
directly. But the function (x —a)™ is analytic on U(e), thus we set

/ x—a)"dpc(x) =~ / x—a)"duc()
U(e) U
as Remark 5.2 explains.

Theorem 5.3. (See Teitelbaum [Tel].) Let G be an arithmetic subgroup of GL,(k), and let S, (G) denote the
space of rigid cusp forms of weight n > 2 for G. Then the maps

Res : §(G) = Char(G. 1)

and

L2 Char(G,n) = Sn(G),

/ L e

> S

7 _x Me
P (Koo)

are mutually inverse isomorphisms.
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The set U1 = {x € K: |x — 1| < 1} of 1-units of ky, can be given as

Uy =UMoMn1)

where MgM; is the edge with initial vertex My = [v1, v2] and terminal vertex My = [rvy, V1 + V2], as
explained in Example 5.3. For G = I" = GLy(A) and f € S,(I"), an analogue of L-functions of classical
cusp forms is L¢(s) : Zp — Coo given by (see [Go5])

Lf(s)=/x5w= / X1 dus(x) (5.25)
U U(MoM1)

where ¢ is the measure associated to the cocycle t=1(f) under the correspondence of Theorem 5.3.
In general, let G be an arithmetic subgroup of GL,(k) and f € S;(G) with n > 2. Then for an edge e
of 7, we define

L(f;e; j)= / X Vdpsx) forjeZ. (5.26)
U(e)

In the case when the edge e = MgM;, the function L(f;e; j):7Z — Cy in the variable j can be
extended to the function L(f;e;s) for s € Zp by continuity, which is the L-function L (s) defined
in (5.25).

6. The measure associated to the Drinfeld discriminant

We have defined the Drinfeld discriminant A in Example 3.4. In this section, we will compute
Char(I", % — 1). Since this space is one-dimensional, generated by the image of A under the isomor-
phism of Theorem 5.3, we will get the measure associated to the Drinfeld discriminant A.

Theorem 6.1. (See Goss [Go1].) The dimension of the space of cusp forms of weight m = mg(q — 1) and type O
of the arithmetic subgroup I' is [mg/(q + 1)]. The dimension of the space of all Drinfeld modular forms of
weight m =mo(q — 1) and type O of the arithmetic subgroup I" is [mo/(q + 1)] + 1.

By the above theorem and Theorem 5.3, we see that Cpa (I, g% — 1), as well as Se_1(I), is a one-
dimensional vector space over Coo. The space Sp_;(I") of cusp forms is generated by the Drinfeld
discriminant A. Let co = Res(A) be the harmonic cocycle in Theorem 5.3. Then c¢p is a basis of
Char(I", g% — 1). We can calculate cp by

ca(@)(X'YT371) = Res, 7' A(2) dz

for 0 <i < q? — 3 from the definition (5.23) of harmonic cocycles coming from modular forms. Since
the harmonic cocycle associated to A is I'-invariant and the half line (2.1) consisting of Ay (m > 0) is
the fundamental domain of I"\7, the values Res,,, Z'A(2)dz (for 0 <i < q® —3) determine ¢, where
em is the oriented edge AmAm+1.

At first, we are going to calculate Resg, ZiA(z)dz, the residue of z'A(z)dz over the region D =

2 Yeg)={zeR: |m| <|z| <1}). As A(z) = (Tq2 —DEp_1(2+ (T7 - T)qEq_l(z)q‘H, we will expand
(Eq,l(z))qul and Ep_4(2) on the region D in the following.
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1
Eq1(2) = Z T

(0,0)#(c,d)eA?

1 1
- Xlz cztdi T " XZ: (cz+d)ya-1 6.1

where ), is taken over all (c,d) € A? such that d £ 0 and deg(d) > deg(c), and >, is taken over all
(c,d) € A? such that ¢ # 0 and deg(c) > deg(d) + 1. Here we set deg(0) = —oo by convention. We'll
compute Y ; and ), separately.

()
- 1+ 35z da-1
1 c i . q—1
-a(2(5)7)
i=0
1 c c\? !
L (1-C " g+1
=l ( ”(d) j (d) ‘
2q 2q+1
€Y 2 (€ 2+1
—l—(d) z (d) z + ) (6.2)

where we have applied the identity in the following lemma.
Lemma 6.1. For B € C,, we have
q—1
(Z Bl‘zf) =1—Bz+ B9z9 — BIT120+1 4 g20z20 _ g2atiz2atl o .
i>0
Proof. We directly verify that
<Z B'z’) = (Z B’z’) (1—Bz+ BIz9 — BIt120+1 4 2720 _ p2atiz20+1 4 )
i>0 i>0
and get the identity in the lemma. O

For the sum ), of (6.1),

1
Sy = _
2 22: (cz+d)a-1

1 1\
B 22: (cz)9! (1 — fz)
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~Ta(g0) )"

i>0

1 d1 (d\"1 [d\"" 1
e R Y (o G
> (c2)a-1 cz c) 21 c za+1

d 2q 1 d 2q+1 1
+(E> qu— (E) quﬁ-i-) (6.3)

In the summation (6.2), we notice that

e the condition deg(d) > deg(c) for ) ; ensures that d # 0, since otherwise deg(c) < deg(0) = —o0
implies ¢ =0 and the couple (0, 0) is excluded in the summation;
e the summation can be taken term by term inside the parenthesis, and we have

1 (c\", 1 (c\", ,
qu—l <5> DY da—1 (E) Z'=0 if(g=Dtn,
1 (c,d)eA?
deg(c)<deg(d)

since we can pull out the leading coefficients of d € A=Fy[T] in the terms of a fixed degree of d
and sum these terms up.

Therefore the summation S; in (6.2) equals

(q-1)q 2(q—1)q (q-1)?
1 c [« c 2
E : 1 h 2@=1q hd Z2a-ba . _ (= Z@=1
pr [ + (d) + d + d

(c,d)eA?
deg(d) >deg(c)
c 2q-1(@-1) c Bg-1(@-1)
_ (E) Z2a-1(@-1) _ (E) ZBa-D@-1 _ . ] (6.4)

In the same way, we notice that in summation (6.3)

e c cannot be equal to 0, otherwise deg(d) < deg(c) — 1= —o0 implies d =0,
e we can take the summation term by term inside the parenthesis, and

1 /d\" 1 1 /d\" 1 )
;Cq——l(z> b 2D Cq—_l(g) =1 =0 if@=Ditn,

(c,d)cA?
deg(c)>deg(d)+1
for example, the first term is
> o > :
ci—1z0-1 ci-120-1 7 -1
(c,d)eA? (c,d)eA?
deg(c)>deg(d)+1 deg(c)=0,d=0

Therefore the summation Sy in (6.3) equals



2214 Z. Yang / Journal of Number Theory 132 (2012) 2184-2227

2
1 ) d (g—Dg 1 d 2(q—1)q 1 d q-1) 1
> syl (L S zang T\ ¢ 2ang V¢ Sa-17

(c,d)eA?
deg(c)>deg(d)+1

d (29-1)(@g@-1) 1 d (Bg-D(@-1 1 6s
—c Za @D ¢ a7 ) (635)

Hence we get the Laurent series expansion of Eq_1(2):

Eq-1(2) =S1+S2
which is the summation of (6.4) and (6.5). In Eq. (3.10) for A(z), the part with Ep_1(2 doesn’t

contribute to the residue of z'A(z)dz on the region D ={z € 2: |7| < |z| <1} for 0 <i < g% —3,
since

1

Epi@= )

q°-1 q?—1
0oreden FTD

and the residue of z'dz/(cz + d)qz*1 isOaslongas 0<i< q* — 3. Therefore we need only compute
the coefficient of dz/z in (T9 — T)qEq_1(z)q+1z’ dz. So consider

Eq1(T = (S1+ ST = 59" 1595, 4 5951 + 5371, (6.6)

It is clear that the terms S;’H and 5‘2’+l in (6.6) don’t contribute to the wanted residues. Hence we
need only compute the expansions of 5‘17 S, and 5351. As

. 1 © o\ i@-De? aen | S fc\dhae
= b 1q—=haq~ _ Z Ja—=b@=1hq
S152= Z d@"Da Z<d> z Z<d> z

(c,d)eA? i=0 j=1
deg(d) >deg(c)
1 X rd\s@ba 4 o 4\ ®@-Ha-1 1
( R W@g(z) a2 (¢) m))
deg(c) >deg(d)+1

(6.7)
we consider all possible powers (1/z)™ for m € Z in the above expansion:

(1) for 1<m=—i(q—1)q*+s(q—1)q+q—1<q?>—2 with i >0 and s > 0, then the only solution
for mis m=q—1 when s =iq for i > 0; in general, m=(q—1)+1(q— 1)q for l € Z;

(2)for 1<m=—i(q—1)g*>+(tq—1)(q—1)+q—1<g*>—2 with i >0 and t > 1, then the only
solution for m is m = (q — 1)q when t =iq+ 1 for i > 0; in general, m=1(q — 1)q for l € Z;

(3)for 1<m=—(jq—1)(q—1)q+s(@—1)g+q—1<g*>—2 with j>1 and s > 0, then the only
solution for m is m=q — 1 when s = jg— 1 for j > 1; in general, m=(q — 1) + I(q — 1)q for
leZ;

(4)for 1<m=—(Gjg—1)@—-1)q+tq—1)(q—1)+q9g—1<qg*>—2 with j>1 and t > 1, then
the only solution for m is m = (@ — 1)qg when t = jq for j > 1; in general, m =I(q — 1)q for
leZ.
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Therefore we get from (6.7)

Tio E11 T Eqj
q _ J
S1S2= gt e T 2 semad T 2 giaenn (6.8)
0+£ieZ 14jeZ
where
00 N 1)¢? 1 /d i(g—1)g?
Tw:Z( DD ”‘I(3> ) ( X G (E) )
i=0 (c.d)eA? (c.d)eA?
deg(d) >deg(c) deg(c)>deg(d)+1
o0 o\ Ga-D@-1xa 1 /d\Ua-Da-1a
2 T oawa) ) = o=6) )
j=1 (c,d)eA? (c,d)eA?
deg(d) >deg(0) deg(c) >deg(d)+1
00 c i(q—1)q? 1 d ((ig+1g—-1)(g—-1)
s T oawlz) ) X &) )
i=0 (c,d)eA? (c,d)eA?
deg(d) >deg(c) deg(c)>deg(d)+1

o

¢\ Ua—D@=Dg 1 /d\Uer-va-n
X w02 =0 )

j=1 (c,d)eA? (c,d)eA?
deg(d)>deg(c) deg(c)>deg(d)+1

We compute the expansion of sgsl in the same way. In the following expansion of

q 1 o d S(Q*l)qz 1
5581 = Z c@1gzq—1)q Z;(E) 25D
s=

(c,d)eA?
deg(c)>deg(d)+1

/gy ta-D@-1a 1
_Z c Z(tq=1)(g—1)q
t=1

1 ( S\ e

I _ 1g—1)q
> an(2(5)
(c,d)cA? i=0

deg(d) >deg(c) -

o\ Ua-D@-1)
_Z<E) ZUa-Da@-1 ] (6.9)

Jj=1
we find all possible powers (1/z)™ for m € Z:

(1) for 1<m=s(@—1)q*>+(@—1)q—i(@—1)q<q*>—2 with i >0 and s >0, the only solution is
=(q—1)q when i —sq for s > 0; in general, m—l(q— 1)q for l € Z;
(2) for1<m_s(q71)q +(@—-1g—(jg—1(g—1) <g*—2 with j > 1 and s >0, the only solution
ism=q—1when j=sq—1 for s>1; in general, m=(q—1)+1(q—1)q for l € Z;
(3) for 1<m=(tq—1)(q—1)g+(q—1)q—i(q—1)g<q?—2 with i >0 and t > 1, the only solution
ism=(q—1)q wheni=tq—1 for t > 1; in general, m =I(q — 1)q for l € Z;
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(4)for1<m=(@tq—1)(@q@—1g+(@—1)q— (jg—1)(q—1)<q*>—2 with j>1 and t > 1, the only
solution is m=q — 1 when j=tq for t > 1; in general, m=(q— 1) +1(q — 1)q for | € Z.

Therefore we get from (6.9)

120 521 1y Ej
9o _ i _=2j
9= Tt t > Za—THig-g T Z Zia-1g’ (6.10)
0#£ieZ
where
00 s(@—1)g? ((sg—1)g—1)(g—1)
1 d 1 c
T = _Z]< Z , c@-1yg (E) ) : ( Z , da—1 (3) )
5= (c,d)eA (c,d)eA
deg(c) >deg(d)+1 deg(d)>deg(c)
00 (tg—1)(g—1)q (tg>~1)(@—1)
1 d 1 c
+Z]< Zz c<q—1>q<2) )( Zz do-T (E> )
t= (c.d)eA (c.d)eA
deg(c)>deg(d)+1 deg(d) >deg(c)
o0 s(@—1)g? s(q—1)g?
1 d 1 c
=X Toww() )0 Z a6 )
s=0 (c,d)eA? (c.d)eA?
deg(c)>deg(d)+1 deg(d) >deg(c)
i Z 1 d (tq—1)(q—1)q Z 1 c (tq—1)(q—1)q
B cla-Da\ ¢ ' di-1\d '
t=1 (c.d)eA? (c,d)eA?
deg(c)>deg(d)+1 deg(d) >deg(c)

Hence we have the expansion on D ={z e 2: |7| < |z| < 1} from (6.8) and (6.10)

T m
AD =7+ 1)q+2* AR D DL (6.11)
m>=0 m<—(q2—2)
To = (T = T)* (Y10 + Y20), (6.12)
&1 =(T9-T1)"(En + &) (6.13)

Let nwa be the measure associated to the Drinfeld discriminant A(z), which is by definition, the
measure associated to the harmonic cocycle ca given in Eq. (5.4). Then for 0 <i< g% — 3,

Xduax) = cA(e)(Xqu2‘3_i) =Res, Z A(z) dz
Ul(eo)

Zdz _ Zdz
=Rese, To—zq” + m—z(q_])q

where U(eg) = U(AgA1) = {x € Koo : [X| > |71} U {00} = Boo(|7|1) is given in Example 5.1. From the
above discussion, we get
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Lemma 6.2. For 0 < i < g% — 3, we have the following formulas:

(1) / xidMA(x)=0 ifi;éq—Z,qz—q—l;
Uf(eo)
(2) / X2 dpua(x) = To;
Ul(eo)
(3) / I dpa (o) = &1
Ul(eo)

Lemma 6.3. &1 =0.

Proof. We consider the edges around the vertex Ag of the Bruhat-Tits tree 7 :

o [7v1,bvi+v;]

€p,0
e_1 ep
> o o o > (6.14)
A_q Ao Aq
A

where the notations are as in Section 2, and b € Fg*. Under the correspondence (2.4), the vertex
[y, bvy + V3] corresponds to the matrix (’5 ’;) and A_; corresponds to the matrix (’(')r ?) Let ¥ =

([1J 117) for b € Fg*, and § = ((l) é) Then (yb’l)T = (_1b (1)) The matrices ¥, and § fix the vertex Ag under
the “x” action. By performing column operations, we see that

0 1\(x1' o0 0 1 T 0
5*“1:(1 0)( 0 1>=<n—1 1)“(0 1>=A‘1’
M_lon*lo_nqown—b*1
Wwrar={_p 1)L 0o 1) bz 1 0 1

= [vi, —b"vi +v2],

where the symbol ~ means that two matrices are in the same class in the quotient space
GLy (Ko )/ (K5, - GLa(Awo)). Hence ep g = y_-1 xeg and e_1 = § x eg, where e denotes the edge with
opposite orientation of e.

By the definitions in Section 5, we have for an edge e =y % eg with y = (
0<i<qg*-3,

‘ZZ) € GLy(Kso)™ and
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f X dpa() = cae)(XTYT37)
Ule)

= Res, ziA(z) dz

= Reseo(yz)iA(yz)dyz

- / det(y)(ax +b) (cx +d)” 3~ dpa ).
Ul(eo)

Therefore for 0 < j < g% — 3,
X dua(x) = / (xX+b) dua(x),
U (yp*eo) Ul(eo)

X dpuax) =— / xduax) = / xq2_3_jd,uA(x).
U(e-1) U (8xeq) Ul(eo)

Hence from
> / X dpa(x) + / X dpa(x) — f X dpa ()
beFe™ y (yyeq) U(eo) Ue—1)

=Y. X dpa®) + / X dpa () — / X dpax)
bEFe™ U(y_,_1xe0) Uleo) Ue_1)

=—( > fxfd/m(x)Jr / X dpa(x) + / xjd/m(x)>

beFo™ y(ep o) U(&) Ute-1)

= O,

we get
2 a ) )
XT3 dpa =Y | &+bduato+ / X dpa(x).
Uleo) beFg™ Y (eo) Uleo)
We plug in j =q — 2 in the above equation and apply (1) of Lemma 6.2, then get
/ A1 dpp (%) =0,
Uf(eo)

therefore £1=0. O

Recall that the A, (n > 0) are the vertices of the half line (2.6), and e, = A, Ap41 is the oriented
edge with origin A, and terminal Ap41.
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Theorem 6.2. The measure jua on P! (Ks) associated to the Drinfeld discriminant A(z) is h-admissible with
h being the smallest integer greater than or equal to (q> — 3) /2, and is completely determined by the following
values:

- 0, ifo<j<q*>-3,j#q—2,
1) /x’dqu):{ f i<q j#4q
Yo, fji=q-2.
U(eo)
(2) /xfd;m(x)zo, for0<j<q2—3andanyn21.
U(en)

Proof. That the measure p, is h-admissible follows from Corollary 5.1 directly.

Since the fundamental domain of I"\'7 is the half line (2.1) consisting of A, (n > 0) (for both the
ordinary action and the action “x”) and the measure p, satisfies Eq. (5.5), ua is determined by the
values jU(en) X duax) for 0 <j< q2 — 3 and all integers n > 0.

From Proposition 2.1, we know that under the ordinary action, the group

Fn={<8 Z) a,deFq*, beF,y[T], degT(b)gn}, n>1

fixes the edge A,An41, and acts transitively on the set of edges with origin A, but distinct from
the edge ApAnyq. In fact, the element y}, = (;?) for b= BT" with g € Fy fixes A, and Anyq and
takes Ap_1 to the vertex [ ~"~Dvy, 7 vy + v,], since A,_1 is represented by the lattice L1 =

A ® T 1A, ~ 1~ DA @ Ay, which is represented by the matrix ((]) ﬂ,?,l ), and

1 BT"\(1 0 \_ (1 BT\ _ (7D gg=
0 1 0 71 )7 \0 »"1! 0 1

‘

where the notion ‘~’' means that the two matrices define the same element of GLy(Kx)/
(K%, - GLa(Ax)) as before, thus they represent the same vertex of the Bruhat-Tits tree 7 in terms
of the correspondence (2.2).

Identities (1) follow from Lemma 6.2 and Lemma 6.3 directly.

For identities (2), we consider the case n =1 at first. The g + 1 edges with terminal vertex A; are
ep,1 (for b= BT and B €Fy) and ey, as illustrated in the following diagram:

o [v1,bvi+v3]

€b.1
€0 €1 €2
o o o o >
Ao Aq A As
A

where the origin vertex of e, 1 is

<5 =006 -G )G )
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Therefore

/deMA(X)= > / X dpa(x) + / X dpa(x)

U(er) beT Fg* y ey ) Uleo)
=y / X dpa(x) + / X dpa()
beT -Fg* U((be)T*Eo) Ul(eg)

= > /xf(—bx+l)q2_3‘jd,uA(x)+ / X dpa(x)

beT Fq™ Y (eo) Uleo)
?-3-j , 5 .
q—=3-j i i+
-y ( ) ) > b [ xtdusco
i=0 beTFa™  Uleo)
+ f xIdpax). (6.15)
Ul(eo)

In the expression (6.15), the integral of the first term is equal to O unless i+ j =g — 2, thus
fU(el)xf dua(x) =0 if j >q—2 by Lemmas 6.2 and 6.3. For j < q — 2, we get from (6.15) that

2 o
. _3_ . .
X dpax) = (qq 5 j) > (b)) f X2 duax) + / X dpa ).
Uler) beT Fq* U(eo) Uleo)
The summation Zb€T<]Fq*(_b)q727j =0 unless j =q—2, so it is clear that the integral f;;, )%’ dua (%)

is equal to O for j < q — 2, because the integral fU(EO)xf dua(x) is also equal to 0 in this case. And for
j=q — 2, we have

Z_g-1
/ x"‘zdm<x>=(q N ) > / ¥ 2dja (0 + / M2 a0
Uler) beT-Fq*  yeg) Uleo)
=0.

Therefore we have showed that
f X dpax) =0
U(er)
for 0<j<q®—3. .
For n > 1, we can show in a similar way that fu(en)xf dua(x) =0 for 0 < j < g% — 3 by induction
onn. O

Corollary 6.1. 7y # 0.

Proof. Suppose Yy = 0. Then fu(eo) xJdua(x) =0 for all integers j between 0 and g% — 3, thus we
can show in the same way as the proof of Theorem 6.2 that fu(en) xJdpa(x) =0 for all integers n >0
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and 0 < j < g% — 3, which implies that fU(e) xJdpa(x) =0 for all edges e of the Bruhat-Tits tree 7.
Therefore the harmonic cocycle ¢ =0, and then A(z) =0 by Theorem 5.3, which is absurd. O

Corollary 6.2. For any edge e of the Bruhat-Tits tree 7 and 0 < j < g% — 3, we have

/ X dua(x) =re, j)- Yo
U(e)

where r(e, j) € A.

Proof. The edge e can be obtained as e = y x e, for some integer n > 0 and some y = (‘; Z) erl.
Hence

/ X dpa) = / X dpax)
U(e) U (y *en)

= / det(y)(ax + by (cx +d) T 3T dpa (x). (6.16)
Ulen)

In the integral of (6.16), the integrand is a polynomial with coefficients in A, therefore the in-
tegral fU(e) x'dua(x) is 0 if n # 0. And if n = 0, the integral fu(e)xf dua(x) is equal to r(e, j) -
fu(e()) x1=2dpua(x) =r(e, j) - Yo for some r(e, j) €A. O

7. Complements

In Theorem 6.2, we have determined the integrals fU(EU)xf dua(x) for 0< j<g®>—3 and we
can see what the values ju(e> xJdua(x) look like in Corollary 6.2 for a general edge e of 7 and
0 < j<q?—3.In general, we set

L(A;e;j):/xj’1duA(x) foreec Eyrand jeZ (7.1)
U(e)

01

1 0) e I', we have the following equation for these values:

as given in Eq. (5.26). Since § = (

L(A;8xe; j)=—L(A;e,q* —1—j) forecEyand jeZ. (7.2)

When the edge e is e1o in (6.14), the corresponding U(eq,0) is the set U; of 1-units of Ku, SO
L(A;eq,0; j) can be extended to L(A;eq;s) for s € Zp, which is La(s) in terms of the notations
in (5.25), and (7.2) becomes the functional equation

La(s) =—La(g? —1—5) (7.3)

as pointed out by D. Goss in [Go5]. About the measure associated to the Drinfeld discriminant A, it
is also interesting to see what the values L (j) might be for j > 1.

As a special case of integrals of functions in C"(P!(ks)) against the measure U (see Corollary 5.1
and Theorem 5.3), the values L(A; e; j) for j >q? —1 or j <0 are obtained through a limit process by
those for 1 < j < g2 —2, but they can also be calculated by applying Eq. (5.24) in terms of the residues.
At first, we will consider L(A;eq;j+ 1) = fu(eo)xj dua(x) by expanding the Drinfeld discriminant
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A(z) over the region A~ 1(eg) = {z € 2: |7| < |z| < 1} better than Eq. (6.11), where the terms with z™

for m >0 or m < —(q? — 2) are omitted.

In Eq. (6.6), we've already calculated S? S, in (6.8) and S;Sl in (6.10). And we do similar calcula-

tions to get

oo o0
5¢11+1 = Z % Z@Da 4 Z s .z~ @ DH@a-1g

1=0 I=1
ad * ad *
+1
sit =
2 ]Z: 24—1+l(g—T)q + IZ: Zl@-1q’
=1 =2

(7.4)

(7.5)

where the symbol * (which also appears below) denotes a coefficient which may not be equal to 0
and we don’t want to calculate out explicitly. Therefore we get from (6.8), (6.10), (7.4), and (7.5) that

e = * *
q_ q q+1 _ 0 1
(T T) Eq1(2) T 91 + z(a—1)q +OZ z4—1+l(g—1)q + Z Zl@-Dag "

+leZ 1£leZ

We also expand Ep_4(2) over the region A~ 1(eg) as

* *

E zZ) = E ETEETY) 2 : ’

q2,1( ) A + Zz(@=1D+(@q—-Dg+(g—1)q?
leZ leZ

Therefore we get the expansion of A(z) over A~ !(eg):
A@) = (TT — T)Ep_1(2) + (T? - T)qEq_1(z)q+1

Ti
=2 e t Z g

i€Z

where 7p and Z7 are given in (6.12) and (6.13), respectively.
Proposition 7.1.
(1) We have

Y, ifj=q—1+i(@q—1)qwithieZ,
L(Asep; =14 &j, ifj=i(@—1qwithieZ,
0, ifj#q—1+4i(q—1)q,i(q—1)qwithiecZ.

(2) For an integer m > 0, we have

; m
La(m+1) = 3 (_1)mf<q72+1<q71>q)< ' )TI

0<q—2-+i(g-1)g<m q—2+i(@—1gq

_1)ym—(=1+i@-1)) m =
* 2 =D ~1+i(@-1)q)""

0<—1+i(g—Dg<sm

where the two summations are taken over the integers i.

(7.6)

(7.7)
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Proof. Conclusion (1) directly follows from the residue formula (5.24) and Eq. (7.6) above.
To prove the conclusion (2), we use the action of y :=y_1 = (3) _1]) on the edge ep as in the proof
of Lemma 6.3 to get e1,0 = ¥ *eg. Since U = U(e1,0), we have for an integer m > 0

LA(m+1)=/xmdMA(X)= / XMdpa(x) = / (x—=1D"dua®)

Uy U (y *eo) U(eo)
m ./m .
=Z(—1>"’*J(.) [ widuacw
i=0 ! Uleo)

Sy ("7)LA<1 +1)
=0 !

_ 3 (_1)m—<q—2+z‘(q—1)q>< m )Ti
q—2+i(q-1yq

0<g—2+i(g—1)g<m

_1ym—(—1+i@-1) mn Z. o
+ ) D 14itg-1g) %

0<—1+i(g—1)g<m
Remark 7.1. We have some remarks related to the values L (j) below.

(1) Other than 7p # 0 and &7 = 0 which we prove in Section 6, we don’t know whether the other
elements 7;, &; € ko vanish or not.

(2) We don’t know whether the elements 7; and &; are transcendental over k (if they are not equal
to 0).

(3) The values La(j) for 1 < j < q? — 2 are calculated in Example 7.1 in the following.

We'll state the Lucas’ formula of binomial numbers in characteristic p, which is useful in the
computation in our cases. Denote by

(i1 +ix+---+is)!

((il,iZ, 715)) =

i1lip! -+ ig!
for any integers i1, i2,...,is > 0. We have the following assertion about the multinomial numbers by
Lucas [Lu]:
Proposition 7.2 (Lucas). For non-negative integers ng, ny, ..., ns,
(no,m1,....ns) = [ [ (o j,m1 j,...ns j) mod p (7.8)
j=0
where n; = Z;;o n,-,jqf' is the q-digit expansion fori=0,1,...,s.

Remark 7.2. Proposition 7.2 is useful when s =1. In this case formula (7.8) is expressed in the form:
let n= Zj njq! and k= Zj kjq’ be g-digit expansion for non-negative integers n and k, then

(Z) = 1_[ <Zj> mod p. (7.9)

j>0
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Example 7.1. The values La(j) for 1< j <q® — 2 can be calculated quickly by putting in m=j —1 in
the formula (7.7), where the index i =0 in the first summation and i =1 in the second summation
on the right side of the formula. As Z7 =0, we get

. i—1
LA(j)=(_1)J_q+l<é 2>To, 1<j<q® -2

After applying Lucas’ formula (7.9), we see that Lo(j) # 0 if and only if j=q—1+1q,q + lq for
I1=0,1,...,9—2, and

La(@—1+1p=(=D'1o,  La@+19) =(-1'70.

Therefore the functional equation (7.3) for La (j) with 1< j < q? — 2 essentially becomes

La(@@—1+I1) = (=D'To=(-1)- (=D 27 = —La((g - - 1)q)
=—La(@ -1~ (@—1+I).
Due to Gekeler's work ((2) of Theorem 3.1), we have A(z) = —(Pgy1,1 (2))971, where the Poincaré

series Pq11,1(2) is a cusp form of I' of weight g+ 1 and type 1 mod (q — 1). For a cusp form f of I"
with weight n and type m, Eq. (5.5) becomes

g dpis(x) = / (det(y))' ™ (ex + )" 2g(yx)dpas (%) (7.10)
Uy we) Ule)

where the action “x” of I" on 7T is actually “x”, see [Go5] and [Te2] for detailed exposition on the
above equation. Let P(z) denote by the Poincaré series Pqy1,1(z) and pp the associated measure on
P!(Ks). And let

Xo = f d/Lp.
Ul(eo)

Proposition 7.3. The measure pp on P! (K.) is h-admissible with h being the smallest integer greater than
or equal to (q — 1)/2, and is completely determined by the following values:

: 0, fo<j<q-1,
(1) /X’dup(x)={ s
Xo#0, ifj=0.
U(eo)
(2) /xjd,up(x)=0, foro<j<q—1andanyn>1.
Ulen)

The notations ey, for n € Z are the same as those in Section 6.

Proof. We’'ll only show that Eq. (1) of the theorem holds here, the rest of the proof is the same as
those of Lemma 6.3, Theorem 6.2, and Corollary 6.1.

The action of § = (? (1)) on eg gives é_1 = 8 * eg. Therefore

/deMP(X)=— [ X dpp(x) =— [ X dpp (x),

Ue_1) U (6*ep) U(eo)
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where in the second equality we need to apply Eq. (7.10) since the type of the Poincaré series P(z)
is 1 mod (q — 1). Then from

> / xjduva(X)Jr/xdep(x)— / xdupx) =0

beFq™ U (yyreq) Ueo) Ute-1)

we get

- / M T dpp (x) = / Hdup@ + Y | @+bdup®

Uleo) Ueo) beFq™ y(eg)
= xd b! J=td . 711
/ Mp(x)+z<i) Z X dup(x) (7.11)
Uleo) i=0 beFq®™  yeg)

As 0 <i<q—1, we have the equality

. 0, if0<i<q—1,
2 b= 1, ifi=0, g—1
b ~1, ifi=0,q—1,

thus, Eq. (7.11) can be written as

ifo<j<qg—1,

) 0,
- X dpp(x) = o
/ Hp @) {_.[U(eo) dup®), ifj=q-1.
U(eo)

Therefore we get (1) of the theorem except for X # 0. But this conclusion can be proved in the same
way as Corollary 6.1. O

We denote an element y € GL,(A) by y = (Z: Zi ), then get
Corollary 71. For0 < j<q—1,

ife=y xey forsomen>1andsomey €I,

) 0,
xdup(x) =
/ P ) :b]dq =iy, ife=y xeqforsomey eI

Ule)

Remark 7.3. Although the Drinfeld discriminant A(z) and the Poincaré series P(z) are related by
A(z) = —(P(2))9~1, we don’t know if there are direct relations in the space of h-admissible measures
(h big enough) between their associated measures pa and pp, or even there are direct relations
between the constants 7p and X as elements of C. In the general case, for any f € S,(I"), Teitel-
baum [Tel] has proved that fu(e)xj dis(x) =0 for 0< j<n—2 and all i >1ip for some integer io,

but we don’t know much information about the values fU(e ) xI dug(x) for 0<i<<ip—1.

Remark 7.4. The zeta function ¢(s) for s = (x,y) € Seo = C}, X Zp in Section 1 has special values
¢(x,—j) for integers j > 0. And (T, j) = z(j) = ) ea+ a]—j as mentioned in the beginning of Sec-

(00)

tion 1. The zeta measure /L(OO) =xv, ~ is a measure on Ay, given by (see Section 3 of [Ya2])
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oo
V)EOO) — Z(_l)kx—kczkil
k=1

where the measures {sz_l};@] are given as follows: let Ao, = |; Bai(lrrll) be a disjoint decomposi-

tion into closed balls, where [ is chosen such that | > k, a; € Fq[x], and deg, («;) <1 for each i. Each

measure G;‘,_ | is 0-admissible, and is given by (see the computation in Section 3 of [Ya2])

(=¥, if deg, (a;) <k,

. (712)
0, ifk <deg, (o) <L

by (Bag (1) = {

By using Example 5.3, we see that the measures {GZ Jk>1 can be easily expressed as functions on
the subtree W of 7, where )V is obtained from 7 by cutting every vertex and every edge in the

paths starting at the vertex A; except for those containing the edge A1 Ag:

k_1

There are many ways to extend such functions to harmonic functions on the (oriented) edges of 7.
But unlike the measures associated to cusp forms, the author doesn’t know the measures G;‘kil, v,EOO),

and ,u)(f’o) have any symmetries under the action of I" (or subgroups of I'). Further study is necessary

in order to understand them better.

In Section 4, we have discussed the characteristic p valued distributions by using C" functions.
Although C" functions and the functions with Lipschitz conditions are not studied very often in rigid
analytic geometry and related topics, the study of their dual spaces (the spaces of h-admissible mea-
sures and their variants) may have interesting applications in the theory of ergodic functions over
Fqllr 1. In the case g = 2, an ergodic function f :F,[[w]] = F2[[r] is a continuous function

f=>a;Gj(x)

j=0

(where Gj(x) for j > 0 are the Carlitz polynomials given in Section 4) which satisfies the following
conditions on the coefficients a; for j > 0 (see [LSY]):

(1) ap=1mod 7, a; =147 mod 72, a3 =72 mod 73;
(2) lajl < |7-[‘[logz(j)] — 2—[log2(j)]Y for j > 2
(3) ayj_y =7/ mod 7/*! for j>2.

We can see from the above descriptions and (2) of Theorem 4.3 that ergodic functions on F,[[7 ]|
are not C! functions (therefore certainly are not locally analytic functions), but are continuous func-
tions satisfying the so-called 1-Lipschitz condition (see Chapter 3 of [AK] or [LSY] for the concept
“1-Lipschitz” condition). In the case g = 2, the measures wa and pup are 1-admissible. After checking
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Teitelbaum’s estimation (5.7) and the construction of integrals in Lemma 4.4 more carefully, we can
see that the ergodic functions on F[[7r]] are integrable against pa or wp. Due to the applications
of the theory of ergodic functions in non-Archimedean analysis to cryptography, we hope that the
duality between functions and measures in characteristic p > 0 will be helpful in further applications.
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