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THE LARGE SIEVE WITH SQUARE MODULI IN FUNCTION
FIELDS

STEPHAN BAIER, RAJNEESH KUMAR SINGH

ABSTRACT. We prove a lower and an upper bound for the large sieve with
square moduli in function fields. These bounds correspond to bounds for the
classical large sieve with square moduli established in [3] and [6]. Our lower
bound in the function field setting contradicts an upper bound obtained in [4].
Indeed, in [5] we pointed out an error in [4].
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1. INTRODUCTION

In [4], we investigated the large sieve with restricted sets of moduli (in particu-
lar, power moduli) for function fields. Unfortunately, as pointed out in [5], there
is a serious error in this paper. Indeed, in section 3 of the present paper, we shall
derive a lower bound for the large sieve with square moduli which contradicts an
upper bound obtained in [4].

The plan for this paper is as follows. In the next section, we shall provide
general notations. A counterexample to [4, Corollary 5.2.] for the case of square
moduli will be given in section 3. This is the function field analog of a lower
bound for the classical large sieve with square moduli in [3]. From section 4
onward, we shall start a thorough investigation of the large sieve with square
moduli for function fields. Along the lines in [6], which deals with the classical
case, we shall obtain a corresponding result for the function field case.

2. NOTATIONS

This section is essentially copied from [4, section 2|, but here we confine our-
selves to the one-dimensional case. We collect together notations and preliminar-
ies mostly drawn from [I0].

Throughout this paper, we assume that ¢ is an odd prime power and hence the
characteristic of F, is not equal to 2. Let IF, be a fixed finite field with g elements
of characteristic p and let Tr : F, — F, be the trace map. Let F,(t)s be the
completion of F,(t) at oo (i.e. Fy(t)s = Fy((1/t))). The absolute value | - |5 on
F,(t)o is defined by |0|« := 0 and

n

Z &iti

1=—00

We endow the torus T = F(t)o/IF,[t] with a metric
= inf |f|e, 1
171l f,Nf‘f‘ (1)

where f' ~ f means that f' — f € F,[t]. Note that for all f € T, we have
| fIl < 1/q. We also define the fractional part by

{ i aiti} = _Zl a;tt

i=—00 1=—00

=q", it 0#a, €F,.

and note that

11l = Koo
for all f € Fy(t)no-
The non-trivial additive character F : F, — C* is defined by

B(z) = exp {2% Tr<w>},
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and the map e : Fy(t)s, — C* is defined by

e( Z aiti) = E(a_y).
This map e is a non-trivial additive character for F,(t)eo.
Moreover, we denote the ball with center z and radius ¢" by B(z, N).

3. A COUNTEREXAMPLE
In this section we shall give an example which shows that [4, Corollary 5.2] is

not correct. Below the original statement.

Claim 1: (Corollary 5.2. in [4]) Let N,Q € N and a, € C, where g € F,[t].
Let S be a set of monic polynomials in F[t]. Then

IR age(g.g) QS(qNHJrﬂg.qu), Sl

feS rmod f ' geR[t]
deg f<Q (r,f)=1 degg<N deg g<N

The following statement on square moduli is an immediate consequence of
Claim 1.

Claim 2: Let N,Q € N and a, € C, where g € F[t]. Then

> > aﬁ(g-%) 2 <@+ Y gl

fEFG[t] rmod f2 ' g€Fq[t] g€Fq[t]
deg f<Q (r,f)=1 degg<N deg g<N
f monic

We now prove the following Theorem which provides a counterexample to
Claim 2.

Theorem 3.1. For every € > 0, there are infinitely many natural numbers Q)
such that for suitable N € N and sequences (ag)qer, i of complex numbers, we

have
> Y| S o)

2

un B
> 7 (qN+1+q3Q 1)_ Z |ag|2’

f€Fq[t] rmod f2 ' g€F[t] g€F,[t]
deg f<Q (r,f)=1 degg<N deg g<N
f monic

where

log, 2
= :
log,((1+¢)Q)
Remark: In [4, Corollary 6.5], a large sieve inequality for k-th power moduli

was stated which is weaker than Claim 2. This was not derived directly from
Claim 1 but from a more general n-dimensional large sieve inequality. Therein,
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for the case k = 2 of square moduli, the term ¢V*' 4 ¢*?~! in Claim 2 is replaced
by (¢ + 1)V + (¢ + 1)3?. Theorem B0 does not provide a counterexample to this
weaker large sieve inequality for square moduli. Despite the flaw in [4] described
in section 1, this weaker bound may actually be correct (at least, we are not able
to come up with a counterexample to it).

In the following, let ay be the number of monic irreducible polynomials of
degree d and let GG be their product. Then @) := deg G = day. We will denote
G by Gg. First, we establish the following lower bound for the number of Farey
fractions with square denominators near certain elements of IF,(¢).

Lemma 3.2. Let ¢ > 0 and let Gg be as above. Define

S(Q) = { (r, f) € F [t} : deg f = Q, f monic, degr < 2Q, 2)
r 1 1
ged(r, f) =1, F—G—Q‘mﬁf—Q}~ (3)
Then
#S(Q) > qQ(logq 2)/logy((1+6)Q) (4)

In Lemma above, we write ged(r, f) instead of the short notation (r, f)
because (r, f) is also used to denote a pair in F,[t]*>. Throughout the sequel, if
no confusions are possible, we will use the notation (r, f) to denote the greatest
common divisor of  and f (which is unique up to units).

We note that the expected number of Farey fractions of the form r/f? with
deg f = Q, f monic,degr < Q2 (r, f) = 1 in an interval of length A is, heuris-
tically, of order of magnitude ¢*?A. So the above Lemma shows that under
certain circumstances, the true number can exceed the expectation significantly.

Proof of Lemma [32. Using the Chinese Remainder Theorem, the number of
solution to the congruence

f*=1mod Gg
with deg f = @ is 2%. If f solves the above congruence, then
f2 =1+ T’GQ
for some r with degr < 2@Q and (r, f) = 1, and it follows that
r 1 1
R ‘ <.
2 Gl ¢
Hence
#5(Q) = 2. (5)
Moreover, using the prime number theorem for polynomials, for any given € > 0,
d
aq > 1

(1+¢)d
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if d large enough. Therefore,

qd

dead2m7

which gives us d < log,((1+ ¢)Q) and hence

(6)

Qg = Q > Q
1T d T log,(1+2)Q)

Now the desired inequality () follows from ({Bl) and (@). O

Having proved Lemma [3.2] we are ready to prove Theorem 3.1l Take G as in
Lemma B.2] Further, set

Gq
Then
r
Z aﬁ(ﬂ'ﬁ) = Z e(ay)

g€F[t] g€F[t]

deg g<N deg g<N
with

T 1
a=9(4 - G—Q)-

If

T 1

1
— | <
2 Go ‘oo_ e’

then |oyle < ¢ 2 if g < N and hence

> elag) |- #{g € Fyft] : degg < N} (7)

g€F[t]
deg g<N
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by definition of e(z). Now for S(Q) as defined in (), it follows that

S ST e p)|

fEFq[t] rmod f2 ' g€F[t]
deg f<Q (r,f)=1 degg<N

f monic
2
r
> > | Y o )
(rf)eS(Q) ' g€Fq[t]
deg g<N

= #8(Q) - #{g € F,[t] : degg < N}*
=#3(Q) - #{g € F,[] :degg <N} > |a,)?

gER[t]
deg g<N
=#8(Q) - " D ag
g€R[t]
deg g<N
1 _
=5 #S@Q) (" + ) > gl
g€F[t]
deg g<N

4. MAIN RESULT

In the rest of this paper, we establish our main result, the following corrected
version of [, Corollary 6.5.] for the case k = 2 and char(FF,) > 2.

Theorem 4.1. Let N,Q) € N and a, € C, where g € F[t]. Assume that 2Q) <
N <4Q). Then
2

> D (8)

> ae(o )

fEFG[t] r mod f2 g€EF[t]
deg f<Q (r,f)= deg g<N
<29 (P9 + min {02 g9 N g )
g€F[t]
deg g<N

This corresponds to the result for the classical case in [6] which asserts that

2
> Y (Tae(%)
4<Q a mod ¢? In<N

(a,g)=1 (10)
<(@QN) (@ +min{Q*VN,/QN}) 3 o[

n<N
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Remark: We note that the term 29" on the right-hand side of (§) satisfies
9Q+N < qS(Q-f—N)

as ¢ is large enough. In this sense, this term corresponds to the term (QN)° on
the right-hand side of (I0). We further note that the N-range 2Q < N < 4Q
in Theorem E1] corresponds to the most relevant range > < N < Q* in the
classical case, and one can show by simple arguments that the claimed inequality
() remains true if N lies outside this range (see [6], inequality (1.3)]).

Acknowledgements: The authors would like to thank the Ramakrishna Mis-
sion Vivekananda Educational and Research Institute for an excellent working
environment and the anonymous referee for his careful checking of our paper.

5. PRELIMINARIES

In this section, we state some basic results needed for the rest of this paper.
The following is the one-dimensional version of a general large sieve bound which
can be found in [4l, section 4].

Lemma 5.1. Let X1, Xy, ..., Xp € F(t)oo. Suppose that0 < A <1/q and R € N.
Set

R
K(A) := 1.
(B)= g X
[ Xr—z[|<A

Then
R
ST S < K(A) (@Y + AT Z,
r=1

with an absolute < -constant.
This implies the following result.

Lemma 5.2. Let X1, Xs,...,Xr € Fy(t)oo and Y1,Ys,....Y, € F,(t)o, where
R, L € N. Suppose that 0 < A < 1/q and for every x € Fy(t)w, there exists Y,
with 1 <1 < L such that

1Y = zf] < A.
Put
R
/ o—
K'(A) = max rzl 1.
[1Xr—Yi]|<A
Then

R
ST S < KN(A) (¢ + ATz,
r=1

with an absolute < -constant.
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Further, we need the Poisson summation formula for function fields (see [8,
Theorem 4.2.1]).

Lemma 5.3 (Poisson Summation Formula). Let ® : F,(t)ooc — C be a function
such that

Flz)= Y |9(f+2)

fEF[t]
is uniformly convergent in compact subsets of F,(t)s and

> le()l

g€F,[t]

s convergent, where & is the Fourier transform of ®, defined as

B(z) = / B(y)e(—zy) dy.

Fy(t)oo
Then
> =) .
fEF[t] gEF[t]
We shall work with the weight function

1, if || <2
Dy (x) := — 4 11
1(@) {O, otherwise. (11)

For this function, the following holds by [10, Lemma 2.2].
Lemma 5.4. We have ®; = @)1.

Now we quote Dirichlet’s approximation theorem for function fields of dimen-
sion n € N from [9, Theorem 1.1]. This is an analogue of Dirichlet’s theorem for
local fields of positive characteristic (for more details see [7]).

Theorem 5.5. (Theorem 1.1. in [9]) Let | be a nonnegative integer. For x =
(X1, 29, ,x,) € F ()%, there exists v = (vy,vq,---,v,) € F [t and u €

F,[t\{0} with (u,v;) =1 for everyi, 1 <i <n such that

1
[v121 + Vaxo + - - - + VT, — Ul < — and max |vj]s < q.
g 1<j<n

We shall only need the one-dimensional case of the above theorem.
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6. QUADRATIC GAUSS SUMS

Recall that char[F, # 2. As in the classical case, we define the quadratic Gauss
sums for the rational function field as

2
Glalif)= 3 ¢ (%) | (12)
d mod 3

These Gauss sums will play an important part in this paper. Along similar lines
as in the classical setting, we will evaluate them in this section. Our first result
is the following multiplicative property.

Lemma 6.1. If ($1,02) =1, then
G(a,l; B1B2) = G(aBa, l; B1)G(ab, [; B2).
Proof. We have

G, l; p152) = Z e <ad2 - ld)

d mod B Bs P12

a(di Bz + dofr)? + U(dif2 + dofr
Sy oy (e el )

d; mod B1 da mod B B152

o aﬁgd% + ld1> <C¥ﬁld% + ldg)
-2 e< B 2 (75

d1 mod 61 do mod 62
=G (B, l; B1)G (B, 15 Ba),
which completes the proof. U]

Further, we relate G(a, l; 8) to G(«, 0; ).

Lemma 6.2. Assuming that (o, ) = 1 and @ = 1 mod S, we have
_at
4p

Proof. Using quadratic completion, we obtain

) (ad2 + ld) . (a(d+ 21za)2) ) (_a_l?)
5 E 45)"

Making the change of variable d + 27 '1/a — d and summing over d gives the
desired equation. 0

G(o, ;) =e ( > G(a,0;3).

Next, we reduce the exponent in power moduli as follows.

Lemma 6.3. Assuming («, ) =1 and r > 2, we have

G(a,0;87) = ¢"°G(a, 0; B72).
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Proof. We write

Gla.s) = Yo%)

d mod 3"

YD ( aﬁ”+b)>

a mod 3 b mod 871

2 (5) 2 0F)

b mod Br—1 a mod B
Now
Z . 20ba’ [ ¢%®f ifb=0mod 3
Bl g o otherwise.
It follows that
ab?
Gl = Yo%)
bmod "1 B
b=0 mod 3
:qdegﬁ Z e (Oé(ﬁd)2>
d mod Br—2 B

=q¢"*7G(a, 0:5"7).
U

The next lemma reduces G(«,0; P) to G(1,0; P) in the case when P is an
irreducible polynomial.

Lemma 6.4. If P € F,[t| is an irreducible polynomial and (o, P) = 1, then
Gla,0:P) = () G(L,0; P),

where (%) s the Legendre symbol for the rational function field.

Proof. We first write

canm=ie T (14 (5)e(3)

e mod P
eZ0 mod P

Gla,0;P) = Y (%) e (%) (13)

e mod P

which implies

using the orthogonality relation

> ()0

e mod P
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if (o, P) = 1. Changing variables f = ae now gives
af f o f f
oy e (L) (2) N (L
soon= 2 (%) (5)- () Z,(5)(7),
e mod P f mod P
where o = 1 mod P. Similarly as above,
f AN .
Z (F (& ﬁ = G(]., 0, P)
f mod P

which completes the proof. 0]
Now we are ready to determine the modulus of a quadratic Gauss sum.

Lemma 6.5. Assuming («, 5) = 1, we have
Ga, 1 8)] = [BIX (14)

Proof. By the virtue of the previous lemmas on quadratic Gauss sums, it suffices
to show that

|G(1,0; P)| = |P|L? (15)
for any irreducible polynomial P, which we shall establish in the following. Taking
the modulus square of both sides of (I3]) gives

claori= 3 (5) (%) () (16)

f1,f2 mod P

for any o with a # 0 mod P. We observe that the right-hand side of ([I€]) equals
0 if @« = 0 mod P using the orthogonality relation

fH%;P (%) =0.

Now summing both sides of (I8) over all & mod P with a # 0 mod P and then
using Lemma and the above observation, we obtain

(¢*=" —1) a0 PP =Y Y (%) (%)e(m sz) )

amod P fi,fs mod P

Z(L) (7)., () o
gt 3 (%)2

f mod P

deg P ( deg P 1) 7

=q q
which gives us (I5). O
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7. QUADRATIC EXPONENTIAL INTEGRALS

Let F,(t)% be the set of squares of elements of F,(t)s. Observe that y €
F, ()% ~ {0} if and only if the leading coefficient cp of

is a square in F; and R is even. Now we fix a square root function \/y on Fg(t)2
as follows. If y = 0, then \/y = 0. If y is a square in F}, then |/y is any of the
two s € F, such that s> = y. Now, more generally, if y € Fy(t)2 ~ {0}, then \/y
is those of the two s € F,(t)%, satisfying s* = y whose leading coefficients is the
square root /cg, fixed above, of the leading coeflicient cg of y.

Now let @ be a positive integer and B?(0,2Q) be the set of squares of elements
of Fy(t)s in the ball B(0,2@Q). In this section, we evaluate exponential integrals

of the form
1
E(A,B) = /
2[\/Yloo
B2(0,2Q)

e(Ay — By/y) dy, (18)

which will show up in this paper as well.
A change of variables y = 22 gives

E(A,B) = / e (Az® — Bz) dx, (19)
5(0,Q)

where we note that
dr® = 2|z|sdx.

If A =0, we immediately deduce the following.
Lemma 7.1. For every B € F (t)s, we have

qQ+1 Zf |B|oo < q—(Q+2)

0 otherwise.

E(0,B) = {
If A # 0, then we proceed as follows. First, using quadratic completion, we

obtain
E(A,B)=¢e (:5) / e <A (:c - %)2> dz.

B(0,Q)
If |[B/A|. < ¢%, then a linear change of variables gives

/ 6<A (x_%y) T

B(0,Q) B(0,Q)
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where we use the fact that B(B/(2A), Q) = B(0, Q) in this case. When |B/A|., >

g%, we get
/e(A(x_%y)dx: [ car)es

B(0,Q) B(B/(24),Q)

Now observe that it is always possible to write A = aA,, where Ay € F,(t)2, ~ {0}
and a = ct~¢ with ¢ € F; and e € {0, 1} suitable. Then making the change of

variables y = \/Asx, we obtain

[ etnwavar [ et

B(0,Q) B(0,Q-+deg v/A3)
g~ Tdeg 4)/2] / ¢ (ay?) dy

B(0,Q+[(deg A)/2])

and

/ e (Az?) dx =/ Ay / e (ay?) dy
B(B/(24),Q) B(BVAz/(24),Q+deg v/A3)
— g [(deg 4)/2] / e (&yQ) dy,
B(BvVAz/(24),Q+[(deg A)/2])
where we note that
dCr = |Clxdx.

Summarizing the above, we have the following.

Lemma 7.2. Suppose that A = aAy with Ay € F ()% ~ {0} and o = ¢t for
some ¢ € F} and e € {0,1}. Suppose further that B € Fy(t)o. Then

— B2

—[(deg A)/2 2

E(A,B) =q( g)”'e(ﬂ)‘ / e (ay?) dy,
B(C,Q+[(deg A)/2])

where
o 0 if |B/A|s < q%
' BvVAy/(2A)  if |B/A]s > ¢°.
It remains to evaluate integrals of the form [ e(ay?)dy, which is done in

B(z,n)
the following lemma.
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Lemma 7.3. Suppose that o = ct=¢ for some ¢ € F; and e € {0,1}. Suppose
further that x € Fy(t)s and n € Z. Then

i if degx <n < —1
o, J1+e(s(e)g’?—1) if degx <nandn >0
e(Oéy )dy - 2 n+1 . .
e(ax?) - q if min{degx, —degx —1+¢€¢} >n
Blwn) 0 if degz >n > —degx — 1 +¢,
(20)
where
s(c) = +1  ifcis q square in I (21)
—1  otherwise.
Proof. First, just using the definition of e(-- - ), we observe that
| elaryiy = uBo.0) = 4 (22)
B(0,n)
if n < -—1.
Now suppose that degx < n. Then
/ e(ay?®)dy = / e(ay®)dy.
B(z,n) B(0,n)
If n < —1, it follows that
/ e(ay®)dy = ¢"*"
B(z,n)
using ([22). If n > 0, then we get
[ etatiay= [ caryiy= [ oy
B(x,n) B(0,n) B(0,n)~B(0,—1)
again using (22)). Writing
R
y = Z ¢t with R >0, ¢g #0, (23)

i=—00
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we further have

/ e(ay?)dy

B(0,7)~B(0,—1)

n R
— Z / E (C Z ZiCiCilJre) dy

R=0 degy=R =
n R
— Z Z E(/{:),u({ degy =R : CZ 2iCiCi1te = k})
R=0 kelF, i=0
= z": Z E(k:),u<{ degy =R : c_p_14c = (zrccg) ™ (k: — cz_:l zic,-c_i_1> }),
R=0 keF, i—
where

2 it #(0,1)
T {1 if (i,6) = (0,1). (24)

If (R,€) # (0,1), then the measure in the last line is independent of k, namely

u({ degy =R : c_p_14c = (zrccg) ™ (k: — cZzicic_i_1> }) =¢" (1 — é) .

From the orthogonality relation
> Bk =0, (25)
keF,

it then follows that the contribution of (R, ¢€) # (0, 1) equals 0. If (R, ¢) = (0,1),
then

Z E(k)u({ degy =R : c_p_14c = (zrecg) <k - cljgol zicic_i_1> }>

= Z E(k:)u({ degy =0 : ¢g = (CCO)_lk}> = Z E(ccj).

The latter is a classical quadratic Gauss sum and has the value

Z E(ccd) = Z E(cc) —1=s(c)g"* -1,

co EFZ co€ly

where s(c) is defined as in (2I]). Hence, if degz < n and n > 0, then we obtain

/ e(ay?)dy =1+ ¢(s(c)g"/? = 1).
B(z,n)
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Now suppose that degz > n. If min{deg x, — degx —1+¢} > n, then, similarly

as in (22),

/ e(aw?)dy = e(ar?) - u((B(z,n)) = e(aa?) - ¢,

B(x,n)

Finally, we consider the case when R :=degz > n > —degx — 1 + €. In this
case, y € B(z,n) implies degy = R. Using the same notations as in (23) and

), we get

/ e(ay?)dy

B(z,n)
R
= / E (CZ zicic—i—1+e> dy
YEF, (£)oo =0
deg(y—z)<n
R
= Z E(k>#<{?/ €Fy(t)oo @ deg(y —z) <, CZ ZiCiC—j—14e — k})
keF, i=0
= Z E(k)u({y €F,(t)s : degly —z) <n,
kelFy

—_

—1
C-R-1+e = (ZRCCR) (k —C Zicic—i—l—i-e) })

=0

We observe that the case (R,e) = (0,1) does not occur here because of our

condition R > n > —R — 1 + ¢, and therefore the measure in the last line is
always independent of k, namely

#({y € Fylt) + degly—2) <,

-

C_p-1te = (2recg) ™ <k‘ —c Zicic—i—l—l—e) }) =q".

i

I
=)

Again, from the orthogonality relation (23]), it then follows that

e(y?) = 0.
B(z,n)

Combining everything, we obtain (20). O
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8. DIOPHANTINE APPROXIMATION

After having provided the basic tools used in this paper, we are ready to
investigate the large sieve with square moduli. We aim to estimate the quantity

> 2|5 w7

fEFG[t] rmod f2, ' g€F [t
deg f=Q (r,f)=1 deg g<N

To this end, we use Lemma In our situation, we let Xi,---, Xgr be the

sequence of Farey fractions r/f? with deg f = Q, degr < 2deg f—1and (r, f) = 1
so that the above expression equals

TXR; Z age (g . Xr)

g€Fq[t]
deg g<N

2

The Y;’s are now chosen as follows. First we set
1

T = N
We let Y7, Y5, ..., Y, be the points
U 1
v "

where

veF,t] {0}, |v|l <7, (u,v) =1, degu < degw,
and the f;’s are polynomials of degree k € N with

K :=[log, 7 —degv] <k <k := [2log, T — 2degv]. (26)
We want to show that the Y;’s above satisfy the conditions in Lemma if the
fr’s are chosen suitably:.

By Dirichlet’s approximation theorem for function fields, Theorem with

dimension n = 1, every « € F (f) can be written in the form

1
r=2 z,  where || <7, (u,0) =1, |v2| < —. (27)
v T
We must show that for every z with |vz|o < 771, there exists k& € N satisfying

(26) such that

1
‘ <
ka2 oo

First, if deg z < —(2degv + k), then

‘ < max { 12|05
o0

1 1
. < —k—2degv < —2log, 7 _ A.
‘Z fmUQ fnUQ ’w}_q =1 '
Otherwise, if deg 2 > —(2degv + ) = —[2log, 7], then
log, 7 +degv + 1 > deg frv® > log, 7+ deg v,
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i.e.

—log, 7 —degv — 1 < deg < —log, 7 — degw.

1
Jrv?
Since

—[2log, 7] < degz < —log, 7 — degw,
we can now choose f; with £ > K in such a way that the leading coefficient of 2
is cancelled by that of 1/(frv?), so that

1
deg (z - —> < —[2log, 7],

frv?

ie. .
-— | <A

‘ : fk’l}z 0o
For x € Fy(t) we put
P(x)= Y 1L

deg f=Q, (r,f)=1
Ir/ 2 —aleo <A

Then we have
!/
< .
K'(A) < max P(V)
Summarizing the above observations, we deduce the following.

Lemma 8.1. We have

1
K'(A) < max max max P(% + W)

T weF [t]N{0} u€F4(t) K<k<x
degv<log, 7 (u,v)=1

By the preceding lemma, it suffices to estimate P(z) for = of the form
r = % + 2z, where |[v]o <7, (u,v) =1, 2 =1/fr0? (28)
where f, is a polynomial of degree k € N satisfying (20]). We note that x satisfies
[27) if it satisfies (28).
9. FIRST ESTIMATE FOR P(x)

In this section, we establish a first estimate for P(x) by applying Poisson
summation, a Weyl shift to reduce quadratic to linear exponential sums and a
counting argument. First we set

1, if |zl <1
O(x): =<7 if |2 -
0, otherwise

: T 1
:{L if 2], < 2

0, otherwise.
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Then ®(z) = &4 (x/t) with

1, if |z < L
<I>1<:v>:{’ el <

0, otherwise.
Now define
= [log, A] + 1. (29)
Then it follows that
<y Yol
f2tw
degf Q relFglt]

Applying the Poisson summation formula, Lemma [5.3] with a linear change of
variable to the sum over r, and using ®; = ®; (see Lemma [5.4]), we deduce that

P 2Q+w Z Z tw/ (JZT/fQ),

deg f=Q r'€F,t]

which implies

P@ < Y Y ')

r'€Fy[t] deg f=Q
degr’'<—2Q—w—1
(30)
§q3Q+w+1 + q2Q+w Z Z 6(33'7"f2) ’
r'€Fy[t] deg f=Q

0<degr’'<—2Q—w—1

where the second line arises from isolating the contribution of " = 0. Applying
the Cauchy-Schwarz inequality and

>, 1=g79"

r'€Fy[t]
0<degr’'<—2Q—w—1

we deduce from ([B0) that

P(Qf)z < q6Q+2w+2 +q2Q+w Z

r'€Fg[t]
0<degr’'<—2Q—w-—1

Z e(zr' f?)

deg f=Q

(31)




20 STEPHAN BAIER, RAJNEESH KUMAR SINGH

To bound the inner-most sum, we perform a Weyl shift. Using a change of
variables h = f’ — f, we bound the modulus square by

> e(ar' )

2

= > e(a' =N+ D)

deg f=Q deg f=Q
deg f'=Q
=(q—1)¢? + Z Z e(xr’h(h—i—Qf))
0<degh<@ deg f=Q
<g@tt 4 Z Z e<2xr’hf) ’ .
0<degh<Q | deg f=Q
Combining this with (B1]), we deduce that
P(x)2 <<qq6Q+2w + q3Q+w + q2Q+w Z Z Z 6(2$T/hf> ’
' €F[t] 0<degh<@ ' deg f=Q

0<degr’'<—2Q—-w-—1

§q6Q+2w+q3Q+w+q2Q+w Z (1) ‘ Z e(a:lf) ‘,

I€F 1 deg f=Q
0<degi<—Q—-w—1

where 7(l) is the number of divisors of [ = 2r'h in F,[t]. Here we recall our
assumption that ¢ is not a power of 2. We note that

(1) < 298!y, (32)
It follows that

P(o)? €, P01 4 g0 g 270t ST S e(atf) | (33)

1R[] deg f=Q
0<degl<—-Q—w—1

Now, using the Poisson summation formula, Lemma (.3, and ®; = ®; again,
we have

Z e(xlf): Z e(xlf)— Z e(xlf)

deg f=Q deg f<Q deg f<Q-1
=Y e(zlf) B () = ) efalf) @i (t9f)
fEFt] fEFt]
= 3 S (19N —al)) —a? Y b (19F —aD)).
fER,t] feRqlt]

We observe that, for n € N,

Do @u(t(f — ) = {L if fJot]] < g
]

Pt 0, otherwise,
q
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with ||zl|| as defined in (). It follows that

—q%, if [|l|| = =@~
2 6(fﬂlf)‘= g =g i [l < 797 50
deg f=Q 0, otherwise

<qU Lo (||21])),

I,(z) = 1 ife<y
PTl00 ifr >y

where

Combining ([B3) and 34, we have

P(:L’)Q < q6Q+2w +q3Q+w+27Q7wq3Q+w Z Iq_Q_I(H'rl“)' (35)

leFqt]
0<degl<—Q—w-—1

Recall that x = u/v+ 2. Writing | = Av+ k with unique A, k € F,[¢] such that
deg k < degwv, we transform the sum over [ in equation (B3]) into

Y. Iyea(latl)

leFq[t]
0<degl<—Q—w—1

< ¥ Y e () @n]) 4

deg A< deg k<degv—1
—Q—w—1—degv
ku
— Z Z Iq—Q—l H Avz + — + kz .
deg A< deg k<degv—1 v
—Q—w—1—degv
Now assume k; # ko and deg k1, deg ky < degv — 1. Using the triangle inequality,
we have
k k
Hsz+ L o + kg} — {sz + ek + k@z}
v v -
ki — k
. — H % + (kl - kz)z
ki — ko)u
> [ BBy — e
Furthermore,
[(ky = k2)z|| < [02]0 < AV < 03]
and hence

(k= k2) 2o < [0]5 g
It follows that

ki — ko)u
[ =By — el 2 ol = bl 2 ol
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and hence

k k
“‘AUZ+£+k2 Ly

v

- H Avz + > |v|zlg . (37)

o0

(%

The maximum number of points in [F,(¢), of mutual distance greater or equal
d = ¢~ P fitting into the ball {z € F,(t)» : |2|eo < ¢ ¥} is bounded by 1+¢P~F+1,
Hence, taking ([B1) into account, we deduce that

k
Y. Iyen (H Avz + 2 1 kz H)S 14 |[o]lseg™@ = 1 + gde8v=€@.
deg k<degwv—1 v
Combining this with (B6]), we obtain

> Zpaa(fatl) < (14q @) (L4 ¢*=09)

leFqt]
degl<—Q—w—1

which together with (B3] implies
P(2)? <89 + (1 1 27Q7w) SOt (1 _‘_qufw—degv) (1 i qdegva)
<y (%A% + (14 2579) (A + ¢l + ¢*PAlv] +¢%))
where here and in the sequel, we set
L :=loggA™". (38)
Taking sqare root, the following bound for P(x) emerges.

Proposition 9.1. We have
u
P (5 + z) K P9OA + (1427972 x

(QSQ/2A1/2 4 qQ|U|;Ol/2 +qQA1/2‘U 1/2 +qQ/2) '

oo

(39)

10. SECOND ESTIMATE FOR P(x)

In this section, we shall prove another estimate for P(z), defined in ([d2), which
will follow from a more general estimate for a corresponding quantity counting
Farey fractions with denominators from a general set in place of squares. As a
by-product, we obtain a large sieve inequality for

S XY ao )

feS rmod f ' geF,[t]
(r.f)=1 degg<N

, (40)

where
S C B(0,Qo) N (F,[t] ~ {0})

which we shall assume henceforth.
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In analogy to section B we let X, .-+, Xz be the sequence of Farey fractions
r/f with f € S, degf < Qq, degr < degf — 1 and (r, f) = 1. Hence, the
expression in ([{0) equals

ZR: Z age<g-Xr> 2

r=1 g€R[t]
deg g<N
Again, we set
1
T = —, 41
VA “
and the Y/s are chosen to be
u . 1
v fro?’

where
v e F,[t] {0}, [v]e <7, (u,v) =1, degu < degw.

The f;.’s are polynomials of degree k € N with k satisfying condition (20), i.e.
K = [log, 7 —degv] < k < k:= [2log, T — 2degv].

The above inequality implies that

o

0o |U‘oo.

Ag)ﬁ

Generalising the notion of P(z) in the previous section for « € F,(t)o, we set

Ps(z)= > L (42)

fES, (r,f)=1
r/f=zo <A

As in section B it follows that
K'(A) < max P(Y)).

TIKILL

So we deduce the following.

Lemma 10.1.

U 1
K'(A) < max max max P3<— + —)
vEF[t]~{0} ucF,(t) _ k v fro?
degv<log, 7 (u,v)=1 K<k<r
U
<  max max max Ps (— + z)
vEF[t]N{0} u€eF,(t) 2€Fq[t]oo v

degv=log, 7 (u,0)=1 A<|z[00 <VA/[]oo

The next lemma gives an estimate for Ps(u/v+ z) in terms of another quantity
I1(y, 0) which will then be transformed further.
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Lemma 10.2. Suppose that the conditions [21) and [{Il) are satisfied and also
suppose that |z| > A. Suppose further that 0 is a natural number satisfying

qQO_lA

< ¢’ <q*. (43)
2] oo

Let
J(y,6) = B(ZU@/, log, (q5“|w|oo)> (44)

and
M(y,0) == Y oL (45)

feSNB(y,0) g€J(y,9)
g=—uf mod v
g7#0
Then

U 1
Ps (— + z) g1+ — / T(y, §)dy.
v q
B(OvQO)

Proof. We first isolate the contribution of f’s which are associates to v, getting

Ps(z) < q— 1+ Pg(x), (46)
where
P§ = Z 1.
fES, (r,f)=1
|7/ f=|co <A
f#v

Here “f 2 v” means that f is not an associate of v. Now we define

Ps(z,y,0) := Z 1.

feSNB(y,d)
(7'7f):1
I/ f—aloo<A
0
Since 0 < g, we have
| mepoay = Y [ wazer@
B(0,Q0) W BOQONB()
Ir/f—eloo<A
0
and hence
1
Pi(@) < / Ps(z,y,8)dy (48)
B(OvQO)

whenever § < Q).
Now, if |7/ f — x|s < A, then

[r — frloo < Alf]oo, ie. deg(r — fz) < [log, A] + deg f.
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From this and = u/v + z, we deduce that
fu
| < Al

r———fz
v [e.9]

and hence
Irv — fu—vfzleo < Ag|02|o/|2] 0.
Since ¢27tA/|z]o < ¢, it follows that
lrv — fu—vfzle < 0200 (49)
If f e B(y,6), then
| foz — yv2|se < 0|02 oo (50)
From (49)) and (50), we have
lrv — fu — yv2]e < 0200
We observe that rv — fu # 0 because (r, f) = (u,v) = 1 and f % v. Writing
g = v — fu and recalling (@) and ({@3]), we deduce that
PS(xv Y, 6) < H<y7 5)
Combining this with (@) and ([48]), we obtain the desired result. O
Further notations: For h € F,[t]\{0} we put
Sy :={z € F[t]e : hx € S}.
We note that
S, C B(0,Q0 — degh).
We shall require that the number of elements of S, in small sections of arithmetic
progressions in F,[t] does not differ too much from the expected number. To

measure the distribution of S, in sections of arithmetic progressions, we define
the quantity

Ap(m; k1) = IIIFlz%:))( H r €S, NB(y,m):x=1modk }
EFy (1) oo
\yliSQo—degh

: (51)

where
0<m<Qy—degh, k€ F[t\{0}, |kloo < AV2 1 €TF,[t], (k,)=1. (52)

Next we express I1(y, ) in terms of Ay (m, k, ). This will lead us to the follow-
ing estimate for Ps(u/v + 2).

Lemma 10.3. We have

Ps(u/v+ 2) <4 1—1—2 Z Ah(Q0+10gq (ﬁ);%,—u’g),

hlv |g|oe <q20|h| 5 v2] 0o
(g,v/h)=1

(53)

where uu' = 1 mod v.
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Proof. We split 11(y, d) into

My, 0) =Y >, oo
hlv feSNB(y,0) g€J(y,9)

(fv)=h g=—uf modwv
970

where h runs over a maximal set of mutually non-associate elements of F,[t|\{0},
and (f,v) = h means that h is a greatest common divisor of (f,v) (unique up to
associates). Writing f := f/h and § := g/h, it follows that

M(y,8) < ) > > 1

hlv f/heSLNB(y/h,6—degh) g/heJ(y/h,0—degh)
(f/h,v/h)=1 g/h=—uf/h modv/h
g/h#0

=2 >, !

hlv fes,NnB(y/h,6—degh) §EJ (y/h,0—deg h)
(fro/h)=1 §=—uf mod v/h
g#0

DI SR S

hlv geJ(y/h,0—degh) feS,NB(y/h,6—degh)

(97%/;8:1 f=—v/'gmodv/h

where uu’ = 1 mod v/h. Hence, by definition of Ay (m;k, 1) in (E1), we have

Ny.o) <> Y An(0—deghiy, —ug).

hlv g€J(y/h,0—degh)
(gv/h)=1
970
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Integrating the last line over y in the ball B(0, Q)y) and rearranging the order of
summation and integration, we get

/ I(y,0)dy
B(OvQO)
v
< [ 0X A5 deghig-ug)dy
hlv B(0,Qo) g€J(y/h,6—degh)

(gv/h)=1
970

S| > A (5~ deghs . ~u'g ) dy
hlv B(0,Q0) |g*vyZ/h|E>;%;JZ;ITZIOO/IMOO
7 g#0

< Z Z Ay (5 — deg h; %, —u’g) X

hlv 0<|gloo <qQ0|v2|oo /|00
g,0/h)=1

1dy

B(0,Qo0)NB(gh/(vz),04+1)

<"y > Ay (5 — deg h; % —U’g> :

hlv 0<]gloc<q?0[vz|o0 /|hlo

(g:v/h)=1
Now choosing ¢ such that
Qo—1A Qo A\
q << q <
and using Lemma [[0.2], we obtain (53)). O

If we assume the set Sy, to be evenly distributed in the residue classes [ mod k,
then if B(y,m) C B(0,Qo —1og, |h|«), the expected cardinality of the set

{xEShﬂB(y,m):xElmodk}
is
IS/l
g9 /|hl
This suggests to set a condition of the form
|Snl /1Kl
g% /|h]

where X > 1 is thought to be small compared to ¢2° and ¢"V. Under the condition
(B4), we shall infer the following bound from Lemma 0.3

Ap(m, k1) §( 1+ g™ ) X, (54)
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Lemma 10.4. Suppose the condition (B4l) to hold for all h, k, 1, m satisfying (B2]).
Then

Ps (% v z) <o 1+ qPX2% (2| + S| A). (55)
Proof. Equations (B3) and (B4]) imply

3 3 Ap (QO +log, (ﬁ) % _u,g)

hlv 0<|gloc <q90|v2|o0/|hloo
(gw/h)=1

ISul/[v/hlee g2 A
< 1 . X
S N R e
hlv 0<|gloo <q®R0|v2]0o /|h|oo
(g,v/h)=1

A Qo
o3 (1419000 ) e

hlo |Uz‘oo ‘h|oo

=3 (L sisia ) g

h|v
< g9 X7(0)(|Jvz]so + |S|A).
This together with ([B2]) and Lemma gives the desired result. U

Upon choosing A := ¢, Lemmas [5.2], [0.1] and [0.4l imply the following gen-
eral large sieve inequality for function fields which is an analogue of [II, Theorem
2] for the classical case.

Theorem 10.5. Suppose the condition [B4) to hold for all h,k,l,m satisfying

B2). Then

2

DD

feS rmod f

> aefs)

g€Fq[t]

(r.f)=1 degg<N (56)
a0V + QX222 4 ISD) D Jaf
g€Fq[t]
deg g<N

However, this corrected version of [4, Corollary 5.2] (Claim 1 in section 3 of
the present paper), is only a by-product in this paper. Next, we specialize S to
square moduli and derive the following estimate for P(x), as defined in (42), from

Lemma [0.4
Proposition 10.6. We have

P <% + z) < 1+ 254%9 (A2 + ¢°A) (57)
where L is defined as in (B8]).
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Proof. We shall apply Lemma (I04]) with @y = 2Q) and S the set of all squares
s of norm ¢??. All we need to do is to work out the size of X in condition (54)).
This is completely parallel to the classical case, which has been worked out in [1J.
First, let

h=eP™--- P’

be the unique prime factorization of h with P, ..., P, € F/[t] monic irreducible
polynomials and € € F. For i =1,...,n let

U; -

K if v; is even,
), + 1 if v is odd.

Put
Fy = P2 ponl?
Then R = R? € S is divisible by & if and only if R; is divisible by Fj,. Thus
S, = {RSGh s deg Ry = Q — deth} C {a : dega =2Q — degh}
where ,
G = % = lpnT.. praT

Hence,
‘Sh‘ < qudethJrl.

Let 6 (k, 1) be the number of solutions  mod & to the congruence

272Gy = [ mod k. (58)
Then it follows that condition (54]) holds true for all positive m < 2Q) —deg h and
X = op(k,1).

Thus the remaining task is to bound 0 (k, ().

If (Gp,k) > 1, then §,(k,l) = 0 since k and [ are supposed to be coprime.
Therefore, we can assume that (Gp,k) = 1. Let G mod k be a multiplicative
inverse of G, mod k, i.e. GGj, = 1 mod k. Put I* := GI. Then (B8)) is equivalent
to

2% = " mod k.
Taking into account that (k,[*) = 1, this congruence has at most two solutions if
k is a power of an irreducible polynomial, where we recall that ¢ is not a power of
2. From this it follows using the Chinese remainder theorem that for all k£ € IF,[t]
we have

On(k, 1) < 290,

where w(k) is the number of distinct monic irreducible factors of k. For |kl <
A~2 we have

w(k) < degk < log, A2 = g
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Therefore, (5I)) holds with
X =242,
Now the claimed inequality follows from Lemma [I0.4] upon recalling that
[v2]0o < A2

and

L
degv = log, |v]e < log, ATV2=Z

11. FURTHER TRANSFORMATION OF P(z)

In this section we transform P(x) further by an application of Poisson summa-
tion. We then derive a third estimate for P(x) which, in certain ranges, is better
than the previously proved ones.

Throughout the following, we suppose that |z|,, > A. We further assume that
(o is even and set

Qo

Q3:7

Then applying Lemma [[0.2] with = of the form in (28]), § a real parameter satis-

fying (43]) and
S:={h?:heF,t], degh = Q},

we have .
Ps (% + z) <1t / [(y,8)dy, (59)
B(0,2Q)

M(y,0):= > > oL (60)

deg h=Q g€ J(y,08)
|h?—y|oo<q® g=—uh? mod v
970

Recall the notations in section 7. If y & F,(¢)2,, then

where

deg(2® — y) = max{2deg z,degy}
for every x € Fy(t)s. Hence, in this case,
deg(h® —y) =2Q > 6
and therefore
II(y,0) = 0.
If y € F,(t)2, then the conditions |h? — y|s < ¢® and degh = @ imply that
degy = 2Q) and
[h = Vyloo <"~ or |7+ \/yloo < ¢"7°.
It follows that
Iy, 8) < Ii(y,6) + a(y, d),
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where, for i = 1,2, II;(y,d) = 0 if y € F,(t)% and
Q

q
IL(y,6) = ——— 1
0=, 2

loo<q? 9 |g—yvz]oo<q® T vz]oo
g=—uh”® mod v
if y e F,(t)2.
It follows that

i y7 — 2

h+(—1)'/y
= X e (CUGRY) X
heF,[t] g€Fq[t]
nguhQ mod v

for i = 1,2. Here ®;(z) is defined as in (IIJ).
Applying the Poisson summation formula, Lemma [5.3] with a linear change of

variable to the sum over g, and using ®; = ®; (see Lemma [B.7]), we transform
the inner-most sum in (62) into

g—yvzy _ 5+1 5+1 uh?(
Z , ( ] ) = |2|q Z Py (2t 0)e <yz€—|— ]
gEF[¢] LeR[t]

g=—uh? mod v

It follows that

2 px
B =il Y w0 a) 3 e (0 x

v*
LelF,[t] s mod v*

reFfq[t
r=s mod v*

DI (61)

g — yvz

where

for i = 1,2, where

v i=v/(v,0) and " :=1/(v,0). (64)
Again applying the Poisson summation formula, Lemma B3] with a linear change
of variable to the sum over r, and using ®; = &, we transform the inner-most

sum into
T+ (_1>i\/g
E o —
téfQJrl
reFq(t]

r;scranodv* 5o ' (65)
—o 7@t - —1)
L S g (£, () S,

belF,[t]

0" | o v* v*
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Combining (B9), (€1, ([63) and (65), we obtain
Z @1(Zt6+1£)

|U*|oo

u
PS(;JFz) < 14 2|0 - ¢° -

LeF,[¢]

S @ (t(s—j:lb) LG (ul*, —b,v*) - (E(ze §> n E(ze, —Uﬁ)) |

beF, [t]

(66)

for i = 1,2, where the quadratic Gauss sum G(a, [; 3) and the exponential integral
E(A, B) are defined as in (I2) and ([I8]), respectively.

12. TREATMENT OF SIMPLE CASES

In this section, we estimate the contributions to (B6) which can be treated
easily.

Note that v* = 1 if £ = 0. It follows that the contribution of £ = 0 = b is
bounded by

<4 q5+Q|Z|oov

and the contribution of ¢ = 0, b # 0 vanishes using Lemma [[.T]
Now we consider the case when ¢ # 0 and |b/(v*zf)|s > q2. To apply the
results on quadratic exponential integrals in section [, we set

A:= 20 and B:z:i:%.
v

Then from Lemma [[.2] we deduce that

BAB) < | [ clay?)ay. (o7
(x,n)
where
b
r=—
20V 2l
and

n:Q—I—deg\/%. (68)

We note that we are here in the case when degz > n. Now taking Lemma
into consideration, the integral on the right-hand side of (67]) is zero unless
n < —degx, which is equivalent to

degb < —Q + degv™ + deg a.
Hence, we possibly have a non-zero contribution only if

’bloo < ql_Q‘U*‘ooa
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in which case we use the trivial estimate
E(A,B) < ¢

(which is essentially the same as what we get when combining (7)) and Lemma
(C3)). Using Lemma (G.3]), it follows that the total contribution in this case is
bounded by

g Pl YL W DD < i

B e
0 <q™°|z|cc

Finally, we consider the case when ¢ # 0 and |b/(v*20)|o < ¢9 and n < —1,
where n is defined as in (G8). In this case we use the trivial estimate

E(A, B) <, |20 2.
Also note that the condition n < —1 implies
oo < q7297%2(2
Hence, the contribution of this case to (66]) is bounded by

<l D WP > 200572 < [o]L?.

4| efg 325t 1B oo <[v* |00 g~ 0+ Q2 (69)
00 <qT T z]os

Consequently, the total contribution to (66) of the above three cases is
<q ¢zl + Ul L2 (70)

13. TREATMENT OF CRITICAL CASE

It remains to consider the critical case when ¢ # 0 and |b/(v*2f)|s < ¢ and
n > 0 in which we perform a precise evaluation of the Gauss sums and exponential
integrals and then transform the resulting exponential sums further.

As in the last section we set

A:=2z¢ and B:::I:%.
v

Then from Lemma [[.2] we deduce that

2
E(A,B) = g 1(dee=0/21 ¢ ( b ) . / e (&yQ) dy, (71)

Au*2 ¢
B(0,n)

where n is defined as in (68)). In the case n > 0, Lemma [[3 gives

1 if e=0
/ e (ay?) dy = 4 ¢'/* if e=1 andcisa square
B(0,n) —q¢'/? if e=1 and cis not a square.



34 STEPHAN BAIER, RAJNEESH KUMAR SINGH

Now we define
1 if z¢ has even degree or
o(l) = 20 has odd degree and ¢ is a square (72)
—1 if z¢ has odd degree and c is not a square.

Then it follows that
b2
E(A,B)=e ( ) 2022 o (0).

4220
We note that the condition n > 0 is equivalent to
deg zl > —2 — 2Q).
Hence, the contribution of this case to the right-hand side of (G6]) is bounded by

<120 - Z lv* |t Z G (uwl*, —b,v*) %

L#0 ) [b] 00 <q@|v* 2| 0o
|tloo<q™°|2|5s (73)

—b? 1/2
e (4@*226) 2l ZH2 o (0)].

Using Lemmas and [6.5] we bound the above double sum by

< q5|z|(1>é2 . Z B Z e (ng)

’ (74)
0#£0 deg b<M
|€l00<q—0|2|!
where we set gy
ul* 1
V.= — 75
4o* i 4u*22/ (75)
and
M = @Q + degv* + deg z + deg ¥, (76)
keeping in mind that V' and M depend on ¢. We note that
M<Q+L, (77)

where £ is defined as in (B8)).

14. SIMPLIFICATION OF THE QUADRATIC EXPONENTIAL SUM

In the following, we simplify the exponential sum over b in ([4)). First we
rewrite V' in a more suitable form. Set
1
= : 78
= (78)
From (28) and the fact that v*|v, we have f; € F,[t] ~ {0}. We further assume
that

u=—amod v, dega < degv®.
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Using the reciprocity relation

L |
P T
for Kloosterman fractions and the relation v*¢ = £*v, we deduce that
av* + fi a
V= e i ~ T mod 1.
Next, we remove the term a/(4v*(*) using summation by parts. We arrange
the b’s in question into a sequence by, b, ..., by satisfying

by =0 and ‘biJrl — b1|oo = qordq for i = 1 N — 1,

mod 1

where N := ¢™*! and
ord,(i) = max a.

Now we write h
N P
degzb;M ve) ;€< o %) '6(%42t £ 'b?>
N
= (g %) ;e(av4sz>
N-1 “ y avt + [y b2
; <€ (_41)*5* . ”1) B e( durlr l)> ey ‘ < A j> .

We bound the differences of exponentials above by
a a a
S, )_ (_ .bZ) = <_ (b2 _52)_1’
‘e ( qorpx L N g N Lo (bi1 = b1)
< ’4 e (b?+1 - b?) < QMM* |bz+1 bi|oo'

We calculate that

N-1
Z ‘biJrl - bi’oo = MCJMH-
i=1

Hence, we deduce that

> e (V) < (14 MgM|er| ") sup Z (W) (79)
dog b M 1<z<N -
where we set B
av* + fr
W= ——"»~&
40+

for convenience.
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15. APPLICATION OF WEYL SHIFT

It remains to estimate the partial sums

i

> e (W),

j=1

Taking the ordering of the b;’s into account, we split this sum into O(Mgq) sub-

sums of the form
> e(W),
‘b_B|oo§qm
where —1 <m < M — 1 and ¢™! < |Bl, < ¢™.
To bound the above subsums, we apply a Weyl shift to the modulus square,
getting

> (W)

lb_B|ooSqm

b,b
|13_B|00§qm
[b—B|oo<q™

= Z Z e(Whe),

[hloo<g™ |c=Bloc<q™

where we write ¢ = b+ b and h = b — b. Defining ®; as in (1) and using the
Poisson summation formula (Lemma [B.3) together with ®; = ¢®; (Lemma [54),
we have

> e(Whe) =e(WhB) > e(Whe) & (t"'¢)

le—Bloo<g™ ZeF,[t]
_ m+1 m+1
=¢"e(WhB) > & (™ (z — Wh))
z€Fy[t]
m+1 if WWhII < —m—2
< Ja if | 'H_q
0 otherwise.

Taking square root, we deduce that

1/2
> (W) <<<qm+1 > 1) . (80)

lb—Bloo<g™ |hloo<q™
[Wh||<q—™—2

We observe that the sum on the right-hand is bounded by

¢"tt Y 1< Y min{g™ [WhlIT') (81)

|hloo<qg™ |hloo <gM
IWh||<q—™~2
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Using (7)), ([79), (B0) and (&), we now bound (7)) by

KQ+ LY > U (L4 M) x

00
€00 <q™02]"

172 (82)
( > minfg", ||Wh\|‘1}> :
|hloo<qM
Recalling the definitions of v* and ¢* in (64)), the above is dominated by
<<¢1(Q+£)2q6|2|<1x/>2 ’ sz’ (83)

d|v

where

1/2
Sy = 3 |2 (1+q2M!€*!_1)< 9. min{qM,HWhH‘l})

(£* v*)=1 |h|oo <gM
0< [ |00 <q~0|2d| "

and
M = @ + degv + deg z + deg (*. (84)

Applying the Cauchy-Schwarz inequality, we bound %2 by

Y2 < Z | (1 + M%) %
(6% w*)=1
0<0* 0o <q0|2d| !

> > min{g", [Wh]|™"}

(f*ﬂ)*)zl |h|oo§qM (85)
0<0* 0o <q02d| !

< (@Q+ D)ol + "2 [ol3 2%l

> > min{g", W]

(e* *)=1 |hloo <qM
0<[6* |00 <q~0|2d| !
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16. FiNnaAL COUNT

We bound the double sum over ¢* and h on the right-hand side of (8H) in the
form

> S min{g", [[Wh| '}

(€ w*)=1 [h|oo<qM
0<|0*|00<q~02d|

M
< g E q +
(£ v*)=1 |hloo<q™
0<|0*0o<q|2d|s  (av*+f;)h=0 mod £*

> 2 2 > e
0<j<L dega<j (£ v%) |h|oo <g™ (86)
0<|€*\oogq_‘5|zd|go1 (av*+f})h=c mod £*

<y Z Z QM+ Z q_jx

(£ w*)=1 |h|oo<q™ 0<j=L
0<[0*|0o<q™%|2d|5! h=0 mod £*

> T > e

dega<j |hloo<q™
O<|€*|<>o§q*‘s|zd|go1 (frv*+a)h=av* mod £*

where we use (v*,¢*) =1 and (ffv* + a,v*) = 1. Further,

o M
2 ot ¥ (i)
(e w*)=1 |2 oo <q™ (£ v*)=1 >
0<|0*|0o<q%|2d|5t h=0mod £* 0<% 00 <q~%|2d| 5t

S Al G N e e e T i

(87)

where we use (84)). Finally, we bound the triple sum over a, £* and h in the last
line of (8G). We consider two cases: If (fiv* 4+ a)h = av*, then the congruence
(fiv*+a)h = av* mod ¢* is satisfied for every ¢*. If (ffv* 4+ a)h # av*, then the
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above congruence is equivalent to ¢*|(fiv*h 4+ ah — av*). Hence,

> > > 1]

dega<j  (¢*07)=1 Ih]oo <g™
0<[0*] 00 <q~0|2d|5 ( rv*+a)h=av* mod £*

=2 2 2. et

dega<j degh<Q+degv—di—degd (*w*)=1
(frvT+a)h=av™  0<|*| o <q0|2d|

> > > I

deg a<j degh<Q+degv—3i—degd (*v*)=1
(fiv"+a)h#ov” 0<[* |00 <q ™0 |zd| !
L|(frv*h+ah—av*)

g P2d| 2 ) > 1+

dega<j degh<Q@Q+degv—Ii—degd
(fpv*+a)h=av*

2OHEGTR g o |2 d| 2,
where we use the estimates

Y e <X ) 1<, 20X

[0 |oo <X 0*|n
0*n

and
deg(frv*h +ah —av™) < Q + L.
We further observe that

> > 1< @Y frv* + al 2

dega<j degh<Q-+degv—di—degd
(frv*+a)h=av*

because (fiv* + a,v*) = 1. By (I8), we have

[fiv® + aloo = | fiv" oo = 02150

Z Z 1 <@zl

dega<j degh<Q+degv—di—degd
(fpv*+a)h=av*

Combining (8d), (87), (8]) and (8)), we obtain
> > min{g", [[Wh[™}

(0* v*)=1 |h]oo<gM
0< || 0o <q ™0 |2d| "

<P Bl dI 2 + 2975 L2 B o)zl 22

It follows that

39

(89)
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Plugging this into (8H) gives

28 <o ((Q + D)l + ¢ 7 ol |23 |dIZ2) %

_ (91)
(@*2 ol ldlE + 297 Lg% oo 2] S NI -
Hence, the expression in (83]) is bounded by
€@+ LPPELLL (Q+ LI + 0 PRI T

_ _ 1\ 1/2
(@*97[0l% + 2975 Lg% P ol 21)

where we use the bound

ZHOO 2

0<|d[oc <[v]oo

<q log, [v]os < L.

[]oo

17. THIRD ESTIMATE FOR P(z)
Combining ([70)) (total contribution to P(x) of the simple cases) and ([@2]) (total
contribution to P(x) of the critical case), and simplifying, we obtain the estimate
u
P (Y4 2) < elo + L2+ (@ )| L

_ _ 1/2
(Il + a9l 21%) " x

N _ _1n\1/2
(q2Q 25|U|go_'_2Q+£qQ 26|U 1) )

oozl
Choosing ¢° as small as possible in (@), i.e.

= < q < =
2] 0 2] 00 2] 00 2] 00

and using
[02]0e < A2
and the (rough) bound
(Q+ L)t < 2902

we arrive at the following estimate for P(z).

Proposition 17.1. We have

P <% + Z) <<qq3QA + |U|ié2 + (Q + £)4qQA1/4 + 2Q+£q3Q/2A1/2'
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18. ProoOF oF THEOREM [4.1]

Finally, we are ready to prove Theorem Il We use Proposition @lif |v]s > ¢
and Proposition [T if |v]w < ¢% to get

P (% + z> PN+ (Q + L) qRAM 4 295 (g9 4 PREAVZY L (93)
Alternatively, we have the estimate
P (% - z) g 1+ 2975 (PRAY2 4 39A) (94)
from Proposition 0.6l If ¢*? < A~! < ¢*?, then (@3) gives the estimate
p <% X z) < 200 (PN + ¢272) | (95)
and if ¢*? < A7! < ¢*?, then (@4) gives the estimate
P (% + z) < 290V (PN + POAY?) (96)

We observe that
QI/Q < q2QA1/2 <:>A—1 < q3Q‘

Hence, in the range ¢*? < A~ < ¢*?, we have
P <E + z) <, 29FF (q3QA + min {qQ/2, q2QA1/2}) . (97)
v

Now Theorem AT] follows from (@7) and Lemmas and BT upon taking A :=
-N
qg . U
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