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POWER MOMENTS OF HECKE EIGENVALUES FOR
CONGRUENCE GROUP

PING SONG, WENGUANG ZHAI, AND DEYU ZHANG

ABSTRACT. Let Hy(NN) be the set of normalized primitive holomorphic cusp forms of
even integral weight ¢ for the congruence group I'o(N). For any f € H;(N), we study
the higher power moments of Sy(x; N) := > . A¢(n) and derive the asymptotic
formulas for -

T
/ S}C(x;N)dI, k=2,3,...7,
1

by using Ivié’s large value arguments, where A¢(n) is the n-th Hecke eigenvalue of f.

1. INTRODUCTION

Let N > 1 be positive integer and Hy(N) be the set of normalized primitive holo-
morphic cusp forms of even integral weight ¢ for the congruence group I'g(N). For any
f € Hy(N), we have the Fourier expansion

f(Z) _ Z )\f(n),n(éfl)/2€27rinz7
n=1

where A¢(n) are Hecke eigenvalues with A\;(1) = 1. It is well-known that the arithmeti-
cal function As(n) is real multiplicative and verifies Deligne’s inequality

(1.1) [Ar(n)] < 7(n),

for all n > 1, where 7(n) is the divisor function. In order to detect sign changes or
cancellations among Ay(n), it is natural to study the summatory function

(1.2) Sp(x;N) =Y As(n).

n<x
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In 1927, Hecke [8] proved that
Si(z;N) <5 /2

for all f € Hy(N) and x > 1. Many mathematicians studied the upper bound of
Sy(x; N) later. For example, see [4, 5, 7, 8, 14, 18, 19, 21, 22, 23]. The best result to
date is

(1.3) Si(x; N) < /3 (log ) =018

proved by Wu [24]. In the opposite direction, Ivié and Hafner [7] also showed that
there is a positive constant D such that

D(log, x)'/4 }) .

Sp(w; N) = Qy (901/4 exp{ (log, 7)/3
2

In fact, it is conjectured that Sy(z; N) < x'/%+¢In the absence a proof of conjecture,
it is natural to consider the mean value of Sy(z; N). For N = 1, A. Walfisz [21] showed

the mean square estimate
T
/ SHa;1)da = ByT*? + O(T'log T),
1

where By = 5 > 07 )\?(n)n_g/Q. Cai [2] studied the third and fourth power moments
of S¢(x;1). He proved that

T
/ Si(w;1)dw = BsT™* + O(T7/4-1/14+),
1

T
/ S(a; 1)dw = ByT? + O(T?*1/23+2),
1

where Bs, By are computable constants. Later Ivi¢[10], Zhai[26] improved the two
results by large value arguments.

In this paper, we investigate the higher power moments of Hecke eigenvalue for the
congruence group I'o(N) and determine the explicit dependence on the level. We first

study the mean square estimates of Sy(z; N) and obtain the following theorem.

Theorem 1. For any f € Hy(N), 1 < N < T'¢, we have

T €2 N1/2 > )2 (n)
20,.. _f f 3/2 3/4rn5/4+¢
/1 Si(x; N)dw = 2 E_l T T%? 4+ Oy (N**T ),

where €; = 1.
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For higher moments, we start with the large value of Sy(z; N) (see Theorem 4) by
Halasz-Montgomery inequality and the estimates of exponential sums. Then we divide
the interval [T'/2, T into subintervals [T'/2+7—1,T7/2+j],(j = 1,2,...), and pick the
maximal |Sy(7;; N)| in j intervals of length V. Finally, we can get the higher power

moments of Sg(z; N) by Theorem 4. More precisely, we have the following theorem.

Theorem 2. Suppose A > 2 is a fixed constant and 1 < N < T'~¢. Then for any
f € Hy(N), we have

T

(1.4) / IS¢ (25 N) [ < NiTWE log® T,
1

if2< A<8.

Before stating the asymptotic results, we introduce some notations. Define

A S
(1.5) sri(Ap) i= > s(m) fB(/Z’“) (1<1<k),
Ty CC AL

(16) Bk(Af) = i < K ; L ) Sk;l()\f) COS (@) .

=1

Suppose Ag > 3 is a real number. Define

1 k
Ko=min{n € N:n>Ao.2n},  bk) =2 — 5+ 7
Ag—k k—2
k,Ag) = ———— k,A) = ———, 3<k< A
U( ) 0) 2(A0_2)7 W( ) 0) 2(140—2)7 = < Ay,
O'(k‘,Ao)

d(k; Ao) := 2b(k) + 20 (k, Ao)”

Theorem 3. Let Ay > 8 be a real number such that (1.4) holds. Then for any integer
3< k<A and 1 < N < T'¢, we have the asymptotic formula

T kN% By ()
/ Sh(w; N)do = ——L k()
; (V2m k263 (k + 4)

(L.7) + Oy (NET”%*‘E(k’AO)“ + N%W(k,Ao)T%éww,Ao)) .

1+%

Remark 1.1. For f € H;(N), the mean value of A\f(n) in arithmetic progressions also
attracts the attention of mathematicians, see [1, 6, 16, 17, 25, 33]. Let a and r be two
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positive integers. It is well-known that {\;(n)|n = a modr} determines a cusp form
of higher level. More precisely, (e.g., see [31, Lemma 3.1])
g(z) — Z /\f(n)n(é—l)/2€2m’nz

n>1
n=a modr

is a cusp form on T'y(N7?). If g is also a Hecke eigenform on I'y(N7?), then we could get
the higher power moments of Hecke eigenvalues in arithmetic progressions by Theorem
1-Theorem 3.

Notation. Throughout the paper € always denotes a fixed but sufficiently small posi-
tive constant. We write f(z) < g(x), or f(z) = O(g(z)), to mean that |f(z)| < Cg(x).
> denote that the sum over N <n < 2N. f(z) = Q(g(r)) means that there exists
a suitable constant C' > 0 such that |f(x)| > Cg(z) holds for a sequence z = x,, such

that lim z, = co.
n—oo

2. PRELIMINARY LEMMAS

In this section, we introduce some tools used in this paper. These lemmas are well-

known and we introduce them for self-contained.

Lemma 2.1. Let F(x) be a real differentiable function such that F”(x) is monotonic
and F'(z) >m > 0or F'(z) < —m <0 for a <z <b. Then

b b
/COSF(:E)d:L" /sinF(x)d:r

Proof. See Lemma 2.1 of [9]. O

< 2m_1, <2m L.

Lemma 2.2. Let S be an inner-product vector space over C, (a,b) denote the inner
product in S and ||a||* = (a,a). Suppose that &, o1, ..., g are arbitrary vectors in S.
Then

D &)l < !!5\\211?%2 |(0u,s p12)-

I<R - <R

Proof. This is the well-known Halasz-Montgomery inequality. See (A.40) of [9]. O

Lemma 2.3. Suppose y > 1 is a large parameter, f(n) < n° and define

sk(f5y) = > flm) = Je) -y o oy

4
) ()
N e VAT L VAT b i SVA
ny, <y
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Then
sk (f) = sia(fiy)| <y V25, 1< <k

Proof. See Lemma 3.1 of [30]. O

Lemma 2.4. Suppose k > 3 and (i, -+ ,ix_1) € {0,1}¥~1 are such that

VI -+ (S1) g+ () (1) £

Then
[V + (=1)" Vg + (=) /g + -+ (= 1) iy > max(ng, -+ ngg) =270,
Proof. See Lemma 2.2 of [30]. -

Lemma 2.5. Let f € Hy(N). For any ¢ > 0 and C' > 0, we have

Si(z;N) = ) 1/42 n3/4 < \/%‘%)
B A s

uniformly for 2 < M < 2%, where € r==xL

Proof. See (3.2) of Lau and Wu [15]. O

3. PROOF OF THEOREM 1

Suppose 1 < N <« T. For 1 < 2 < N'*¢* <« T, taking M = N, we use formula
(2.1) to get

J:N 1/4 nr w e —1/dte
Sp(w; N) = Z n3/4 ( ™ N~ Z) + Oy (]\73/44r gl ).

n<N

Squaring and integrating, we have

N1+a N1+5
/ S}(z; N)dz < N'/? / 22NN N (m)Ap(n) (mn)
1 1

m<N n<N

(3.1) X cOS <47T % - %) cos (4771 / % - Z) dr + N**e.
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The first term with m = n contribute

)\2(71) Nt nr

1/2 f 1/2 2 _n

N E YD /1 /% cos (47“/]\/ 4>d:c
n<N

- M)
(3.2) < N** L

n<N

< N2+E.

In view of 2cos X cosY = cos(X +Y) + cos(X —Y), the term in (3.1) with m # n
contribute

Ar(m)As(n) N mx nx
1/2 / / 1/2 _
<N m;n<N ()t /1 x /" cos | 4w N 4 N dx
Ar(m)As(m) [N nx
N NP A0 S5 / 4 4
’ m#n<N ( Ln)3/4 1 Sln " + " N dx

= Sl + SQ.

Estimating Sy by Lemma 2.1, we have

m<n<N (mn)3/4
Ap(m)Ap(n)
<<N3/2 Z f
m<n<N g
(3.3) < N2t

if we notice that \/m + v/n > 2(mn)"/*. Analogously, we obtain

Sl<<N3/QZ>‘f() ()(\/7 \/*)

3/4
n<m<N (mn) /
(3.4) =N LS T4 ) = NS 48,
n<F n>F
say. We have
Ar(m) Ar(n) _
/ f f 1
Sl <<7n§<:N m1/4 — n3/4 (m—n)
A
(3.5) <> #ml/‘”g < N?,

m<N
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and
1" )\f
CTr U ypvars
m<N 7<n<m
A

(3.6) <N Mm) o e

m<N m
So we have

N1+5
(3.7) / S} (x; N)dx < N**=.

1

For N'*¢ < o < T, we use the method of bisection. It suffices to prove the corre-
sponding formula for the interval [T/2,T]. Taking M = T in the truncated Voronoi

formula(2.1), we have

:rN 1/4 Inx T -

Integrating term by term, we get that

T echl/Q
St N)ie = G [0 3 S i)

T/2 m<T n<T

mr T Inx m
X COS (47r ~ Z) coS <47r N Z) dx

/1Y
+ O[ N3/4T1/4+6 /

Ar(n) nr w
a1 008 4m ~ 1 dz
T/2 InsT
(3.8) + O, (NT) .
For the first sum we distinguish the cases m = n and m # n. The terms with m =n
contribute
2 N1/2 22 (n) T nr T
7 f VCINEN i U
52 ;n?‘/? /T/Zx cos (7r N 4) x
2 N1/2 22 (n) T nr T
_f f 1/2 (4 (8 e d
12 ,%; 372 /T/zac ( +cos(7n/N 2)) x
E2]\[1/2 00 )\2( )
! 3/2 3/2 / 1/2pl+e
(3.9) R (T/2)/)Zn3/2 + 0y (TN + N'?T'+)
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Here we have used Lemma 2.1 in the last step to estimate

62 N1/2 )\2 (n) T n e
f f 1/2 e
1 E REYE /T/2 T cos <87r N 2> dx

n<T

Ni(n
<TN 2(2)

n<T

and we also used partial summation and Deligne’s bound (1.1) to estimate

Aj(n)

f —1/2+4e
> Tam < T

n>T

By 2cos X cosY = cos(X +Y) + cos(X —Y), the terms in (3.8) with m # n are a
multiple of

N2y %]zl/%os (Mﬁ—zlw\/%) dz

m#n<T T/2
A(m)s(n) [
e N Arms(n) [ma ni
+ N ;T (mn)3/4 /m sin (47T N + 47 N dx
mFEns T/2
< NT1+E,

where we use the same method as (3.3) and (3.4). Therefore by the preceding estimates
the first sum in (3.8) is equal to

6]\:/2 (T3/2 (T/Q):s/z) - /\3‘(”)

+ Og(NTH_g).

The first O-term in (3.8) is estimated by the Cauchy -Schwarz inequality as

1/2
) /

dr < N3/4T5/4+€,

T
Ar(n) nr w

TN 3/4+e / § f 4 e

(TN) — ndH C\TVN T 1

T/2

where we square out the modulus under the integral sign and treat the terms m = n
and m # n similarly as before. Then we have

i S?($7N>dx 2N1/2 (T3/2 (T/2)3/2) > )\2( )

+ OE(N3/4T5/4+E)
672
T/2
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if 1 < N < T'¢. Summing over intervals of the form [2777T 2'=9T], j > 1, to get

T 62 N1/2 o0 /\2 (TL)
S2(x: Ndz = f f T3/2 4 O,(N2te & N3/45/4+e
Ate f (I’, ) xz 67T2 nz_zl TL3/2 + é( + )

ENV2 2 N2 (n)
LN SN s g

n=1

(3.10)

if 1 <N < T'"*. Theorem 1 follows from (3.10) and (3.7).

4. A LARGE VALUE ESTIMATE OF Sy(x; N)

Theorem 4. Suppose N'7 < H < xy < 23 < -+ < xp < 2H satisty |S;(z,; N)| >
VNY4(r=1,2,...,R)and |z;—x;| > V > max{H/32N~/16(log H)*/16 NVAH=} (i #

j). Then we have
R < HNY2V=310g® H + H/*V 2 10g® H.

Proof. Suppose that Hy > V is a parameter to be determined later. Let I be any
subinterval of [H,2H] of length not exceeding Hy and let G = I N {zy,z9,..., 2R}

Without loss of generality, we may assume that G = {x1,29,...,Zg,}
Suppose J = [(1+45)1?§gfé—210gv]' For any x, € {x1,x9,...,2g}, we apply formula
(2.1) with z = 2, and M = 277! < H'H 4V 2N/2 {0 get
1 Ar(n) n, _
Sl N) < (HN)3 [ Y eV (iQ N’> + H VNY* 4 NY2q¢
n<M
1 nT,
< (HV)? g;z 4 ( N) |
J n~2J

if we notice that |S¢(z,; N)| > VN4 and V > NY*H®. Squaring, summing over the
set G and then using the Cauchy inequality, we get that

S SHaiN) < ()} Y0 |30 30 Al e (2 ”;)

r<Rp r<Ro | j=0 n~27
1 / nx
< (HN)2logH > Y 1Y n3/4 e<i2 N)
r<Ro j=0 |n~27
(4.1) < (HN):log?H Y |Y M) (g, 1
. 7‘<R0 nNQjO n3/4 N
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for some 0 < jo < J. Let My = 270, Take £(d) = {&,(d)}>2, with &,(d) = Ap(n)n=3/4
for n ~ My and zero otherwise. Take p*(d) = {goﬁfn(d)}oo with o, (d) = e (F2,/%)
for n ~ My and zero otherwise. Then

€l vr) = 3 e (257,

n=1

(o (d), o () ZM e (32 2V - V).

Aj(n) -
le@l? = 32 TER < My tog? My,
TLN]\/IQ

where we have used Deligne’s bound, and the well-known estimate

Z M(n) < Z 7%(n) < Mylog® M.

TLNMO TLNMO

By (4.1) and Lemma 2.2, we get

RyVAN'Y? < (HN)zlog? H >

r<Ro

5 e ()
> e (72 2 - v ) ‘

(HN)zlog® H

max
1/2 r
MO 1SRO T'QSR() TLNM()
(HN)z log® H n
(42) < T M() + éﬂg&}é Z € :F2 N(‘/xﬁ — «/J}m)
0 i It

Following the calculation on [28, page 236], we get, by the Kuzmin-Landau inequality
and the exponent pair (4/18,11/18),

n~ Moy
4
HNM,)? B I
<( 0)2 |!L’1 I2| 7‘[018
|2p, — 20| (HN M,y)/?

(HN My)*

‘337‘1 - xr2|

2 1 1
+ H 5HJMZN"s,
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where we have used the mean value theorem and the estimate |z,, — x,,| < Hy. Sub-
stituting this estimate into (4.2), we get

R\V? <

My 4+ max
1 1 1
M0/2 r1<Ro |xr1 xr2| H9N5s

ro#r]

Hlog® H ((HNMO)% . Ho Mé)
rg<Rq

<

2 1
Hzlog® H (HNMy)?log H ~ H{ M
5 0+ + —— Lo
M, 4 H5N5
2
< HN'Y2V"'10g® H + His N™5 HZ Ry log® H,
where we use the facts that {z,} is V-spaced and My < H'**V2NY2, Take
Hy = cVIH N (log H) %/,
for some sufficiently small constant ¢ such that we can get for this Hy that
RoV? < HNY2V110g8 H,
ie.
Ry < HNY?V=310g% H.

It is easy to check that Hy > V if V > H7/32N-1/16(log H)*/19,

Now we divide the interval [H,2H] into O(1 + H/H,) subintervals of length not ex-
ceeding Hy. In each interval of this type, the number of z,’s is at most O(H N2V =3 1og® H).
So we have

R < HNY2V—310g® H(1 + H/H,)
< HNY2V=31og® H 4+ H¥/4V~1210g® H.

5. PROOF OF THEOREM 2

Suppose 1 < N'** <« T. For 1 < z < N'*® <« T, we use the same method as the
proof of Theorem 1 to deal with it. For N'*¢ < z < T, it is sufficient to prove the

corresponding formula for the interval [T'/2,T]| and then to sum over intervals of the
form [277,2'7'T),1 < i < [log, T] + 1. Put H = 27T > N'*¢ such that

HY4 < 9m —V « HsN~V4,
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Obviously, there are O(log H) = O(log T') choices for V. We denote by 7;(V') the point

with

1S(r;(V); N)| = sup Sp(x; N)|, (G =1,2,...,[H/V]+1).
TE€[H+(j—1)V,H+;5V]

We consider those 7;, (V') with
VN < |S5(m, (V) N)| < 2V N,

where V < HY3N~Y4 According to the parity of subindex 7, we divide these points
7;, (V) into two groups of points zi (V), 25 (V), ..., 25 (V), which satisfy

VN <[Ss(aE (V) N)| < 2VNYA 2B (V) =2 (V)| > V

for i # j < R* = R*(V). Then we have

2H
(5.1) /H |Sp(a; N)de < HFNT + 3"V 37 [Sp(aF(V); N)A.

\% j<R*
Recall that
174 2 H1/4 > maX{H7/32N71/16(10g ]_1)45/167 ]\71/4}[’;‘}7

if 1 < N < T'¢. Therefore, by Theorem 4, we have

VIS (V) N

J<R*
< RVATINT <« HVA 2N T2 logb H + HY/AVA1INT 10g®

< THENT10g® T,
ifa<A<8and H/A <V « H3N-14 Let A =8. Then we can get
T 5
/ S¢(z; N)|Pde < N*T?1og® T.
1
Also Theorem 1 yields

T
/ 1S (3 NP < NV2T52.
1
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Then for 2 < A < 8, by Holder’s inequality, we have

A—2 8—A

T
/ 1S, (@5 N)|Ade
1

<(/ ' siaiyfan) ) s )P )

< THINT10g®T.

6. PROOF OF THEOREM 3

Let N'*¢ < T be a real number. For 1 < 2z < N'*¢ < T, we use the same method
as the proof of Theorem 1 to deal with it. For N'*¢ < o < T, it suffices to evaluate

the integral fi,%T S'J?(Jc;N )dx. Suppose y is a parameter to be determined. For any
T <2 < 2T, define

_eg(aN)VH Ar(n) [
Rl = 7-[-\/7 Z 3/4 cos | 4m —ZV—Z s

Ry = Sl;(x; N) — Rl.

6.1. Evaluation of the integral f;TR’fdx. Let T = {0,1} and N* = {n : n =

(i, -+ ,n),n; € Ny1 < j < k}. For each element i = (i1, ,ix—1) € I¥7!, put
li| =41 + -+ + ix_1. By the elementary formula
1 . ) )
COSay + - COS Ak = Z cos (a1 4+ (=1)"az 4+ (=1)%az + - - - + (=1)*ay)
ielk—1
we have

/4
k Ef JSN )\f n1 )\f nk T
Ri= Z Z )3/ I_ICO5 4

n1<y nE<y

k/4
B ef (xN) )\f ni) - Af nk) x o T
= a2 5 E E ET cos | 4w —Na(n,l) - Zﬁ(l) ,

iclk—1n1<y nE<y

where

Oé(II;i) ::\/74-( ) \/772 ( )i2\/n73+"‘+(—1)ik’1\/n7k,
B) = 1+ (—1)7 4+ (= 1) o (—1),
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Suppose that

k EI;NWL
(6.1) R = W (Si(w) + Sa(w)),
where
/4 _ T o Ap(na) -+ Ap(ng)
Sl(x) . ’ .E]I;l o ( 45(1)) n-<y;'<k (nl e nk)3/4 ’
T miym0

=) () - Ag(m 2oy =T
So(w) = Z (1 )/ cos | 4w Na(n’l) 45(1) .
iclk—1 n;<y,1<j<k 1 k
a(n;i)#0
Firstly we consider the contribution of Si(x) to get

6 [ s 3 e(Gow) 3 MERES [Cata

g ielk—1 nj<y,1<5<k T
a(n;i)=0

It is easy to see that if a(n;i) =0, then 1 <|i|] <k — 1. Let |i| = [, then

Z Ap(na) - Ap(ng)

= . )\ , ’

n;<y,1<5<k (nl T nk)3/4 Sk,l( f y)
a(n;i)=0

where sp(f;y) has been defined in (1.5). By Lemma 2.3, we have
(6.3) Si(x)dx = B;()\f)/ whda + O(T\HH/A+ey=1/2),
T T

where

Bi(A;) = Y cos <—%B(i)) 3 )\f(m)':;zjfg(ﬁk).

n ..
iclk—1 (n1,,np)€ENK ( !

a(n;i)=0

For any i € I¥-1\0, let

Y 3 Ar(na) - Mg ()
SOii) = (g ---ng)3/4
(ny, ,ny)ENF

a(n;i)=0

It is easy to see that if |i| = |[{'| or |i| + |[i'| = k, then

S(Ag;) = S(Ap;1') = s (Ay)-
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We also have 3(i) = k — 2[i| if we notice that (—1)7 =1 —2j, (j =0,1). So we have

Bi(Af) = ZZCO& (—— )S()\f, i)

=1 [i|=l

- l:z:lisk;l()\f)cos <M> 1

li|=t

(6.4) = i: < F ; ! ) Sk;l()\f) CcOoS <M) = Bk(/\f)

By Lemma 2.4 and the first derivative test we have

o7 R by ny o Ae(n
/T So(x)dr < N2T1T2 Z Z (nlf( 7316)3/4’2(&1’6’)1)‘

iclk—1 nj<u,1<i<k
a(n;i)#0

< NETEH PR S S Ap(na) - -+ Ap(n)

)34
ielk—1 n;<y1<j<k (1~ 1)

a(n;i)#0
(6.5) < NaTitay2 7 math

From (6.1) to (6.5) we get

Lemma 6.1. For any fixed k& > 3 and y**) < TN~!, we have
(6.6)
2T 6lc]\]k/4B Y
Ride — SN Bl

2T B B .
k k +h/dte, —1/2 kgl &)
= A S G R )]

where b(k) =22 - L ¢

D=
e

6.2. Upper bound of the integral fTQT Ridx. Taking M = T in the formula (2.1),
we have

N 1/4 Af(
(6.7) RQ_ (= Z f3/4 cos( T %—Z> + O (N1/2+ETE).

y<n<T



16 P. SONG, W. ZHAI, AND D. ZHANG

Then
2
2T or
Ar(n) nx
2d NT1+E N1/2/ 1/4 f 2,/ = d
< NT'te 4 N1/273/2 Z /\f‘( n) +NT Z Ar(m)Ag(n)
y<n<T 3/2 y<m<n<T (mn)3/4(\/7 4 \/m)

(68) < N1/2T3/2+5y—1/2 <|>]\/'7'11-|—€7

where we used the bound )7 A7(n) < 2'** and the estimate

n<x

< T°.

Ar(m)A (n)
) oy

y<m<n<T

Now we suppose y satisfies y?*(50) < TN~ From Lemma 6.1 we get
oT
/ |R1|K0dl' < NK0/4T1+K0/4+67
T
which implies

2T
(6.9) / |Ry|0de < NA/ATHAo/dte
T

if we notice that Ay < Ky. From (6.6) and (6.9) we have

2T 2T
(6.10) / Ry dr < / (|5f($;N)|Ao + ]Rf"\) do < NAo/Ai+Ac/4+e.
T T

For any 2 < A < Ay, from (6.8), (6.10) and Hélder’s inequality we get

2T 2T ( A) Ap(A—2)
(6.11) / ]R2|Adx:/ Ry o2 * Aoz dy
T T

Ag—A
27T Ag-2 2T Ag—2
<<</ Rgdx> (/ ]R2|A°dyc>
T T

<« NiTWH ey | NP T
Lemma 6.2. Suppose T° < y < (ITN~1)1/2(Ko) 2 < A < Ay, then

Ag—A

2T
(6.12) / IRy|4de < NiT itey “5hhom 4 Nt i it ay
T
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6.3. Evaluation of the integral f;T RV Rydx. Let T2 <y < (TN—1)Y/2(K0) Then
by Lemma 6.1 we get

2T
/ IRy|F e < N'T TV
T

From (6.7) we have

2T o

(6.13) RERydz = | RE'Ryde + O(N '+ ),
T T
where
s $N 1/ nr T
RQ* Z n3/4 (WVW_Z)'
y<n<T
We can write
k—1 GI}NkM
R]__ R; = W (Sg(m) + 54(,1')) s

where

A )\
WYYy A s (Taw),
iclk—1 y<ni <T n;j<y,2<j<k (nl te nk) 4
a(n;i)=0

A (nl)---Af(nk) xr . T .
z) = kA E E E ! cos | 4my [ —a(n;i) — —pB(i) ) .
ielk—1 y<n1 <T' njsy.25j<k (nl o nk>3/4 N !
a(n;i)£0

By Lemma 2.3 the contribution of S3(x) is

oT 2T
Ap(na) - Ap(n) k4
S3(z)dr < E E E (1 1)/ / 2" dx
T felb—1 y<ni <T nj<y.2<j<k 1 k T

a(n;i)=0

k—1 2T
< skl siy) = ska(Ay)] / o
=1 T

(6.14) < TVratey 12,

By Lemma 2.4 and the first derivative test we have
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N Sy(z)dr < NiTits Z Z Z Ap(na) -+ Ap(ng)

T ielk—1 y<ni <T n;<y,2<j<k (1 - mg)* | (m; 1)
a(n;i)#0

1k 1 Ap(na) - Ap(ng)
< NzTit3 E E E -
i€k —1 y<ng <k2y nj<v,2<j<k (1 -2/ (s 3)]
a(n;i)#0

FNITEEY Y Y Ap(na) - Ap(ng)

(nl oo nk)3/4ni/2

iclk—1 ny>k2y nj<y,2<j<k
a(n;i)#0

(6.15) & NaTitay? P ma+h,

Thus from (6.13)-(6.15) we get
or

(6.16) REAR,ydy < N'& HeTIH e 4 NaTItatey 112 4 NitaTita k),
T

where b(k) =22 — 1 + &,

6.4. Proof of Theorem 3. Let 3 < k < Ay and 7° < y < (TN~1)Y/20(K0) By the
elementary formula (a + b)* = a* + ka*~'b 4+ O(|a"2b?| + |b|¥), we have

2T 2T 2T
S¥(z; N)dw = Ridw + k R Roda
T T T

2T 2T
(6.17) +0 </ |R’f27€§|d:p> + O (/ \R§|d3:> .
T T

By Hélder’s inequality, Lemma 6.2 and (6.9) we have

k-2 Ag—k+2
oo 2T , yn 2T "™ v
/ IR “R3|dr < / Ry | dx / |Ro| 40—+ 2dx
T T T
(6.18) < NET“%“y*% + Nitaa T ittty

From (6.16)-(6.18)and Lemma 6.2 with A = k we get

2T 2T
S¥(x; N)dx = Ridx
T T

(6.19) L0 (N§T1+§+syfa(k,l40) i N§+§T§+§yb(k) i N§+a(k,AO)T§+§+w(k,AO)> _
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0—

where o(k, Ag) = %,w(k,/&o) = 2(27722). Take y = (TN_l)%(kH?ld'%Ao). We have

2T Eka/4B A 2T
S’;(x; N)dx —f—k(f)/ zidr
T (W\/ﬁ)kaq .
(6.20) +0 (NfT”%*‘S(’“AO)*E ¥ N§+o<k,Ao>T§+é+w<k,Ao>) ’
— (kAo
where 0(k, Ag) = m,
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