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Let p be an odd prime number and n a natural number. As usual Q and Z mean the 
field of rational numbers and the ring of rational integers, respectively. Skula [4] obtained 
a system of generators of the minus part of the Stickelberger ideal of the pn-th cyclotomic 
field F = Q(ζ), where ζ = ζpn is a primitive pn-th root of unity, and gave an alternative 
proof for the formula of Iwasawa [3] concerning the relative class number of F . In the 
previous paper [1] we considered the Stickelberger ideal of a quadratic extension L of F
obtained by adjoining 

√
m, where m is a square-free rational integer.
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Now, L has an imaginary subfield K distinct from F with [L : K] = 2; we call K
a quadratic twist of F . In this paper we get a system of generators of the minus part of 
the Stickelberger ideal of K. Obviously K is a quadratic extension of the maximal real 
subfield F+ of F , and coincides with F+((ζ − ζ−1)

√
m) or F+(

√
m) according as m > 0

or m < 0.
We may assume without loss of generality that m is prime to p. Let g be a primitive 

root modulo pn, and put r = (1/2)(p − 1)pn−1. The Galois group Gal(L/Q) has two 
generators σ and τ such that

ζσ = ζg,
√
m

σ =
√
m,

ζτ = ζ,
√
m

τ = −
√
m.

In what follows, we denote the restrictions of σ and τ to K again by σ and τ , respec-
tively. Then the Galois group G = Gal(K/Q) is generated by σ and τ , and we see that 
σr = τ if m > 0, and σr = 1 if m < 0. Let χ be a quadratic Dirichlet character associated 
with Q(

√
m), and d the conductor of χ. We note that χ(−1) = 1 or −1 according as 

m > 0 or m < 0.
For a rational integer k ≥ 0, let gk be a rational integer which satisfies 1 ≤ gk ≤ pn−1

and gk ≡ gk (mod pn). The Stickelberger element θ of level dpn in Z[G] is defined as the 
restriction of that for the dpn-th cyclotomic field to its subfield K:
when m > 0

θ = 1
dpn

r−1∑
i=0

((∑
a

(i)+(
apn + gi

)
+

∑
a

(i+r)−(
apn + gi+r

))
σ−i

+
(∑

a

(i)−(
apn + gi

)
+
∑
a

(i+r)+(
apn + gi+r

))
σ−iτ

)
,

and when m < 0

θ = 1
dpn

r−1∑
i=0

((∑
a

(i)+(
apn + gi

)
+
∑
a

(i+r)+(
apn + gi+r

))
σ−i

+
(∑

a

(i)−(
apn + gi

)
+
∑
a

(i+r)−(
apn + gi+r

))
σ−iτ

)
.

Herein 
∑
a

(k)+ and 
∑
a

(k)− denote the summations taken over 0 ≤ a ≤ d − 1 such that 

χ(apn + gk) = 1 and χ(apn + gk) = −1, respectively. Let S = Z[G]θ ∩ Z[G], which is 
called the Stickelberger ideal of Z[G].

Note that τ acts on K as complex conjugation. For a Z[G]-module M , we denote by 
M− the submodule of all elements α in M satisfying τα = −α.
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Now, let 
∑r−1

j=0(xjσ
j+yjσ

jτ) be an element in Z[G]. We then consider the condition for

ξ =
(

r−1∑
j=0

(
xjσ

j + yjσ
jτ
))

θ

to be in Z[G]−. For k ≥ 0, let A+
k =

∑
a

(k)+
a and A−

k =
∑
a

(k)−
a. Since gk + gk+r = pn

for k ≥ 0, we see

θ =
{

1
d

∑r−1
i=0 ((A+

i + A−
i+r + ϕ(d)

2 )σ−i + (A−
i + A+

i+r + ϕ(d)
2 )σ−iτ) if m > 0,

1
d

∑r−1
i=0 ((A+

i + A+
i+r + ϕ(d)

2 )σ−i + (A−
i + A−

i+r + ϕ(d)
2 )σ−iτ) if m < 0.

Herein ϕ(d) is the Euler function. Since χ((d − 1 − a)pn + gi+r) = χ(−1)χ(apn + gi), we 
have that when m > 0,

A+
i + A+

i+r = A−
i + A−

i+r = ϕ(d)
2 (d− 1),

and when m < 0,

A+
i + A−

i+r = A−
i + A+

i+r = ϕ(d)
2 (d− 1).

Then we obtain that

θ =
r−1∑
i=0

((
1
d

(
A+

i −A−
i

)
+ ϕ(d)

2

)
σ−i +

(
1
d

(
A−

i −A+
i

)
+ ϕ(d)

2

)
σ−iτ

)

and

ξ =
r−1∑
i=0

r−1∑
j=0

((
1
d
(xj − yj)

(
A+

i+j −A−
i+j

)
+ ϕ(d)

2 (xj + yj)
)
σ−i

+
(

1
d
(xj − yj)

(
A−

i+j −A+
i+j

)
+ ϕ(d)

2 (xj + yj)
)
σ−iτ

)
. (∗)

Lemma 1. We have ξ ∈ Z[G] unless m = −1 or −3. When m = −1, ξ ∈ Z[G] if 
and only if 

∑r−1
j=0 xj ≡

∑r−1
j=0 yj (mod 2), and when m = −3, ξ ∈ Z[G] if and only if ∑r−1

j=0 xj ≡
∑r−1

j=0 yj (mod 3).

Proof. From (∗), for ξ to be in Z[G], it suffices to show dξ ≡ 0 (mod d). We see from 
the definition of θ that

dpnθ ≡
{

(B+ + B−)
∑r−1

i=0 (σ−i + σ−iτ) (mod d) if m > 0,∑r−1 + −i − −i
2 i=0 (B σ + B σ τ) (mod d) if m < 0,
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where B+ and B− are sums of 1 ≤ a ≤ d − 1 such that χ(a) = 1 and χ(a) = −1, 
respectively. We here note that B+ + B− ≡ 0 (mod d). Hence we have that

dpnξ ≡

⎧⎪⎨
⎪⎩

0 (mod d) if m > 0,
2
∑r−1

i=0 ((B+ ∑r−1
j=0 xj + B− ∑r−1

j=0 yj)σ−i

+ (B− ∑r−1
j=0 xj + B+ ∑r−1

j=0 yj)σ−iτ) (mod d) if m < 0.

It is easy to see that if m ≤ −5, then B+ ≡ B− ≡ 0 (mod d), if m = −1 or −3, then 
B+ ≡ 1 (mod d) and B− ≡ −1 (mod d), and if m = −2, then B+ ≡ B− ≡ 4 (mod 8). 
Thus we have the assertion. �

On the other hand, from (∗) we have that

τξ =
r−1∑
i=0

r−1∑
j=0

((
1
d
(xj − yj)

(
A−

i+j −A+
i+j

)
+ ϕ(d)

2 (xj + yj)
)
σ−i

+
(

1
d
(xj − yj)

(
A+

i+j −A−
i+j

)
+ ϕ(d)

2 (xj + yj)
)
σ−iτ

)

and so

ξ + τξ = ϕ(d)
r−1∑
i=0

r−1∑
j=0

(xj + yj)
(
σ−i + σ−iτ

)
,

which implies the following:

Lemma 2. We have τξ = −ξ if and only if 
∑r−1

j=0(xj + yj) = 0.

We now put

α0 = ω3(1 − τ)θ

= 2ω3

d

r−1∑
i=0

(
A+

i −A−
i

)(
σ−i − σ−iτ

)

with ω3 = 3 or 1 according as m = −3 or not, and for 1 ≤ j ≤ r − 1

αj =
(
1 − σj

)
θ

= 1
d

r−1∑
i=0

((
A+

i −A−
i

)
−
(
A+

i+j −A−
i+j

))(
σ−i − σ−iτ

)
,

all of which are in S− by Lemmas 1 and 2.
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We have the following:

Theorem. We have {α0, α1, . . . , αr−1} as a system of generators of S−, and see that S−

is of finite index in Z[G]− if and only if m > 0 or χ(p) = −1, in which case

(
Z[G]− : S−) =

{
h−
K if m ≥ −1,

2h−
K if m < −1,

where h−
K denotes the relative class number of K.

Proof. Suppose that x0, . . . , xr−1, y0, . . . , yr−1 ∈ Z satisfy 
∑r−1

j=0(xj + yj) = 0 and more-
over 

∑r−1
j=0 xj ≡

∑r−1
j=0 yj (mod ω3). We then see from (∗) that

(
r−1∑
j=0

(
xjσ

j + yjσ
jτ
))

θ

= 1
d

r−1∑
i=0

r−1∑
j=0

(xj − yj)
(
A+

i+j −A−
i+j

)(
σ−i − σ−iτ

)

= 1
d
(x0 − y0)

r−1∑
i=0

(
A+

i −A−
i

)(
σ−i − σ−iτ

)

+
r−1∑
j=1

(xj − yj)
(

1
d

r−1∑
i=0

(
A+

i −A−
i

)(
σ−i − σ−iτ

)
− αj

)

=
(

r−1∑
j=0

(xj − yj)
)

1
d

r−1∑
i=0

(
A+

i −A−
i

)(
σ−i − σ−iτ

)
−

r−1∑
j=1

(xj − yj)αj

=
∑r−1

j=0(xj − yj)
2ω3

α0 −
r−1∑
j=1

(xj − yj)αj ,

which shows that α0, α1, . . . , αr−1 form a system of generators of S−. We define a de-
terminant Dpn(χ) of degree r by

Dpn(χ) = det
(

1
d

(
A+

i+j −A−
i+j

))
0≤i,j≤r−1

.

It is easy to see that the absolute value of the determinant of the transformation of 
{σ−i−σ−iτ, 0 ≤ i ≤ r−1}, a system of generators of Z[G]−, to {αi, 0 ≤ i ≤ r−1} equals 
2ω3|Dpn(χ)|, and hence that S− is of finite index in Z[G]− if and only if Dpn(χ) 	= 0, in 
which case (Z[G]− : S−) = 2ω3|Dpn(χ)|. In [2] we calculated |Dpn(χ)| as follows:

∣∣Dpn(χ)
∣∣ =

{∏r−1
i=0 |12B1,ψ2i+1χ| if m > 0,

(1 − χ(p))
∏r−1 |1B 2i | if m < 0.
i=0 2 1,ψ χ
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Herein ψ is a primitive Dirichlet character of degree 2r associated with F , and B1,ψkχ

is the generalized Bernoulli number belonging to ψkχ. Thus we see that Dpn(χ) 	= 0 if 
and only if m > 0 or χ(p) = −1. The analytic formula for h−

K says

h−
K =

{
2QK

∏r−1
i=0

−1
2 B1,ψ2i+1χ if m > 0,

QKwK

∏r−1
i=0

−1
2 B1,ψ2iχ if m < 0,

where QK is the unit index of K and wK is the number of roots of unity in K (cf. [5]). 
When m 	= −1 it is easy to see QK = 1. When m = −1, we also see QK = 1; otherwise 
there would be a unit (1 +

√
−1)/a of K with a ∈ F+, from which 2 would be ramified 

in F+, a contradiction. From the argument above the assertion follows. �
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