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Abstract

The aim of this work is to obtain the so-called standard lemmas on irrationality bases using the principles
of Chudnovsky and then apply them to obtain conditional irrationality measures for values of the digamma
function.
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0. Introduction

In this note we answer the question posed by Sondow [5] and obtain the so-called standard
lemmas on irrationality bases using the principles of Chudnovsky. We then apply them to prove
conditional irrationality measures for values of the digamma function y, = — Il:((g)) using a Dio-

phantine approximation construction from [4].
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Let us recall some definitions. Let 6 be an irrational real number, the irrationality of which is
usually measured by determining the lower bounds,
p 1
o2l g
which hold for all ¢ > 0 and all integers p, g, with g > go(¢). Then the least such © () is called
the irrationality exponent of 8. If (8) = oo, then 6 is called a Liouville number.

If 6 has the irrationality measure 1/89 (according to Sondow’s definition [5]), so that § =
B(0) is the least number with the property that for any ¢ > 0 there exists go(e) > 0, such that

'_p

—|> ———— for all integers p, g with g > qo(¢),
q ’ (B+e)

then B(0) is called the irrationality base of 8. Otherwise, if no such B exists, we define 5(6) = oo
and say that 6 is a super Liouville number. Note that 8(0) = 1 if () is finite (see Lemma 2 in
[5D.

Explicit formulas for w(6) and B(6) in terms of the continued fraction expansion of 6 were
proved by Sondow [6].

In practice, to obtain the upper bounds of (), one of the following two standard lemmas is
normally used. (For proofs, see Lemma 3.5 in [2] and Remark 2.1 in [3], respectively.)

Lemma 1 (G. Chudnovsky). Let 6 be a real number satisfying
R,=A,0—B,, n=12,...,

for some A,, B, € Z. Suppose that

1 1
limsup —log|A,| < o, lim —log|R,|=—1
n—oo N n—-oon

for some positive numbers o, T. Then 0 is irrational and has irrationality exponent 1(0) < 1+ Z.
Lemma 2 (M. Hata). Let 6 be a real irrational number satisfying

R,=A,0—-B,, n=12,...,

for some A, B, € Z. Suppose that

1 1
lim —log|A,| =0, limsup —log|R,| < —71
n—oon n—oo N

for some positive numbers o, t. Then the irrationality exponent u(6) <1+ Z.

In Sections 1 and 3, we prove analogous statements for the irrationality base 8(6). Then in
Sections 2 and 3 we apply them to obtain the conditional upper bounds for B(y,). Section 4 is
devoted to the conditional upper bounds of the irrationality exponent /().
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1. Some lemmas on irrationality measures
We need the following lemmas concerning rational approximations.
Lemma 3. Let 6 be a real number satisfying R, = A,0 — B,, n=1,2, ..., for some A,, B, € Z.

Suppose that f, g are positive real functions defined in (0, +00), f is monotonically increasing,
and lim,_, « f(n) = +00. Suppose further that

1
limsup —log|A,| <o, o€eR, o>0,
n

n—oo

and

In Ryl = g(n) )]

for all n sufficiently large, where || x|| denotes the distance from x to the nearest integer, and [x]
is the integer part of x. Then, for any & > 0O there exists qo(¢) > 0 such that

‘9_3'> 8(@)

q|” geo+e)f@)
for all integers p, g with g > qo(¢).

Proof. Let p € Z, g € N be arbitrarily fixed numbers. Then, for any positive integer n we have
Rn:An(9_£>_Bn+An£- (2)
q q
Set n = [ f(g)]. Then, multiplying both sides of (2) by g, we have

, 3)

p
‘qAn (6 - g)‘ = |M + g Rull
where M € Z. From (1) it follows that

1
8@ < llgRnll < 5 “4)

for all ¢ > ¢g1. Now if |M| > 1, then the right-hand side of (3) is not less than 1/2. Hence,
according to (4), for any integer M we have

‘qAn (e - 5)‘ > 2(q).

or

‘9_p‘> 8(q)

q|” qlAnl



244 Kh. Hessami Pilehrood, T. Hessami Pilehrood / Journal of Number Theory 123 (2007) 241-253
Since for any ¢ > 0, |A,| < e @+ @ for all q 2 qo(¢), then

p (@)
‘9 B g' > ge@ta @)’

as required. 0O

Corollary 4. Let 0 be a real number satisfying R, = A,60 — B,, n = 1,2,..., for some
Ay, B, € Z. Let f, g1, g2 be positive real functions defined in (0, +00), with f monotonically
increasing, and lim,,_, o f(n) = +o00. Suppose that

1
limsup —log|A,| <o, o€R, o020,
n

n—0o0

and

g1(m) <{nRifmy} <1—g2m) ©)

for all n sufficiently large (where {x} denotes the fractional part of x). Then for any & > O there
exists qo(¢) > O such that

o—P|> min(g1(4). £2(4)) ©
q qe(0+8).f (61)
for all integers p, g with g > qo(¢).
Proof. Inequality (6) follows from the proof of Lemma 3 if we replace | - || by {-} in (3) and use

inequality (5) in place of (4). O

Lemma 5. Let 6 be a real number satisfying R, = A,0 — B,, n=1,2, ..., for some A,, B, € Z,
and

1
limsup —log|A,| <o, o€eR, o0>0.

n—oo N

Suppose that f(x), ¥ (x) are positive real continuous functions defined in (0, 400), strictly in-
creasing for x > xo > 0, with lim, . f (n) =lim,_, o, ¥ (n) = 4+00. Suppose further that

flym)— fn) =1

for all n sufficiently large and

lim f~'(n) - |Ra| =1, (7)
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where =1 is the inverse of f (which exists by the above). Then for any ¢ > 0 there exists a
positive integer qo(e) such that

IS B i 4
‘9 — E’ _ | gy if limg— o0 g5 > 0,
1 e q
a rapeeroraamay s i img—co 5y =0

for all integers p, g with g > qo(¢).
Proof. It follows from (7) that for any ¢ > O there exists a positive integer ko(e) such that

L=e/2 e Lte)2
f1(k)

(8)
forall k > ko(e). Setk = [ f (¥ ((1+&)n))], n > no(e). Then the following inequalities are valid:
f(+en) < f(Y((L+em)) — 1<k < f(¥((1+e)n)),

or
(1+en < £~ &) <y (1 +e)n).

Hence, from (8) we have

1—¢/2 < IRyl < 1+s/2’
Y ((1+¢&)n) (1+4+e)n
i.e.,
(1—¢/2)n 1+¢/2

————— < {nIR} < :
Y ((1+e)n) 1+¢
Thus, according to Corollary 4 (applying inequality (6) with £/2), for all ¢ > g1 (¢) we obtain

1 if U—e/Dg _ /2
0 _ E - gel@+e)f W ((1+e)q) > Y ((1+e)q) I+¢°
q if U—e/Dq o £/2
v((d+e)g) = 1+e°

1
U ((1+¢)q)eC+a) fW{+e)9) °
from which the lemma follows. O

Now, using the fact that the irrationality base 8(6) > 1, we can obtain the following corollar-
ies.

Corollary 6. If under the conditions of Lemma 5 we have

lim >0 and lim m =

n—00 Y (n) n— 00 n

0,
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or
then B(0) = 1.
Proposition 7. Let 0 be a real number satisfying R, = A,0 — B,, n = 1,2, ..., for some

Ay, B, € Z, with

1
limsup —log|A,| <o, o€R, o>0,
n

n—o0

and

lim |nR,|=1, T€R, t>0.

n—0o0

If T =0, suppose also that R,, # 0 for all n > ngy. Then 0 is irrational and
BO) <e". ©)
In particular, if o or T equals zero, then B(0) = 1.

Proof. The irrationality of 8 follows from the standard argument. Suppose, on the contrary, that
0 =p/q, p €Z, q € N. Then, for an arbitrarily small ¢ > 0, there exists a positive number
ni(e) > ng such that

T+e¢
n

T—¢
maX(O, T) <I|qRnl =|Anp —qBnl <q (10)
forall n > ny(e). Since A, p — g B, is a non-zero integer, we have that |A, p — g B, | > 1 and this
contradicts the right-hand side of inequality (10), which tends to zero as n — oo.
If t >0, set f(n) =1n and ¥ (n) =n + 1/t. Then the required inequality immediately fol-
lows from Lemma 5. Letting 7 tend to zero and using Corollary 6, we obtain that (9) holds for
allt>0. O

2. Conditional bounds on the irrationality base for values of the digamma function

In [4] we gave irrationality criteria for the values of the digamma function (or the generalized
Euler constant)
()
INCON

Va =

where o = a /b is arational number, 1 < a < b, (a, b) = 1. The proof was based on the represen-
tation

Im(e) = (mlr:l”’z)ya + Lin(a0) — Am(@), (11)
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where form = (m,my) € N2, m < ma,

mi+oa—1c1 _ \ym _\m
Im(a)://_(xy) l d=x™d=y) 2dxdy, (12)
(1 —xy)logxy

[0,172
and Ly («) is the Q-linear form in logarithms

mp [—1

Lu@=Y>" ("Z‘) (”;:)(Hmlk + Hypy—i — 2H) log(l +my + o — 1)

I=1 k=0
(=== /iy k—1
+ Z Z ) <k2>/< )log(l+m1+a—1), (13)
I=m1+1 k=1 "
<X (my\ (m>
Am@) =) ( B )( i )Hm1+k1<a> €Q.  dym(a.b)Am(@) €Z,
k=0
where d,(a, b) denotes the least common multiple of the numbers a,a + b,...,a + (m —

Db, Lm = Lm(1), dw = dn(1,1) and Hy () = > o1 + @)™, Hy = Hy—1(1). Let n,ry, 1
be positive integers, with m| = rin,my; =ron,m = (m1 ,my). From [4] and [1], and Stirling’s
formula, we have

e n(1+o(1)
Lirin,romy (@) = (W) asn — 0o, (14)
(r1 +r2)n (r1 + )"\ "o
=\—"—7n asn — 00, (15)
rin ryry
do(a, b) = O+ a5y s o0, (16)

where

b
b 1

k=1
(k,b)y=

1
and ¢ is the Euler function.

Theorem 8 (Conditional bounds on B(yy)). Let r1 < ry be positive integers, and o = a/b,
a,beZ,1<a<b, (a,b) =1, satisfying the inequality

2r1log2 + (r1 + r2) log(ry +r2) —rilogry —rplogry > 2r1h(b).

Suppose that there exists a sequence of positive integers ny, k = 1,2, ..., such that
. nk . logk A" (1 4 1) 1172 )
limsup — < o, limsup— <log| ——F——+—), 17
k_)oop S k_)oop - g( 2nh®) 1y 1n
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and

lim k|u — v{darng (@ b) Ly ronp) @)} =, (18)

k— 00

for some integers u, v and non-negative numbers o, t. If T =0, then suppose also that

1
lim —log
k—o00 Ny

2)1h(b) r_.ra
e rl r2

A1 (ry + )1t

u
; - {d2r1nk (a, b)L(rlnk,rgnk)(a)}' # 10g<

Then yy is irrational and the irrationality base of y, satisfies

(ri+r) 42\
ﬂ(ya)s(ez’“b)” N :

)
In particular, if o or T equals zero, then B(yy) = 1.

Proof. We define the integers Ay, By, for k=1, 2, ..., by the formulas

By = verlnk (a, b)A(rlnk,rznk)(a) - U[er] n (a, b)L(rlnk,rgnk)(a)] —u, (20)
(ri+ rz)nk>

rng

Ak = vdorni(a, b)( 2

According to (11), we have Ay, — Bx = Ri, where

Rk = Ud2rl"k (a, b)[(rlnk,”Z"k) (a) +u— U{d2r1nk (a, b)L(rlnk,rznk)(Ol)}.

The asymptotics (14), (15) and (16), together with (17) and (18), imply that

1
lim sup % log|Ax| < a(2h(b)r1 + (r1 +r2)log(ry + ) —rilogry —ralog r2)

k— 00

and limy_, o k| Rx| = 7. Thus, by Proposition 7, the theorem follows. O

Remark. Note that the theorem remains valid if we replace the fractional parts in (18) and (19)
by the distances to the nearest integers.

Setting « =a = b =r; =rp =1 in Theorem 8, we obtain the conditional bound on the irra-
tionality base of Euler’s constant y .

Corollary 9. Suppose that there exists a sequence of positive integers ny, k = 1,2, ..., such that

. ng . logk 4
limsup — < o, limsup — < 2log| -},

k—o00 k—oo Nk e

and

lim k[u — v{dang Lin o} =7
k— o0
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for some integers u, v and non-negative numbers o, t. If T =0, suppose also that

4

Then Euler’s constant y is irrational and has irrationality base

1 u
lim —log|— — {dy,, L
kl)rgo e og y { 2ng (nk,nk)}

B(y) < (2e)*T.

In particular, if o or T equals zero, then B(y) = 1.
3. Another approach to the estimation of irrationality bases

Generalizing Sondow’s arguments in proving conditional upper bounds for the irrationality
base B(y), we can obtain the following statement that is weaker than Lemma 3.

Lemma 10. Ler 6 be a real number satisfying R, = A,0 — By, n=1,2, ..., for some A, € Z,
B, € Q. Let f, g be positive real functions defined in (0, +00), with f monotonically increasing
and lim,,_, » f(n) = oo. Suppose that d, By (n) € Z,

1
limsup —log|A,| <o, o€Z, o0d2>0,
n

n—oo

and

ldn R £l = g ().
Then for any & > 0 there exists qo(¢) > 0 such that

g Pl 8@
q gq(l+8)ef(q)((7+5)
for all integers p, g with g > qo(¢).

Proof. The argument is as for Lemma 3, except that here we multiply both sides of (2) by d,
instead of g. O

Directly from this lemma we have:

Proposition 11. Let 6 be a real number satisfying R, = A,0 — B,, n=1,2, ..., for some A, €
Z, B, € Q. Suppose that dicn) B, € Z for some positive real constant ¢ and

1
limsup —log|A,| <o, oc€R, o>0.
n

n—oo

If

1
liminf ~ 1og [[djcn) Rl > —3 (22)
n—oo n
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for some non-negative number 8, then 0 is irrational and

o+d

BO) et

In particular, if § =0, i.e.,
1
lim — IOg ”d[cn]Rn || = 07
n—-oon

then 0 is irrational and B(0) < ete,
Proof. We show that 6 is irrational. We first note that (22) implies
| dieniRall > 27" >0 forall n > no(e). (23)
Now, if 6 = p/q for some p € Z, g € N, we can choose n > ng(¢) such that [cn] > g. Then
dicn) Ry = dien)AnO — dien)Bn € Z

and, therefore, ||d|¢y) R, || = 0, which contradicts (23). Thus, 6 is irrational. The upper bound for
B(0) easily follows from the proof of Lemma 10. O

Applying Proposition 11 to the Diophantine approximation construction (11), we can obtain
the following.

Theorem 12. Let ry < rp be positive integers and o = a/b, a,b€ Z, 1 <a <b, (a,b)=1.1If

1
liminf — IOg”d[cn]L(rln,rzn) (o) “ > —6 24)

n—oo n

for some real constant ¢ > 2bry and non-negative number §, such that
8 < (r1 +ry)log(ry +ry) +2r1log2 —rylogr; —rplogry —c,

then y,, is irrational and

1
o ((ri4r)1H2Ne
ﬁ(ya)<e”f<ﬁ :

r'n

In particular, if § =0, i.e., if

1
Jim ~log||dien L rin.ram @) =0,

where 2br1 < ¢ < (r1 +rp)log(ry + ) + 2r1log2 — rilogr; — ralogry, then vy is irrational
and

1
(ri +r)"1 2\ ¢
B(Ye) < e(ﬁ .

rnr
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Proof. From (11) we have R, = A,, Yy — B, where

(ri+ron
A, = _< , B, = A(rln,rzn)(a)a
rin

R, = L(r]n,rzn)(a) - I(r]n,rzn)(a)’

diemBn € Z if ¢ > 2bry, and

1
nlin;o - log|Ay| = (r1 +712)log(r1 +1r2) — rilogry —ralogrs. (25)

According to (24) and (14), and the Prime Number Theorem, for any 0 < 2¢ < (r1 +r2) log(r1 +
r2) +2r1log2 — rilogry — rologry — & — ¢, there exists an integer no(e) such that

||d[cn]L(r1n,r2n) (o) ” > e(—B—a)n (26)

and

ecrrlrrz n(l4¢)
\dientIirynromy @) < | 22— 27)
v 47 (ry + )7
.
for all n > ng(e). Setting v =2 — ¢ — log(W) > §+2>2, from (27) and (26), for all
n > max(ng(¢e), (log2)/¢) we have
(—=8—ve)n 1 (—=86—¢&)n 1
|d[cn]1(r1n,r2n)(a)| <e < Ee < E ”d[cn]L(rln,rzn)(a) Ha (28)
from which it follows that
|:|:||d[cn]L(r1n,r2n)(05)|| - d[cn][(rln,rzn)(a)| <1. (29)

Applying inequalities (28) and (29), we obtain that
”d[cn]Rn | = Hd[cn]L(rln,rzn) (a) — d[cn]l(rln,rzn) (o) ”
is equal to ||d[cn]L(r|n,r2n) (@)l id[cn] I(rln,rzn)(a) orl— ”d[cn]L(rln,rzn) (@)l id[cn] I(rln,rzn)(a),

which is not less than ||d[cn] L (ryn,r20) (@)1l — |dien) (10, ron) (@)| (We use here that for any real x,
L — |lx]l = [lx[}). Finally, by (28),

1
”d[cn]Rn” = “d[cn]L(rln,rzn)(a)” - |d[cn]1(r1n,r2n)(a)| > EHd[cn]L(nn,mn) (Ol)”
And therefore,
o1
liminf — log || djcn) Ru | 2 —6. (30)
n—oo n
Thus, from (25) and (30), and Proposition 11, the theorem follows. 0O

For example, from Theorem 12, we have:
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Corollary 13. If

1
lim ; IOg ”d[crz]L(n,n) ” =0

n—o0
for some 2 < ¢ < 4log?2, then Euler’s constant y is irrational and B(y) < 4% e

Remark. From Theorem 12, for the case « =r; =ry =1 and ¢ = 2 we obtain Sondow’s condi-
tional bounds (Theorems 1-3 in [5]) for the irrationality base of Euler’s constant y .

4. Conditional bounds for the irrationality exponent of y,

Here we obtain conditional upper bounds for the irrationality exponent of y, in the same way
as in [5, §4] using Lemmas 1 and 2 (see the introduction).

Theorem 14 (Conditional bounds on u(yy)). Let ri < ry be positive integers, and o« = a/b,
a,beZ,1<a<b, (a,b) =1, satisfying the inequality

2r1 lOgZ + (r1 +r) log(r1 +rp) —r IOg ry—rnr log ry > 2r1h(b).

Suppose that there exists a sequence of positive integers ny, k = 1,2, ..., such that
" 1 u
klifgo %= o, kli)ngo X log {d2r1nk (a, b)L(rlnk,rznk)(a)} —51= -7

for some integers u, v and positive numbers o, T, with
T # 0((r1 + rp)log(ry +r2) +2r1log2 —rylogry — rplogry — 2r1h(b)).
Then yy is irrational and has irrationality exponent |1 (Vo) < Wh(p),o,7, Where

1+ 20 +2rh®)), if 5 <i+2ri(log2 —h(b)),

Kh(b),o,t = 2rih(b . (€29)
tror il+k+;jﬂ(§7gj2<_;l(b», if > % +2r1(log2 — h(b)),

and ) = log(w).

72
)

Theorem 15. Let r, > ry be positive integers, and « = a/b, a,b € Z, 1 <a <b, (a,b) =1,
satisfying the inequality . > 2r1(b — log?2). Suppose that there exists a sequence of positive
integers ny such that limy_, oo ny/k = o and

. 1 u
lim sup . log|{dabrin Lrymg,ran (@)} — - < -1 (32)

k—o00

for some integers u,v and positive numbers o, T. Suppose further that o (2r1(b —log2) — 1)
is not the limit of any subsequence of (1/k)1og|{d2prin; L(riny,ron) (@)} — u/v|. Then vy has
irrationality exponent (Vo) < Ub,o.7, Where Ly o ¢ and A are given by (31).
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Remark. Note that the assertions of Theorems 14 and 15 are valid if we replace the fractional
parts in their hypotheses by the distances to the nearest integers.

References

[1] K. Alladi, M. Robinson, Legendre polynomials and irrationality, J. Reine Angew. Math. 318 (1980) 137-155.

[2] G. Chudnovsky, Hermite—Padé approximations to exponential functions and elementary estimates of the measure of
irrationality of 7, in: Lecture Notes in Math., vol. 925, 1982, pp. 299-325.

[3] M. Hata, Rational approximations to 7 and some other numbers, Acta Arith. 63 (1993) 335-349.

[4] T. Hessami Pilehrood, Kh. Hessami Pilehrood, Criteria for irrationality of generalized Euler’s constant, J. Number
Theory 108 (2004) 169-185.

[5] J. Sondow, An irrationality measure for Liouville numbers and conditional measures for Euler’s constant, arXiv.org:
math.NT/0307308, July 2003.

[6] J. Sondow, Irrationality measures, irrationality bases, and a theorem of Jarnik, arXiv.org: math.NT/0406300, June
2004.



