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1. Introduction

Throughout this paper, by F we refer to any arbitrary field, while by IF,,, we only refer
to the fields of prime order p. We denote the set of non-zero elements by F* and F},
respectively. Furthermore, we use the following convention: if the characteristic of F is
positive, then we denote its characteristic by p; if the characteristic of [F is zero, then we
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set p = 0o. So a term like N < p5/8

is restrictive in positive characteristic, but vacuous
for zero one.

For A C F, the sum and the product sets are defined as follows:
A+A={a+d :a,a € A}, A-A={a-d :a,d € A}.

For A C F,, Bourgain, Katz and Tao ([2]) proved that if p? < |A| < p'~? for some § > 0,
then we have

max {|A+ A|,|A- A} > |A'T,

for some € = €(0) > 0. Here, and throughout, by X < Y we mean that there exists the
constant C' > 0 such that X < CY.

In a recent paper [8], Roche-Newton, Rudnev, and Shkredov improved and generalized
this result to the setting of arbitrary fields. More precisely, they showed that for A C T,
the sum set, product set, and quotient set satisfy

max {|A + A|,|A- A|} > |A|%°, max {|A+ A],|A: A} > |A|%/5.

We note that the same bound also holds for |A(1+ A)| [10], and |A+ A?|, max {|A+ 4],
|A% + A2|} [7]. We refer the reader to [1,3,8,6] and references therein for recent results
on the sum-product topic.

Let G be a subgroup of F*, and g: G — F* be an arbitrary function. We define

wlg) = max|{z € G: g(z) = t}].

For A, B C IF,, and a related pair of two-variable functions f(z,y) and g(z,y) in Fp[z, y],
Hegyvari and Hennecart [5], using graph theoretic techniques, proved that there exists
A(a) > 0 such that for |4

= |B| = p®, we have
max {|f(A, B)|,|g(A4, B)|} > |A['FA@),

where f(A,B) = {f(a,b): a € A,b € B}. More precisely, they established the following
results.

Theorem 1.1 (Hegyvéri and Hennecart, [5/). Let G be a subgroup of Fy. Consider the
function f(z,y) = g(z)(h(z)+y) on G x Ty, where g,h: G — Fy are arbitrary functions.

Define m = (g - h). For any subsets A C G and B,C C Fy;, we have

2 m

2
/(A B)||B-C| > mm{Myfﬁ}.

pm
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Theorem 1.2 (Hegyvdri and Hennecart, [5]). Let G be a subgroup of Fy. Consider the
function f(z,y) = g(z)(h(z)+y) on G xFy, where g,h: G — F, are arbitrary functions.
Define m = u(g). For any subsets A C G, B,C C Fy, we have
A||B?|C| p|B
F(A,B)[|B +C| > min {M M} .

2

pm m

It is worth noting that the result established by Bukh and Tsimerman in [[3], Theo-
rem 6] does not cover such a function defined in Theorem 1.2. The reader can also find
the generalizations of Theorems 1.1 and 1.2 in the setting of finite valuation rings in [4].

Suppose f(z,y) = g(x)(h(z) +y) with u(g),u(h) = O(1) and A = B = C. Then, it
follows from Theorems 1.1 and 1.2 that

1. If |A] > p*/3, then we have
[f(A, A)[A- AL F(A, A)[[A+ Al > plA].
2. If |A| < p?/3, then we have

[F(A A)|A- AL IF(A ANIA+ Al > |A[*p. (1)

The main goal of this paper is to improve and generalize Theorems 1.1 and 1.2 to
arbitrary fields for small sets. Our first result is an improvement of Theorem 1.1 for
small sets.

Theorem 1.3. Let f(z,y) = g(z)(h(z) + y) be a function defined on F* x F*, where
g, h: F* — F* are arbitrary functions. Define m = u(g-h). For any subsets A, B,C C F*
with | A, |B|,|C| < p®/8, we have

) ) ) 2
m53 m m m3

s {[/(A.B) B.C|}>>mm{|A|%|B|?|c|é BICI |BllAl? |B|%|c|%|A|%},

Remark 1.1. Consider the function f(x,y) = g(z)(h(z)+y) with u(g), u(h) = O(1), and
the subsets A, B,C' C T, with |Al,|B],|C| < p°/%. By Theorem 1.1 we have

2
[f(A,B)||B-C| > IAII?CI

Therefore, Theorem 1.3 improves this bound in the case

|4]2|B[[C|>
>

min {41} |B}|CI3, |BIICI}, Bl B3O A1} } :
p2

which is equivalent to
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3 2 3 1 2 1
max {|4%|BI?[C|?,]Al, [C1, |5 B}|C1 } < p. (2)

As a special case, when |A| = |B| = |C| < p°/%, one can check that inequality (2) holds,
thus Theorem 1.3 improves the bound in Theorem 1.1 in this case.

The following are consequences of Theorem 1.3. The first one improves the multiplica-
tive bound in (1).

Corollary 1.4. Let f(z,y) = g(z)(h(z) + y) be a function defined on F* x F*, where
g, h: F* — F* are arbitrary functions with u(g - h) = O(1). For any subset A C F* with
|A| < p®/8, we have
max {|f(4, A)|, |4 A} > 4]

Corollary 1.5. Consider the subsets A C F*, and B,C C F with |Al,|B|, |C| < p®/5.
1. By fizing g(x) =1 and h(z) = 71, we get

max {|A™ + B|,|B - C|} > min {|A|¥|BI|C|?,|BIICI3, |Bl|AI%, |BIF |C|F 4]} }
2. By fizing g(x) = x and h(z) = 1, we have

max {|A(B +1)|,|B - C|} > min {|4]}|BI}|C|},|BI|C|}, Bl AL, 1BIF O} 4]} }

It follows from Corollary 1.5, 2. that if B = A and C = A+1 then we have |[A(A+1)| >

|A|/® which recovers the result of Stevens and de Zeeuw [10]. Corollary 1.5, 2. also gives
an improvement of Theorem 1 in [12].

Our next result is the additive version of Theorem 1.3, which improves Theorem 1.2
in the case inequality (2) is satisfied.

Theorem 1.6. Let f(x,y) = g(z)(h(z) + y) be a function defined on F* x F*, where
g, h: F* — F* are arbitrary functions. Define m = u(g). For any subsets A, B,C C F*
with |A|, | B|,|C| < p®/%, we have

4 ’ 9 9 2
m5 m m ms3

mw{ﬂABﬂm+C”>mm{Aﬁwﬁwﬁ|moﬁ|mmﬁ|mﬂcamé}

The following result gives an improvement of (1) in the additive case.

Corollary 1.7. Let f(z,y) = g(z)(h(z) + y) be a function defined on F* x F*, where
g, h: F* — F* are arbitrary functions with u(g) = O(1). For any subset A C F* with
|A| < p°/%, we have
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mas {| F(4, A)|, |4+ A[} > |4]%.
Let g(x) = « and h(x) = 1, we have the following corollary.

Corollary 1.8. For A, B,C C F with |A|,|B|,|C| < p°/®, we have
max {|A(B + 1)}, |B + Cl} > min {|A|* | BI?|C]}, |BIICI3, | Bl| AL, BIF|CP3 Al }
By fixing g(x) = « and h(z) = 0, we have the following result.

Corollary 1.9. For A, B,C C F with |Al,|B|,|C| < p°/®, we have
max {|4- B|, |B + C|} > min { |4} [BI}|CI}, |BI|CI%, |BI|AJ}, |BIF|CI¥ 4] |

In the case A = B = C, we recover the following result due to Roche-Newton, Rudnev,
and Shkredov [8], which says that max {|A + A|,|A - A|} > |A|%/°.

It has been shown in [10] that if f(z,y) = x(x + ), then |f(A4, A)| > |A|*/* under
the condition |A| < p?/3. In the following theorem, we show that if either |A + A| or
|A- A| is sufficiently small, then the exponent 5/4 can be improved for a larger family of
functions over F* x F*.

Theorem 1.10. Let f(x,y) = g(z)(h(z) + y) be a function defined on F* x F*, where
g, h: F* — F* are arbitrary functions with u(f), u(g) = O(1). Consider the subset A C F*
with |A| < p®/8, satisfying

min {]A+ A|,|A- A]} < [A]
for some € > 0. Then, we have
F(AA) > AT

Consider the set A C [y with [A] < p2=s00. Let f(z,y) = zy(z+y). Using Pliinnecke—
Ruzsa’s inequality and the Balog—Szemer “edi—-Gowers Theorem, Hegyvari and Hennecart
[5] proved that

max {|f(A4, A)],|A- A|} > |A|1+8—(1,0.

In this note, we use a recent point-line incidence bound due to Stenvens and de Zeeuw
[10] to give an improvement of this result over arbitrary fields.

Theorem 1.11. Consider the set A C F* with |A] < pi7. For the polynomial flz,y) =
zy(z +y) € Flz,y] we have

max {|f(A, A)|,|[A- A]} > |A]'Fe=.

Please cite this article in press as: H. Nassajian Mojarrad, T. Pham, Conditional expanding bounds for
two-variable functions over arbitrary fields, J. Number Theory (2018),
https://doi.org/10.1016/j.jnt.2017.09.020




YJNTH:5890

6 H. Nassajian Mojarrad, T. Pham / Journal of Number Theory sse (ssee) ese—ses

2. Proofs of Theorems 1.3, 1.6, and 1.10

Let R be a set of points in F3 and S be a set of planes in F3. We write Z(R,S) =
{(r,s) € R xS : r € s}| for the number of incidences between R and S. To prove
Theorems 1.3 and 1.6, we make use of the following point-plane incidence bound due to
Rudnev [9]. A short proof can be found in [11].

Theorem 2.1 (Rudnev, [9]). Let R be a set of points in T3 and let S be a set of planes
in B3, with |R| < |S| and |R| < p?. Assume that there is no line containing k points
of R. Then

I(R,S) < |R|Y%S| + K|S].
Proof of Theorem 1.3. For A € B - C, let

Ex = |{(f(a,b),c-g(a)~",c-h(a)) : (a,b,c) € Ax B xC,
fla,b) - c-gla)™! —c-h(a) = A}

b

—1

where by g(a)~! we mean the multiplicative inverse of g(a) in F*. For a given triple

(7,9y,2) € (F*)3, we count the number of solutions (a,b,c) € A x B x C to the following
system

9(a)(h(a) +b) =z, c-gla)™ =y, c-h(a) = =

This implies that

g(a)h(a) = zy ™.

Since p(g - h) = m, there are at most m different values of a satisfying the equation
g(a)h(a) = zy~ !, and b, c are uniquely determined in term of a by the first and second
equations of the system. This implies that

[AlIBIIC|/m < ) En.
AEB-C

By the Cauchy—Schwarz inequality, we get
2
(|AlBlIC|/m)* < ( > EA) <E-|B-C|, (3)
AEB-C

where E =3, .o F3.
Define the point set R as

R ={(c-g(a)"", ¢ h(a),g(a)(h(d") +V)) :a,d’ € A,b' € B,c€ C}
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and the set of planes S as
S={g(a)(h(a) + )X =Y —g(a') ' Z =—¢' -h(d): a,d’ € A,be B,d € C}.

We have E < I(R,S), and |R| = |S| < |f(A, B)||A||C|. To apply Theorem 2.1, we need
to find an upper bound on k which is the maximum number of collinear points in R. The
projection of R into the first two coordinates is the set 7 = {(c- g(a)™t,c- h(a)): a €
A,c € C}. The set T can be covered by the lines of the form y = g(a)h(a)z with
a € A. This implies that T can be covered by at most |A| lines passing through the
origin, with each line containing |C| points of 7. Therefore, a line in F? contains at most
max{|A[, |C|} points of R, unless it is vertical, in which case it contains at most | f(A, B)|
points. In other words, we get

k < max{|ALC1,|£(4, B)]}.
If |R| > p?, then we get |f(A, B)||A]|C| > p?. Since |A|, |C| < p®/8, we have | f(A, B)| >
p?/* > |A|5|B|3|C|5, and we are done in this case. Thus, we can assume that |R| < p2.
Applying Theorem 2.1, we obtain

I(R,S) < |f(A, B)PP|APP2|CIP2 + k| f(A, B)|A||C. (4)

Putting (3) and (4) together gives us

wl=

Als|BIE|C|5 |BJIC|® |BIIAl: |BI5|C|5]Al5
max{|f(A7B)7B_C|}>>min{| FIBIPICT® [BIICT: |BllA]= IBIF|CIs|A]S (-
m3s m m m3

This completes the proof of the theorem. O

Proof of Theorem 1.6. The proof goes in the same direction as Theorem 1.3, but for the
sake of completeness, we include the detailed proof. For A € B + C| let

Ey= |{(f(a,b),g(a)_1,0— h(a)) : (a,b,c) € Ax B x C,
f(a,0) - g(a) ™" + (¢ = h(a)) = A}|.

For a given triple (z,y, 2) € (F*)3, we count the number of solutions (a,b,c) € Ax BxC
to the following system

g(a)(h(a) +b) = 7, g(a)™ =y, c— h(a) = =

Since p(g) = m, there are at most m different values of a satisfying the equation g(a) =
y~!, and b, ¢ are uniquely determined in term of a by the first and third equations of the
system. This implies that
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[A[[B[C|/m < > En.
AEB+C
By the Cauchy—Schwarz inequality, we have
2
(JAlIBl|C|/m)* < < > EA) <E-|B+C]|, (5)
AeB+C

where £ =)\ 5. ¢ E3. Define the point set R as
R ={(9(a)"",c— h(a),g(a)(Ma) +V)) :a,a’ € A, € B,ce C},
and the collection of planes S as
S={g(a)(h(a) + )X +Y —g(a') ' Z = —h(d'): a,d’ € A,be B,d € C}.

It is clear that |R| = |S| < |f(A, B)||A||C], and E < I(R,S). To apply Theorem 2.1, we
need to find an upper bound on k which is the maximum number of collinear points in R.
The projection of R into the first two coordinates is the set 7 = {(g(a)~',c — h(a)) : a €
A,c € C}. The set T can be covered by at most |A| lines of the form x = g(a)~! with
a € A, where each line contains |C| points of 7. Therefore, a line in F? contains at most
max{|A[, |C|} points of R, unless it is vertical, in which case it contains at most |f(A, B)|
points. So we get

k< max{|4], C], [£(4, B)]}.
If |R| > p?, this implies that |f(A, B)||A||C| > p?. Since |A],|C| < p°/8, we have
|f(A, B)| > p¥/* > |A|5|B|5|C|5, and we are done. Thus, we can assume that |R| < p2.
Applying Theorem 2.1, we obtain

I(R,S) < |f(A, B)P?|AP2|C1P% + k| £ (A, B)|Al|C. (6)

Putting (5) and (6) together gives us

4 ’ ’ 2
m5 m m m3

_ [14]3|B|3|C|5 |B||C|3 |B||A|? |B|3|C|3|Al5
max{f(A,B”ABwH»mm{ BBItC (BlCt: (BlAl (BIEICItAl ]

This completes the proof. 0O

Proof of Theorem 1.10. One can assume that |f(A4, A)| < |A|?, since otherwise we are
done. Now by the proofs of Theorems 1.3 and 1.6 for A C F* with |A| < p°/®, we have

[F(A,APPIA- A > AP, [F(AA)PPIA+ Al > (AP

Please cite this article in press as: H. Nassajian Mojarrad, T. Pham, Conditional expanding bounds for
two-variable functions over arbitrary fields, J. Number Theory (2018),
https://doi.org/10.1016/j.jnt.2017.09.020




YJNTH:5890

H. Nassajian Mojarrad, T. Pham / Journal of Number Theory s (ssee) ese—ses 9

Since min {|A + A|,|A- A|} < |A|57¢, we get |f(A, A)|3/2 > |A]3~§+€, which concludes
the proof of the theorem. O

3. Proof of Theorem 1.11

To prove Theorem 1.11, we use the following theorem on the point-line incidence
bound due to Stevens and de Zeeuw [10].

Theorem 3.1 (Stevens—de Zeeuw, [10]). Let P be a set of m points in F2 and L a set of
n lines in T2, with m™® <n <m®7. If m=2n'3 < p'®, then

I(P,E) < m11/15n11/15'

Proof of Theorem 1.11. Let P be a set of points in F? defined as follows

2
P = {(—,ca) :a,ceA},
a

and £ be a set of lines in F? defined as

L:= {yf(zc’b)zbc:a,b,CGA}.

We have m := |P| = O(|A|?). Indeed, for each pair (u,v) € P, the number of pairs

3 = v which

(a,c) € A x A such that ca = v,c¢?/a = u is at most 3, since we have ¢
implies that there are at most three possible solutions for c¢. Moreover, a is uniquely
determined in terms of ¢ and v. So we get m > |A|?/3. The upper bound m < |A|? is
trivial. Similarly, we have |A|? < n = |L] < |f(4, A)|-|A- Al

Given a quadruple (u,v,w,t) € (F*)%, we count the number of solutions (a,b,c) to
the following system

M:u, bc =, é:t, ca = w.
be a
This implies that a® = w?/t. Thus, there are at most 3 values of a satisfying the equation
a® = w?/t, and b, c are uniquely determined in terms of a by the second and fourth
equations. Therefore, we get |A]* < Z(P, L).
To apply Theorem 3.1, we need to check the conditions. The condition m
satisfied. If | f(A, A)||A- A] > (JA]?)®/7, then we have

/8 < nis

max {|f(A, A)|,|A- A[} > |A]*F7,

and we are done. So we can assume that n < |f(A4, A)||A- A] < (|A]?)%/7.
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If (|f(A, A)]]A- A|)13 > ptm? > p'5| A%, then we have
max {|f(4, A)|,|A- A]} > |A|'F 3=,

under the condition |A| < pi7, and we are done. Thus, we can assume that
(If(A, A)]|A- A" < p'®m?2, which implies that the condition m~2n'3 < p'5 is satis-
fied. It follows from Theorem 3.1 that

AP < I(P, £) < |AP/12 (|f(A, A)] - |A- AT,
implying
max {|f(4, A)],|A- A} > A=,
which concludes the proof of the theorem. 0O

Acknowledgments

The authors would like to thank Frank de Zeeuw for useful discussions on the proof
of Theorem 1.11. The authors would like to thank the referee for valuable comments and
suggestions which improved the presentation of this paper considerably. The authors
were partially supported by Swiss National Science Foundation grants 200020-162884
and 200021-175977.

References

[1] E. Aksoy Yazici, B. Murphy, M. Rudnev, I. Shkredov, Growth estimates in positive characteristic
via collisions, Int. Math. Res. Not. (2017), in press, also in arXiv:1512.06613, 2015.
[2] J. Bourgain, N. Katz, T. Tao, A sum-product estimate in finite fields, and applications, Geom.
Funct. Anal. 14 (2004) 27-57.
[3] B. Bukh, J. Tsimerman, Sum-product estimates for rational functions, Proc. Lond. Math. Soc. 104
(2012) 1-26.
[4] L.Q. Ham, T. Pham, L.A. Vinh, Conditional expanding bounds for two-variable functions over finite
valuation rings, European J. Combin. 60 (2017) 114-123.
[5] N. Hegyvéri, F. Hennecart, Conditional expanding bounds for two-variable functions over prime
fields, European J. Combin. 34 (2013) 1365-1382.
[6] B. Murphy, G. Petridis, O. Roche-Newton, M. Rudnev, I.D. Shkredov, New results on sum-product
type growth over fields, arXiv:1702.01003, 2017.
[7] T. Pham, L.A. Vinh, F. de Zeeuw, Three-variable expanding polynomials and higher-dimensional
distinct distances, arXiv:1612.09032, 2016.
[8] O. Roche-Newton, M. Rudnev, I.D. Shkredov, New sum-product type estimates over finite fields,
Adv. Math. 293 (2016) 589-605.
[9] M. Rudnev, On the number of incidences between points and planes in three dimensions, Combi-
natorica (2014) 1-36.
[10] S. Stevens, F. de Zeeuw, An improved point-line incidence bound over arbitrary fields, arXiv:1609.
06284, 2016.
[11] F. de Zeeuw, A short proof of Rudnev’s point-plane incidence bound, arXiv:1612.02719, 2016.
[12] D. Zhelezov, On additive shifts of multiplicative almost-subgroups in finite fields, Proc. Amer. Math.
Soc. (2017), in press.

Please cite this article in press as: H. Nassajian Mojarrad, T. Pham, Conditional expanding bounds for
two-variable functions over arbitrary fields, J. Number Theory (2018),
https://doi.org/10.1016/j.jnt.2017.09.020



http://refhub.elsevier.com/S0022-314X(17)30361-X/bib414D5253s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib414D5253s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib626B74s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib626B74s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib4254s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib4254s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib48616Ds1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib48616Ds1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib686567s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib686567s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib4Ds1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib4Ds1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib5031s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib5031s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib525253s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib525253s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib52s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib52s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib535As1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib535As1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib5As1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib7A6865s1
http://refhub.elsevier.com/S0022-314X(17)30361-X/bib7A6865s1

	Conditional expanding bounds for two-variable functions over arbitrary ﬁelds
	1 Introduction
	2 Proofs of Theorems ?? ?? and 1.10
	3 Proof of Theorem 1.11
	Acknowledgments
	References


