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Let p be an odd prime number and n a natural number. As usual @ and Z mean the
field of rational numbers and the ring of rational integers, respectively. Skula [4] obtained
a system of generators of the minus part of the Stickelberger ideal of the p™-th cyclotomic
field F' = Q(¢), where { = (pn is a primitive p™-th root of unity, and gave an alternative
proof for the formula of Iwasawa [3] concerning the relative class number of F. In the
previous paper [1] we considered the Stickelberger ideal of a quadratic extension L of F'
obtained by adjoining /m, where m is a square-free rational integer.
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Now, L has an imaginary subfield K distinct from F with [L : K] = 2; we call K
a quadratic twist of F'. In this paper we get a system of generators of the minus part of
the Stickelberger ideal of K. Obviously K is a quadratic extension of the maximal real
subfield F'™ of F, and coincides with F+((¢ —(~1)y/m) or F+(y/m) according as m > 0
or m < 0.

We may assume without loss of generality that m is prime to p. Let g be a primitive
root modulo p”, and put r = (1/2)(p — 1)p"~!. The Galois group Gal(L/Q) has two
generators o and 7 such that

CU = Cga \/EU = \/E7
CT = Ca \/ET = 7%

In what follows, we denote the restrictions of ¢ and 7 to K again by ¢ and 7, respec-
tively. Then the Galois group G = Gal(K/Q) is generated by o and 7, and we see that
o"=71ifm >0,and ¢” = 1 if m < 0. Let x be a quadratic Dirichlet character associated
with Q(v/m), and d the conductor of x. We note that x(—1) = 1 or —1 according as
m >0 orm <0.

For a rational integer k£ > 0, let g be a rational integer which satisfies 1 < g, < p™—1
and gr = ¢g* (mod p"). The Stickelberger element 6 of level dp™ in Z[G] is defined as the
restriction of that for the dp™-th cyclotomic field to its subfield K:
when m > 0

r—1

0= dp% Z((Z(Wr (ap" + gi) + Z(HT% (apn + 9i+r)>0i

=0 a

(i) (i4n)+ A
+ <Z (ap™ + gi) + Z (ap™ + gi+7~)>O'ZT),

and when m < 0

r—1

9 — dp% Z((Z(i)-i_(apn + gi) T ;(i-&-r)"r(apn + gi—H*))O—i

1=0 a

(i)_ n (7'+T)_ n —
(X w0+ S (w0 o),
Herein Z(kH and Z(k)_ denote the summations taken over 0 < a < d — 1 such that

x(ap™ +agk) =1 angl x(ap™ + gi) = —1, respectively. Let S = Z[G]0 N Z[G], which is
called the Stickelberger ideal of Z[G].

Note that 7 acts on K as complex conjugation. For a Z[G]-module M, we denote by
M~ the submodule of all elements o in M satisfying ra = —a.
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Now, let Z;;é (z;07+y;oi7) be an element in Z[G]. We then consider the condition for

r—1
&= <Z(Ijaj +yj0j7')>9
§=0
to be in Z[G]~. For k > 0, let A = Z(kHa and A, = Z(k)fa. Since gx + gryr = p"

for k > 0, we see

AT (AT AL+ E) e+ (A + AL+ E)o i) i m >0,
LTS (AT + A+ ST (A7 + A, + 20)0 i) i m <0,

Herein ¢(d) is the Euler function. Since x((d — 1 — a)p™ + giyr) = x(—=1)x(ap™ + ¢;), we
have that when m > 0,

A++AZ+T—A +A L, = @(d—l),
and when m < 0,
d
A++Az+r _A +Az+r - M(d_ 1)

Then we obtain that

r—1

0= ;%((é(flf — A7)+ @)w + (é(Ai —Af) + @)a—%)
and
$= 22(@(% vi) (Al — Aiy) + @(%‘ + yj))U_i
+ (s~ Ui = A8,) + £ ) ) ir) ()
Lemma 1. We have £ € Z[G] unless m = —1 or —3. When m = —1, ¢ € Z[G] if

and only if Tl = T.;ly< mod 2), and when m = =3, £ € Z|G] if and only if
L j—lO J 7=0 97
Z;;o Tj = Z;;o y; (mod 3).

Proof. From (%), for £ to be in Z[G], it suffices to show d¢ = 0 (mod d). We see from
the definition of 8 that

e (Bt + B )Y (07" + 07'r) (mod d) if m >0,
7% =
25 (B+ i+ B~o~'r) (mod d) if m <0,
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where BT and B~ are sums of 1 < a < d — 1 such that x(a) = 1 and x(a) = —1,
respectively. We here note that BY + B~ = 0 (mod d). Hence we have that

0 (mod d) if m >0,
dp"& = 227‘«71(( +Zj 0$J+B Zj OyJ)
+ (B~ Zg Ox] B*ZJ Oy])a ‘1) (mod d) if m < 0.

It is easy to see that if m < —5, then BT = B~ = 0 (mod d), if m = —1 or —3, then
Bt =1 (mod d) and B~ = —1 (mod d), and if m = —2, then BT = B~ = 4 (mod 8).
Thus we have the assertion. 0O

On the other hand, from () we have that

= 7 :2(( vi) (A — Aly) + w;d) (; +yj)>0_i

+ (é(l‘j —yi) (Al = Aiy) + %d)(xj " yj)) U_iT>

and so

r—1lr—1
E+7E=(d)Y Y (w;+y) (0 +07'7),
i=0 j=0

which implies the following:

Lemma 2. We have 7€ = —£ if and only if Z;;é (xj+y;)=0.

We now put
apg =ws(1—71)0
_ 2 70_1(AJr — A7) (O'_i — U_iT)
T < i i
=0
with w3 = 3 or 1 according as m = —3 or not, and for 1 < j <r—1
o = (1 — 07)9
1 r—1 ) )
=2 (A7 A7) = (AL, —4ny)) (07" —o7'7),
=0

all of which are in S~ by Lemmas 1 and 2.
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We have the following:

Theorem. We have {ag,aq,...,ar_1} as a system of generators of S, and see that S~
is of finite index in Z[G)~ if and only if m > 0 or x(p) = —1, in which case

(Z[G6) 87 = {h} ifm= -1,
2hy  ifm < -1,

where hy; denotes the relative class number of K.

Proof. Suppose that zg,...,Z,_1,%0,...,Yr_1 € Z satisfy Z;;é (zj +y;) = 0 and more-
over Z;;é Tj = Z;;é y; (mod ws). We then see from (*) that

=0
1 r—1r—1 . )
=4 Z Z(xj - yj)(Aerj - Ai—+j) (‘771 - 0'727)
i=0 j=0
1 r—1 )
= a(:L’o - Y0) (Aj' — A;) (072 - 0727)
=0
r—1 1 r—1 ]
S (T -4 o ) )
j=1 i=0

which shows that aq,a1,...,a,.—1 form a system of generators of S~. We define a de-
terminant Dyn () of degree r by

Dy (x) = det(%(“lﬁj - Ai_+j)> N :
0<i,j<r—1
It is easy to see that the absolute value of the determinant of the transformation of
{07 =071, 0 < i < r—1}, asystem of generators of Z[G]~, to {a;, 0 <i < r—1} equals
2w3|Dpn (x)|, and hence that S~ is of finite index in Z[G]~ if and only if Dy (x) # 0, in
which case (Z[G]™ : S7) = 2w3|Dpn (x)|. In [2] we calculated |Dyn(x)| as follows:

|D (X)| _ H::_Ol |%Blﬂb2i+lx| if m >0,
’ (=X)L (3B ifm <.




[ A. Endé / Journal of Number Theory 151 (2015) 1-6

Herein 1) is a primitive Dirichlet character of degree 2r associated with F, and By yr,
is the generalized Bernoulli number belonging to ¢*x. Thus we see that Dyn(x) # 0 if
and only if m > 0 or x(p) = —1. The analytic formula for hy says

_ 2Qk H:;Ol _7131’¢2i+1x if m >0,
K=

—1 _ .
Qruwg H::O 7131711,2«;)( if m <0,

where Qg is the unit index of K and wg is the number of roots of unity in K (cf. [5]).
When m # —1 it is easy to see Qx = 1. When m = —1, we also see Qg = 1; otherwise
there would be a unit (1 + /—1)/a of K with a € F*, from which 2 would be ramified
in F*, a contradiction. From the argument above the assertion follows. O
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