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1. Introduction
1.1. Background

For integer T' > 1, we let
F(T)={a/b : (a,b) €Z* 0<a<b<T, ged(a,b) =1}
be the set of Farey fractions. We also define
Z(T)=F(T)n[0,1/2].

Now, following [6], we consider the quantity

C(T) = Z #Ca,b(T)a

a/be(T)
where
Cap(T) = F(T)N[1 —a?/b?,1].

The quantity C(T) appears naturally in some counting problems for two-dimensional
lattices. More precisely, every similarity class of planar lattices can be parametrised by
a point 7 = xy + iyg in

R={r=xzo+iyy : 0<20<1/2, yo>0, |r|>1}CC,

where one identifies 7 € R with the lattice

_ 1 Zo 2
= (b )z

Further, similarity classes of arithmetic planar lattices correspond to A, where

T=a/b+i\/c/d
for integers a, b, ¢, d such that
ged(a,b) = ged(e,d) =1, 0<a<b/2, d>0, c/d>1-a*/b*

The class is semistable if furthermore ¢ < d. With these conventions, the quantity C(T')
counts the number of similarity classes of semi-stable arithmetic planar lattices of height
at most 7', that if for which max{a,b,c,d} <T.
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1.2. Previous results and motivation

The following result appears as [6, Lemma 3.2]:

C(T) = S—;T‘* +O(T?1logT). (1.1)
Our goal here is to sharpen the error term in the asymptotic formula (1.1) Further-
more, some of motivation comes from the intention to introduce into the investigation of
this question several results and techniques of analytic number theory, which have not
been employed in the derivation of (1.1).
Besides, our approach leads us to some interesting and apparently new questions about
Farey fractions, which we address here as well.

1.8. Our results

Here we give a direct improvements of (1.1) and show that that error term can be
reduced by about (log T)'/3+°(1) (see Corollary 1.3 below for a precise result). However,
it seems to be more natural to express the main term via some general quantities related
to Farey fractions and then try to minimize the error term. In particular, we outline
some results on counting Farey fractions in Section 2.2.

Here, we accept this point of view and thus express the main term of the asymptotic
formula for #C(T') via the cardinality

F(T) = #F(T)

of the set of Farey fractions and also second moment of the Farey fractions in [0,1/2]:

G = Y &
§EF(T)
£<1/2

It is also convenient to define

M@t = Y ulk). (1.2)

1<k<t

As usual A = O(B), A < B, B > A are equivalent to |A| < ¢|B| for some absolute
constant ¢ > 0, whereas A = o(B) means that A/B — 0.

Theorem 1.1. We have
O(T) = F(T)G(T) + O (T11/4+0<1> +T35(TY?) log T) ,

where 6(t) is any decreasing function such that
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[M(t)] < t6(t)

holds.

By the classical bound of Walfisz [23, Chapter V| Section 5, Equation (12)] one can
take

5(t) = exp(—c(logt)*/*(loglog t)~1/%) (1.3)

for absolute constant ¢ > 0, hence immediately producing the bound
O(T? exp(—co(log T)3/5(loglog T)~'/®)) for some constant co > 0 on the error term
in Theorem 1.1.

In (2.8) below we obtain an approximation to G(T') via F(T) which implies the fol-
lowing result.

Corollary 1.2. We have

C(T) = %F(T)Q +O(T).

Finally, using the asymptotic formula for F'(T') with the error term given by (2.4), we
obtain the following direct improvement of (1.1):

Corollary 1.3. We have

3
C(T) = @T‘* + O(T3(log T)*/3(log log T)*/3)

as T — oo.
Under the Riemann Hypothesis, we can take [3,20]
5(t) = t/2p(1), (1.4)
where

p(t) = exp ((log )12 (log log t)5/2+°(1)> : (1.5)

Without p(t), the inequality (1.4) is known as a conjecture of Mertens which has been
refuted by Odlyzko and te Riele [17].

In particular, under the Riemann Hypothesis, the error term of Theorems 1.1 becomes
T11/4+0(1)  However, in this case a different approach leads to a better result.

Theorem 1.4. Assume the Riemann Hypothesis. Then
C(T) = F(D)G(T) + O (T (1) log T )

where p is defined in (1.5) above.
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Note that

11 752

— =275 d — =2.65724...

1 MY 983 ’

and the proofs of both Theorems 1.1 and 1.4 are based on bounds of exponential sums,
however of quite different shape in each of proofs. In particular, Theorem 1.4 is a based

on an application of a new exponent pair

0= (5 5) (16)

due to Bourgain [4]. Although we have taken care of minimising the power of T in
Theorem 1.4 it is quite possible that with more thorough optimisation one can get a
slight improvement of this power. It is also interesting to note that the classical exponent
pair (1/2,1/2) of van der Corput combined with the optimisation algorithm of Graham
and Kolesnik [7, Chapter 5] lead to a slightly higher value of the power of T', namely to

2R+ 1=2.65804...,

where R is the so-called Ranking constant, see [7, Section 5.4]. We also note under the
exponent pair conjecture that for any € > 0, the pair (¢,1/2 4 ¢) is admissible, the result
of Theorem 4.2 below leads to the error term O(T5/2+0(1)) in Theorem 1.4.

We remark that improving the error term in Corollary 1.3 is probably impossible until
the bound (2.4) below is improved. However, it is plausible that one can improve (2.8)
and thus obtain a stronger version of Corollary 1.2, which we pose as an open question.

2. Main term
2.1. Initial transformations

Our treatment of the main term is the same for Theorems 1.1 and 1.4.
By a result of Niederreiter [15], for any integers 0 < a < b the following formula holds

a2 r
#Cap(T) = 15 F(T) = — YD uln/d){da®/v?}, (2.1)

n=1 d|n

where p(k) is the Mobius function (see [9, Equation (1.16)]) and {a} is the fractional
part of a real .
We rewrite (2.1) as

a2

T
#Cop(T) = 35 F(T) = = Y _{da®/¥"}M(T/d),

d=1
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where M (t) is given by (1.2). We now write

O(T) - M(T) = €(T), (2:2)
where
MT)=F(T) Y, 5 =FDGD),
a/beZ(T)
(2.3)

T
ET)=— > > {da®/b*}M(T/d).

a/beZ(T) d=1

Using either of the bounds (1.3) and (1.4) gives the bound O(T) for each inner sum in
the definition of the error term &(7T') (see, for example, the proof of [15, Lemma 2]), and
thus yields the conclusion of Theorem 1.1 with an error term O(T?). Thus, to do better,
we need to investigate the cancellations between these sums.

2.2. Counting Farey fractions

Here, we collect some known facts about Farey fractions.
The set F(T') has been the subject of a lot of research. Writing ¢(n) for the Euler
function of the positive integer n, we have

F(T)=> ob) = %TQ + R(T).
b<T

The error term R(7T') above has also been the subject of a lot of research. For example,
by the classical result of Mertens [13] (that dates back to 1874), we have

R(T)=0(T1logT).
This has been improved by Walfisz [23, Chapter V, Section 5, Equation (35)]
R(T)=0 (T(log T)%/3(log log T)4/3) (2.4)

as T — oo. Note that Saltykov [19] has announced a slightly stronger result, however
the proof appears to be wrong, see [18].
Erdés and Shapiro [5] have shown that

R(T) = Q4 (T loglogloglogT),
which means that for some positive constant ¢, each of the inequalities

R(T) > T loglogloglogT and R(T) < —cT loglogloglogT
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holds infinitely often, while Montgomery [14] has sharpened this to
R(T) = Q4+ (T (loglog T)'/?).

Average values and moments of R(T) have also been considered. For example,

2
> R(m) = % +O0(T*n(T)) (2.5)

m<T

(see [21]), and

> R(m)® = (i + %) T + O(T*n(T)) (2.6)

62
(see [2]), where in both (2.5) and (2.6)
n(T) = exp(—A(log T)*/* (loglog ) ~'/?)

for some constant A > 0 (not necessarily the same one in both (2.5) and (2.6)).

We remark that for the second (and other) moments of Farey fractions one can obtain
asymptotic formulas via the general bounds on the difference between sums of continuous
functions on Farey fractions and the corresponding integrals (see [1,24]).

Unfortunately, these results do not seem to apply to the sum G(T). On the other
hand, one can, via elementary but rather tedious arguments, relate G(T") to F(T") and
then show that

G(T) = 8—7172T2 +0 (T(log T)%/3(log log T)4/3) (2.7)
as T — oo. However, here we use some general results to derive (2.7). We start with
recalling the bound

of Niederreiter [15] on the discrepancy

A(T) = sup [# (F(T)N[0,a]) — aF(T)]

0<a<l

of the Farey fractions.
Since the function

)22 ifze(0,1/2],
f(z)_{o if 2 € (1/2,1],
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is of bounded variation, by the classical Koksma inequality (see, for example, [16, Theo-
rem 2.9]), we have

> O

EEF(T)

1 (2.8)

/f )dz + O (F(T )A(T)):ﬂF(TH—O(T),

which together with (2.4) implies the estimate (2.7).
Finally, the asymptotic formulas (2.4) and (2.7) imply Corollary 1.3.

3. Proof of Theorem 1.1
3.1. Some sums with the Mobius function
In handling the sums 9(7T") and &(T') we often appeal to a result of Gupta [8]:
Lemma 3.1. For any integer m > 1, we have
T
S wdT/d =31,

=1 dlm
ged(d,m)=1 d|§T

where

_ |logT
~|log2|”
Note that after changing the order summations, Lemma 3.1 yields

T
) Z pdd= Y p@|T/d =Y L

b<T =1 dlm
gcd(d m) 1 ged(d,m)=1 dlgT

Thus, using it for m = 1, we obtain:

Corollary 3.2. For the following sum we have

> nldd=

b<T dlb
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We remark, that somewhat related sums have also appeared in the work of Kunik [10,
11]. However, these sums are independent and thus our approach is different and in
particular allows for a power saving, while the sums in [11] are estimated with a much
weaker saving.

3.2. Vaaler polynomials
We define the functions
P(u) ={u}—1/2 and e(u) = exp(2miu).
By a result of Vaaler [22] (see also [7, Theorem A.6]), we have:

Lemma 3.3. For any integer H > 1 there is a trigonometric polynomial

balw)= Y —re(hu)
1<|h|<H

with coefficients ap, € [0,1] and such that

We now note that, by Lemma 3.3, we have
T
S {da®/PYIM(T/d) = € + O(€ + € + T?/H), (3.1)
d=1a/beZ(T)
where

T
Go=y O 1k DM/,

a/beT(T) d=1

T
e= 3 Jal| 3 S M(T/d)e(a®dn /1),

1<|h|<H a/beZ(T) d=1

T
G=H"' > >N M(T/d)e(adh/b?)

1<|h|<H |a/beZ(T) d=1

(note that T3/ H comes from the contribution of the term with A = 0 on the right hand
side of the inequality of Lemma 3.3).
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Clearly,

e~ (J# + o) S arcrva

Rearranging, for every integer T' > 1, we obtain

T T
SOM(T/d) = S k) [T/K] = 1, (3:2)
d=1 k=1
by Corollary 3.2. Hence,
A (3.3)

Substituting (3.3) in (3.1) and combining this with (2.2) we obtain
E(T) < € + & +T3/H+T2 (3.4)

3.3. Bounds of exponential sums

Let
_ | logT
| log2 |’
We also fix two more positive integer parameters H < T and I < J, to be determined
later.
Define

D; = ZN 2", max{T,2""}], i=1,...,J.

Using the definition of 4(t), we have

J
1
&< Y - > Wil + T36(T/2") log H,

1<|h|<H  i=I

J
1 3 I
C< g D D Wil +T%(T/2"),

1<|h|<H i=I

where

Whi= > > M(T/d)e(a’dh/v?), i=1I,...,J.

a/beZ(T) dED;
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We fix i € [I, J] and write

T
Wii= Y M(T/d)> > e(d®dh/b).

deD; b=1 1<a<b/2
ged(a,b)=1

We estimate M (T'/d) trivially as
\M(T/d)| < T/d < T27,

and obtain

T
Wii=T27"" > 3"| > e(d®dh/p?)|.

deD; b=1 | 1<a<b/2
ged(a,b)=1

Using that #D; < 2¢, by the Cauchy inequality, we obtain

T T
Whil? <T%270 > N1 > e(a®dh/b?)

deD; b=1 | 1<a<b/2
ged(a,b)=1

Squaring out and changing the order of summations yields

(Whil* < T%2” Z o) e((a® - ¢)dn/v?).

b=1 1<a,c<b/2 deD;
ged(ac,b)=1

For integer g and u define
= — Z = i — k
(u)g = llu — ¢ZI| = min |u — kq|

as the distance to the closest integer which is a multiple of q. Then

) b2
e((a® = &2 2 min v 7 0
d;;z. ( JIT) < {2 " (a2 — )y }
(see [9, Bound (8.6)]). Thus,

b2
2 3 E E
|Wh Z‘ <<T 2” mln{ W}

b=1 1<a,c<bd

29
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3 i b
L T°2™ g E min q 2%, 5 ,
—C )h>b2
b=11<a,c<b

where we have dropped the coprimality condition and extended the summation up to b
(only for the sake typographical simplicity).

It is convenient to estimate separately the contribution from the diagonal a = ¢, which
leads to

T
Whil> <T%27°% " Y min {2%‘, <(az_b;)h>b} +T°. (3.6)
b=11<a<c<b
Now for every integer b € [1,T] we define the set
Zob)={z€Z : |2 <27V}.
Furthermore, for j =0,...,J, we define the sets
Zi(b) ={z€ZN[-b?/2,6%/2] : 277 < |z| <277 p?}
Next, we fix some h in the interval 1 < h < H and define the sets:
A;(0) ={(a,c) €Z* : 1<a<c<hb,
(a* —c*)h =2z (mod b*) for some z € Z;}.
In particular,
> min {2i L} < 221 T4 A;(b). (3.7)
1<a<c<b ((a? —c)h) 3=0
To estimate #.4;(b) we note that for each z the congruence
(a* —cAh =2z (mod b?)

puts a? — ¢? in ged(h, b?) arithmetic progressions modulo b2. Since 0 < ¢? — a? < b2,

2

each of these progressions, leads to an equation ¢? — a? = k with some positive integer

k < b* < T?. Using the classical bound on the divisor function 7(m) of the integer m
(see [9, Equation (1.81)]), we obtain

d(h, b*)#2;(b) max{r (k) : k < T?}
cd(h, b*)#cZ; (H)TM
cd(h, b%) (227707 + 1) T°W)

d(h, b*)20 i),

#A;(b) <

IN

gc
gc
g
<gc
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as T'— oo. Using this in (3.7), we obtain

52

1<a<ce<b

< J ged(h, 0*)T* M) <« ged(h, b?)T2H0W)]

where we ignored the J factor because of the presence of the factor 700,
With this notation, we infer from (3.6) that

T
Wi il* < T5°W27 Y " ged(h, b) + T°. (3.8)
b=1

3.4. Concluding the proof

Since obviously

J J
E ;Wh,i|§ > %Z|th\7

1<|h|<H " i=I

;-
I/\

we derive from (3.4), (3.5) and (3.8) (and absorbing the term 72 into T%/H as H < T),
that

¢(T) < 27 17275/2+o sy 4 JT5/210g H + T36(T/2") log H + T3 /H,  (3.9)
where
T 1/2
1 2
= > 5 (chd(h,b )) :
1<|h|<H b=1
Writing h~! = h='/2h~1/2 and using the Cauchy inequality, we obtain
1 Z
2 2
Y < logH Z Echd(h,b ).
1<|h|<H '~ b=1

Furthermore, changing the order of summation and collecting together, for each divisor
d | b?, the values h with ged(h, b?) = d, we obtain

> chdhb2 Z > %gcd(h,zﬁ)

1<\h|<H b=1 b=11<|h|<H

YYe Y Loyy oyl

b=1d[b? 1<|k|<H/d b=1d|b? 1<|k|<H/d
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T
< logHZT(bz) < T(log H)(log T)%.
b=1

For the last estimate above, we apply the main result of [12] to the function f(n) = 7(n?)
which satisfies the conditions of that theorem with k& = 3. Substituting this in (3.9), we
obtain

&(T) < 271273+ L 735(T/21) log H 4 T°/?(log H)?.
Choosing now H = T'/? and defining I by the inequalities

9l-1 o T1/2 < ol

we get the conclusion of Theorem 1.1.
4. Proof of Theorem 1.4

4.1. Preliminaries

Let o > 0 and ¥, be the (generalized) Dedekind totient function defined by ¥, (1) =1
and, for any integer n > 2

Uo(n) =n Y “E;?Q =n] (1 + }%) .

d|n pln

We also define

(@) 1, ifa=0;
Q) =
7 0, ifa>0.

Note that ¥y = 2“ and it is customary to set ¥y = W. First we record the following
bound

e}

Z \I/;(n) < z (logz)") (4.1)

n<x

where the implied constant depends on «, which holds for any real z > 2. Indeed, from
the definition above, we have

Z \Il;((ln) = Z ME;?Q L%J <Lz Z # < z (logz)"®) .

n<z d<zx d<z
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4.2. Exponent pairs

Let N > 1 be a large integer and let a function f € C° [N,2N] have the property
that there exists 7 > 0 such that, for any z € [V, 2N] and any non-negative integer j,
‘f(j)(ar)’ = TN7J. Let (k,f) be an exponent pair. From [7, Definition p. 31], we have
0<k< % < ¢ <1 and, for any integer N7 € (N,2N]

> e(f(n) < TFN"F+ NTL

N<n<N;

Note that, for any s € (0, 1], this implies

> e(f(n) < TEN*F 4 NT 2. (4.2)

N<n<N;

Indeed, if 7 € (0,1), then N7 ~° > N which is the trivial bound, and if 7 > 1, then
NT =% > NT~L. The following result is similar to [7, Lemma 4.3].

Lemma 4.1. Let d,a € N and let T > 1 be sufficiently large. If (k,£) is an exponent pair,
then

(logT)™" > w(%)

2a<b<T
ged(b,a)=1
1/(k+1) Yo—i(a) :
o 12w ) (@) T = ok
2
a2z g (dkaszka)l/(Hl) Vek(a) if € > 2k.

at—k

Proof. Let B € [2a,T]. As before, we apply Lemma 3.3, and see that for any integer
H > 1 we have

> (F) <t Tl 2 (F)

B<b<2B h<H B<b<2B

ged(b,a)=1 ged(b,a)=1
B p(a) 1 9 a’dh
SH @ TRl 2 elmp)l
h<H " Sla B/6<b<2B/§

Now (4.2) with 7 = a?dhB~% and s = 1 yields

a’d
> v (bz)
B<b<2B
ged(b,a)=1
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Bap(a 03k (2 1\ ck—t B®
<z +Z Z (B (a2dn)" § M PATE
B

H

h<H dla

i Ve—r(a)
al—k

B? ¥(a)
a2 g2 -

QO(CL) + B€73k(Hda2) +
a

Assume first that B1—¢+3k > (azd)k (note that 1 — £ + 3k > 0) and choose

H— {(Blfuakafzkdfk)1/(k+1)J .

Then H > 1 and

Z " (%) < (dka2kBZ—2k)1/(k+1) Uy p(a) n B? \I’(a).

al—k di/2 g2
B<b<2B
ged(b,a)=1

If B1=t#3k > (an)k, then (dka%Bl_Qk)l/(kH) > B and the result is trivially true in
that case. We complete the proof by using the usual argument, splitting the whole range
of summation into dyadic intervals. O

4.8. Concluding the proof

From now on, we assume the Riemann Hypothesis. Theorem 1.4 is a consequence of
the following more general result.

Theorem 4.2. Assume the Riemann Hypothesis and let (k,£) be an exponent pair. For
any sufficiently large T

QE(T) << T(3k+é+2)/(k}+1)p(T)(log T)2,
and if
11
k£ = =
50#(53):
then the exponent of logT may be reduced to 1.
Proof. Recalling the definition of (7T') in (2.3) and then using (3.2), we derive
T da?
-y (%)
a/beT(T) d<T
da? 1 T
2 2(G) (%) e 2, 2 (i)
a/beZ(T) d<T a/beT(T) d<T

=S(T)+0(T?),
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where
a/beZ(T) d<T

Let (k, £) be an exponent pair such that ¢ < 2k. Lemma 4.1 and the Riemann Hypothesis,
implying the inequality (1.4), now yield

1/2 a’d
S(T) < T?p(T) Y 1/2 S Y ¢(b—2>

d<T a<T/2| 2a<b<T
ged(b,a)=1
1
1/2 §
d<T

e o1/ t1) Uo_p(a) T2 W(a)
Z ((da) WJFW 22 logT

a<T/2
< T1/2p(T) logT
1 k+o+1 gk\ 1/ (k+1) -y, T?
Z 172 (T d") (logT) + i log T
= d d
< T(3k+€+2)/(k+l)p(T)(log T)1+’y(ﬁfk) + T5/2p(T) (log T)S
< T(3k+é+2)/(k+1)p(T)<log T)l—&-’y(é—k),

where we have used the bound (4.1). The argument is similar in the case ¢ > 2k. The
proof of Theorem 4.2 is complete. 0O

Now Theorem 1.4 follows from using Theorem 4.2 with the exponent pair

13 55 76 110
k0)=BA* [ = =) = =%, ==
(k. €) (84’ 84) <207’ 207) ’
which in turn is derived from the exponent pair (1.6) of Bourgain [4], where A and B
denote applications of A- and B-processes, see [7].
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