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Let 1 denote the trivial character modulo IV for which 1x(n) is 1 or 0 according as
the greatest common divisor (n,N) is 1 or not. If D is a discriminant of a quadratic
field, then yp denotes the Kronecker—Jacobi-Legendre symbol associated with D.
If m € Z,+# 0, then x,,2p denotes xpl,,. We define U,)f,lx by

ZX "(n/d)d* (n e N)

for Dirichlet characters x, x’. We omit x or x’ from the notation if it is the trivial
character 1, for which 1(n) =1 for all n € Z. We define O’;;X(TL) to be 0 if n is negative
or not integral. Bateman [1] (see also Corollary 5.3 later) showed the formula

rg(an®) = 12L(0,X—4a) D _ i(d)X—1a(d)o11,(n/d)
d|n

for a square-free a where p denotes Mobius function. Here we note that L(0, x_44) =
2L(0,x—q) if a =3 (mod 8), and L(0, x—44) =0 if a =7 (mod 8).

The r3(n) is regarded as the number of lattice points on the sphere with the radius
v/n. Linnik [12] showed under the generalised Riemann hypothesis, that the projection of
lattice points to the unit sphere S is equidistributed as n — oo with n 2 0,4, 7 (mod 8),
namely if €, is the set of the points on the unit sphere, then

—>/f Jdx  (n — 00)

xEQ

for any continuous function f on the unit sphere where dx is the normalised measure
on the sphere so that the area of the sphere be 1. The equidistribution property is
unconditionally proved by Duke [3], Golubeva and Fomenko [5].

The purpose of the present paper is to show that the lattice points are equidistributed
modulo 8 or modulo any odd prime p. Let

|| := 2% + 25 + 23 for x = (21,29, 23).
For a = (v, ap, a3) € Z3, let
rP)(n) = #{x € Z° | 2; = +o; (mod p) (i = 1,2,3), |x|*> =n}.

[e 2

If n is not integral, then r3(n) and r(p)( ) are obviously 0. There holds rép) (n) = r3(n/p?)
with 0 = (0,0, 0), whereas r3(n) = r3(2?n) and r(p)(n) = 7'512(2271). We make the similar
definition for vectors in F3. Let

7 (n) = #{x € F3 | x> = n, 2 # 0},
PP (n) =#{x € F3 |2, = +q; (i=1,2,3), [z*=nin F,}

for o € F3,# 0, where the former is always positive (see (6) later).
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Suppose that o € Z3 is not congruent to 0 modulo p. We show for a square-free or
for a =1,

r® (an?)

7P (an2 B 1
_ 127 ( _(p))(LEO;X 4a) Zﬂ(d)x—4a(d)01,p12 (n/d) + O((an2)13/28+5) (1)
T3 \a d|n

where ¢ is any fixed positive number (Theorem 8.1). As a consequence of the formula, it
follows that for a fixed odd prime p, sufficiently large n not of the shape 4!(8m + 7) with
bounded 2-adic valuation and with a2 + a2 + a3 = n (mod p) has the integral solution
of

r;=a; (modp), 22 +x2+xi=n (2)

(Corollary 8.2). In the case @ = 0 (mod p), the equations (2) have the solution if and
only if p?|n.

Let S(n) := {z € Z3 | |x|?> = n} be the integral points on the sphere with radius
Vvn, and let Sy(n) := {& € F3 | &> = n} be the sphere in F3. If m, denotes the
natural reduction map of S(n) to Sp(n), then our result shows that m, is surjective
for a sufficiently large n not of the shape 4'(8m + 7) with bounded 2-adic valuation.
Moreover for any two nonsingular points P, P’ on 5,(n), the ratio #m, (P)/#m, ! (P’)
of the numbers of elements of fibres is tending to 1 as n — oo, which we are calling
the equidistribution property modulo p. The similar assertion holds also when the mod-
ulus is 8. Further assuming the weak Birch-Swinnerton-Dyer conjecture, we give some
criterion that a square free natural number be a congruent number in connection with
numbers of lattice points on a sphere under congruence conditions modulo 8.

In Hsia and Jochner [7], or in Jochner and Kitaoka [10], the representations of positive
definite integral quadratic forms with congruence condition are discussed in much more
general context. To have desired integral solutions, it is required in [7,10], that the
quadratic forms also satisfy appropriate local conditions at primes. The present paper
shows that the local conditions are not necessary about (2), and the condition that n is
large enough in terms of p, is only required.

Let N be the natural number, and let (Z/N)* denote the group of the Dirichlet
characters modulo N. We define the 0-th power p° of p € (Z/N)*, to be 1. A character
p is called even or odd according as p(—1) is 1 or —1. We denote by f,, the conductor
of p. A theta series 6(z) is defined by

0(z) :== Z e(n?z), (3)

n=—oo

and a theta series 6,(z) with an even Dirichlet character p is defined by
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0(2)= 3 plnje(n?s). (@

The outline of the argument proving (1) is as follows. Let an? be any natural num-
ber satisfying a? + a3 + a2 = an? (mod p) where a is 1 or a square free integer.
Then r?) (an?) is equal to the an?-th Fourier coefficient of 6(z) 2 m=-tas(mod p) ©

X Y m=+as(mod p) e(m?z). Let w be a generator of the cyclic group (Z/p)*. Then the

(m?z)

equality

T em?) = 2 S a(a) 0, (2) (5)

m=za(mod p) i=0

holds true, and our problem is reduced to evaluating the an?-th Fourier coefficient of
0(2)0,,2:(2)0,2i(2) (0 < 4,5 < p). There is the Shimura lift f associated with a, of
0(2)0,,2:(2)0,25 (2), whose n/d-th Fourier coefficients with d|n give the an?-th Fourier
coefficient of 6(2)0,,2:(2)0,2;(z) (see [20], or (20) of the present paper). The modular
form f is expressed as a sum of an Eisenstein series and a cusp form, where the former
is dominant with respect to the magnitude of Fourier coefficients. The values of the
Shimura lift f at cusps are worked out with the aid of Hilbert modular forms, by which
the Eisenstein series is completely determined.

The authors would like to thank the referee for the valuable comments and for the
helpful suggestion.

2. Jacobi sum

In this section, we derive some fundamental properties of the Jacobi sum for later use.

For a € Z, a* denotes a or 4a according as a = 0,1 (mod 4) or not. If a is square-free,
then a* is a discriminant of a quadratic field except for the case a = 1. If a is odd, then
a" denotes a or —a according as a = 1 (mod 4) or not. If a is odd and square-free, then
Xav () = (5) where () is the Legendre symbol. Further x_4(d) = (—=1)?~* for d odd,
and y_4(d) = 0 for d even.

Let x be a primitive Dirichlet character with conductor f,. Then the Gauss sum 7(x)
is define by

fX
m(x) = Zx(i)e(i/p)

where e(z) stands for e2™V=12. We have 7(x_1) = 2v/—1,7(x+s) = 2v2v*E1 and

T(Xpv) = tpy/p for an odd prime p by the Gauss theorem, where ty = /x_4(d) for
an odd d, namely ¢4 denotes 1 or v/—1 according as d =1 (mod 4) or d = 3 (mod 4).
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Let x,¢,% € (Z/p)* for an odd prime p. Then we define the Jacobi sum by

T, ¢) == > x(a)é(l —a),

acF,

TG0, 9) = Y x(@e(B)p(l —a—p).

a,BEF,

If any of x, ¢, x¢ is not equal to 1,, then J(x,¢) = 7(x)7(0)/T(x¢). If any of x, ¢, ¥,
X9y is not equal to 1,, then J(x, ¢,v) = 7(x)7(¢)7(¢)/T(x¢y). The following lemma
is easy to see, and we skip the proof.

Lemma 2.1. Let p be an odd prime.

(i) We have J(1,,1,) = p — 2, and if x # 1,, then J(x,1,) = =1 and J(x,X) =
—x(=1).

(ii) We have J(1,,1,,1,) = p* —3p+3, and J(x, ¥, 1,) = —J(x,¥) for x, ¥ # 1,,
and J(x, ¥, p) = —p ' TO)TW)7T(p) for X, ¥, p # 1y with xibp = 15, and J(x, %, xpv) =
—X-4(p)J (X, ¥) for x, ¥ # 1, with x¢ = xpv.

As one of the typical application of Jacobi sums, the number of solutions of a2 +
%+ a3 =nin F, for an odd p is obtained (cf. Ireland and Rosen [8], Chap. 8, §6, or
Berndt, Evans and Williams [2|, Chap. 10). From this the number fép )(n) of nontrivial
representation is given as

=P) (1) — p(p+ x-1(P)xpv(n)) (pfn)
m={ (phn) )

On the other hand, F(of')(n) for o € F3 is simply obtained by fgf)(n) = 2! where ¢ is the
()

number of nonzero elements of the vector & when 7 (n) is positive.

Proposition 2.2. Let p be an odd prime. Let w be a generator of the cyclic group (Z/p)*.
Let a1, 09, m € Fp, with oy # 0.
(i) Let xpv(m) = 1. Then

(p—1)/2-1
> @) @(a3)w(@m){J (W', W, w ) + T (v, xpvw?, w' )
i,j=0

+J (w0, xpvw ™) + (W' xpvw? xprw' )} (7)
is equal to 0 if there is no az with o2 + a3 + a2 = m. Suppose that such az evists. Then

it is equal to 2(p —1)% if a? + a2 # 0 and as # 0, and it is equal to (p —1)? if otherwise.
(i) Let xpv(m) = —1. Then
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(p—1)/2-1
Z w(a?)'@(a3) w(2?m) ™ {—J(w' W, W) — J(xpvw’, Xpvw? , w't)
§,5=0
+ I (pvw',w! xpew™) + (W xpv ! xprw )} 8)

is equal to —2(p — 1)? if there is no az with af + a3 + o3 = m. Suppose that such as
exists. Then it is equal to 0 if o + a2 # 0 and az # 0, and it is equal to —(p — 1)?
otherwise.

(iii) Let xpv(m) = 1. Then

(p—1)/2-1 _ ' o _ '
Z @(a?) w(22m) {J(w', w") + J(xpvw', xpvw')}

=0

is equal to 0 if there is no as € Fy, with o3 + o} = m. Suppose that such as exists. Then
it is equal to 2(p — 1) if ag # 0, and it is equal to p — 1 if az = 0.
(iv) Let xpv(m) = —1. Then

Yo w(ad)w(@Pm) {—J(w,w) + I (v w, xpvw')}

=0

is equal to —2(p — 1) if there is no ag € F), with a? + a3 = m. Suppose that such as
exists. Then it is equal to 0 if ag # 0, and it is equal to —(p — 1) if az = 0.
(v) There holds

(p—1)/2-1

> @(ad)w(es) {J(w' xp @) + Tgvw', @)} = (p— Dxpv (of + ad).
1=0

Proof. (i) The summation (7) is equal to

Z (o) ¥ @(az)* w(22m) I Z wla(l —a—B)wBd —a—p))
i,§=0 a,B€F,
-2 p—2 .
Z Z 2’ma;a(l—a—B)) Y w(2°ma;*B(1—a—B)).
a,BeF, i=0 j=0

Put w = m? — ma? — ma3. Then the equations over F, for «, 8
1 2 P

{ 22ma;?a(l —a—f) =1, )
22may?B(l—a—p) =1

have common solutions in F), if and only if w is square. In such a case, the solution is
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o = Silmitsyw) L ad
- 2m a? a2 =
N 2m(0‘1+a2) T 4m

Since x,v(m) = 1, there is y/m € F,, and hence there is a3 € F,, satisfying \/w = y/mas.
This shows (i).
(ii) The right hand side of (8) is equal to

p—2
Z Zwi(22ma1 l-a-p Zw] (22may?B(1 — a— B)). (10)

a,B€F, i=0

If af + a3 = 0 or a? + a3 = m, then (9) has only one solution, and hence the value of
(10) is —(p — 1)2. Suppose o + a3 # 0 and of + a3 # m. By the argument of (i), the
values of (10) is —2(p — 1) (resp. 0) if w € {F}? (resp. w §§ {FX}2) Since m is not
square, this is equlvalent to m — a% —a2 ¢ {FX}2 (resp. m —a? —a3 € {FX} ), namely,
there is no as with a? + a2 + a2 = m (resp. there is a3 with a2 + a3 + a2 = m). This
shows (ii).

We omit the proof of (iii), (iv), (v), since the argument is similar. O

3. Elliptic modular forms

In this section we obtain the values at cusps, of Eisenstein series and theta series.

Let $) be the complex upper half-plane {z € C | Sz > 0} where 3z denotes the
imaginary part of z. The group SLy(Z) acts on $) by the modular substitution z —
Mz = (az+b)/(cz+d) for

M= (Z Z) € SLy(2). (11)

For N € N, let I'g(N) := {M € SL2(Z) | ¢ = 0 (mod n)}, which is a subgroup of SLs(Z).
Let £ € N, and let yo be a Dirichlet character modulo a divisor of N with the same
parity as k. A holomorphic function on §) is an elliptic modular form (or simply a modular
form) for T'g(N) of weight k with character yo if it satisfies f(Mz) = xo(d)(cz +d)* f(2)
for any M € I'o(N), and it is holomorphic also at cusps. We denote by My (N, xo)
(resp. Sk(V, x0)), the vector space of such modular forms (resp. cusp forms).

The Riemann zeta function ((s) and the Dirichlet L-function L(s, x) for a character
X € (Z/N)* is defined by

Z ni (s,x) == Z x(n)

By analytic continuation, these functions can be extended meromorphically to the whole
complex plane. If X denotes the primitive Dirichlet character associated with x, then
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L) =0 ] 0-22)

S
p|N,ptix b

In particular, for a = 3 (mod 4) square-free, we have L(0, x—44) = L(0, x—a)(1—Xx—-a(2)),
which is 2L(0, x—4) or 0 according as a = 3 (mod 8) or a = 7 (mod 8).
Let M, N € N with M|N. We define the Eisenstein series by setting for cg, dy € Z,

! k
G (z,co,do; M, N) := ( Z (cz+d)™"lez +d|™°)]s=0
c=co(mod N/M)
d€M71d0+Z

where 3 means that the term for (¢,d) = (0,0) is omitted in the summation and where
|s=0 denotes the values at s = 0 of the analytic function of s. Let y, x’ be primitive
Dirichlet characters with conductor fy, f,s respectively. We assume that xx’ has the
same parity as k. We define

G?C(/X(Z) = ( 2\(/1{:_71_ Z Z CO Gk(z Co,do,fx,fxfx>

Po Z/fyr do:Z/Fx

where > co:Z/},, eAns that ¢ runs over a complete set of representatives of Z modulo f,..

We omit x or ¥’ from the notation G?c(:x if it is the trivial character. It has the Fourier
expansion

G () =C+23 0¥, (n)e(nz) (12)
n=1

where C = L(1 — k,x) for x¥’ =1, C = L(0,x) for k =1 and x =1, and C = 0
for all other cases, and where there is the additional term +/—1/ (4rS2) if k = 2
and Y = x¥' = 1. Let m be square-free. Then Gif:xlm (z) is defined by G% 1, (2) =
2 dim p(d)x(d)dk*1G§:X (dz). Thus G?X(z) is defined also when x is not primitive. Sim-
ilarly we define G;C‘:;m (2) == Zdlmu(d)x/(d)G?C‘:X(dz). If x, x’ are Dirichlet characters
modulo M/N, M respectively which are not necessarily primitive, then the Eisenstein
series G | () is a modular form in My (N, xx’) and has the Fourier expansion (12)
with the constant term C except for the case that k = 2, x = 1 and §,» = 1, where
C=L01-k,x) forxy =1,C=L(0,x) for k=1and x =1, and C = 0 for all other
cases.

The theta series defined in (3), is a modular form of weight 1/2 for T'y(4). We have
O0(Mz) = j(M,2)0(z) for M € T'y(4) where j(M,~) is the automorphy factor satisfying
(M, 2)? = x_4(d)(cz + d) for ¢, d as in (11). Let 4|N. Suppose that k and a character
Xo modulo N have the same parity. Then My /2(N, xo0) (resp. Si41/2(V, x0)) denotes
the space of modular forms (resp. cusp forms) of weight k + 1/2 satisfying

F(Mz) = xo(d)j(M, z)(cz +d)* f(2) (M € Lo(N)).
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If ¢ € N, then 60(gz) is in M /2(4q, x4~). Let p be an even Dirichlet character modulo
m. Then 0,(z) defined in (4), is in My /5 (4m?, p). If p is totally even, namely, the p-part
of p is even for any prime p, then 6,(z) is not a cusp form (Serre and Stark [16]).

We define the value at a cusp, of a modular form f with character, of integral or
half-integral weight I. Let a/c be a cusp where ¢ > 0. For such q, ¢, there is a matrix M
as in (11). We define the value of f at the cusp a/c by

li +d)7 (M
H%W(CZ ) f(Mz)

where 0 < arg(cz + d)'/? < 7/2.
Let

C(N) i= {547 10 < MIN, (i,3) : {(Z/M)* x (Z/(N/M))*}/{#1}, ge.d(i,j) =1}
be the set of the representatives of inequivalent cusps of I'1(N), and let
Co(N) :={i/M [0 < MIN, (i, M) = 1,i: (Z/(M,N/M))*}

be the set of representatives of inequivalent cusps of T'g(N). Let o be a Dirichlet char-
acter modulo a divisor of N. Suppose that there is a positive divisor M of N and a
Dirichlet character y modulo a divisor of M satisfying

X =xoonl+ (N/M)Z. (13)

Then if we put X’ = xoX, then x’ is a character whose conductor is a divisor of N/M,
in other words, xo is written as a product of x and x’. Under the condition, we consider
the function x,, v (X, M) on C(N) which satisfies

Fixo.N (X M)(i' /5" M) = Xo(§)kxo.n (X, M)(i/§ M) (14)

for any integer ¢ with i’ = & (mod M), &j' = j (mod N/M). This property is satis-
fied by the restriction f|c(n) to C(N), of a modular form for I'o(N) of integral weight
with character xo ([20], Lemma 1). Then the restriction iy, v (X, M)|c,(n) determines
Foxo.N (X, M). Then we defines k,, n(X, M) to be a function satisfying both (14) and

HXO7N(>-<,M>(i/L>:{’_‘(Z’) (L=M) /1 e covy). (15)

)
0 (L#£M)

The condition (13) assures that the conditions (14) and (15) are compatible. The restric-
tion of Eisenstein series to the set of cusps is computed in [20] as follows:

Proposition 3.1. Let x, X’ be primitive Dirichlet characters with conductor fy, f,/ respec-
tively where xo = xx’' has the same parity as k. Suppose tfyfy |N with t € N.
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(i) Let k > 1. Then

G (#2)len) = (—V/=Tm= k2541 (5 — 1)1f~Lr(3) L(k, ')

M,t)* _ _
X Z ( tkt) X (fx(]\f\?t) X ((]\/f,t)) Koo, N (X, M).

M|N
(M/(M’t)7fxfx’):fx

In particular if X' = 1, then

M)k _ —
Gk’x(t2)|C(N) = L(l - k,X) E ( tkt) X ((]\/ZQ) KJXO’N(XvM)'
Fx (M,t)|[M|N

(ii) Let k = 1. Then
GY  (t2)]e(w)

=V OLLYY) Y Y () v () e (6 M)

M|N
(M/(Mat)vfxfx’)zfx
+7(¢)L(1,XX) > QO (1) ¥ () Fxon (¥ MDY

M|N
(M/(M,t),FxFyr)=Fyr

We define another function rg on Q by setting rg(i/M) = 271/2e(—2) iy xarv (i) for
M odd, kg(i/M) := 27 2e(—L)tar/2x (v /2y (i) for M just divisible by 2, and kg (i/M) :=
Lixm~ (@) for M divisible by 4 where ¢pr := /x—4(M). The following proposition is proved
in [20], Section 5.

Proposition 3.2. (i) Let t be odd with 4t|N. If M is odd, then we put epy =

1/2
((Mi’t)) LM/(M,t)ZMX(M/(M,t))V((j\/;_@) and Xt 2= X(m,e)v, and if 4|M, then we put
1/2 B
e = (M) dyanoxononn (i) ond xane = x40 25 Then
9(tz)|c(N) = K¢ Z EM,tFy,e N (XM,ts M). (16)

2M|N

(ii) Let p be an even primitive character with an odd prime p as its conductor. Let p’
denote a fized primitive character with p'? = p. Let N be a multiple of 4p. Then

Oo(2)leny =tpp™Pre D v ) (M /DT (0 ) p v (xpv P, M)
p|M|N, 2 M

+ Xpv (M /)T (Xpv 0" )ipn (P, M) }. (17)

As an application of the above two propositions, we have the following:
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Proposition 3.3. We have the identity
0(2)* = 2G1 ,_,(2).
Further
0(2)"F2(2) = L(=2k, x-1) " H{G2rr1x-4(2) + (~1)" 25 G (2)} € Sansr(4,x-),

9(2)4k _ (22k _ 1)—1(22k—1 o 1)—14(1 o Qk)_l
x [{(~1)* 22141 (~1)*}GR2 (2) — Gy () — 22271~ 1)Gig 1, (22)] € San(4)

fork € N.

Proof. By Proposition 3.1 and by Proposition 3.2 (i), the equality 6(z)%|ca) =
2G1,x_,(2)|c(4) holds and hence 6(2)?—2G1 _,(2) is a cusp form. Since S (4, x—4) = {0},
the identity of the proposition follows. We can apply this argument also to other modular
forms. O

Since Sa(4),S5(4, x—4) and S4(4) are a null space, the above proposition gives the
equality among the powers of theta series and Eisenstein series in these cases.

Corollary 3.4. Let n be a natural number. Let € > 0. Then
rant2(n) = 2L(=2k, x—4) " oo x_s(n) + (—4) o3 (n)} + O(n**7)

for k >0, where the error term vanishes when k = 0,1, and

2
)= g

— {14 (=1)*}Yoor_1(n/2) + 2% 091 (n/4)] + O(nF~1/2%¢)

[(—=1)*ok—1(n)

for k > 1, where the error term vanishes when k =1,2.
4. Hilbert modular forms

Shimura lifting map of modular forms of half-integral weight is constructed by making
use of Hilbert modular forms [18,20]. In this section we give a summary of the part of
Hilbert modular forms in [20] and in [19].

Let K be a real quadratic number field. Let Ok, 0k, Dk denote the ring of integers
in K, the different, the discriminant respectively. We denote by tr and N, the trace map
of K over Q and the norm map respectively. The group SLy(Ox) acts on $?2 by sending

a(l)zl _|_ ﬂ(l) 06(2)2:2 + 6(2) M . o ﬂ
’y(l)zl —+ 5(1) ’ 7(2)22 —+ 5(2) ( B Y ) )

3:(21,22)652%M3:<
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where o = o), a(®) denote the conjugates of a. Let 9 be an integral ideal. Then Ey
denotes the group of totally positive units congruent to 1 modulo 0, and let Cy; denote
the ideal class group modulo 9t in the narrow sense. We denote by Cj;, the group of
characters of Cg;, whose identity element is 1y for which 15;(97) takes the value 1 or 0
according as (9M,M) = Ok or not. Let ¢ € C3;. It is even or odd according as 1(§)
equals 1 or sgn(N(§)) for £ =1 (mod ). Let ey, denote 0 or 1 according as ¢ is even or
odd. Then (&) = sgn(N(§))° for £ =1 (mod N). Let f,, denote the conductor of ¢ and
let ey := fy H‘mfw,w(%) B, P denoting a prime ideal. We denote by gy, the product of
characters ’(Z].gm where 1Z is the primitive character associated with 1. As in the case of
Dirichlet characters, the value of characters of non-integral ideals is defined to be 0.

If 4 is a primitive character of the ideal class group of K with the conductor f,, then
we define its Gauss sum 7 (¥) by

() = V(pfpdk) Y b(&e(tr(ps))

£-0
§:0K [Ty
with p € K, > 0, (pfydk,fy) = Ok where p = 0 means that p is totally positive. The
value 7k (1) is determined up to the choices of p.
Let 91, 91 be integral ideals. Let 21 be an integral ideal relatively prime to M9V, Let

k be a natural number. We define the Eisenstein series by setting for 79 € A0k and
dg € ‘31*12101(,

/ k ! —k —s
Gra(3,70,00; 0, 9) = N@)* (> N(y3+6) " IN(v3 + 6)|*)ls=0

Y=y (WAL
=00 (A0 %)
(7,6)/Eqms

where N(v3 + &) denotes H?Zl('y(i)zi + 6() and where 3" means that the term for
(7,6) = (0,0) is omitted in the summation. It is a Hilbert modular form for I'; (M) k¢
of weight k.

Let ¢ € Cy, ¢ € Cy, which are even or odd. Let £ € N be so that & has the same
parity as ¥’. Then we put

Xi]ﬁ,w (37 m? m/)

k=1 \° 1y L (T
= (m Doy + Enn] (@) Y 2
AECH ygre, A /N A0
So: 1AL /AR, -0

P(SoNA 0 ) Y (Yoeu M 1A 10 k) Bk (3, 70, 605 N, M)

where ZW, €A /N A 0 implies that 9 runs over a complete set of totally

positive representatives of e, o oAt % modulo MAdy ", which is a Hilbert modu-
lar form of weight &k for FO(‘II‘.TI )k with character ¥’. The Fourier expansions of
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Gra(3,70,00; O, N') are essentially obtained in Hecke [6] (see also [18]), and the Fourier

expansion of X}f/w (3; 0, 97) is obtained as their linear combination. Further we define the
function suitable for our purpose as

Noones e 8) 1= macleaTy ileady NGl )~ IN I ™

xS | TTa=-NeR) | oAy, (o).
MmN Blon
(mifw):OK

We denote by px, ¢, the Mobius function on K, the Euler function on K respectively.
In [19], we have shown the following:

Proposition 4.1. We assume

(‘ﬁ ‘)?’ew, ) = Ok. (18)
Let /7y be a cusp with a,v € Ok, (a,7y) = Ok. The value of )‘km Soves) w( 3) at the
cusp /v is 0 if there are not integral ideals M, M. with MIN, (M, fy) = (’)K7 m’ |‘ﬁ’ew,
and with (v, NN~IN') = mzm—le;}smg—lmf. Suppose otherwise and let I be the largest
such ideal. The value of/\

kotes ove il,w( 3) at the cusp «/~v is given by

sen(N(0) () sgn(N (1) prc (e, V) )M, ) (e, L, ))
<! (9 e, (e V) 0 -%m;)N(mrl(eml, mm')m@»“

X N(ﬂﬁ’) kN(fwfww’) (d)) (,(/le -1 H 1-
puRY
X Lic(L =k, (08 i (epitmoy-) 1] (- DY () )

N(3)*
PN PBh 50 (¥)
Put My = 4N ey Loy fl, £ 0= (P ey N0k, ey fy) (e fyt, M) Ifk =1
and if there is the divisor R of %/f;} such that the numerator of M, R~ is coprime to
M and the denominator is coprime to fy R, then there is the additional term. Let S)N“‘uY be

the divisor of (M, ew/f;,l) satisfying vy (9.7175%;1) =0 for any prime P|(N, ew/fi,l), Then
the additional term is

sgn(N(a)) ¢/ () sgn(N(7))* px (R Y (ML, R N Ok )P (R)
X &’&v((ﬂﬁwﬂ%j,(’)K) Y (e fp R EETIN(ep Fur (M, Ry) €4 )N(fye vir)
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< @) 0. @) [T -
RURIR %
Let x, x’ be Dirichlet characters. Let
P =xoN, qp’:X/oN, (19)

Then we have Lk (s,v) = L(s,x)L(s,xxp,) for s € C. The parity of ¢ (resp. ¢')
coincides with that of x (resp. x/).

For a prime p, {x}, denotes the p-part of x. If p is ramified in K, let B, denote the
ramified ideal with p = 2]3]29. If p is decomposed in K, let 3, iip denote the prime ideals

with p = ‘,Bp‘ﬁp.

Lemma 4.2. Let x be a Dirichlet character with prime power conductor f,. Let 1) be as
in (19).

(i) Suppose that (§fy, Di) = 1. Then fy = fy.

(ii) Suppose that 2 is ramified in K, namely, Dk is even. If x = x_a4, then f,](2),
and fy, = Ok only if 4| Dg. If x = x+s, then fy = (4) for Dk with 4| Dk, and f, = (2)
for Dk with Dg /8 = F1 (mod 4), and fy = Ok if Dk /8 = £1 (mod 4).

(ili) Suppose that f is an odd prime p and suppose that p|Dg . Let B, be the ideal
of K with ‘BPQ =p. If x = xpv, then f, = Ok. If otherwise, then f, = Pp.

Lemma 4.3. Let x, ¥ be as in (19). Let QZ denote the primitive character associated
with .

(i) Let x = x—4. Then 7 (¢) = —4 if D = 1 (mod 4). Assume that D # 1 (mod 4).
Then 7 (1) is equal to —1 or —2 according as D = 3 (mod 4) or Di = 0 (mod 8).

(ii) Let x = x+s8. Then i (¢) = £8 if D = 1 (mod 4). Assume that D £ 1 (mod 4).
Then TK(J) is equal to £4 if D = 3 (mod 4), and it is equal to =1 or £2 according as
Dk /8 = =+1 (mod 4) or Di /8 = F1 (mod 4).

(iii) Let x be a primitive character with odd prime conductor p. If p|Dg and x = xpv,
then Tk (¥) = x—a(p). If otherwise, i () = (xxpv )(Dx )T (%)%

Let x, ¢ be as in (19). Then Lemma 4.2 implies that e, is the product of f, and of
the following ideals with multiplicity 1:

Pa if 4||Dg and {x}2 = x—4, or Dg /8 = smod4and {x}2 = xss withs = £1,
Py if21p|Dk and x(p) =0 and if {x}, = xpv or p1fy,
(p) if21pt Difyand x(p) = 0.
Let us fix an integral ideal ¥ whose prime factors are divisors of eyeyr. Then there

are ideals M, I satisfying the condition (18) with (i) ey |M, ey |9 and (i) T =
Mf;lm;}wm’ f;}mm,, which are uniquely determined. We define
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4 =Y
A;(k,f,x(z) = )‘k,meglm’e;},w(z’ ?)

which is an elliptic modular for of weight 2k with character (yx')?. If i/M is a
rational number. The value of A},  (2) at the cusp i/M coincide with that of
Nw/

RO Ry TV Ryd o

of )\’2‘,;57)( (2) at all the cusps.

(3) at the cusp i/M. Hence Proposition 4.1 gives the values

5. Shimura lifts

In this section we explain the Shimura lifting map. As its application, we obtain
approximate formulas for the number of representation as a sum of any odd number of
squares, which may provide a good illustration of our method.

Let 4|N and k > 1. The Shimura lifting map .+ ,1, associated with a square-free
natural number a, of My1/2(N, x0) to Max(N/2, x2) is defined by

Farotn (HE) =CHY | D0 (e xoln) (@) eanzya | e(n2) (20)

n=1 \0<d|n

for f(z) = Y.~ cne(nz) provided that there is a constant C' so that .7« y,1, (f) is a
modular form of weight 2k. Shimura [17] and Niwa [13] showed that .74« y,1, is well-
defined map of S3/5(N, x0) to Ma(N/2, X2), and is a well-defined map of Sk+1/2(N, x0) to
Sok(N/2,x3) for k > 2. In Pei [14,15], the domain of the map extends to My 1 /2(N, xo)
under the condition that N/4 is square-free and yg is real, and in Tsuyumine [18,20)]
unconditionally. If we put g(z) 1= S+ yo15 (f)(2) in (20) and if g(z) = 37 bpe(nz),
then

Can2 = Z(ﬂXa*XOlN)(d)dkilbn/d- (21)
d|n

Let T,, T,2 denote, as usual, the Hecke operators on M;(N/2,x3) and on
M. 11/2(N, xo) respectively for a prime p with pt N. Then 4« y 15 0Tp2 = T30 54 yo1x-
Let m be a positive integer whose prime factors all divide N. We define an operator U,,
by Un (30" o cne(nz)) = 30" o cmne(nz). Then Sy« 1, 0Upz = Up o Fgx yo1, for p|N.

We define a notation

f~g (22)

which means that f — g is a cusp form when f, g € My(N, xo0), and that .74« o145 (f —9)
is a cusp form for any square-free natural number a when f,g € My 1/2(N, x0). In the
half-integral weight case, f ~ g is equivalent to f — g € Sji1/2(N,xo) if the weight
k+1/2 is at least 5/2. If the weight is 3/2, then there are cusp forms lifted to non-cusp
forms. All of them are written as linear combinations of the cusp forms
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=) d(n)ne(n’tz) € Sya(4tf3, oxi-) (23)
neZ

for an odd Dirichlet character ¢ and for ¢ € N (Duke and Schulze-Pillot [4]). Let p
be an odd prime. If x € (Z/p)* is even, then M3/2(4p2,x_4x) does not contain any
cusps form such as (23). Hence f ~ g for f,g € M3/2(4p2,x,4x) if and only if f —g €
S3/2 (4p?, x—aX). As far as we are concerned in the present paper, the notation (22) is
equivalent to that the difference of the both sides is a cusp form.

In [20] Section 18, we have proved the following:

Lemma 5.1. Let N and let xo be a Dirichlet character modulo a divisor of N. Suppose
that there is a prime p with p?|N and §,,|N/p. Let f € My(N, xo) and put g := U,(f) €
My (N/p, x0). We denote by H(M,f) the value of f at the cusp j/M. Then the value of

g( ) at a cusp j/M € Co(N/p) isp~* fll-i(pM+p,f) if p|M, and it is p*~'k (M, )+

-1 ZMIQKP( : (pLM + %, 1) if (p, M) =1, where p’ denote the inverse of p modulo M.
iZz—j (p

Let a > 1 be a square-free natural number. Let K = Q(y/a). Then Di = a*. For
t € N, Ix(t) denotes the set of integral ideals of K whose norms equal ¢. Let

t =1tol1t_1

be the decomposition such that prime factors p of ¢; satisfy yq+(p) =14 (i = 0,£1). The
set I (t) is not empty if and only if ¢t_; is square. We denote by ¢’ ;, the product of
prime factors p of t_; where t_; has p in odd power. Then Ix(#t’ ;) # (. We define
mIk(t) :={m%T | T € Ix(t)} for m € Z.

We have proved in [18,20], the following result:

Theorem 5.2. Let x, x' be a Dirichlet character. Put xo := xx'. We assume that k € N
and xo have the same parity. Let t be a natural number all of whose prime factors p
satisfy xo(p) = 0. Let N be a natural number divisible by 4 with G?;X(tz) € My (N, xo0)-

Then if x(p) = x'(p) = 0 for some p with p|t}, then i%l*,XolN(O(z)G;g:X(tz)) = 0. If
otherwise, Sy yo15(0(2 )G%/X(tz)) equals 2_1U2()\§kx(z;a*,t)) € Mar(N/2, (xX')?) for
a=1 (mod 4), 2 l)ék L(za%t) € Mag(N/2, (xx')?) for a # 1 (mod 4) where

)\;(k,x(z; a*7 t)

= T o X)) [[ap X m) Y A (2

plt’_ 4 m|ty plm TemlIg (tt’_,/m)

When a = 1, we define

a5 10 =3 u(s) [Txp" t + X0} Y. G (512)GY (522).

slt pls s182=ts
s|s1,s|s2

Then the assertion of Theorem 5.2 holds also for a = 1.
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As an application, we obtain approximate formulas for the number of representa-
tion as a sum of any odd number of squares. Let F' be a positive integral quadratic
forms with 2k + 1 (k > 1) variables, and let F; = F,F5,---,F, be representa-
tives of equivalence classes of quadratic forms in the genus G to which F' belongs.
Let Aut(F;) := {P € GLo11(Z) | PF'P = F;}. The mass m(G) of G is de-
fined by m(G) := Y7_, (#Aut(F;))"!. Let 0p, € Myy1/2(N, x0) be the theta series
associated with F;, and let 6(z; G) the theta series of the genus G which is given
by 0(z;G) = m(lc) > #Ault(Fi)Gpi(z). Then 0(z;G) ~ 0p(z) provided that any
cusp form such as (23), is not contained in My 1/2(N,x0) [4]. In such a case if
Or(2) — 0(;G) = 300 cpe(nz), then ¢, = O(nF/271/28%2) for any fixed ¢ > 0 by

Iwaniec [9] and by Duke and Schulze-Pillot [4]. The Shimura lift of 6(z; G) is an Eisen-
stein series [20]. If the Eisenstein series is obtained, then the Fourier coefficients of §(z; G)

are obtained by (21), to which the corresponding Fourier coefficients of 8 (z) are close,
up to O(n*/2=1/28+¢) We consider the case that F is the identity matrix.

If £k > 1is odd, then S\ ,(0(2)Gry_,(2)) is 27 Us(Aak,05 x4 (7)) or 271
Aok,0x x_s(2) according as a = 1 (mod 4) or not, and -, ,(0(2)G} *(2)) is
2710, ()\gk"é,x ()) or 271N\ ‘0, (2) according as a = 1 (mod 4) or not. If k is even, then
T 1,(0(2)G2 (2)) is 27 1U2()\;,2; o0 (7)) or 27 32 0y (%) according as a = 1 (mod 4) or
not, and S5+ 1, (0(2)Gr,1,(22)) i8 27 Uz (Aak, 35,1 (2) + Aop 5,15 (2) — Aok, (2,1, (2)) (vesp.
27 U5 ( Aok, (2),15(2)), Tesp. 27 Aog p,.1, (2) for a =1 (mod 8) (resp. a =5 (mod 8), resp.
a Z 1 (mod 4)). By Proposition 4.1 and by Lemma 5.1, we have

T x-a(0(2)G1y_, (2)le@) = 272L(0, X—1a){21,,2(1,2) — K1,2(1, 1)}, (24)

Let & > 1 be odd and put I, := L(1 — k,x—4)L(1 — k, x—4q) for a # 3 (mod 4)
and I, = L(1 — k,x—4)L(1 — k,x—a) for a = 3 (mod 4). Then by Proposi-
tion 4.1 and Lemma 5.1, Sy, (0(2)Gry_,(2))|ci2) is equal to 27 k1, 2(1,2) for
a # 3 (mod 4), and 2721,{2(1 — xs(a)2¥"1)k1,.2(1,2) + K1,,2(1,1)} for a = 3 (mod 4)),
and Sy, (0(2)GY " (2))le(2) is equal to —27%k14ky,2(1,1) for a # 3 (mod 4), and
—271(1 — xs(a)27%)l4k1,2(1,1) for a = 3 (mod 4).

Let k be even and put I, := ((1 — kK)L(1 — k,x,) for a = 1
I, :=C(1 — k)L(1 — k, x4a) for a # 1 (mod 4). Then 7« 1,(0(2)G}?(2))
272(2F —1)(2¥ — xs(a))l\ k1,.2(1,1)} for a = 1 (mod 4), and 271 (1 —27%)1! kq, 2(1,1) for
a# 1 (mod 4), and S+ 1,(0(2)Gr,1,(2))|c(2) is equal to [[[271 (1 —2F71)2 x ky, o(1,2) +
272{1-2k 422811 5(1,1)] for a =1 (mod 8), I/ {271 (1-2%%72) x Ky, 2(1,2) +272(1+
2261k, 2(1,1)} for @ = 5 (mod 8), I/{271(1 — 28"V kq, 2(1,2) + 27 2k1, 2(1,1)} for
a# 1 (mod 4), and F4+ 1,(0(2)Gr,1,(22))]c(2) is equal to I[{271(1 — 2871)2kq, 5(1,2) +
273k1,2(1,1)} for a = 1 (mod 8), I/, {271(1 — 2%*72) x k1, 2(1,2) + 2723k1, 2(1,1)} for
a=5 (mod 8), I/ {2711 — 2" V) k1, 2(1,2) + 277 2k4, 2(1,1)} for a # 1 (mod 4).

(mod 4) and
(2) is equal to

<
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Corollary 5.3. Let a be a square-free natural number.

(i) Let k > 0. Then raiz(an?®) is given up to O({an?}F+13/28+e) py

L(—2k,X—1a _

{1+(71)k(—1222k)-(+1§<)(74k71) D dpn (Bx—1a) ()P {0411 (n) + (=1)F 12 oy i1 (n/2)} for
a % 3 (mod 4), and {1+(—1)££:222kl§§1_}a2(_4k—1) Zd\n(ﬂX*‘IlQ)(d)dgk[{24k+1+(—1)k_122k+1
+1-2%ys(a)}oupsr(n/d) =2 H{(=1)" " xs(a) + 1}oars1(n/(2d))] for a = 3 (mod 4),
where the error term is 0 if k=0, 1.

(i) Let k& > 1. Then 7raps1(an?) is given up to O({an?}Ft13/28+e) py

2k—1_ _
=) 37 (e 1) ()@ ({271 41+ (—1)F2% 1 (22 — 1)} (n) -

i L(1- k;' a

2 (=1)%(22%—1)+3}ouk—1(n/2)] for @ = 1 (mod 8), and % X
Dain (BXa12)(d)d?* {22 =14 (= 1)F2"% o1 (n) +2 H{1—(=1)"} x 04r—1(n/2)]
fora =5 (mod 8), and Grtraet s ¥y (xaa) () a2~ {1 — (=1)F 2% oy 1 (n) +
22k 192k _ (—1)*}ou,_1(n/2)] for a Z 1 (mod 4), where the error term is 0 if k = 1.

Proof. We write k1, 2(1,2),Kk1,,2(1,1) as k(1), k(2) respectively for short.
(i) If k > 1, then

0(2)*F3(2) ~ L(=2k, x-4)"H{O(2)Gara1x 4 (2) + (=1)F2%0(2) G311 (2)}

by Proposition 3.3. Let us suppose a #Z 3 (mod 4). Then by the calculation before

Corollary 5.3, Lax _, (0(2)*%3(2))|c(2) = L(—2k, X—10) {27 6(2)+(—1)"1272F72K(1)},

which holds also in the case k = 0 by (24). Hence by Proposition 3.1(i), we have
Farxa(0(2)F3(2))

~ (1+(— 1)11;( 122];;35-142( 4k—1) {2 G4k+2(z) + (_1)k_122kG4k+2(2z)}'

The Fourier expansion of the right hand side is obtained from (12). The formula for the
case a Z 3 (mod 4) follows from this. Since S3/5(4,x—4) = {0} and S7/5(4, x—4) = {0},
the error term vanishes if £ = 0, 1. The estimate of error terms comes from the estimate
of the Fourier coefficients of a cusp form of weight 2k 4+ 3/2 by Iwaniec [9]. Suppose
a = 3 (mod 4). By the calculation before Corollary 5.3,

ya*,x—4(9(z)4k+3(2))‘6(2)
= L(=2k, x-a)[27(1 = xs(@)2%)r(2) + 27{1 + (=1)"xs(a) + (=1)" 122 s (1)),
which holds including the case k = 0. By Proposition 3.1(i),
S x—a(0(2)"F(2))
~ (H(i1)%:55};&)%)(7%71) [2—1{24k+1 + (_1)k7122k+1 +1— 22kX8(a)}G4k+2(Z)

— 2 (—1)F (@) + L Gapra(22)].

This proves the formula in the case a = 3 (mod 4).
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(ii) By Proposition 3.3, we have

6(2)" ! (2) ~ ety (D25 + 1 - (-1)}0()C5(2)
—0(2)Gak.1,(2) — 2(22’“’1—1)0(2)6’%,12 (22)].

If a =1 (mod 8), then

a,1s (9(2)4k+1(2))|0(2)
= 2722271 _1)L(1 — 2k, xa){—26(2) + {(—1)*(202k) — 1) + 1}x(1)

by the calculation before Corollary 5.3. Then by Proposition 3.1(i),

2k—1_ _ _
a2 (0(2) 5 (2)) ~ Cpr IEETRA) (o240 4 1) 4 (—1)F2% (22 — 1)} Gy (2)

=2 ((=1)"(2°% = 1) + 3)Gup(22)].
The formula for a =1 (mod 8) follows from this. If a =5 (mod 8), then

Za,1,(0(2) T (2) e ()
=272L(1 — 2k, xa) 202771 + DR (2) + {1 + (=D)* (2% + 1)}x(1)].

Then by Proposition 3.1 (i),

Fu1a(02)1(2))
~ SR (22— 1) o (1P G () + 2% - (—1)F )G (22)

The formula for ¢« = 5 (mod 8) follows from this. If ¢ # 1 (mod 4), then
F1a,1,(0(2) "4 (2))e2) = 271 L(L — 2k, x4a){2%5(2) + (—1)*K(1)}. Then

y4a,12 (0(2)4k+1 (Z))
L(1—2k,X4a
~ s {1+ (~1)*2%} G () + 2782 — (=1)F}Gan(22)).
We have proved the formula. O
6. Theta series on I'g(4p?)

(p)

Let p be an odd prime. The generating function of T (o saz,o8) is given by

3 . 3 _
I Emian (moapy ©(n%2) = E02or) | (n)e(nz). However if -0 a? = m
(mod p), then the m-th Fourier coefficient of 6(z) Hle > n=+a; (mod p) e(n?z) equals

réi)l amsg) (M) Let w be a generator of the group (Z/p)*. We have x,v = wP=1/2,

All even characters in (Z/p)* are written in the form w?. From (5), it follows that if
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ag, a3 Z 0 (mod p) and if Z _,a? =n (mod p), then r?) (n) is equal to the n-th

(Dél , 2 7a3)
Fourier coefficient of

9 p—2 p—2
(- ) ) 3 (0B () 3@l 0 ).
= 7=0

If az # 0 (mod p) and if a2 + a2 = n (mod p), then ng)l oo, 0)( n) is equal to the n-th

Fourier coefficient of
—0(2) Y @(a2)*0,2i(2)0(p?2).

The space M(4p?, x_4x) does not contain cusp forms such as (23) for x even, and hence
f € M(4p?, x_ax) is written as f(z) = E3/2(2) + g(2) where Ej/5(2) is an Eisenstein
series of weight 3/2, and ¢ is a cusp form any of whose Shimura lift is a cusp form. By
Duke and Schulze-Pillot [4], the n-th Fourier coefficients of f(z) agree with that of E3/5(2)
up to O(n'3/2+¢) for e > 0. Since all the Shimura lifting maps are Hecke equivariant, the
Shimura lifts of E3/5(2) are Eisenstein series of weight 2. If all such Eisenstein series of
weight 2 are obtained, then the Fourier coefficients of E5/5(2) are obtained by (21), and
hence the Fourier coefficients of f(z) up to O(n'3/28+¢). We need to write the Shimura
lifts of 0(2)0,,2:(2)0,,25 (2) (0 <i,5 < (p—1)/2) and 0(2)0,,2:(2)0(p?z) (0 <i < (p—1)/2)
by Eisenstein series up to cusp forms.

We express 0,2 (2)0,2:(2), 0,2:(2)0(p*2) as a linear combination of Eisenstein se-
ries up to a cusp form to make use of Theorem 5.2. By (17), 0,2 (2)|cp2) =

PR {T (W) i a2 (Xpv 0™ D) TG W )R a2 (WD) A+ w(2)PT(W) X
K2i ap2 (Xpvw ™4, 4p) + w(2)2 7 (xpvw')Ky2i gp2 (W, 4p)} for 1 <4 < (p —1)/2. By (16),
0P*2)leoapry = Kolwrap2(L,0?) + Kiape(LAp®) + p 1 20pk0 a2 (v, p) +
Y20k ap2 (Xpv 4D) + D K1 4p2 (1,4) + p LRy 4p2 (1, 1)}, Since 61, (2) = 0(z) — 0(p2),
01, (2)le (4p?) = Kolk1 4p 2(1,4p) — 1/26p/€1 4p 2(Xpv,4p) + Krap2(l,p) —

P 1/2Lpl€1 4p2(Xpv,p) + (1 = p~ 1)Ky ap2(1,4) —|— (1 = p~ 1)K 4p2(1,1)}. Multiplying these

and applying J(x,¢) = 7(x ) (¢)/7(x®) for x, ¥ with x, 1 x5 # 1,, we obtain the
following lemma:

Lemma 6.1. Let 1 < i,j5 < (p—1)/2.
(i) Suppose i+ j # (p—1)/2. Then 0,2i(2)0,2: (2)|c(ap2) is equal to
X—a(@)p (@I (W' w!) + T (pvw', xpvw! ) H =271V =Tx-4(p)
X KX—4w2"’+2j,4;D2 (w_i_jvp) + w(2)2i+2jKX74w2i+2174p2 (X*4w_i_ja 4p)} + T(vawi+j)
< {T (v e’ w?) + I (W', Xpv ! ) H =27V =Ix—a(p) i ywo2i2s 42 (Xprw ™7, p)

=+ w(2)2i+2jﬁx_4w2i+2j74p2 (X_4vaw_i_j, 4p)H.
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(ii) Suppose that i+ j = (p —1)/2. Then 0,2:(2)0,2 (2)|c(ap?) s equal to

X=a(P)p ™ epp T (W', w?) + T (xpv ', Xpv ) H=27V=TX (D) iy 152 (Xpv D)
+ fiy_papz (X—aXpv, 4p) + w(=1) (xpv (—1) + D)p{—2""V=Ix_a(p)ky_, 1p2(1p, D)

+ K;X,4,4p2 (X—41P3 4p) }]
(iii) Then 01,(2)0.2:(2)|c(ap2) is equal to
X—4(P)p_17(wi){—2_l V _1X74(p)’{w21,p(wiap) + w(2)2i’{w2i,4p2 (X740_Ji7 4]7)}

+X-aP)p ™ T w ) { =27 V= Ix-a(P) Rz (v @ )
+ w(?)ziﬁwzi)élpz (X,4vaoji’ 4p)}

(iv) The function 01,(2)*|c(ap2) on C(4p?) is equal to

—1/2

P Pipk1 ap2 (X—aXpv > 4P) — X—a(P)P ™ K12 (X =, 4p) — 27V —=1x_4(p)

x {p™ V2 1pk1 4p2 (Xpvs D) = X—a(P)D M h14p2 (1, 0)} + (1 — p )knape (-1, 4)
=27/ =1p 7 (1 — p MKy ap2(1,1).

(v) The function 0,2 (2)0(p*z)|c,(ap2) is equal to

X—a(p)p T (W) {w(2) % Kp2i ape (X—a@', 4p) — 27V —1x_a(p)K2i ap2 (@', D)}
+ x—a(P)p T (v w ) {w(2) P K2i ap2 (X—aXpv @', 4p) — 27V =Tx_a(p)

X Ky2i gp2 (va a_Ji, p) }

(vi) The function 01,(2)0(p*z)|c(ap2) is equal to

P21k ap2 (X—aXpv s 4D) — X—a(D)P ™ ki1 a2 (X =1, 4D) — 27V =1x_a(p)

X {p71/25p51,4p2 (Xpv:P) = X=a(P)p " K1ap2 (1, p)} +p (1 = p™ k1 ap2 (X—1,4)
=270/ ~1p T (1 — p k1 ap2(1,1).
By Proposition 3.1, we have
1 _V1 1 _V=Ix-a(p) 1 _V1
G1x—a(2)lep?) 2 \/sz ®) 2 \/47 2( : \/47
—Ix— —1 - —1
Ginoap2)lewsy | = | 3 — 0t 3 1 = Y |V
2 - = —
G1x_4(P°2)|c(ap?) z —g x-24p(p) _% # _\ZE
with v = t('k‘le4,4p2 (X—4a 4p2)7 Ry _4,4p2 (17p2)a Ry _4,4p2 (X—4a 4p)7 Ry _4,4p2 (Lp),

Koy g ap2(X—4,4), Ky, 4p2(1,1)), and
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Lf,x_4w (Z) ‘C(4p2)

= Xoareoxea@) f VEDCAR) e (@) 0(2)P R wnap2 (X—4@, 4p) )

From Lemma 6.1 and from these equalities we obtain the following proposition:

Proposition 6.2. Let p be an odd prime, and let w be a generator of (Z/p)*. Let 1 <i,j <

(p—1)/2.
(i) Suppose i+ j# (p—1)/2. Then

i+j

Bs20(2)0,1 (2) ~ 2(p = X1 (p)) I 7) + T Cprshs X }GE s (2)
(IOt W) + T xpew G ().
(i) Suppose i +j = (p— 1)/2. Then
B (2)0,01(2) ~ 2(p — x_a(p) " HI @) + T’ e BE L (2)
— w(=1)" (1 + x—a(){G,_, (2) — pGT",_, (p2)}].

(iii) There hold
01, ()02 (2) ~ 2(p = x-a(p) " {1+ JOopv &', xp ) }GY i (2)
+{-1+ J(w', XPV)}GT,’;V:XPW (2)],

01,(2)* ~ 2(p — x—a(p)) (P — 2 — x-4(0))GT",_,(2)

+(p+x-aP)GrY_,(02) = 2675 ()},
s (DOB22) ~ 20— xa(p)HCE s () + G L),
and
61,(2)0(p°2) ~ 2(p = x-a(p)) "HGL L (2) + G1 L, (2) = x4 D)G1Y_, (02)}-
7. Shimura lifts of products of theta series

Let a be a square-free natural number. It is necessary to express

ya* 1w2(i+j)X_4 (9(Z>9w2i (Z)eij (Z))7 Ya* X —aw?i (H(Z)le (Z)tngz‘ (Z))7
Far x-a1,(0(2)01,(2)%), Lar y_41,(0(2)00—2:(2)0(p" 2)),
S a1, (0(2)01, (2)0(p*2)) (25)
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as linear combinations of Eisenstein series up to cusps forms. We present how to ob-
tain the expressions. From Proposition 6.2 and from what we stated before Lemma 5.1,

this argument is reduced to express Ya*wzjx%(0(2)G‘i’7;74w,;(z)) (1 <i<p-1),

T x a1, (0G5 () and Foe 1, ()G, (p2):
Let K = Q(v/a), and let N be as in Section 4. Put

p=woN, ¢_4=x_40N. (26)

Then by Theorem 5.2, ya*’w21X74(Q(Z)G(i)’;74w7¢(2)) = 2’1U2(/\‘5’;,wi(z;a*,1)) 1<i<

p—1) for a =1 (mod 4), e woir_,(0(2)GY,_,.i(2)) = 27125, i(z50%,1) (1 <i <

p—1)for a # 1 (mod 4), Fury_,1,(0(2)G17_,(2)) = 27 Ua(Nyf,, ,(210%,1)) for

1 (mod 4), Ya*’xﬁlp(ﬁ(z)(}’;f’xﬂ(z)) = 2_1)\;,’;%74(2;(1*,1) for a # 1 (mod 4),

T a1, (0(2)GY_(p2)) = 27'0a(Nyf, (z:0%,p)) for @ = 1 (mod 4) and

Far x_a1,(0(2 Gi’”%4 (pz)) = 2_1)\;,‘;%74 (z;a*,p) for a # 1 (mod 4) where X;;wi (z;a0%,1)
= )\ZTOKawaDi(Z’

Mg ps (22N (22 xea®IN ), (20 2) B (e (p) = 1), Maf (507, p) =

A;f(p)7¢_4(z,z) if xo+(p) = —1 and A;};X%(z;a*,p) = )\;fmp,w%(z,z) if xq-(p) = 0, By,
ffp being as in Section 4. Proposition 4.1 gives the values at cusps of these functions.
If the restrictions to C(2p?), of functions of (25) are obtained, then the functions are
represented as linear combinations of Eisenstein series up to cusps forms, indeed, from

Proposition 3.1 there hold

a =

z) and /\;Z’X%(z; a*,1) = X}i,poK,zp,4(Z7 z), and where /\;Zz,x74('2; a*,p) =

/Q172p2 (1, 2p2)
H1,2p2(17p2)

Ga(2)|e(2p2)
G2(22)|c(2p2)

:‘{1721)2 (]_7 2p)

Ga2(p2)lc(2p?)

K1.22(1,p) G2(2pz)c(2p2)
K1.2p2(1,2) G2(p*2)le(2p2)
K1.2p2(1,1) G2(2p%2)|c(2p2)
(Iiw2i72p2 (@}2@) B ( G;:;i(Zﬂc(zp?) ) 1<i<p-1)
Ky2i op2 (@', p) G;wi (2Z)|C(2:D2)
with
0 0 —1 4 p> —4p?
0 0 4 —4 —4p?  4p?
T T I B RS Bt VI
Tp2—1| 4 -4 AP +1) AP+ 4P A [
P’ —4p -’ 4p? 00
42 4p 4p? —4p? 0 0
B = 471) <Q(2)2i —4 >
S -Dr) 4 @)
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Suppose that a = 1 (mod 4) and x,v(a) = 1. Then by Proposition 4.1 and Lemma 5.1,
we have

(Af Ox bapt (% 2))|c(2p2)
= 27%(2%0) 7(w")? (1 — x—a(p)p ™ )*L(0, X—4a)
X {20(2)2 Kpai 2 (@,2p) = e 02 (@, p)} (1 <0< (p—1)/2),
U2\ o (2 2))le 2o
= =272 L(0, X —4a)[(1 = x—4(p))*1.2p2(1,7%) + (1 = x—a(p))*1 2p2(1,p)

2(p — x-4(p))? p—1)>
_ (X—Q‘*()),ﬁm]ﬁ(l’ 2) + %m@pz(l, 1)]
p p
and
1, 1,
Uz( Mg, (2:2) + /\1 B 4( 2,2) = X=4P)A ) 0, (2:2)le2p2)

— 27210, X—1a) [X—1(P) (1—X—4(p))* K1 22 (1, p*) + 2=a@Uxcs@) ) ) (1 2p)

p?
B X,4(p)(p—1){(12)§,4(p)—1)p—1}H172p2(1,p) _ 2x74(p)(2p—;2(p—x74(p))2HLW(L2)

+ (P—1)2(2£;X74(p)) K122 (1, 1)],

the halves of which are equal to .7« ,2i, ,(0(2 )GTX wi (B)le@p2)y, Lar x_a1,(0(2) X
G}f’X?4 (2)leeep2) and L= 1, (9(,2)6117‘;74 (p2))|c(2p2) respectively by calculation after

(26). Then ya7xi4w2i+2j (0(2)9“,21 (z)szj ( )) ‘C(2p2)7 Yajxfwzi (9(2)91p (Z) X 9w2i (Z)) |C(2p2)7
Fax 102 (0(2)0,21 (2)0(p*2))c(2p2) and Sy, (0(2)01,(2)0(p*2))|c(2p2) are written as
linear combinations of k’s by Proposition 6.2 and by what we stated before Lemma 5.1.
Modular forms whose values at cusps are known, are written as linear combination of
Eisenstein series up to cusp forms by using (27). Then we have

ya,x_élwzuzj (G(Z)me (Z)szj (Z))
12w(2%a)™ L(0, X—44)
p(p + x-4(p))
i . i i . it w2(1 3)
+ J(xpvw", w?, xpvw +j) + J (W', Xpvw?, xpvw +]>}G2 1222(”1)( )
(i+j#@-1/2),
ya,x_4w2i+2j (H(Z)me (Z)ewzj (Z))
12L(0 X 4a)

~ ey ) = ) (g v e))

)
X {Gah,, (2) = p(p = DGy, (p2)} + w(=1)' (1 + x—a(p))pGa,, (2)]
(i+j=@/@-1)/2),

{J(wi7 wj y wi+j) + J(vawiv vawjv wH—j)
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ya,xfz;wm (6(2) ( )ew21 (Z)>

_ 6w(2%a)'(p— x- 4< )L(0, X —14)
p(p? — 1)

— J(xXpv @', Xpvw") } G 1,021 (2),
a1, (0(2)01,(2)?)
N { OLOxcta) (52 — p 4 4)GY1, (2) — p(3p + 1)C, (02)) (x-a(p) = 1)
6L(

{2J (W', xpv, Xpvw') — J(w', w")

Dxza0) {(p — 3)Ga, (2) + (3p — )Gyl (p2)} s (p) = —1)
Yayxfwzi (9(z)9w21(z)9(p22))
6&)(22a)i(p - X—4(p))L(07 X—4a) i i i i W2
~ P07 — 1) {J(w'0") + T (v’ Xpvw') }GY 2 (2)
and

Fran(0(2)0, (2)0(%2))
N { SLOX e {(p — 3)Gyh, (2) + p(p + 1)G34, (02)} (x-a(p) = 1)
WGM% (2) (x—4(p) = -1)

where 1 <4, < (p—1)/2.
We are done in the case that ¢ = 1 (mod 4) and x,v(a) = 1. The similar method
works also for other cases.

8. Sums of three squares under the congruence condition

For a square free natural number a, we define an operator P, on the set of Fourier
series by

o0 oo
Pa( E E Canze(an’z)
n=0 n=1

As stated at the beginning of Section 6, we have

P.(0(z) Z e(n?2) Z e(n’z))
n2=a%(mod p) n2=a2(mod p)

oo

Z T(a(an?),az,a3) (CL?’L2)G(CLTL2) (28)

where a(an?) denotes integer between 0 and p — 1 satisfying a(an?)? + a2 + o2 =
an? (mod p).
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From the previous section, we can obtain the Fourier coefficient of Shimura lifts
Far x_awrir2i (0(2)052i (2)0521 (2)) (0 < 4,5 < (p = 1)/2), T x g0 (0(2)002: (2)0(p°2))
(0 <i < (p—1)/2) with the error terms coming Fourier coefficients of cusp forms, and
hence those of 0(2)0,,2:(2)0,,25 (2), 0(2)0,2:(2)0(p*z) by (21).

(i) The case x,v(a) = 1.

From the computation of the preceding section and from Lemma 2.1 we have for

P (0(2)6, ()6, (2))
12(22) L0, X 1)
p(p+x-4(p))
+ J(vawi’ wj7 vauﬂH’j) + J(wl, vawj’ vawi+j)}
X Zw( 2(i+5) Z X —4al 0.1 . (n/d) (aan)
n=1 d|n

+ wits x,v Xa (i) + 6(i,5),(0,0) Ya

with
Xa(i) = S ol X a )T @) T 8)
x ni_o:l;(ux-z;alp)(d)ahz(n/(pd)) e(an’z) + (14 x—a(p))w(—1)"(p — 1)
x ;; X -1alp)(d)or’y, (n/d)e(an?z)],
y, = 2= - 40 Xota) §ON 1) (@), (n (pd)e(an®z)

n=1 d|n

where dyi+i 5, (resp. (i j) (0,0)) denotes 1 if w™ = x,v (resp. (i,j) = (0,0)) and it
denotes 0 if otherwise. Further

Pa(0(2)0,2i (2)0(p?2))
N 12L(0,X_4a)
p(p+x-4(p))

x Z iX—aaly) ()%, (n/d)e(an’z)

[w(2%a) {J (W', w") + J(xpvw', xpv ')} Y w(n)?

o0+ x s~ 1S S x-sal) @) o, (n/ (o)) Yelan®=)]

nld\
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for 0 < i < (p — 1), where §;¢ denotes the Kronecker delta. We assume that
as # 0 (mod p). By (5) and by Proposition 2.2, we have, including the case ag =
0 (mod p),

P.(0(z) Z e(n?z2) Z e(n?2))

n2=a%(mod p) n2=aZ(mod p)

12L(OaX—4a) _(p) 2 1 9
~ 7 (an®) E (x—14a1p)(d)oiy . (n/d)e(an’z),
(a(an?),az,a3) p 1,1
p(p+x-a(p) Zz (lem?emes o ’

1

where we note that 0?’12 (n/(pd)) = p~ ai”lz (n/p) for n with p|n. Hence if |a|?> =

an? (mod p) and a # 0 (mod p), then

ro(an?)
— M;@) an? o (n an2)13/28+e
Do s ) L saly) (@ (n/d) + Ol(an®) /2 (29
by (28).

(i) The case x,v(a) = —1.
We have

Pa(0(2)0.2: (2)0,2: (2))
12w(2%a)" I L(0, X—4a)
p(p — x-41(p)
+ J(vawi’ wj7 vawiJrj) + J(wi7 vawja Xpv WiJrj)}
X Z w(n)2(i+j) Z(foélalp)(d)all,plzp (n/d)e(an’z)
n=1 d|n

+ 5wi+j’xp\/ Xa (7’) + 5(1‘73‘)7(0,0)Ya

{—J(wi,wj,wi+j) — J(vawi, vawj,w”j)

for 0 <,4,j < (p—1)/2 with

. —1)L(0,X—4a P
Xo(i) = o LLOXeaa) [ (1)i(14y 4 (p ZZ pX-1alp)(d)orYy, (n/d)e(an’z)
n=1 d|n
+ x—a(P){J (W', xpv @) + T (xpvw', @) }p

< D3 (ix—1a1p)(d)oy, (n/ (pd) Je(an?z)),

n=1 d|n

_ 2
Yo = B Ot S™ (i 41,)(d) {01, (0/d) +

d|n

201 14, (n/(pd)) Ye(an®z).
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Further for 0 <i < (p—1)/2,

Pa(6(2)0,2i (2)0(p?2))
12w(2%a) L(0, X—44)

- p(p — x-4(p)) {=J(W" W) + J(xpvw', xpvw')}
X Z Z /J’X 4al )(d)o-iplz (n/d)e(anQZ)
d|n

with the additional term
246; 0 L(0, X—4a)
OEAe) 3 S sl @ o, (0 ) + 9ot /(o) )
n=1 d|n

if x_4(p) =1, and

24(p — 1)0;,0L(0, X—4q > L )
. p)(pi 1() Xsa) ZZ(“X—‘lalp)(d)ngzp(n/d)e(an 2)

n=1 d|n

if x_4(p) = —1. By (5) and by Proposition 2.2,

P.(0(2) Z e(n?z) Z e(n?z))
n2=a%(mod p) n2=aZ(mod p)
12L(0, X—4a) 4a
(P X-a(p

Z a(anQ) asz,as3) (an2) Z(Nxf4a1p)(d>0'117p12 (n/d)e(cmgz)

n=1 d|n
If |a|? = an? (mod p) and a # 0 (mod p), then

T (an2)
_ 12000, X—4a) )

an? e ot (n an2)13/28+e
P (an®) Y~ (nx-1alp)(d)or’y, (n/d) + O((an®)'*/%5+<)  (30)

d|n
by (28).

(iii) The case x,v(a) = 0.
We have

Pa(e(z)owzi (Z)ewzj (Z))

12x 4(p)L(0, X4a)

P {J(wi,xpvo?i) +J(xpvwi,wi)}

~ 5wi+j,xpv
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12(p — 1) L(0, x—4 .
+0(i4).(0.0) p+1 2 ZZ 1X—1a1p)(d)orh, (n/d)e(an>2)
n=1 d\

for 0 <,7,5 < (p—1)/2. Further

Pu(0(2)00: (2)0(p%2)) ~ L 0 X 4a) ZZ X —1alp)(d)oyty, (n/d)e(an?z)

nld\

for 0 <i < (p—1)/2if x_a(p) = 1, and P,(0(2)0,2:(2)0(p*2)) ~ 0 if x_a(p) = —1. By
(5) and by Proposition 2.2,

Pal0(z) > eln’z) Y. e(n’z)

n2=a3(mod p) n?=a3(mod p)
12L(0,X74a) = _ 1,
T e s (@) 200 de(ar)
n= d|n

If |a|? = an? (mod p) and & #Z 0 (mod p), then

Te (an2)

_ %ﬂf)(mﬂ) 2:(/D<74(11p)(d)gzllf’12 (n/d) + O((an2)13/28+a) (31)

dn

by (28).
From (29), (30) and (31), the following theorem is proved.

Theorem 8.1. Let a, n be natural numbers where a is square-free. Let p be an odd prime.
Then r(()p) (an?) = r3(an?/p?), and if a € Z3 is not congruent to (0,0,0) modulo p, then

=(p)
12 L
) (an?) = LIEEON ) $ i)y (i), (/) + O(an?2+9)
p) 2
T3 (a) d|n
for any e > 0.

Let h(a) denote the class number of the imaginary quadratic field Q(v/—a). If a > 3,
then L(0, x_4q) equals h(a), 2h(a) or 0 according as a = 1,2 (mod 4), a = 3 (mod ) or
a = 7 (mod 8). Siegel’s celebrated theorem on the class numbers shows that h(a) > a'/?~¢
as a — 00. Let a # 7 (mod 8). Then L(0,x_44)/a'3/?%*¢ — o0 as a — oo for
a sufficiently small ¢ > 0. Theorem 8.1 implies that if 7 (an?) > 0 and if an? is

sufficiently large with bounded 2-adic valuation, then n(f )(anQ) is positive.
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Corollary 8.2. Let n be either an odd number not congruent to 7 modulo 8, or 2||n. Let
p be an odd prime. Then there is a constant C, depending only on p which satisfies
the following. If n > Cp, and if of + a3 + a3 = n (mod p) has a solution in F3 with
(o1, a2,a3) # (0,0,0) (mod p), then

r;=a; (modp) (i=1,2,3), 23 +25+22=n
has an integral solution.

It is easy to see that we can take 0 as C'3s. However C}, might be very large in general.
It has been verified by using computer, that up to 2 - 105, the result of the corollary
holds for p =5 (resp. p = 7) if n > 42211 (resp. n > 308995). Hence C5 > 42211 and
C7 > 308995, where there are possibilities that the equalities hold. We have checked also
that Cy; > 2 - 106.

9. Sums of three squares under congruence condition modulo 8
Let n(z) be the Dedekind eta function. We put

f3/2(2) (82)n(162)0(22) € S3/2(128, x-4),

=1
f32(2) = n(82)n(162)0(8z) € S3/2(128,x-4).

Let cf, ,(n), cfé/z(n) be the n-th Fourier coefficients of f3/2(2), f3,5(2) respectively. We
have ¢y, ,(n) = 7 (n) =0 for n="5,6,7 (mod 8), and 7 (n) =0 for n = 3 (mod 8).
The coefficients cy, , (n) and Ctl (n) coincide except for n = 3 (mod 8). Both of f3,5(2),
f32(2) are Hecke eigen forms. Tunnell [21] (see also Koblitz [11]) showed under the
weak Birch—Swinnerton—Dyer conjecture, that an odd natural number n is a congruent
number if and only if ¢y, ,(n) = 0.

Let

r® ) =#{x e Z° | z; = £y (mod 8) (i =1,2,3), |z|> =n}

[e7

for a = (a1, ao, a3) € Z3, and

® (n) == #{x € Z% | z; = +a; (mod 8) (i = 1,2), 4|z, |z|> = n}.

T(al,a2,4*)

We define also "52,4*,4*

reduce the argument to the case at least one of them is odd. For example, if all «;’s are
8 8 8 8 8
odd, then rig)(n) =&’ (n/2%) and r(y) .. 4o () =700 o (n/22)+1() o (n/22)+

o (a1,02,6)

) (n/2%).

(al,a2,4*)

)(n) in the similar way. If all of oy, as, a3 are even, then we can
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Theorem 9.1. Let a be a square-free natural number and let n be an odd natural number.
Put

E(a,n) = L(0,X-1a) Y pd)x-1a(d)o1(n/d).

0<d|n

(i) Then rgf,)4*74*)(n2) (resp. 1"8)272)(712)) is 26(1,n) + x—a(n)n (resp. 2¢£(1,n) —

X—a(n)n) or 0 according as n = +1 (mod 8) or not. Further rg)4* 4*)(712) (resp.

7“8)2 2)(nz)) is 26(1,m) + x—a(n)n (resp. 26(1,n) — x—4(n)n) or 0 according as n =

+3 (mod 8) or not.
(ii) Let a = 1 (mod 8),> 1. Then ) )(anQ) = Tg)z 2) (an?), and this is equal

(1,45, 4%
to 2¢(a,n) or 0 according as an? = 1 (mod 16) or not. Further TE§?4*74*)(GTL2) =
Tg})2’2) (an?), and this is equal to 2£(a,n) or 0 according as an®* =9 (mod 16) or not.
(iii) Let @ = 5 (mod 8). Then rgf?2’4*)(an2) (resp. rg’)z’zl*)(anz)) is 2&(a,n) or 0
according as an® =5 (mod 16) (resp. an® =13 (mod 16)) or not.
(iv) Let a = 3 (mod 8). Then rg?l)l)(anQ) (resp. r5§?3,3)(an2)) is 3¢ (a,n)+3cy, , (an®)
(resp. 3&(a,n) — cy,,,(an?)) or 0 according as an® = 3 (mod 16) or not. Further

r§§?173)(an2) (resp. TE§?373)(an2)) is 3¢(a,n) — cfg/z(anQ) (resp. 3¢(a,n) + 3cf3/2(an2))

or 0 according as an®> = 11 (mod 16) or not.
(v) Let a = 2 (mod 8). Then r5§?174*)(an2) (resp. TES?SA*)(anQ)) is 2¢(a,n) +
2¢t, 5 (an?/2) (resp. 2¢(a,n) — 2¢t,,, (an?/2)) or 0 according as an® = 2 (mod 16) or

not. Further Tg% 4*)((m2) is 2¢(a,n) or 0 according as an® = 10 (mod 16) or not.

(vi) Let @ = 6 (mod 8). Then rgf?lg)(an2) (resp. TS’)S’Q)(anQ)) is 26(a,n) +
2¢y, ,,(an?/2) (resp. 2&(a,n) — 2¢y,,,(an®/2)) or 0 according as an® = 6 (mod 16) or

not. Further 7‘8)372) (an?) is 2£(a,n) or 0 according as an® = 14 (mod 16) or not.

We give the proof of the theorem in the next section.

From (i) of the theorem we see in particular that r(3 2 2)(p?) = 0 (resp. 7(1,2,2)(p*) = 0)
if p is a prime with p = 1 (mod 8) (resp. p = 5 (mod 8)), while the congruence relation
3% 4+ 2%+ 22 = p® (mod 8) (resp. 1% 4 2% + 2 = p* (mod 8)) holds. Since cy, , (an?) =
O((an?)'3/28+¢) by Duke and Schulze-Pillot [4], we have the following:

Corollary 9.2. There is a constant C which satisfies the following. Let n be either an odd
non-square number not congruent to 7 modulo 8, or 2||n. Let aq, aa, asz be any integer
with o3 + a3 + o = n (mod 8). Then if n > C, then there are integers x1, T, T3 with
x; = a; (mod 8) for a; not divisible by 4 and with x; = a; (mod 4) for «; divisible by 4
which satisfy 3 + 23 + 23 = n.

It is checked by computer, that up to 2 - 105, the result of the corollary holds if
n > 83227. The constant C in the corollary is at least 83227, and there is a possibility
that C' = 83 227.
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By Theorem 9.1 (iv), we see for square-free n = 1 (mod 8),> 1, that cy, ,(n) van-
ishes if and only if rEl)l 4y (2n) = r§§?374*)(2n). By (v), for square-free n = 3 (mod 8),

Cfys (M) Vanlshes if and only if Tg)l 2)(211) = rg)?) 2)(271). By (vi), for square-free n

w1th n = (mod 16) (resp. n = 3 (mod 16)), cy,,(n) vanishes if and only if
8

(1 1 2)( n) = (33 2)( n), and cy, ,(n) vanishes if and only if 7"(1 L 1)(n) = 7”83,3) (n)

(resp. rgi)m)(n) = Eg?B,S)(n)). As a consequence of Tunnell’s result we obtain the fol-

Corollary 9.3. Let n > 1 be a square-free odd natural number. We assume that the weak
Birch—Swinnerton—Dyer conjecture is true.
(i) Let n = 1 (mod 8). Then n is a congruent number if and only if TE§7)1,4*)(27’) =

r®
7(3,3,4) (210)-

(ii) Let n = 3 (mod 8). Then n is a congruent number if and only if réi)l’z)(Qn) =

(8)
T(3,3,2) (2n).

(iii) Let n = 3 (mod 16) (resp. n = 11 (mod 16)). Then n is a congruent number if
(8 8 8 8
and only if 7"51,)1,1)(”) = TEI?3,3) (n) (resp. r§13173)(n) = T537)3,3) (n)).

10. The proof of Theorem 9.1

The method proving Proposition 6.2 is effective also for products of theta series of
level powers of 2. In the following case, even the equalities hold. We omit the proofs of
the following two lemmas.

Lemma 10.1. There hold the equalities
G(Z)Q = 2G1,X74(Z)’
0(2)0(4z) = G1x_4(2) = G1x_4(22) +2G1 5, (42),

1 1
9(2)9(1625) = §G1,X74 (z) - _G17X—4 (225) + Gl,X—4 (4Z) - GLX—4 (82)

+ 2G4, ,(162) + GTSX L(2),
and

Ors(2)? = 2G5, (22).

We denote by By,, an operator on the set of Fourier series so that By, (3, cne(nz))

=32 jcne(nmz).
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Lemma 10.2. There hold the equalities

0(2)GY_(22) = Ba(U2(0(2)GYY_(22)) = 2(f3/2(2) — f32(2));
Ua(6(2)0(162)0, (2)) = 4f55(2)

and

Uz(0(2)0(42)0xs(2)) = 4f3/2(2)-

Let a be a square-free natural number. We investigate the numbers of representations
of an? as sum of three squares when n is odd. Let K, P2, ©_4 be as in Section 7.

(I) The case a =1 (mod 8).
If |z|> = an? for n odd, then we may assume that z; is odd. Then both of x5, 23 are
just divisible by 2, or both of them are divisible by 4.

(I-i) The case x2 = x3 = 0 (mod 4).

We investigate the Fourier coefficients of 6(2)0(162)> € Mj/5(64, x—4). There is a
cusp form ©, _,(z) of (23) in My/5(64,x_4). If a # 1, then .7, , _,(©,_,(z)) = 0 since
the n-th Fourier coefficients of ©,,_,(z) is 0 for n not square. At first we consider the
case a > 1. Since 0(2)0(162)? = 20(2)G1y_,(16z) by Lemma 10.1, .7, ,, ,(0(2)0(162)%) =
Ua(A2x_4(2;0,16)) = Aoy, (#;a,4). By Theorem 5.2, Ay, ,(2;a,4) = 5\17‘;322711,_4 (2,2)+
szz’m(z, 2)+ A2y 0 (2) = Moogsp 4 (2,2) — 5\1’2,52#,_4(2', z) € M5 (16). By Propo-
sition 3.1, we have

Moz 4 (2 2)leqs) = 5‘177;;22,11,,4(27 z)|c(16)

=275L(0, X —4a){2%k1.16(1,16) — K1 16(1,1)},
M@)0-4 (2 2)leqe)

= 27°L(0, X —4a){2%k1.16(1,16) + 2*k1.16(1,8) — 2%k1.16(1,2) — K1.16(1,1)},
Moagaz s (7 2)les) = M og2., (3 2)leqs)

=27OL(0, x—4a){2°K1.16(1,16) — 2% k1 16(1,2) — K1.16(1,1)},

and
Aoy (21,4, 1) cie) = 27 L(0, X—1a){2%k1,16(1, 16) + 2°k1 16(1,8) — K1,16(1, 1)}

Hence .7, , ,(0(2)0(162)%) = L(0, X—14){G2(2) — G2(2z) + 2G2(42) — 8G2(8z2)}, and

(an?) = 2¢(a,n) for an? = 1 (mod 16), and r® (an?) =

from this we obtain ng) (3,4%,4%)

1,4%,4%)
2¢(a,n) for an? =9 (mod 16).
Suppose a = 1. Then .7, 5, ,(0(2)0(162)* — O, _,(2)) = L(0, x—4){G2(2) — G2(22) +

2G2(4z) — 8G2(82)}. From this we obtain 7“8)4*74*)(712) =2¢(1,n) + x—a(n)n.
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(I-ii) The case 2||z2, 2||z3.

Let a > 1. Since 0(2)0(42)? = 20(2)G1y_,(4z) by Lemma 10.1, 7, ,(0(2)0(42)%) =
Us(Moy_4(z70,4)) = Aoy ,(25a,1) € My(4). By Theorem 5.2, Aoy ,(z5a,1) =
M 0 w_a(2,2). By Proposition 3.1, we have Moxw1(22)|ewy = 273L(0, x—14) X
{22k1,4(1,4) — k1.4(1,1)}. Hence 7, ,(0(2)0(42)?) = 2L(0, x—4){G2(z) — 4G2(42)}.
Since 7‘8)272) (an?) = #{(z1, 222, 2x3) € Z3 | 23 + 423 + 423 = an?} — #{(z1, 422, 473) €
Z3 | 23 +1623+ 1622 = an?} for an? = 1 (mod 16), we can obtain rg))zz)(anQ) = 2¢(a,n)
from .7, ,(0(2)0(42)? — 0(2)0(162)%) = L(0,x—14){G2(2) + G2(22) — 10G2(42) +

8G2(8z2)}. The equality Tgi)z,z)(a”Q) = 2¢(a,n) for an® = 9 (mod 16) is proved simi-

larly.
Let a = 1, From the last part of the case (I-i), we have

F1x-a(0(2)0(42)% — 0(2)0(162)* — ©,_,(2))
= L(O,X_4){G2(Z) + GQ(QZ) — 1OG2(4Z) + 8G2(8Z)}

The equalities Tg,)Zz) (n?) = 2¢(1,n) — x_4(n)n for n = £1 (mod 8) and rgi)zg)(rﬂ) =

2¢(1,n) — x—a(n)n for n = +3 (mod 8) follow from this.

(IT) The case a =5 (mod 8).
We investigate the Fourier expansion of 6(z)0(42)0(16z) = 6(2){G1y_,(4z) —
G1,x_,(82) +2G1 5 _,(162)}. By Theorem 5.2,

Fax_(0(2)0(42)0(162))
=2"0s Aoy, (250,4) + A2y, (25 a,16))
=27 A0k (2,2) + A1), (2, 2)} € Ma(8),

and by Proposition 3.1,

M,0w-1 (2, 2)les) = 272 L(0, X—10){2%k1,5(1,8) + 2%k1 5(1,4) — K1,5(1,1)},
M@ 4 (2 2)|es) = 27°L(0, x—1a){2%k1,5(1,8) — 2%k18(1,2) — k15(1,1)}.

Then

Fax-1(0(2)0(42)0(162))|c(s)
=270L(0, X _4a){2%k1.8(1,8) + 2%k g(1,4) — 2%k1 8(1,2) — 5r18(1,1)},

and
Fax_s(0(2)0(42)0(162)) = L(0, x—14){G2(2) + G2(2z) — 4G2(4z) — 4G2(8%)}.

Then rg’)QA*)(ch) = 2¢(a,n) (resp. 7"8)2,4*)(cm2) = 2¢(a,n)) for an® = 5 (mod 16)

(resp. an? = 13 (mod 16)).
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(III) The case a = 3 (mod 8).
We have 0(z) — 0(4z) + s6y,(2) =23 —oo<n<oo €(n?z) for s = £1, and hence

xs(n)=s
0(2){0(2) — 0(42) + 05 (2){0(2) — 0(42) — 05(2)}
= 42 HxcZ|xy==+1,23 =43 (mod8), |z|?=n}e(nz2). (32)

n=1

If n = 3 (mod 16) (resp. n = 11 (mod 16)), then n-th Fourier coefficient of (32)
gives réf?&g) (n) (resp. Tg,)l,l%) (n)). The product (32) is equal to 20(z)G1,_,(22) —
20(2)G1 x_, (42)—20(2)GY5,_,(22) by Lemma 10.1. By Lemma 10.2 the n-th Fourier coef-
ficient of 0(2)GY%,_,(22) is equal to 2cy, , (n) if n is odd and n = 3 (mod 8). We compute
Frax-a(20(2)G1 x4 (22) =20(2)G1 _, (42)) € Ma(4). We have Fia, (0(2)G1 . (22))
= Aoy 4 (240,2) = Mgy 4 (2,2) and Fuey ,(0(2) X G1y_,(42)) = Aoy, (2;4a,4) =

5\1’(2),1&74(,2, z) by Theorem 5.2, and

Faa,x-4(20(2)G1x_4(22) = 20(2)G1 x4 (42))cq)
= 27°L(0, x—a){2*r1,4(1,4) + 2°k1,4(1,2) — 5r1.4(1, 1)}

by Proposition 3.1. Hence
Faax-a(20(2)G1y_,(22) = 20(2)G1 x4 (42)) = 12L(0, x—a){G2(2) — G2(22) — 2G2(42)}

and the an?-th Fourier coefficient of 20(2)G1,_,(22) — 20(2)G1,_,(42) is 12¢(a,n)
for n odd. Since this is equal to an?-th Fourier coefficient of 6(z){0(z) — 0(4z) +
Oxe (2)HO(2) — 0(42) — 0, (2)} + 4f3/2(2), we have 7}, 5 (an?) = 3¢(a,n) — cy, , (an?)
(resp. réi)Lg)(anz) = 3¢(a,n) — cp,,(an?)) for an® = 3 (mod 16) (resp. an®
11 (mod 16)). Because r(m,l)(anQ) + 3r(1’3,3)(an2) = rz(an?) = 12¢(a,n) for an? =
3 (mod 16) and r(3’3,3)(an2) + 3r(1,1’3)(an2) = 12¢(a,n) for an® = 11 (mod 16), we
obtain also the formulas for r(l’lﬁl)(anz) and r(3,3’3)(an2).

(IV) The case a = 2 (mod B).

The number 71 1 4. (an?) (resp. r(134.(an?)) equals the an®-th Fourier coeffi-
cient of 2710(2)0(162){0(z) — 6(4z) + O,,(2)} for an? = 2 (mod 16) (resp. an® =
10 (mod 16)). By Lemma 10.2, the an?-th Fourier coefficient of 6(z)0(162)0y(2)
is equal to deg | (an?/2) = 4cy, ,(an®/2). We consider the Fourier coefficients of

2716(2)0(162){0(z) — 6(42)}.
By Lemma 10.1, we have
0(2)*0(162) = 2710(2){G1,x 4 (2) — G1x_4(22) +2G 1, (42)
—2G1 ,(82) +4G1,_,(162) + G5 (2)},

1,x-s

and hence
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T (0(2)%6(162))
=27 oy L (250,1) — Aoy, (230,2) + 20y ,(250,4) — 22, ,(2;0,8)
+ 4oy 4 (2;0,16) + 235 (250,1)}
=272 N0k 1 (2,2) = Mpawa(2,2) + 25\17(2)@_4(2, 2) = 2\ oqa 4 (2,2)
+ A @), (2,2) + Ao, g (2:2)} € M(B).

Similarly we have .7, ,(0(2)0(42)0(162)) = 274 Xay ,(27a,4) — A2y ,(2;a,8) +
2X\2_,(z;a,16)}. By Proposition 3.1,

5:170K»¢—4(Z7z)|C(8) 2-1 21 9-1 _9-2
%‘1"132’1#74(3’27)‘0(8) 2-1 21 0 _9-3 K1,8(1,8)
AL@woa (2 2)les) | _ L0, x—sa) 2_1 9-1 _2_2 _2_4 k1 s(1,4) |
)‘}’2‘32#}—4(272”&8) 2-1 0 —9-3 _9-5 51,8(1,2)
2‘1,(4)71/1—4(272”6(8) 2-1 _9-2 _9-4 _9-6 51,8(1,1)
)‘Ilp,gok,w,s(zvz)k(s) 0 0 9-1  _9-3

and hence 7+, _,(0(2)%0(162))|csy = 27°L(0, x— 4a){2 k1,8(1,8) + 2%k18(1,2) —
3r1s(1, 1)} and  Fo-\,(0(2)0(42)0(162))[csy = 27°L(0,X-4a){2'r15(1,8) —
22k18(1,2) — k15(1,1)}. Then

Faax_.(2710(2)0(162){0(2) — 0(42)}) = L(0, x—14){G2(2) — 3G2(22) + 2G2(42)}.

From this we obtain 71 1 4.y (an®) — 2¢y, , (an?/2) = 2¢(a,n) for an® = 2 (mod 16) and
7“(134*)( n?) = 2¢(a,n) for an® = 10 (mod 16), where we note that cy, ,(n) = 0 if

=5 (mod 16). Since 3r(1,1,44)(an?) + 37 (3,3 44 (an?) = r3(an?) for an® = 2 (mod 16),
the formula for (3 3 4.)(an?) is also obtained.

(V) The case a = 6 (mod 8).
The number 71 1 2)(an?) (resp. 71 32)(an?)) equals the an®-th Fourier coefficient of
10(2)0(42){0(z) — 0(42) + 0,4 (2)} for an® = 6 (mod 16) (resp. an? = 14 (mod 16)). By
Lemma 10.2, the an®-th Fourier coefficient of 6(2)6(42)0,,(z) is equal to 4cy, , (an?/2).
We consider the Fourier coefficients of 2_10(z)9(4z){9( ) — 0(42)}. We already know
that Faa ,(0(2)%0(42)) = 2L(0,x—14a){G2(2) — 4G2(42)}, Faay .(0(2)0(42)?) =
6L(0, x—14){G2(22) — 2G2(42)} and hence

Frax_.(2710(2)0(42){0(2) — 0(42)}) = L(0, X—1a){G2(2) — 3G2(22) + 2Go(42)}.

Then we have réf)l 2)(cmz) - 2cf3/2(cm2/2) = 2¢(a,n) for an?> = 6 (mod 8) and

Eg)g 2) (an?) = 2¢(a,n) for an® = 14 (mod 8) where we note that cy, ,(n) = 0 for

n = 7 (mod 8). Since 31"(1 1 2)( + 37"(3 3 2)( n?) = r3(an?) for an? = 6 (mod 8), we

n?)
obtain also the formula for 7"(3 3 2)( n?).
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