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1. Introduction

Let A be an abelian variety defined over a number field K. Let P, Q be points in A(K) satisfying
the following condition: for all but finitely many primes p of K, the order of (Q mod p) divides
the order of (P mod p). The support problem asks whether there exists a K-endomorphism of A
mapping P to Q.

If A is K-simple and the points P and Q have infinite order, Khare and Prasad proved in
[6, Theorem 1] that indeed ¢(P) = Q for some ¢ in Endg(A). This result does not hold for general
abelian varieties. However, Larsen proved that there exist a K-endomorphism ¢ of A and a positive
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integer ¢ such that ¢(P) =cQ [7, Theorem 1]. So in general one cannot take c =1 (not even if ¢ is
taken in Endg (A)), as shown by Larsen in [7, Proposition 2].

We study the minimal positive integer ¢ (depending only on A and K) for which the follow-
ing holds: for every pair of points P, Q in A(K) satisfying the condition of the support problem,
there exists a K-endomorphism ¢ of A such that ¢(P) =cQ. It is known that such an integer exists
([13, Proposition 10] or [8, Proposition 4.3 and Theorem 5.2]): we call it the constant of the support
problem. The following question arises:

Question 1.1. Does the constant of the support problem divide the exponent of the torsion part
of A(K)?

The answer is affirmative for simple abelian varieties, as a consequence of [6, Theorem 1]. Larsen
proved in [8, Proposition 4.3 and Theorem 5.2] that the answer is affirmative whenever all the Tate
modules of A are integrally semi-simple [8, Definition 4.1].

In this paper, we use a new method to study the support problem: we view the Mordell-Weil
group as a module over the endomorphism ring and apply the theory of maximal orders in division
algebras.

We prove that the answer to Question 1.1 is affirmative whenever A is a power of a simple abelian
variety Ap such that Endg (A1) is a maximal order in a division algebra. More generally, the answer
is affirmative for products I—[Af" of such powers, provided that Homg (A;, Aj) =0 for i # j, see Theo-
rem 5.1. In particular, the answer is affirmative for at least one variety in every K-isogeny class (this
also follows from the results of Larsen in [8]).

We also construct two counterexamples to Question 1.1 in Section 6. They are respectively of the
following kind: the power of a simple abelian variety whose endomorphism ring is not a maximal
order; an abelian variety which is K-isomorphic (but not K-isomorphic) to the power of an elliptic
curve whose endomorphism ring is a maximal order.

With a similar construction, we answer in the negative to the question of the support problem for
tori, see Section 6.3.

A motivation to study the support problem is given by the following theorem which is a con-
sequence of results on the support problem by Larsen [7], Khare and Prasad [6] and the second
author [13]:

Theorem 1.2. Let A be an abelian variety defined over a number field K. Let R be a point in A(K) such that
7R is Zariski-dense in A. Let S be a set of primes of K of Dirichlet density 1.

1. The sequence

{ord(R mod p)}‘JGS

determines the K-isomorphism class of A and determines R up to K-isomorphism.
2. Let £ be a prime number and write ordy for the £-adic valuation of the order. The sequence

{ord¢ (R mod p)}]JGS

determines the K-isogeny class of A.

We prove this result at the end of Section 4. An important special case is when A is K-simple
because then ZR is Zariski-dense in A for any point R of infinite order. Notice that we had to assume
that ZR is Zariski-dense in A: for example the point R in A and the point (R, 0) in the square of A
give rise to the same sequences.
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2. Aresult on maximal orders

We begin by recalling some notions concerning algebras, modules and orders. We mainly refer
to [14].

Let R be an associative ring with 1, not necessarily commutative and without zero divisors. By
“R-module”, if not specified otherwise, we mean left R-module.

Let M be an R-module. We say that M is torsion-free if for all « € R\ {0} and P € M \ {0},
we have aP # 0. We say that M is divisible if, for every P € M and every o € R \ {0}, there exists
Q € M such that P =«Q.

Definition 2.1. Let G be an R-module. Let M be a torsion-free submodule of G and let P € G. We say
that P is independent of M if P ¢ M for all @ € R\ {0}.

Lemma 2.2. Let G be an R-module. The following are equivalent:

1. G contains a free R-module of infinite rank.
2. For all finitely generated R-modules M C G, there exists some P € G which is independent of M.

Proof. 1= 2: Let n € N be such that M can be generated by n elements. By assumption, G contains
a free submodule 5= RB1 & --- ® RB;41. Suppose that none of the points B; is independent of M.
Then there would exist «; € R \ {0} such that ¢;B; € M foralli=1,...,n+ 1. Since M is generated
by n elements, there must be some non-trivial linear combination Y 8;(«;B;) which is zero. This is a
contradiction.

2 = 1: We reason by induction. Clearly, {0} € G is free of rank 0. Let M C G be a free R-module
of rank n. Since M is finitely generated, there exists a P € G which is independent of M. Then
M + RP ~ R™1, Indeed, suppose that Q + P =0 for some Q € M and « € R. Then aP € M,
therefore « =0 and also Q =0. O

We recall the definition of tensor products for modules over a ring which is not necessarily com-
mutative:

Definition. Let M be a right R-module and A a left R-module. Then the tensor product M ®g N
is the free abelian group on the symbols m ® n, where m € M and n € N, modulo the relations
m+mHY@n=mn+m'nmn+n)=men+men, (mn=mqe (rn) for all m,m e M,
n,neN,reR.

This tensor product is always an abelian group, but in general not an R-module. If M is a two-
sided R-module, then M ®g N becomes a left R-module by defining r(m ® n) := (rm) n.

In this paper, a Q-algebra means a ring D 2 Q which is a finite dimensional Q-vector space. We
do not assume that the centre is exactly Q.

Let D be a QQ-algebra. An order in D is a subring R € D whose additive group is finitely generated
and such that QR = D. A maximal order is an order which is not contained in any larger order. If D is
a number field, the ring of integers is the unique maximal order.

Proposition 2.3. Let R be a maximal order in a Q-division algebra D. The centre of R is the ring of integers of
the number field K, where K denotes the centre of D.

Proof. Let Ok denote the ring of integers of K. We have QR = D, therefore the centre of R is RN K.
Since RN K is an order in K, we must have R N K C Ok. Conversely, OgR is an order in D. Since R
is a maximal order, this implies that Og C R. We conclude that Ox = RN K. O

Lemma 2.4. Let D be a Q-division algebra and let R be a maximal order in D. Let M be a finitely generated
and torsion-free R-module. Then M is projective.
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Proof. Since R is a maximal Z-order in the Q-algebra D, it follows from [14, (21.4)] that R is a left

(and right) hereditary ring. Such rings have the property that all submodules of free modules are

projective, see [14, (2.44)]. So it suffices to show that M can be embedded in a free R-module.
Define V := D ®g M. Since M is torsion-free, the map

O M—>DQRXrM; m—1Qm

is an embedding of R-modules. Let {v1,...,Vv;} be a basis of V as D-vector space. Since QR = D,
there exists b € Z \ {0} such that b6(M) is contained in Rv{ & --- ® Rv,. Then the map M — V :
m > b (m) embeds M into R". O

Theorem 2.5. Let D be a Q-division algebra and let R be a maximal order in D. Let G be an R-module
containing a submodule isomorphic to RN. Let M C N be finitely generated and torsion-free submodules
of G. Then there exists a finitely generated free module F C G such that F NN = M.

Proof. By Lemma 2.4, M is projective. This means that there exists an abstract R-module A such
that M @ A~ R" for some r > 0.

By Lemma 2.2, there exists B1 € G which is independent of V. Since N/ and RB; are torsion-free,
also N @ RB; is torsion-free. Analogously, we can find By, ..., B, in G such that, for all k=2,...,r,
the point By is independent of N'® (B, ..., Bx_1). Eventually, we get a finitely generated and torsion-
free module '@ (B, ..., By).

Since M @® A>~R"~ (Bq,...,B;), we can see A as a submodule of (B1,..., B;). Now M and A
are submodules of G satisfying M N AC N N (By,...,B:)={0}. Let F:= M @ A. We clearly have
MCFNN.

Let P € FNN. We need to show that P € M. We can write P = P + P4 with Pxq € M and
P4 € A. Since P e N and Pq € N, we also have P4 € N. But NN A = {0}, therefore P 4 =0 and
P=Pp. O

3. Preliminaries on abelian varieties

Let A be an abelian variety defined over a number field K and let L be an extension of K. We write
End; (A) for the ring of endomorphisms of A which are defined over L. Let D := Endg (A) ®z Q. Then
D is a finite dimensional (Q-algebra and Endg (A) is an order in D. If A is K-simple, then Endg(A)
does not contain any zero divisors and D is a division algebra.

The group A(K) is a divisible Z-module [11, Theorem 7.2]. If A is K-simple, then A(K) is also a
divisible Endg (A)-module: this is because every non-zero element of Endg (A) is an isogeny and thus
it divides the multiplication by some non-zero integer.

Definition 3.1. We say that a point in A(K) of infinite order is independent if it generates a free
Endg (A)-module or, equivalently, a free Endy (A)-module. This is also equivalent to the fact that ZR
is Zariski-dense in A. See [12, Section 2]. We say that finitely many points {Pq,..., Py} on n abelian
varieties A1, ..., A, are independent if the point (Pq,..., Py) in ]_[?:1 A;(K) is independent.

Proposition 3.2. Let K be a number field and fix an algebraic closure K of K. Let F C K be a finite extension
of K. Then there exists an extension E C K of K such that E N F = K and such that, for every abelian variety
A/K of positive dimension, A(E) has infinite rank.

Proof. Without loss of generality, we may assume that F/K is Galois. Let {01, ..., 0.} be generators
of Gal(F/K). We can equip Gal(K/K) with the normalized Haar measure and consider the product
measure on Gal(K/K)¢. By translation invariance, the set of all lifts of (071, ..., 0e) in Gal(K/K)€ has
the same measure as the set of lifts of (id, ..., id). Therefore, the set of lifts of (o071, ..., 0.) has positive
measure [F : K]7¢ [3, Lemma 1.1]. So by [3, Theorem 9.1] there exists a lift (t1,..., Te) of (01, ..., 0¢)
in Gal(K/K)¢ such that the following holds: for all abelian varieties A/K of positive dimension, the
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rank of A(E) is infinite, where E is the subfield of K fixed by {t1, ..., Te}. Every element of FNE
must be fixed by {01, ..., 0.}, therefore ENF =K. O

Every simple abelian variety is isogenous to a simple abelian variety whose endomorphism ring is
a maximal order in a division algebra:

Proposition 3.3. Let A be an abelian variety defined over a number field K and assume that A is K-simple.
Let R :=Endg (A) and D := R ®7 Q. Let A be a maximal order in D. There exists an abelian variety B defined
over K which is K-isogenous to A and such that Endg (B) >~ A.

Proof. Since R and A are full-rank lattices in the same Q-vector space, we can take an n € Z \ {0}
such that nA C R. Define

A:=nA and H:={TeAK)|A-T=0}.

Since H is contained in A[n], it is a finite group. Consider the quotient abelian variety B := A/H.
Since the endomorphisms in A C R are defined over K, it follows that H is stable under Gal(K/K).
Therefore, B and the projection isogeny 7 : A — B are defined over K.

Now we prove that the endomorphism ring of B is A. Since A and B are K-isogenous, they have
the same K-endomorphism algebra; hence, Endg (B) is an order in D. Since A(K) is divisible, we
can write every point P in B(K) as P = n(nf’) for some P e A(K). Let o be in A and remark that
on =na belongs to R. Thus we can define

aP :n((om)f)).

This definition does not depend on the choice of P. Indeed, let P = n(nf’/). Then the difference
n(f’ — 13’) is in H because 7 mabps it to 0. This implies An(f’ — f’/) =0. Since A is a right A-module,
we have Aan C An and so Aom(f’ — f’/) =0. This means that n((an)f’) = n((an)f)’).

It is clear that o is an endomorphism and that the above map A — Endg(B) is an injection of
rings. Since A is a maximal order, this must be an isomorphism. O

4. The condition of the support problem

Let A be an abelian variety defined over a number field K and let P and Q be points in A(K). The
support problem asks whether there exists a K-endomorphism of A which maps P to Q, provided
that the following condition is satisfied:

Condition (SP). For all but finitely many primes p of K, the order of (Q mod p) divides the order of
(P mod p).

We reformulate the condition of the support problem by using Endg (A)-modules instead of points
on A(K). Let Q be a point in A(K) and let M be an Endg (A)-submodule of A(K). The condition of
the support problem for modules is the following:

Condition (SPM). For all but finitely many primes p of K, the order of (Q mod p) divides the exponent
of (M mod p).

The question now is whether Q belongs to M. For free modules, we have the analogue of
[13, Proposition 9]:

Theorem 4.1. Let A be an abelian variety defined over a number field K. Let F be a free Endg (A)-submodule
of A(K) and let Q € A(K). If Q and F satisfy Condition (SPM), then Q € F.
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Proof. Let {Pq,..., P,} be a basis of F and consider P’ = (Pq,..., Py) € A"(K). Since F is a free
module, the point P’ is independent in A". Then we can apply [13, Proposition 9] to the points
P'=(Py,...,Pp)and Q' =(Q,0,...,0) in A"(K). We find Q" = ¢(P’) for some ¢ € Endg (A"), which
implies Q e 7. O

It is important to note that Conditions (SP) and (SPM) do not depend on the field: if the condition
is satisfied over a field K, it is also satisfied over any finite extension.

In this paper, coherently to the other references on the support problem, we consider Condi-
tions (SP) and (SPM) for all but finitely many primes p of K. However, it is possible to require the
conditions only for a set of primes p of K of Dirichlet density 1. The same results hold as soon as the
proofs are based on the Cebotarev Density Theorem. For example, one has:

Theorem 4.2. (See [13, Corollary 8 and Proposition 9].) Let A and A’ be products of an abelian variety and a
torus defined over a number field K. Let R be a point in A(K) and let R’ be a point in A’(K). Let £ be a rational
prime and let S be a set of primes of K of Dirichlet density 1. Suppose that for every p € S we have

ordg(R mod p) > ord (R’ mod p).

Then there exist ¢ € Homy (A, A") and a non-zero integer ¢ such that ¢ (R) = cR’. If ZR is Zariski-dense in A,
one can take ¢ coprime to {.

Corollary 4.3. Let A be the product of an abelian variety and a torus defined over a number field K. Let R be a
point in A(K) such that ZR is Zariski-dense in A. Let S be a set of primes of K of Dirichlet density 1.

1. The sequence

{ord(R mod p)}pes

determines the K-isomorphism class of A and determines R up to K-isomorphism.
2. Let £ be a prime number and write ordy for the £-adic valuation of the order. The sequence

{ord¢ (R mod p)}]JGS

determines the K -isogeny class of A.

Proof. Let A’ be the product of an abelian variety and a torus defined over K and let R’ be a point in
A’'(K) such that ZR’ is Zariski-dense in A’. Suppose that ord,;(R mod p) = ord,(R’ mod p) for ev-
ery p € S. Then by Theorem 4.2 there exist an integer c¢ coprime to ¢ and a K-homomorphism
¢ from A to A’ mapping R to cR’ and analogously there exist an integer ¢’ coprime to £ and a
K-homomorphism ¢’ from A’ to A mapping R’ to ¢’R. Then ¢’ o ¢ maps R to c’cR. Since ZR is
Zariski-dense in A, we deduce ¢’ o ¢ = [c/c]. In particular, ¢ is an isogeny of degree coprime to .
Now suppose that ord(R mod p) = ord(R’ mod p) for every p € S. Then we can take c =c’ =1 (con-
sider a suitable finite linear combination of the isogenies obtained for each prime ¢). Thus ¢ is a
K-isomorphism mapping R to R’. O

5. Positive results for the constant of the support problem

In this section, we prove that Question 1.1 has an affirmative answer provided that the abelian
variety is of the following type: it is the product of powers of simple abelian varieties, which are in
pairs non-isogenous and whose endomorphism rings are maximal orders in division algebras.

We start with the torsion-free case.
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Theorem 5.1. Let Ay, ..., Ap be abelian varieties defined over a number field K and let A := A1 x --- X Ap.
Suppose that all A; are K-simple and that Homg (A;, Aj) = {0} whenever i # j. Assume that every Endy (A;)
is a maximal order. Let M be an End (A)-submodule of A(K) and let Q € A(K). If Q and M satisfy Condi-
tion (SPM) and M is torsion-free, then Q € M.

Proof. Let R :=Endg(A). The assumptions on A imply that R >~ Endg (A1) x --- x Endg (A). Define
M; as the projection of M onto the factor A;(K). So M; is an Endg (A;)-module and we have

M=Mjx---x Mp.

Let A/ := M + RQ. Analogously, we can write A" =AN7 x --- x Nj.

Since every Endg (A;) is a finitely generated group, there exists a finite extension F of K such that
Endg (A;) =Endp(A;) for all i. We apply Proposition 3.2 to find a field E C K such that ENF =K and
such that every A;(E) has infinite rank as a Z-module. Clearly, Endg(A;) = Endg (A;) for all i. Recall
that every non-zero element of Endg (A;) divides a non-zero integer. Then, by applying Lemma 2.2, it
easily follows that A;(E) contains a free Endg (A;j)-module of infinite rank.

The modules M and N are finitely generated since A(K) is finitely generated. By assumption M
is torsion-free; we now prove that A/ is torsion-free. Let e be the exponent of Ny, and suppose e > 1.
For all i =1,...,n, Theorem 2.5 (with G := A;(E) and R := Endg(A;)) shows that M; is contained
in a finitely generated free Endy(A;)-module F; C A;(E). For every i, let {F,..., Fi;} be a basis
for 7. Let L C E be a finite extension of K where all points F;; are defined. Since the points {F;;}
are independent, by [12, Proposition 12] there exists a positive density of primes p of L such that for
every i and j the order of (F;; mod p) is coprime to e. Hence, the exponent of (M mod p) is coprime
to e. After removing finitely many primes p we may assume that ord(Q mod p) | exp(M mod p) and
also that exp(Nior mod p) = e. It follows that the exponent of (N mod p) is coprime to e. We have a
contradiction: the exponent of (N mod p) is a multiple of e, but it is also coprime to e.

We can apply Theorem 2.5 on M; C N, for every i =1, ...,n. We find that M; is contained in a
finitely generated free Endg (A;)-module F; € A;(E) such that F; N A; = M. These free modules F;
can be chosen of arbitrarily large rank, so choose them such that their ranks are all equal to some
r>0.Then F := F; x---x Jy is a free R-module of rank r such that FNA = M. Let L C E be a finite
extension of K such that all points of F are defined over L. Since Q and F satisfy Condition (SPM)
and F is free over End;(A) = R, Theorem 4.1 implies that Q € 7. Thus Q e FNN =M. O

Corollary 5.2. Let A be an abelian variety defined over a number field K. Suppose that A = ]_[?:] Af‘ is the
product of powers of K-simple abelian varieties, which are in pairs non-K-isogenous. Suppose that Endg (A;)
is a maximal order for every i =1,...,n. Let P and Q be points in A(K) satisfying Condition (SP). Suppose
that the Endg (A)-module generated by P is torsion-free. Then there exists ¢ in Endg (A) such that ¢ (P) = Q.

Proof. Let A= A; x --- x A, and M = Homg (A, A) - P. The assumption on P implies that M is a
torsion-free Endg (A)-module. Notice that the identity of Endg (A) can be written as i1+ - -+ BmOm
for some m € N, where o; € Homg (A, A) and f; € Homg (A, A).

Let o be any element of Homg(A,A) and let Q := ¢ Q. If p is a prime of K, we have
ord(Q mod p) | ord(Q mod p) and ord(B;j; P mod p) | ord(e; P mod p) for every i =1,...,m. We de-
duce that ord(P mod p) | exp(M mod p) and then that Q and M satisfy Condition (SPM). By applying
Theorem 5.1, we get that Q € M.

Since o was chosen freely, for every i =1, ..., m there exists y/; € Hom(A, A) such that o;Q = v;P.

Thus Q =Y ; BiiQ = O_; Bivi)(P). O

We now turn our attention from torsion-free Endg (A)-modules to the general case. Consider the
following property:

Definition 5.3. Let R be a ring and let M be an R-module with a finite number of elements. We
call M semi-cyclic if the following property is satisfied: for any two elements T; and T, in M with
ord(Tq) | ord(T3), we must have that T{ = ¢T, for some ¢ € R.
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This notion of semi-cyclic is “in between” the notions of cyclic group and cyclic module. Indeed,
an R-module whose additive group is cyclic, is obviously semi-cyclic. On the other hand, a finite
semi-cyclic R-module is generated (as R-module) by any element of largest order.

Let A be an abelian variety defined over a number field K. Whenever the torsion part of A(K) is
not a semi-cyclic Endg (A)-module, the constant of the support problem is greater than 1 (take P and
Q independent torsion points of the same order).

Corollary 5.4. Let A be as in Corollary 5.2. Let ¢ € N be such that ¢ - A(K)or is a semi-cyclic Endg (A)-
module. Let P and Q be points in A(K) satisfying Condition (SP). Then there exists ¢ in Endg (A) such that
Q =¢(P)+ T forsome T € A(K)[c].

Proof. Let M be the Endg (A)-module generated by P and let e be the exponent of the torsion part
of M. By applying Corollary 5.2 to eP and eQ, we find ¢ (eP) =eQ for some ¢ in Endg (A).

Let T := Q —¢P, then ord(T) | e. Let T, be a torsion point in M of order e and write T, = t P. The
fact that cA(K)r is semi-cyclic implies that ¢T = ¢ cT, for some € Endg(A). Now we can write
Q=(@+vYT)P+ (T —yTe) with c(T —y¥Te)=0. O

This corollary has two important special cases. Firstly, if A(K)¢r is semi-cyclic then we can take
c=1 and we find that Q = ¢(P) for some ¢ € Endg(A). Secondly, since the zero module is semi-
cyclic, we can always take c to be the exponent of A(K)¢r. Then we have Q = ¢(P) + T for some
T € A(K)tor and ¢ € Endg (A).

The question whether or not (SP) implies Q = ¢ (P)+T for some torsion point T in A(K) has been
investigated by Larsen and Schoof in [8] and [9]. They showed in [9] that this is not true in general.
However in [8, Proposition 4.3 and Theorem 5.2] Larsen proved that the above property holds for at
least one variety in every K-isogeny class (whenever all Tate modules of A are integrally semi-simple
[8, Definition 4.1]). This also follows from our results: by the Poincaré Reducibility Theorem and by
Proposition 3.3, in every K-isogeny class there is at least one variety satisfying the hypothesis of
Corollary 5.2.

6. Refined counterexamples to the support problem
6.1. First counterexample

We construct a counterexample to Question 1.1. The abelian variety in this counterexample is the
square of an absolutely simple abelian variety whose endomorphism ring is not a maximal order.

Let ¢7 be a primitive seventh root of unity and consider t :=¢7 + g{]. The ring R := Z[21,27?%] is
a non-maximal order in Q(7). Let m:= (2, 27, 2t%), a maximal ideal in R with residue field F,.

In Appendix A, we constructed an abelian variety A defined over a number field K satisfying the
following properties: it is absolutely simple, it has dimension 6, Endg(A) = R and A[2] ~ (R/2R)? x
(R/m)® as R-modules.

Enlarge K if necessary such that the 2-torsion points on A are K-rational, such that all en-
domorphisms of A are defined over K and such that A(K) contains a point of infinite order. Let
Li,...,Lg € A[2] be such that

A[2]=(R/2R)L1 ® (R/2R)L, ® (R/m)L3 & --- & (R/m)Lg.

In the ring R/2R, all elements apart from 0 and 1 have m as annihilator. This implies the following
crucial fact:

Observation 6.1. Every point of A[2] has as annihilator inside Endg(A) either (1), (2) or m =
(2,27,272).
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A result by Bogomolov [1, Corollaire 1] tells us that the image of the 2-adic representation of A
contains an open subset of the homotheties of the Tate module T>A. In particular, there exist an
integer t > 2 and an element of the Galois group which fixes every point in A[2!] and does not fix
any point of A order 2t+1, Then, after extending K, we may assume that all the 2¢-torsion points of A
are K-rational but no point of order 2+! is K-rational. For i € {1,..., 8}, choose T; in A(K) such that
2-1T; = L;. In particular, T; has order 2°.

Let S be a point of infinite order on A(K). Let G := A x A and consider the following points in
G(K):

P=(2S+T1,2tS+T2) and Q =(21°S+T3,0).

We claim that the points P and Q satisfy Condition (SP) for every prime p of good reduction
for A, not over 2. By [4, Theorem C.1.4], the reduction modulo p gives an isomorphism from A[2'] to
(A mod p)[2¢]. If n is the order of (P mod p), we have

2nS+nT1 =0 (modyp) and 2tnS+nT, =0 (mod p). (1)

It follows that (2tnT; mod p) = (2nT, mod p). Then we have 2tnT; = 2nT,. This is only possible if
2tnT1 =2nT, = 0. Since Ann(L) = (2), we have Ann(T;) = (2); hence n is a multiple of 2¢.

From (1) we deduce that (nS mod p) equals (U mod p) for a point U in A[2]. Since nT3 =0, to
prove that (nQ mod p) = 0, it suffices to show that 272U = 0. By (1), we know that (2znS mod p) = 0.
Therefore 2tU = 0. Because of Observation 6.1, this implies 272U = 0.

Suppose that c¢ is an integer such that ¢(P) =cQ for some ¢ in Endg(A). We now prove that
¢ must be a multiple of 2+1. Because A(K) has no torsion point of order 2!*1, this will give a
counterexample to Question 1.1.

Since ¢ (P) =cQ, there exist ¢1, ¢ € Endg(A) such that

$1(2S +T1) + $2(2TS + T2) =27%¢S + T3, (2)
After rearranging the terms:
(27%c —2¢1 —2t¢2)S = 1 T1 + ¢2T2 — cT3. (3)
Since S has infinite order and the points Tq, T, T3 are independent over R/2!R, (3) implies
2t%c—2¢1 -2t =0; ¢ Ti=¢oT2=cT3=0. 4)
Since Ann(T1) = Ann(T) = (2°) and T3 has order 2!, we can divide ¢1, ¢ and c by 2°. So there
exist ¢} and ¢/, in Endg(A) and an integer ¢’ such that ¢1 =2¢], ¢» =2'¢), and ¢ = 2'c’. Then (4)
implies
2t2¢ —2¢] — 214, =0.

An odd multiple of 272 is not contained in the ideal (2, 27). Therefore, ¢’ is even and c is divisible
by t+1.

6.2. Second counterexample

We construct a different counterexample for Question 1.1. Only after a finite extension of the base
field, the abelian variety of this counterexample is isomorphic to the power of an elliptic curve whose
endomorphism ring is a maximal order. The two given points lie on a proper abelian subvariety and
one point is the image of the other by an isomorphism of the subvariety.
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Consider the following elliptic curves over Q:

A: y2 =x + 40,

B: y2:x3+5.

Both A and B have complex multiplication over the field Q(¢3), where ¢3 corresponds to the map
X+ {3x; y — y. This means that End@(A) ~ EndQ(B) ~ 7Z[t3], the maximal order in Q(¢3). The two
curves are isomorphic over Q(+/2) (from B to A, consider 6 : x — 2x; y — 2+/2y). However, the two
curves are not isogenous over Q. Suppose there is an isogeny « € Homg(A, B). Then 6 o @ is an
endomorphism of A defined over Q(+/2). Since EndQ(ﬁ)(A) =Endg(A) and « is defined over Q, it
would follow that 0 is also defined over Q.

The map 6 induces an isomorphism of Galois modules from B[2] to A[2]. Thus the group

H:={®T,T) e (AK), B(K)) | T € B[2]}
is Gal(Q/Q)-stable. It follows that the abelian variety
G=((AxB)/H) x B

is defined over Q. We claim that G[2](Q) is zero. Since B has no torsion over (Q, it suffices to show
that (A x B)/H has no 2-torsion over Q. Over Q(+/2), we have

(AxB)/H=(AxB)/{(6T,T)} ~ (B x B)/{(T,T)}

~ (B x B)/{(T,0)} ~B/B[2] x B~ B x B.

Since B[2](Q(+/2)) = {0}, it follows that (A x B)/H has no 2-torsion over Q.
The point R = (—1, 2) in B(Q) has infinite order. Define the following points in G(Q):

P=([(0,R)],0); Q =([(0,0)], R).

The two points belong to the abelian subvariety ({0}xB)/H x B >~ B x B. The isomorphism which
switches the two factors maps P to Q. In particular, the points P and Q satisfy Condition (SP).
We now prove that the above points provide a counterexample to Question 1.1. Since G[2](Q) is
zero, it suffices to show that if ¢(P) =cQ for some ¢ in Endg(G) and c € Z, then ¢ must be even.
Let @ be the composition

AxBZ> (AxB)/H< G- ¢ 5B

where 7 is the quotient map, ¢ is the inclusion and 7 is the projection of G onto its direct factor B.

Having @ : A x B — B is equivalent to having @4 in Homg(A, B) and ®p in Endg(B). We know
that @, is zero since A and B are not Q-isogenous. Since ¢ (P) =cQ, we deduce that @g(R) =cR;
hence &g is the multiplication by c. Let (T, T) be a non-zero element of H. Notice that the order
of 6T equals the order of T. If c is odd, we have a contradiction:

0=®4(0T)=®@OT,0)=P(0,—T) = ®g(—T) = —cT #0.
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6.3. The support problem for tori

Let G be a torus defined over a number field K and let P and Q be points in G(K) satisfying
Condition (SP). The support problem asks whether there exists a K-endomorphism of G mapping P
to Q.

If G is one-dimensional then ¢(P) = Q for some ¢ in Endg(G), as follows from a result by Khare
[5, Proposition 3]. The second author proved in [13, Proposition 12] that if G is split then ¢(P) = Q
for some ¢ in Endg (G). Furthermore, she proved that in general ¢(P) =dQ for some ¢ in Endg (G),
where d is the degree of the smallest Galois extension of K splitting the torus [13, Lemma 2 and
Proposition 12]. We now answer in the negative the question of the support problem for tori.

Let T be any torus satisfying the following property: the intersection T, N Ty of the maximal
anisotropic subtorus with the maximal split subtorus is non-trivial (this intersection is always finite,
see [2, Chapter III, Section 8.15, Proposition]). Let R be a point in T4(K) which is independent: this
amounts to choosing some multiplicatively independent elements in K*. Then a counterexample is
given by:

G=TxTy; P =(R,0); Q =(0,R).

It is clear that the points P and Q satisfy Condition (SP). By [13, Main Theorem], we have ¢ (P) =cQ
for some minimal positive integer ¢ and for some ¢ in Endg (G). Let @ be the composition

TS6-2% 65Ty

where ¢ is the inclusion and 7 is the projection of G onto T4. Since ®(R) =cR and R is inde-
pendent in Ty, the restriction of @ to Ty is the multiplication by c. Because Homg (T, Tg) is zero
[2, Chapter III, Section 8.15, Proposition], the restriction of @ to T, is zero. We deduce that the points
in (T N T4)(K) are killed by the multiplication by c. So ¢ must be a multiple of the exponent of the
group (Tq N T¢)(K) and in particular it is not 1.

Since ¢ divides the degree of the smallest Galois extension of K splitting the torus [13, Lemma 2
and Proposition 12], we also provided an alternative proof of the following: for every torus T de-
fined over a number field K, the exponent of (T, N Tq)(K) divides the degree of the smallest Galois
extension of K where T splits.
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Appendix A

In this appendix, we construct an abelian variety for the counterexample in Section 6.1.

Let ¢7 be a primitive seventh root of unity and consider t :=¢7 + {7_1. The minimal polynomial
of T is x3 +x% — 2x — 1. The number field Q(t) is totally real and Galois with ring of integers Z[t].
The ring R := Z[27,27?%] is a non-maximal order in Q(7). Let m := (2,27, 272) be a maximal ideal
in R with residue field [F.

Theorem A.1. There exist a number field K and an abelian variety A defined over K which is absolutely simple
of dimension 6, with Endg (A) = R and such that A[2] ~ (R/2R)? x (R/m)® as R-modules.

The outline of the construction is the following: We define a lattice A in C®, by which we mean a
discrete subgroup of C® of rank 12. We show that the complex torus .4 := C®/A is an abelian variety
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by exhibiting a positive definite hermitian form on C® whose imaginary part takes integer values on
A x A. We check that Endc(A) is R and that A[2] ~ (R/2R)? x (R/m)® as R-modules. We conclude
by applying a result on the specialization of abelian varieties.

Proof of Theorem A.1. Consider the following matrices, where 03 denotes the zero matrix of dimen-
sion 3 by 3:

0 0 1 2 -1 2
10 2 05 -1 2 =2 05
0 1 -1 2 -2 5
M= oo 1| %= 2 -1 2
05 1 0 2 0; -1 2 =2
0 1 -1 2 -2 5

These matrices satisfy XM = MT X. The minimal polynomial of M is x3 4+ x2 —2x — 1. This implies that
ZIM] = {agls + a1M + azM? | ag, a1, ap € Z} is a commutative integral domain isomorphic to Z[t]. The
characteristic polynomial of X is (x — 1)*(x — 7)2 so in particular X is positive definite.

Fori=1,...,6 we call e; the column vector that has only one non-zero entry, located at the i-th
row and of value 1. Notice that we have

e;=Me;; e3=M%e;; e5=DMes; eg=M>e,4.
Let o1, ..., a9 be real numbers such that {1, a1, ..., g} is a Q-linearly independent set. Let w be a
positive real number such that w? is not equal to f (a1, ..., a9) for any polynomial f € Q[xq,...,Xq]

of degree at most 2. Write

(03] (07}
o U5
r— a3 : s— (o7
(07} o7
a5 asg
(o7} Q9
and define
e7 =T+ (wi)ey; €10 =S+ (wi)ey;
eg =2Mey =2M1‘+(2(1)i)€2; €11 =2Me10=2Ms+(2a)i)e5;
eg =2M%e; = 2M?r + Qwi)es; e =2M?ejo = 2M?s + (2wi)es.
By the choice of the «;’s and of w, the vectors eq, ..., e are R-linearly independent. We define

A to be the Z-span of {eq,...,eq;} inside C8.
Consider the following positive definite hermitian form on C®:

Hx,y) = (X" Xy)o ™.
Let E be the imaginary part of H, which is an R-bilinear alternating form on C®. Since XM = MTX,
we have E(Mx,y) = E(X, My). Using this property, one can easily check that E(x,y) € Z for all x and y
in A. Thus the complex torus A :=C®/A is an abelian variety of dimension 6 [11, Corollary, p. 35].
We can write A = Z5 4+ 275, where §2 = (e7|eg|eg|eigle11]e12). The imaginary part of £2 is

J(£2) = (e1|2e2|2e3]eq|2es|2e5)w.

The real part N(£2) is a matrix whose entries are linear combinations of the «;’s.
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The C-endomorphisms of A are the C-linear maps o : C® — C® such that o (A) C A. Let S be a
6 x 6 matrix over C defining an endomorphism. We first show that S has integer coefficients, and
then that it belongs to Z[2M, 2M?3].

Since S maps e1,...,es into A, there exist two 6 x 6 matrices A; and A, with coefficients in Z
such that S = A1 + £2A,. Similarly, ey, ..., ez get mapped into A so we have integer matrices B; and
B, such that S£2 = By + £2B>. By equating the two ways of writing S$2, we get

A2+ (A12 — 2By) — B1 =0.
Taking the real part of the above equation yields:
R(2)A2R(2) + (A1R(2) — R(2)B2) — By

=3(2)A23(82)

= (e1]2e;|2e3es|2es]2e5) Aa (€1 |2€;]2e3 4| 2e5 | 2e6) w?.

The assumption on w? then implies that A, = 0. Hence S is a matrix with integer coefficients.
Since S maps e7 into A, there exist cq, ..., c12 € Z such that Se; = Z}il cjei. Define

C1:=ci1ls + 2M + csM?; Ca :=calg + csM + cgM?;
C7:=c7lg + 2csM + 269M2; Ci0:=c10l6 +2c11M + 2C12M2.

Then we have

Se; = C1eq + Cae4 + C7e7 + Croe€10.

The entries of 91(Sey) and of R(C7e; + Cipeqp) are linear combinations of a1, ..., ag. Thus the
entries of (Cieq + C4e4), which are integers, must be all zero. So we have %i((S — C7)e7) = N(Cipe10).
By looking at the sixth entry, we get that a linear combination of «;, ..., ag is equal to

2¢12007 + (2¢11 — 2¢12)a8 + (€10 + 2€11 + 6C12) 9.

By the independence of the «;’s, we deduce that ci9 = cq1 = c12 = 0; hence Ci9 = 0. So we have
Se; = C7e7. Again by the independence of the «;’s, we deduce that S = C7. This means that S belongs
to Z[2M, 2M?].

It can easily be checked that every element in Z[2M, 2M?] defines an endomorphism of .A. Since
Z[2M, 2M?] ~ Z[27, 272] as rings, we conclude that Endc(A) = R.

We now study the action of Endc(A) on A[2]. Define T; :=e;/2+ A for all i=1,...,12. Since
A[2] = (34)/4, it is clear that

12
A1~ EP(Z/27)T;.

i=1

For alli=1,...,6, we have 2MT; =0 and also 2M?T; = 0. It follows that (Z/2Z)T; is an R-module
isomorphic to R/m. On the other hand, we have 2MT; = Tg and 2M2T7 = Tq. This implies that
@?:7(Z/2Z)T,- is an R-module isomorphic to R/2R. Similarly for @Elo(Z/ZZ) T;.

Let F = Q(z1,...,25) be a finitely generated subfield of C such that A is defined over F, all
2-torsion points of A are F-rational and Endr(A) = Endc(A). Call k the relative algebraic closure
of Q in F, which is a number field. Choose an affine variety V over k whose function field is F. We
can specialize A with respect to the k-points of V. After replacing V by an open affine subvariety,
we may assume that the specialization is injective on the finite set .4[2] and that the dimension of
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the specialized variety is dimc A = 6. By [10, Theorem, Section 1] there exists a specialization A of A
which is an abelian variety over a number field K 2 k such that End (A) = Endc(A) = R. Since A[2]
is mapped injectively into A[2], they are isomorphic as R-modules. Finally, A is absolutely simple by
the Poincaré Reducibility Theorem because R has no zero divisors. O
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