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1. Introduction
A partition [1] of a positive integer n is a finite non-increasing sequence of positive

integers A\ > Ag--- > A, > 0 such that Z:Zl Ai = n. The \;’s are called the parts of the
partition. Let p(n) denote the number of partitions of n, then

o - 1
;p(n)q  (69)

Here and throughout the paper, we adopt the following customary notation on parti-
tions and g-series:

o0

(a;9)00 = H(l —aq™), g < 1.

n=0

A partition is called a k-colored partition if each part can appear as k colors. Let
p—k(n) count the number of k-colored partitions of n. The generating function of p_x(n)
is given by
ip-k(n)q" S
oy (6 9)k

For convention, we denote p_1(n) = p(n).
Many congruences modulo 5 and 25 enjoyed by p_x(n) have been found. For example,
Ramanujan’s so-called “most beautiful identity” for partition function p(n) is given by

(@°:9°)%
(a;9)%

Zp(5n+4)q" =5 (1.1)

which readily implies one of his three classical partition congruences, namely,
p(bn+4)=0 (mod 5). (1.2)

Further, we have, modulo 25,

- (0% 6% _ (0% 4°)5%
p(bn+4)¢" =5 =5
,;, ( ) (4:9)% (49

=5(¢%¢")% > p(n)g",

from which it follows easily from (1.2) that

p(25m +24) =0 (mod 25).
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For k = 2, Hammond and Lewis [11] as well as Baruah and Sarmah [4, Eq. (5.4)]
proved that

p_2(bn+2)=p_o(bn+3)=p_o(5n+4) =0 (mod 5). (1.3)

Later on, Chen et al. [5, Eq. (1.17)] proved the following congruence modulo 25 for
p—2(n) via modular forms:

p—2(25n+23) =0 (mod 25).

Quite recently, with the help of modular forms, Lazarev et al. [15] provided a criterion
which can be used for searching for congruences of k-colored partitions. As applications,
they obtained that

P—(25r+1) (250 + 24) = p_(25046)(25n +19) = p_(95,411)(25n + 14) =0 (mod 25).
(1.4)

Following the work of Chen et al. as well as Lazarev et al., and relating to our recent
work on k-colored partitions [7,8], we further consider arithmetic properties for k-colored
partitions.

In this paper, we give an elementary proof of (1.4) and also find the following new
congruences for p_(n) modulo 25 for k =2,7,17 (mod 25).

P—(25r+2)(25n + 23) = p_(25,47) (251 + 18) = p_(25,417) (257 +8) =0 (mod 25).
(1.5)

Interestingly, all six infinite families of congruences (1.4)—(1.5) can be written as a
combined result.

Theorem 1.1. If r > 0 and k € {1,2,6,7,11,17}, then for any non-negative integer n,
we have

P (25r+k)(25n +25 — k) =0 (mod 25). (1.6)
In 1919, Ramanujan [17] conjectured that for any integer av > 1,
p(5%n +d,) =0 (mod 5%),
where d,, is the reciprocal modulo 5% of 24, and this was first proved by Watson [18].
Following the strategy of Hirschhorn [12,13] as well as Garvan [9], we will obtain many

infinite families of congruences modulo any powers of 5 for k-colored partition functions
p—r(n) with k = 2,6, and 7.
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Theorem 1.2. For all integers n > 0 and o > 1, we have

7 520471 1
P2 (520“_171 + %) =0 (mod 5%),

11 x 52 +1

D2 (520‘71 + 12 ) =0 (mod 5*T1).

Theorem 1.3. For all integers n > 0 and o > 1, we have

3 xd%+1
P—g <5D‘n+ X4—+) =0 (mod 5%),
11 “4+1
D—¢ (5”‘“71 + ><i+) =0 (mod 5>,
1 “4+1
D6 (50‘“71 + 9Xi+> =0 (mod 5*™).

Theorem 1.4. For all integers n > 0 and o > 1, we have

13 x 52—t 4+ 7
-7 (520‘_1n + %) = 0 (mod 5(1)7
17 x 52 + 7
D7 (52an + XT+> =0 (mod 5>,
20, B1x 527147 atl
p_7 |5 nt = =0 (mod 5“"),
ve . 109 x 5201 47 .
p_7 |5 TH_T =0 (mod 5%").

YJNTH:5923

(1.9)
(1.10)

(1.11)

(1.12)

(1.13)

(1.14)

(1.15)

The rest of the paper is organized as follows. In Section 2, we present the background

material on the H operator and some useful lemmas. In Section 3, we will provide an

elementary proof for Theorem 1.1, and in Section 4 we will prove Theorems 1.2-1.4.

2. Preliminary results

To prove the main results of this paper, we introduce some useful notations and

terminology on g-series.
For convenience, we denote that

Ej = (¢ )oo-
Denote

 (60°)0 (0% 0%) 0
RO = 1 )o@ P’
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From [12, Egs. (8.4.1), (8.4.2) and (8.4.4)], we see that

E; 1

B = R ¢ TR@), (2.1)
5—3565 = ﬁ —11¢° — ¢"°R(¢°)°, (2.2)
7 - % <R<q15>4 Ry R?;]j)? " fiﬁ) b

~3¢°R(¢°) + 2¢°R(¢°)* — ¢"R(¢°)* + qSR(q5)4> : (2:3)

Define

Ei o _ IS

CqBys’ T @PESS

¢

Following Hirschhorn [12,13], we introduce a “huffing” operator H, which operates on
a series by picking out those terms of the form ¢°7, and huffing the rest away. That is,

oo oo
H (Z anq”> = asng™".
n=0 n=0

As in Hirschhorn [12], we define an infinite matrix {m(i, j)}: j>1 by

5 0 0 0 0 0
2x5 53 0 0 0 O
9 3 x 53 5° 0 0 0
4 22x5% 4x5 57 0 0
1 4x5 8x5 5% 52 0

and for ¢ > 6, m(i,1) = 0, and for j > 2,

m(i,j) =2m(i —1,j—1)+25m(i — 2,5 — 1)+ 15m(i — 3,5 — 1)
+5m(i—4,5—1) +m@i— 5,5 — 1). (2.4)

By induction, it follows immediately that

Lemma 2.1 (/12]). We have

o m(i,j) =0 forj >i.
e m(i,7) =0 fori>bj.
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The following lemma is important for our proof.

Lemma 2.2 (Eq. (6.4.9), [12]). For j > 1, we have

K2

n(L)- 2 miig) 5 mie)

J=1

Employing the binomial theorem, we can easily establish the following congruences,
which will be frequently used without explicit mention.

Lemma 2.3. If p is a prime, « is a positive integer, then

(¢*:9")% = (¢""1¢" ) (mod p),
<% a—1
(9)% =(¢"¢")%  (mod p%).
3. Congruences for k-colored partitions modulo 25
Proof of Theorem 1.1. We will first prove Theorem 1.1 for r = 0, then we will explain

its connection with the remaining cases.
Case 1. For k = 2, according to (2.3), we find that

> 1
pa(n)g" = —
2 B

_EY 1 N 2q N 5¢> N 104° 20¢* N 16¢°
T EZ2\R(@)?® " R@)  R(@)S  R(@)P®  R()* R(@)?
27¢° 20q" 8 9 5 10 512 11 513
— + — + 15¢° — 20¢" R(q°) + 27¢ " R(q’)° — 16q¢" " R(q
R@? " R) ) ) )

+20¢"*R(¢°)* — 10¢"*R(¢°)° + 5¢"* R(¢°)® — 2¢"°R(¢°)" + q16R(q5)8> :

Invoking (2.2), we find that

. o2
p_2(bn+3)¢" = 10—== 4 125¢—>. (3.1)
= By Ey?

Furthermore, we get, (all the following congruences are modulo 25 in this section
unless otherwise specified)

oo ES oo
Zp,g(fm +3)¢" = 10E—? =10E3 Zp(n)q".
n=0 n=0
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It follows from (1.2) that
p—2(25n +23) = 0.
Case 2. For k =17, by (2.1), we get
i (n)g" = EY _ B}
p-17(n)q" = =7 = 735 = 75
= E{T  EP T ER
B35 1 2p(,5 ®
=—=2|5=—-9-¢CR
B \ B 17 ¢ (¢°)
_ ES; 1 & N 20¢°> 70¢* N 56¢° N 11245
- EZ\R(@)P® R@)T R R(@)* R(@)? R@)
120" 8 9p(, 5 10 p(,5Y2 11 p(, 53
TR 125¢° + 120¢” R(q°) + 112¢""R(q°)* — 56¢ " R(q°)
—70¢"R(¢”)* +20¢"* R(¢°)° + 8¢ R(¢°)" + qlﬁR(q5)8> :
It follows that
Zp,17(5n +3)¢" = 0.
n=0
So
p_17(5bn+3) =0 (3.2)

and, in particular,

p_17(25n + 8) = 0,

which is what we wanted to prove. But note that we achieved a stronger result.

Case 3. Similarly, for k£ = 11, we have,

= 1 E* _EM
p-11(n)¢" = =7 = 735 = 5
nz::o EI T EP T B

B E%;}( 1 14q 7742 182¢° | 9104°  1365¢°

T E\RET ROP T RE? ROT | R@P R
1430¢" | 5005¢°  10010¢'°  3640¢'' 14105¢'2  6930¢"
R(@)"  R(¢®)5  R(®)*  R(¢°)P  R(¢°)? R(q%)

— 15625¢™ + 6930¢'° R(¢®) + 14105¢'°R(¢°)? — 3640¢'"R(¢°)?
—10010¢"¥ R(¢°)* 4 5005¢*° R(¢°)° + 1430¢** R(¢°)" — 1365¢*>R(¢°)®
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_ 910q23R(q5)9 + 182q25R(q5)11 + 77q26R(q5)12 + 14q27R(q5)13
+ QQSR(q5)14> .
It follows that
p_11(5n + 4) =0. (33)
In particular,
p_11(257l + 14) =0.
Case 4. For k = 6 and 7, we need the following lemma.

Lemma 3.1. We have

s Bg ! - 55—5 Egg
H <qz_ j5 ) = Zm(6z,z+j)q T (3.4)
1 j=1 E5
. ESi o0 ‘ o EGJ 1
H(q 4E6§+1> = m(6i+1,i+5)g> " — (3.5)
1 j=1 5

Proof. It follows immediately from Lemma 2.2 and induction on 7. O

Taking i = 1 in (3.4), according to (2.4) and the definition of H, then replacing ¢°
by ¢, we obtain

- E 4 ElQ 6 2E518
> poo(5n+4)g" _315E2+52><5 E%8+63><5 B
E24 ESO
9 3 11 45

and
E p_g(dbn+4)¢" = 315E2 = 315E; E p_a(n)q".

By (1.3), we get
_6(25n + 14) = p_g(25n + 19) = p_g(25n + 24) = 0.

Putting ¢ = 1 in (3.5) and by (2.4), we have
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oo
E Ell E17
> por(Bn+3)g" = 140E12 +49 x 5% 4 21X 57 2E24
E23 E2° E3°
+91 x 583 =2 4+ 7 x 5t =5 4 5185 5 (3.7)
ESO E36 E%Q
and
B 5N
Zp 7(5n + 3)q" = 1405 = 140E3 > poa(n)g".
1

n=0
Similarly, we obtain
p_7(25n+13) = p_7(25n + 18) = p_7(25n + 23) = 0.

Case 5. For r > 1 and k € {1,2,6,7,11,17}, assume that k =5s+¢ (1 <t < 4). We
consider the following two cases:

1) ke {11,17}.

= n 1 _
Zp—(257"+k)(n)q = E125T+k = EkEST E5T ZP k

n=0

Hence

o0 1 o0
ZP—(25r+k)(5n +5—1)¢" B Zp—k(5n +5—1)¢"
n=0 n=0

The Egs. (3.2) and (3.3) imply
_k(bn+5—1t)=0.
It follows immediately that
P—(@s5r4k) (Bn+5—1) =0,

since all terms in the factor 1/E2" are of the form ¢°
2) ke{l,2,6,7}.

1 1
n __ . 25r—5s—t
E p—(257'+k)(n)q - E25T+5S+t - C 25r+55+tE257’+55+t'
1 q 25

Picking out those terms of the form ¢®**+5~* and applying Lemma 2.2, we find that
00 257+5s5+1 qh75T7571
> psein(Gn+5—t)g" = > m(25r+5s+t,h) o TR
n=0 5r+s+1 1 5
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According to Lemma 4.2, we know that m5(m(25r +5s+t,h)) > 2if h > br+ s+ 2,
and ms5(m (257 + 5s +¢,5r +s+ 1)) > 1 if t = 1 or 2. Therefore

(e’ 5r+s—t+6
D po@srir(Bn+5—1)g" =m (25 + 55+ 1,50 + 5+ 1) E%Or+65+6
n=0 1

5—r—t

E
Em(25r+5s+t,5r+s+l)#.
1

o If k € {1,2}, then s = 0. By (1.2), we obtain
P—(25r+k) (25 + 25 — 1) = 0.
o If k € {6,7}, then s = 1. Upon (1.3), we get
P—(25r4+k) (251 + 15 — 1) = p_(25r4k) (250 + 20 — t) = p_(25,44) (250 + 25 — t) = 0.
This proves (1.6). O
As an immediate consequence, we obtain the following corollary.

Corollary 3.2. For all non-negative integers r and n, we have

P25r+16 (2571 + 19) = P25r+16 (251’L + 24) = 0,
p25T+21(25n + 9) = p25T+21(25TL + 14) = p25r+21(25ﬂ + 19) = p25r+21(25n + 24) = O,
p25r+22(25n + 8) = P25r4+22 (257’L + 13) = P25r422 (251’L + 18) = p25r+22(25n + 23) =0.

4. Congruences for k-colored partitions modulo powers of 5
4.1. Congruences for p_a(n) modulo powers of 5

In this subsection, we will prove (1.7) and (1.8). To present the generating functions
for the sequence in (1.7) and (1.8), we need to define another infinite matrix of natural
numbers {a(j, k)};k>1 by

1) a(1,1) =10, a(1,2) = 125, and a(1,k) =0 for k > 3.
2)

Sooealg,i)m(6i, i + k) if 7 is odd,

a(j+1,k) =
| : {221 a(j,i)m(6i 42,7 + k) if j is even.

According to Lemma 2.1, the summation in 2) is indeed finite.
To prove (1.7)—(1.8), we need the following key theorem and lemmas.

Please cite this article in press as: D. Tang, Congruences modulo powers of 5 for k-colored partitions, J.
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Theorem 4.1. For any positive integer 7, we have
(o) (oo} —
i 7 x 521 41 Eoi-2
> P (52” e ) =2 ai- L0 e (4D
n=0 =1 1
(oo} oo
S 11 x 5% 41 Eﬁl
2 5
S pea (4 B = S ati 00 (42
n=0 =1

Proof. We proceed by induction on j. By (3.1), we know that (4.1) holds for j = 1.

Assume that (4.1) is true for some positive integer j > 1. We restate it as

oo

o0 _ 2j-1 4 1
Zp_2 (52J—1n+ L) no_ Z 25 — 1,1)T' ¢

12
n=0 =1

Picking out those terms of the form ¢®*** and applying Lemma 2.2, we obtain

o0 A 2j-1 4 1
ZP—Q (52j1(5n+4) + 7X512+) g+

n=0
—q%i (2j —1,0)T (Zmle ) (4.3)

5 1=1

According to Lemma 2.1, we know that m(6l, k) # 0 implies k > [+ 1. Now (4.3) implies

11 x5% +1Y\
— )¢

ZP 2 <52] 12

1 0o ) E6 k—1
=— > > a(2j—1,0)m(6l,k) (qu) (replace k by k + 1)
1

2
/o 1=1 k=I+1
1 oo o0 6\ K
:q—QZZa(ij 1,0)m(6l, k +1) (qE—g>
1 g=11=1 1
el EGk
- Z a(2), k)¢ i
k=1 El

This implies that (4.2) holds for j. Similarly, we rewrite (4.2) as

0o .

o 1IxB¥ 41\, 1
g P_g <523n+—)q = 3E2 g (25,)T C(6l+2)
n=0

12 25 =1

Taking out those terms of the form ¢°"*2? and applying Lemma 2.2, we find
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0o .
; 11 x 5% +1
E P <521 (5n + 2) + X172—|—> q5n+2
n=0

1 o0 o0
= > a2, )T (Z m(6l + 2, k)T—k> . (4.4)
25 =1 k=1

By Lemma 2.1, we know that m(6] + 2, k) # 0 implies k > I + 1. Now (4.4) implies

- ; 7x 5%t 41
27+1 n
E_ j <5j n+—12 )q

:—2 Z Z a(2j,1)m(6l + 2, k) ( E—Z) (replace k by k + 1)
5 =1 k=i+1 1
=—3 > Y a(2j,]) 6l+2k+l)<—6>
qEs k=11=1 E7
i 6k—2
E
Za 25+ 1,k)q k=1

ESk -
This implies that (4.1) holds for j + 1. This finishes the proof by induction. O

For any positive integer n, let m5(n) enumerate the highest power of 5 that divides n.
For convention, we define 75(0) = +oo. To prove (1.7)—(1.8), we need the following
lemma to estimate 75 (a(j, k)).

Lemma 4.2 (Lemma 4.1, [13]). For any positive integers j > 1, we have

m(m(i.i)) = | 1.

Lemma 4.3. For any positive integers j > 1 and k > 1, we have

5k5J

5 (4.5)

wamw—lx»2j+{

wamwm»>j+[%;3j. (4.6)

Proof. It is easy to see that (4.5) holds for j = 1. Assume (4.5) is true for j > 1. By
definition of 75 and Lemma 4.2, we get

m5(a(24, k) = 75 <Za(2j —1,i)m(6i, k + i))

> min (m5(a(2] — 1,1) + w5 (m(6i, k + 1))

>rg?(j+{5i2—5J+{5k—2i—1J). “n

Please cite this article in press as: D. Tang, Congruences modulo powers of 5 for k-colored partitions, J.
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Let

gl ) = {51’2—5J n {5k —22'—1J .

Notice that for fixed k, if we increase ¢ by 1, { 5 J increases by at least 2, but

5k —1—1
{;J decreases by at most 1. Hence g(i + 1, k) > g(i, k) + 1. Thus we obtain

2
900, k) > g(1, k) = WTQJ > {5’“2 3J |

Thus, we derive form (4.7) that

2

m(a(2,5)) > + f”“‘ 3J |

This proves that (4.6) holds for j.
Similarly, we find

m5(a(2) + 1,k)) = 75 (Z a(24,1)m(6i + 2,k + 2))

i=1

oin (5 |23 k=3
=V 2 2

zj+1+f’k_5J. (4.8)

Here the last equality in (4.8) because the minimal value occurs at ¢ = 1. This shows
that (4.5) holds for j + 1. The proof is completed by induction. O

The congruence (1.7) follows from (4.1) together with (4.5), and the congruence (1.8)
follows from (4.2) together with (4.6).

4.2. Congruences for p_g(n) modulo powers of 5

Now, we apply the same method to investigate the arithmetic properties of p_g(n).
Define

1) b(1,1) = 315, a(1,2) = 52 x 5%, b(1,3) = 63 x 55, b(1,4) = 6 x 5°, b(1,5) = 5'! and
b(1,k) =0 for k > 6.
2)

b(j+1,k) = b(j,i)ym(6i+6,k+i+1), j>1, k>1
=1

Please cite this article in press as: D. Tang, Congruences modulo powers of 5 for k-colored partitions, J.
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Theorem 4.4. For any positive integer j, we have

3 x5/ +1 ES
Zp 6 (5Jn+ —) Zb 3.0 EGHG (4.9)

n=0

Proof. We proceed by induction on j. According to (3.6), we know that (4.9) is true for
j = 1. Assume that (4.9) holds for some natural number j > 1. We rewrite it as

3 x 5 +1\ , 1 =, _
ZP 6 (5J ) " = == > (i, DT
1B i

Picking out those terms of the form ¢°"*3 and applying Lemma 2.2, we find that

> . 3x5 +1Y 5, -
S (v 2 o S o)
n=0 =1

- 7E6 sz, m(6l + 6, k)T ",

25 =1 k=1

By Lemma 2.1, we know that m (6l + 6, k) # 0 implies k > [ + 2. Dividing both sides by
¢® and replacing ¢° by ¢, we get
3x 5t 4 1)

e .
N

n=0

E6 k—1
Zij, 6l+6k)<E6> (replace k by k+1+1)

276
E5 =1 k=I+2

_ ! iib( Dm(6l+6,k+14+1) (qus)kH
= o6 6

B =1 k=1 EY

0 EGZ

. k-1 L5

:Zb(J + L k)g E0IT6

k=1 1

This implies that (4.9) holds for j + 1. Thus we complete the proof by induction. O

Lemma 4.5. For any positive integers j > 1 and k > 1, we have

5k—5J

75 (b(J, k) = J + { 5 (4.10)

Proof. It is obvious that (4.10) holds for j = 1. Assume (4.10) holds for some j > 1,
then by Lemma 4.2 we get
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T(b(j+1,k) =7 (i b(j,1)m(6i + 6,k + i + 1))

i=1

v

min (w(b(j,i)) + m(m(6i + 6,k + i+ 1)))

i>

S 4 91— 9 n ok —i—2
] B 9

. 5k — 5
>j+1+ .

2

Hence, (4.10) holds for j + 1 and therefore for all integers j > 1 by induction. O

It follows easily from (4.10) that

5k —5

7r5<b<j,k>>2j+{ J2j+2

for k > 2.
By (4.9), we get, modulo 5771,

3x5 +1\ , , . . ES . = n
Zp 6 <5a : >q Eb(J,nE—fQ =b(j,1)E3 > p_a(n)g”. (4.11)
1 _

Since 75(b(4,1)) > 7, the congruences (1.10) and (1.11) follow from (4.11) together
with (1.3).

4.8. Congruences for p_(n) modulo powers of 5

This case is similar to the case k = 2, we present here the main results and omit their
proofs. Let

1) ¢(1,1) = 140, a(1,2) = 49 x 5%, ¢(1,3) = 21 x 57, ¢(1,4) = 91 x 58, ¢(1,5) = 7 x 511,
c(1,6) =53 and ¢(1,k) =0 for k > 7.
2)

G+ 1) = S e(d iym(6i+6,i+k+1)  if jis odd,
’ Soooic(g i)ym(6i+7,i+k+1) if j is even.

Theorem 4.6. For any positive integer 7, we have

> 1 13X 5Tl SN B8
ZP—7 (52] ! + 24> q = 26(2] - 17 l)ql ! Ezl+67 (412)
1

1Tx52+7\ = . ., ES
Zp 7 (52] o0 )q =22 0d " ot
1
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Lemma 4.7. For any positive integers j > 1 and k > 1, we have

ms(c(2) — 1, k) = j + {5k5J, (4.13)

It follows immediately from (4.13) that

et — 1,0) 2 i+ | 5
for k > 2.
According to (4.12), we have, modulo 5/F1,

> 13 xB¥TLyTy _ E? _ e .
> por (52’ "t T) " =c(2j -1, 1)E—f’2 =c(2j —1L,1)EY poa(n)g™
n=0 1 n=0

(4.14)

Egs. (1.12)—(1.15) are immediate consequence of (4.13), (4.14) and (1.3).
5. Final remarks

A number of congruences satisfied by k-colored partitions have been found (see (2,3,
6,10,14,16], to name a few). For example, Atkin [3] proved the following infinite families
of congruences modulo powers of prime.

Theorem 5.1 (Theorem 1.1, [3]). Suppose k > 0 and ¢ = 2,3,5,7 or 13. If 24n = k
(mod ¢"), then p_i(n) = 0 (mod q2+¢), where ¢ = e(q,k) = O(logk), and where «
depends on q and the residue of k modulo 24 according to a certain table.

Applying the operator H, we also obtain some infinite families of congruences modulo
powers of 5 for k = 11 by following the same line of proving Theorems 1.2 and 1.3.
However, for k = 17, it seems that there do not exist congruences modulo powers of 5
similar to the types of (1.7)—(1.11). Interestingly, Atkin’s results also assert that a = 0
when k£ =17 (mod 24) and ¢ = 5.
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