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1. Introduction

Consider any global function field F' of characteristic p > 0 and any place oo of F.

Let A C F be the subring of elements that are regular outside of co. The basic example

for A is the polynomial ring over a finite field. Denote by E the completion of F' with

respect to co. Let C' be any non-Archimedean complete algebraically closed valued field

containing F as a valued subfield.
For any module M over any ring R and any ring extension R C R’ let

Mg =M ®gr R

denote the module over R’ obtained by extension of scalars.

Drinfeld modular varieties and modular forms

Drinfeld A-modules with level structure, introduced by Drinfeld [12] in 1974, are a

function field analogue to elliptic curves with level structure.

Let d > 1 be any positive integer. Consider any ring R over I’ and denote by ¢t: A — R
the structure morphism. Denote by R{7} C R[T], with 7 := T?, the subgroup of additive
polynomials and equip it with the ring structure for which multiplication is given by

composition. A Drinfeld A-module of rank d over R is a ring homomorphism

p: A= R{t},0#£a— @, = Z PaiT
0<i<d-deg(a)
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with @.0 = t(a) and @, g.dega) € R*, where deg(a) := dimp,(A/(a)). Consider any
non-zero non-unital ¢t € A. Let V be a free (A/t)-module of rank d. A level (t) structure
for such a ¢ is a map A: V. — R with A\(V'\ {0}) C R* and

(M) =t-T [] (1/\(Tv))

0#£veV

for which the induced map V' — Ker(R RAIN R) is an A-linear isomorphism.

Consider any ideal 0 # I C A. More generally, one defines (see Section 7.1) Drinfeld
A-modules with level I structures over arbitrary schemes S over F. The functor which
associates to such an S the set of isomorphism classes of Drinfeld A-modules of rank d
over S with level I structure is then represented by an irreducible smooth affine variety
X% of dimension d — 1 over F (see [12, Section 5]). Consequently, X¢ is non-compact if
d>2.

Analytically, Drinfeld [12, Section 6] described X¢(C) as follows. Consider any non-
zero finite dimensional E-vector space V. Let ]P’S;cg be

(Home (Ve, €) \ {0})/C*

with its natural structure of projective rigid analytic variety over C (see Example 2.21).
Drinfeld’s period domain is the PGL(V)-invariant subset

rig
Qy C PV&

of those C*-classes [I] of C-linear maps [: Vo — C with Ker(I)NV = 0. For any non-zero
finitely generated projective A-module A set Q5 := Q4 ,. Let A be such an A-module
and consider a congruence subgroup T' C Auta(A), i.e., a subgroup that contains

T(J) := Ker(Aut4(A) — Aut4(A/JA))
for some ideal 0 # J C A. Then the quotient
QF = F\QA

is a rigid analytic variety over C and, if rank,(A) = d and T' = T'(I), it is naturally
isomorphic to an irreducible component of the rigid analytic variety associated with
X?(C). Conversely, any irreducible component arises in this way.

In Section 4 we provide comprehensive proofs of widely known or accepted facts about
the rigid analytic structure of quotients of Q) by discrete subgroups of PGL(V) which
are fundamental for the construction of Qr and its compactification.

In analogy to the classical weak modular forms on the complex upper half space,
the quotient Qr is naturally equipped with an invertible sheaf Or(k) of weak modular
forms with respect to I' of any integer weight k. By means of Fourier expansions of
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weak modular forms at various cusps, i.e., at various irreducible components of modular
varieties of codimension 1, modular forms may be distinguished. They form a C-subspace

Mr(k) C Or(k) (Qp)

Fourier expansions were defined and studied by Gekeler [14] and Goss [17,18] mainly in
the case of Drinfeld A-modules of rank 2, implicitly by Kapranov [25, Proof of Prop.
1.19] when A is a polynomial ring and in general by Basson, Breuer and Pink [3-6].

We also provide everything required for the definition of Fourier expansions and believe
to have taken rigorous care of the rigid analysis involved.

Analytic compactification

We construct the Satake compactification Qf of Qr as a Grothendieck ringed space
roughly as follows. Let 2} denote the disjoint union of the sets €2, for all direct summands
0 # L C A and equip it with the left T-action for which any v € T' maps any [I] € Qf,
to [v] € Qy(1), where (71)(v) :=I(yv) for all v € y(L)c. We endow 0 with a certain
Grothendieck topology which induces the rigid analytic Grothendieck topology on any
stratum €7, and which contains €25 as a dense admissible subset. We set

QF =\

and endow this quotient with the quotient Grothendieck topology. For any orbit O of
the action (v, L) — (L) of ' on the set of direct summands 0 # L C A denote by

QDCQF

the quotient by I' of the union of the Q, for all L € . We further define a sheaf of rings
Or on QFf and a sheaf of graded Of--algebras

Ri=> Op(k)

k>0

on Qf with Of(0) = Of and such that the Of-module O} (k) of the homogeneous sections
of weight k extends the sheaf Or(k) of weak modular forms for any k& > 0.

If rank4(A) = d and T' = T'(J), the basic examples of modular forms with respect
to I' are the level I Eisenstein series of weight 1 indexed by (A/I)%\ {0}. In that case,
we directly write down global sections E, of Of(1) for all « € (I7*A/A) \ {0} which,
by Theorem 1.1, iii), a posteriori uniquely restrict to these series up to an isomorphism
I7'A/A = (A/D)2

The following results on €}, are in Theorem 9.8.

Theorem 1.1. (Analytic Satake compactification)

i) The Grothendieck ringed space (5, OF) is an integral normal projective rigid ana-
lytic variety over C containing Qr as a dense admissible subvariety.
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it) If for some mazimal ideal p C A the image of T in Auta(A/pA) is unipotent, Of (k)
is ample invertible for any k > 1.

itt) For any k > 0 the restriction morphism OFf(k)(5) — Or(k)(Qr) is injective and
its image is the space of modular forms Mr(k).

i) The graded C-algebra Mr = 3, ., Mr(k) is finitely generated with Mr(0) = C
and Q. is the analytification of Proj(Mr). Moreover, Mrp(k) is a finite dimensional
vector space over C for any k > 0.

v) Consider any T-orbit O = T' - L # {0}. With respect to the Zariski topology, the
subset Qo C QF s irreducible, locally closed and its closure is the union of all Qp.p.
for all direct summands 0 # L' C L.

vi) Consider any direct summand 0 # L C A and set O := T -L and Ty := {y €
Auts(L) | Iy € T: y|r =9'}. The composition of the canonical bijection Tr\Qp —
Qo with the inclusion Qo C Qf is a locally closed immersion (in the sense of
Definition 2.25) of rigid analytic varieties.

Observe that under the map L — Lp, direct summands of A correspond bijec-
tively to vector subspaces of Ap. The locally closed boundary strata in part v) are
thus parametrized by the I'-conjugacy classes of the maximal parabolic subgroups of
AutF(AF).

We briefly outline the proof of Theorem 1.1. If I' = I'(I) and I = (¢) for some
t € A whose divisors in A generate A, parts i), ii) and v) follow by comparison with
an algebraic compactification (see Theorem 1.6 below); underlying this comparison is a
projective embedding defined by the E,. In general, parts i), ii) and v) are then obtained
by choosing ¢ € A as before small enough such that TV :=T'((¢)) C T and using that, by
construction, Qf is the quotient of Qf, by the finite group I'/I”, that Qr.r, is the image
under the quotient map of Qp/.;, for any 0 # L C A and that O (k) is the subsheaf of
0%, (k) of (T'/T")-invariants. For part iii) we use that the restriction morphism factors
through the restriction morphisms

OF(k)(Q) = Or(k)(QF?) = Or (k) (Qr),

where Qlfz is the union of the Qg for all I'-orbits 9 of direct summands 0 # L C A
of co-rank < 2; this is a Zariski open admissible subset of Q2 whose complement has
codimension 2. The first restriction morphism is thus bijective by Riemann’s extension
theorem using that €}, is normal. Moreover, the theory of Fourier expansions shows
that the second restriction morphism is injective with image Mr (k). Part iv) follows by
standard arguments from the previous parts. For part vi), it remains to show that the
composition induces surjective maps on stalks. In fact, by means of explicit admissible
neighborhoods in Q. of points in gy, we show that locally on the target the composition
has a left-inverse.

The compactification of all of X¢(C) is constructed using adelic language such that
any of its connected components is isomorphic to some €} as above. Varying A,d, I
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suitably in fact yields morphisms between the compactifications of the varying modular
varieties (see [20, Section 7.2]).

When A is the polynomial ring, the topology on €. induced by the Grothendieck
topology was already defined by Kapranov in [25], where he further carried out a projec-
tive embedding of €2 using Eisenstein series of high weight and then defined the Satake
compactification of Qr as the normalization of the image of €. Although he did not
specify the Grothendieck topology itself nor the sheaves Of(k), he already argued to-
wards parts iii) along with Goss [16]. In the polynomial case, Gekeler [15] has recently,
and independently of the work presented here, improved on Kapranov’s approach by
carrying out an embedding defined by the Eisenstein series of weight 1.

Algebraic compactifications
Using that A is finitely generated, let ¢ € A be such that its divisors

Diva(t) :={a € Al t € (a)}

generate A. Let V be a free A/(t)-module of rank d and set V := V \ {0}.

We obtain a compactification of X é) which has a modular interpretation and whose
boundary is stratified by modular varieties of smaller dimensions and whose normaliza-
tion is Pink’s normal compactification. When A is the polynomial ring F,[t] over a finite
field F,, this modular compactification specializes to the one due to Pink and Schieder
and, in general, it is inspired by their compactification.

Before discussing the modular compactification, we recall Pink’s normal compactifi-
cation. In [29], he introduced the notion of generalized Drinfeld A-module of rank < d
over any scheme S over F'. It generalizes the notion of Drinfeld A-module over S in that
its fibers over the points of S — which are Drinfeld A-modules of the form (1) — are
allowed to have rank < d rather than only = d. A generalized Drinfeld A-module over S
is weakly separating if for any Drinfeld A-module ¢ over any field extension F/ D F at
most finitely many fibers of the generalized Drinfeld A-module over F’-valued points of
S are isomorphic to ¢.

Theorem 1.2. (Pink [29]) Uniquely up to unique isomorphism, there exist an integral
normal projective algebraic variety X, over F together with an embedding of X¢ and

a weakly separating generalized Drinfeld module on Y? extending the universal family
on Xfl.

The notion of level structure does not directly generalize to generalized Drinfeld mod-
ules in a satisfying way so as to turn X in a fine moduli space. For A = F,[t] and I = (t)
and thus V' = ]Fg, Pink and Schieder [31] instead introduced and studied the notion of a
reciprocal map. Over any ring R over Iy, the injective reciprocal maps are precisely the
ones that arise from the injective Fy-linear morphisms A\: V' — R with V) € R* by
the rule
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. 1
pr: V= R v ——.

A(v)

The maps p) thus obtained are the injective maps p: V — R* such that

. VaEIFqXZUE‘O/:p(a;v)za‘l-p(v),
C Vot €V [0k o €V = plu) - (o) = plv+ v') - (p(0) + p(0"))].

A general reciprocal map over R is then defined to be any map p: V>R satisfying these
polynomial conditions. Globally, reciprocal maps are defined more generally as certain
maps from V to the set of global sections I'(S, £) of invertible sheaves £ on schemes S
over [Fy.

Theorem 1.3. (Pink, Schieder [31, Theorems 1.7 and 7.10]) Consider the functor that
associates with any scheme S over Fy the set of isomorphism classes of reciprocal maps
V = T(S, £) whose induced morphism V — L®o. k(s) is non-zero for every point s € S.
It is represented by a normal projective scheme Qv over F,.

Using that a Drinfeld F,[t]-module over a scheme over F is uniquely determined by a
level (t) structure, Pink deduced from Theorem 1.3:

Theorem 1.4. ([29, Section 7]) If A = F,[t], then Y?t) equals the pullback of Qv to
Spec(F) and is stratified by copies of X(dt/) for all 1 < d' < d indezed by the non-zero
F,-subspaces of V.

In fact, Pink proved Theorem 1.2 by reduction to the case A = Fy[t] and I = (¢)
which he proved jointly with Theorem 1.4 using Theorem 1.3.

However, as long as Div 4(t) generates A, it remains true for general A that a Drinfeld
A-module over any ring R over F' with level (¢) structure A is uniquely determined by A
and hence by its reciprocal map

Y X
p: V>R v— m
We find a set of necessary and sufficient polynomial conditions for an injective map
p: V — R* to arise from such a A and define an A-reciprocal map over R to be any map
p: V > R satisfying these conditions. Globally, A-reciprocal maps will be defined (see
Definition 7.14) more generally to be certain maps V — I'(S, £) for invertible sheaves £
on schemes S over Spec(A).

Theorem 1.5. (See Theorem 7.16 and Corollary 7.25) Suppose that Div4(t) generates A.
Consider the functor which assigns to a scheme S over Spec(A) the set of isomorphism
classes of A-reciprocal maps vV — (S, L) whose induced morphism V — L Qo4 k(s) is
non-zero for every s € S. Then the following hold:



8 S. Hdaberli / Journal of Number Theory 219 (2021) 1-92

i) This functor is represented by Qv = Proj(R), where R is the quotient of the poly-
nomial ring A[{Y,},cv] over A in the variables Y, by a certain graded ideal. The
invertible sheaf on Qv underlying the universal family is the ample invertible sheaf
Oqy (1).

it) The pullback Qv.p of Qv to Spec(F) contains Xfit) as an open subscheme and is
stratified by locally closed subschemes Qw for all free A/(t)-submodules 0 #W C V

each of which is isomorphic to X(dt,), where d’ := rank 4 /) (W).

iit) X (y) s the normalization of Qv,r and the universal family on Qv,r induces a gen-

eralized Drinfeld module on Qv,r whose pullback to Y?t) is the weakly separating
generalized Drinfeld module from Theorem 1.2.

After the work presented here was done, Pink [30] modified the notion of A-reciprocal
maps by using defining conditions [30, Def. 2.3.1] that are homogeneous equations solely
of weight 1. His conditions are stronger (see [30, Prop. 1.3.4 (b) and 2.4.4]) and more
explicit than the ones here and enabled him to generalize computations from his and
Schieder’s article [31]. However, the reduced scheme underlying the modular compactifi-
cation that he obtains coincides with the one underlying Qv and this is the scheme that
we use in the comparison with the analytic compactification.

Comparison of the analytic and algebraic compactifications

As before, let t € A be such that Div4(t) generates A. Set V := t1A/A and V :=
V '\ {0}. Suppose that I" is the kernel of Auts(A) — Auta(A/tA).

Consider the reduced rigid analytic variety Qv (C) over C' whose underlying set are
the C-valued points of Qv it is the rigid analytification of Qv Xgpec(a) Spec(C). Let
Ogq, (c)(1) be the analytification of the pullback of Og,, (1) under Spec(C') — Spec(A).
Evaluating the weight 1 Eisenstein series (Ey ),y at any point in Qf yields an isomor-
phism class of an A-reciprocal map V — C and thus a map E: Qf — Qv (C).

Theorem 1.6. (See Theorem 8.1 and Corollary 9.4) The map E is an injective morphism
of Grothendieck ringed spaces onto an irreducible component X of Qv (C). In fact, it
is the normalization morphism of X in the sense of Conrad [10]. Moreover, Of(k) is
isomorphic to the pullback under E of Og,, c)(1)®* for any k > 0.

We finally outline our proof of Theorem 1.6. Consider any free A/(t)-submodule 0 #
W C V and the restriction E~}(Quw (C)) — Quw (C) of E via Theorem 1.5, ii). Via

the isomorphism Qyy = X({)?

isomorphism from the analytically defined modular variety to Quw (C) if W C V. If

where d’ = rank /) (W), this restriction is Drinfeld’s

W =V, it is the restriction of this isomorphism to the irreducible component Qr. Using
these isomorphisms and elementary inequalities of Drinfeld’s exponential functions, we
prove the following result as a step towards Theorem 1.6:
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Proposition 1.7. (See Proposition 8.7 and Corollary 8.11) The morphism between
Grothendieck topological spaces underlying E is an isomorphism onto an irreducible com-
ponent X of Qv (C). Moreover, X N Qv (C) is an irreducible component of Qv (C) and

X =(XNQy(0)uU(Qv(C)\ % (C)).

We further define a sheaf of rings Ox on X in terms of the stratification by the Qu (C)
provided by Theorem 1.5, ii) for which the following holds:

Proposition 1.8. (See Corollary 8.13) The isomorphism between Grothendieck topological
spaces underlying E induces an isomorphism of Grothendieck ringed spaces

(QF, OF) (X, Ox). (2)

The stratification of X may be described in terms of vanishing and non-vanishing
loci of subsets of some finite set of global sections of the first twisting sheaf on X.
More generally, with any finite set of global sections of an invertible sheaf on a rigid
analytic variety Z may be associated (see Section 3) a stratification of Z by locally
closed subvarieties and a natural sheaf of rings O in terms of the stratification together
with a morphism of Grothendieck ringed spaces nz: (Z,0z) — (Z,0z). In Section 3.2
we specify conditions under which nz is the normalization morphism. We show these
conditions in the case Z = X using the isomorphism in (2). The hardest condition to show
is that any point in )} admits a fundamental set of neighborhoods whose intersections
with Qr are irreducible; this is essentially done in Section 4.3. Via Proposition 1.8, this
will yield Theorem 1.6.

Analogy with the classical Satake-Baily-Borel compactification
The Drinfeld modular variety X ¢ is a function field analogue of Shimura varieties. For
instance, the analytification of X¢(C) may be described as double coset space

GLa(F)\ (Qv x (GLd(Aﬁ)//C)) ;

where dimg(V) = d and A%, is the ring of adeles of F outside oo and K € GLg(AL) is
some compact open subgroup (see for instance [20, Remark 7.14 and Theorem 9.1]). In
fact, 2y is an analogue of Siegel’s upper half space H, of genus g > 1; quotients of H, by
arithmetic subgroups of the symplectic group Spy,(R) parametrize abelian varieties over
C of dimension g with extra structures. However, H, is a hermitian symmetric space
isomorphic to Spy,(R)/K, where K C Sp,,(R) is a maximal compact subgroup, while
GLg4 has no hermitian symmetric space nor a Shimura variety when d > 2. On the other
hand, Qy has no such interpretation as coset space, but may be viewed (see for instance
[20, Sections 4 and 5]) as a rigid analytic neighborhood of the Bruhat-Tits building for
PGL(V) whose set of vertices is PGL(V)/K for some maximal compact subgroup K,
whereas neither this coset space nor the building have a rigid analytic structure.
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The quotient Qr = I'\Q, is an irreducible component of a Drinfeld modular variety.
The construction of its compactification €f is largely analogous to Satake’s [33] con-
struction of his normal projective compactification X7  of the quotient Xy v of H, by
the Siegel modular group of some level N. As a set X y is the disjoint union of X y and
finitely many copies of X, n for all 0 < ¢’ < g, where X, y contains exactly one point
oo. If N = 1, there appears exactly one copy for every 0 < ¢’ < g. For instance, X1 1
is the quotient of the complex upper half space H by SLy(Z) and X7, is the compact
Riemann surface containing both X; ; and

U, := {oo} USLa(Z)\ U v{r € H: Im(7) > n})
~ESL2(Z)

for any n > 1 as open subspaces, where the structure of Riemann surface on U, is such
that mapping 7 € H to exp(27it) and oo to 0 induces an open embedding U,, — C.

If rank 4 (A) = 2, the construction and behavior of Qf are analogous to the ones of
X7 n except that Qf needs to be endowed with a suitable Grothendieck topology rather
than just a topology in order to become a rigid analytic variety. If g > 1, formally the
construction of X/ y is still largely analogous to the one of Qf; however, in this case,
the boundary of XJ \ has codimension g > 1 so that by normality all — a priori —
weak Siegel modular forms on Xy n extend to global sections of X7 v, i.e., so that the
Kocher principle holds. By contrast, as long as rank4(A) > 1, the boundary of Qf has
codimension 1 and not all weak modular forms on Qr extend to global sections.

The boundary strata of Qf, resp. X, n» are parametrized by conjugacy-classes of
maximal F-rational, resp. Q-rational, parabolic subgroups of GLg, resp. Sp,,, where
conjugation is by I', resp. by the Siegel modular group of level N. Each boundary stratum
is the quotient of a Drinfeld upper half space, resp. of a hermitian symmetric space,
by an arithmetic subgroup of a factor of the Levi subgroup of a representing maximal
parabolic subgroup. In the case of 2}, any boundary stratum is the quotient of Drinfeld’s
upper half space of dimension d' — 1 by an arithmetic subgroup of GLg (F') for some
0 < d' < d; the corresponding Levi subgroup is isomorphic to GLg X GLg_g. On the
other hand, the Levi subgroup of any maximal parabolic subgroup of Sp,,, is isomorphic
to Spa,s x GLg_, for some 0 < g’ < g, where Sp,, is the hermitian factor and, if g’ = 0,
is the trivial group; if g’ > 0, this factor contributes an arithmetical quotient of Hg to
the boundary, and if ¢’ = 0, it contributes a point.

Baily and Borel [1] later generalized Satake’s work by constructing a normal projec-
tive compactification X* of any arithmetic quotient X of the bounded symmetric domain
G(R)/K, where G is any connected semi-simple algebraic group over Q. The strata of
the boundary of X* are smaller dimensional arithmetical quotients of bounded symmet-
ric domains and are parametrized by conjugacy-classes of maximal rational parabolic
subgroups of G. Compactness of the topological space underlying X* follows rather di-
rectly using that bounded symmetric domains admit fundamental sets with respect to
arithmetic groups. Using their analyticity criterion, which requires local compactness,
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Baily and Borel then prove their constructed ringed space X* to be an irreducible nor-
mal analytic space. They further show that any two points in X* may be separated by
Poincaré-Eisenstein series. By compactness, then there exist finitely many such series
which yield a projective embedding of X*. Finally, they deduce that X* is the normal-
ization of the image of such an embedding.

Our approach to show that Qf is a normal projective rigid analytic variety differs from
Baily and Borel’s approach as follows: First, we may not deduce any suitable variant of
compactness (or even local compactness) of Qf. directly from the construction. Although
Qf admits Poincaré-Eisenstein series which separate points (see [20, Section 6.5]), we
may thus not directly conclude a projective embedding by finitely many of those series.
We may neither directly show that Qf is a rigid analytic variety. Instead, we define the
explicit injective map F from Qf onto an irreducible component of the projective variety
Qv (C) (see before Theorem 1.6) and show in one that F is the normalization morphism
of its image, and hence that €1} is rigid analytic, projective and normal. However, we still
use an analogue (see Theorem 3.7) of Baily and Borel’s analyticity criterion in order to
provide a description, not involving F, of the normalization of any irreducible component

of Qv (C).

Outline

Section 2. In Section 2.1 we recall the notion of Grothendieck ringed space.

In Section 2.2 we define rigid analytic varieties over C' as did Bosch, Giintzer and
Remmert [8] and recall some repeatedly used facts about them.

In Section 2.3 we determine necessary conditions for the quotient of a rigid analytic
variety by a group to be again a rigid analytic variety.

In Section 2.4 we recall some basic facts about A-lattices in C.

Section 3. Let S be a finite set of global sections of an invertible sheaf on a rigid
analytic variety Z over C. For any T' C S denote by Q(T") C Z the intersection of the
non-vanishing locus of T' with the vanishing locus of S\T". These Q(T) for all T' C S form
a stratification of Z, i.e., a covering of Z by pairwise disjoint, locally closed subvarieties.
This section will be applied in the proof of Theorem 1.6 to the case where S consists of
global sections of the analytification of the pullback of Og,, (1) to Qv (C).

In Section 3.1 we characterize the Grothendieck topology on Z in terms of this strat-
ification. In Section 3.2 we describe, under some conditions, the normalization (in the
sense of Conrad’s [10]) of Z in terms of the stratification. The criterion obtained is anal-
ogous to a special case of [1, Theorem 9.2] by Baily and Borel in the complex analytic
setting.

Section 4. In Sections 4.1 and 4.2 we provide a proof of Drinfeld’s results [12, Prop. 6.1,
6.2] that Q) C ]P"r,iég is admissible and that the quotient of {2y, by any discrete subgroup
of PGL(V) is a normal rigid analytic variety.

In Section 4.3 we prove, inspired by van der Put’s [38], a result on the connectedness
of certain subsets of €y,. It implies that €2y, itself and hence its quotient by any discrete
subgroup of PGL(V) is irreducible. It further provides for any point in O} a fundamental



12 S. Hdaberli / Journal of Number Theory 219 (2021) 1-92

set of irreducible admissible neighborhoods. When A is the polynomial ring, Kapranov
[25, Proof of Prop. 1.18] already claimed the irreducibility of similar neighborhoods.

In Section 4.4 we suppose that dimg(V) > 1 and consider a natural action on €y
by any discrete subgroup of any codimension 1 subspace W C V. We prove that a
certain map, defined using exponential functions, from its quotient to 2y, x C is an
open embedding of rigid analytic varieties.

Section 5. In Section 5.1 we endow Q3 with a Grothendieck topology.

In Section 5.2 we study the induced Grothendieck topology on f. and define the
sheaves O and Rf.

In Section 5.3 we define Eisenstein series as global sections of Of (k).

In Section 5.4, we provide, building on Section 4.4, a comprehensive proof that any
weak modular form has a Fourier expansion at any cusp.

In Section 6 we construct the Satake compactification of any full analytic modular
variety.

Section 7. In Section 7.1 we recall the notion of (generalized) Drinfeld module and
Pink’s compactifications of the algebraic moduli spaces.

In Section 7.2 we define A-reciprocal maps and prove Theorem 1.5.

In Sections 8 and 9 we prove most of the above mentioned results.
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2. Preliminaries
Let C be an algebraically closed complete non-Archimedean valued field.
2.1. Grothendieck ringed spaces
Definition 2.1.
i) A family {U;}ier of subsets U; of a set U is called a covering of U if U = | J;c; U;.
ii) A covering {U}}jes of a set U is called a refinement of a covering {U;}ier of U if
there exists a map 7: J — I with U} C U, (;) for any j € J.

iii) The intersection of a covering {U; };ey of a set U with a subset U’ C U is the covering
{Ui n U/}iel of U/.
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iv) The intersection of a covering {U; }ies of a subset U C X with a covering {U’};es
of a subset U’ C X is the covering {U; N Uj’-}l-ELjGJ of UNU'.

v) The preimage of a covering {U;};cr of a subset U C X under a map f: Y — X is
the covering {f~1(U;) }ier of f=H(U).

Definition 2.2. A Grothendieck topology on a set X consists of

e a system S of subsets of X and
o a family C = {Cov(U)}ues of systems of coverings, where Cov(U) contains coverings
of U by elements in S for any U € S,

subject to the following conditions:

i) U,U eS=UNnU e€S.
ii)y U e S= {U} € Cov(U).
iii) If U € S,{U;}icr € Cov(U) and {Uj;}jcs, € Cov(U;) for any ¢ € I, then
{Uij}ierjes; € Cov(U).
iv) fU,U" € § with U' C U and if {U; }ier € Cov(U), then {U; NU'}ier € Cov(U').
v) §,X €S.
vi) If U € § and U’ C U such that there exists {U; }ier € Cov(U) with U; NU’ € S for
any i € I, then U’ € S.
vii) Consider any U € S and any covering {U;};cr of U with U; € S for any i € I. If
{Ui }ier has a refinement in Cov(U), then it is itself in Cov(U).

If a Grothendieck topology (S,C) on X is understood, then the elements of S are called
the admissible subsets of X and the elements of any Cov(U) are called the admissible
coverings of U. In this case, the topology (in the usual sense) of X whose open sets are
the unions of admissible sets, is called the canonical topology of X.

Definition 2.3. A morphism of Grothendieck topological spaces is a map under which the
preimage of any admissible subset and of any admissible covering is admissible.

Definition 2.4. Consider any Grothendieck topological space X and any ring R.
i) A presheaf of (graded) R-algebras on X is a contravariant functor from the category
of all admissible subsets of X with inclusions as morphisms into the category of

(graded) R-algebras.
ii) Given any presheaf F on X, we denote by

FU)—=FU", fe flu

the morphism associated with any admissible subsets U’ C U C X.
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iii) A presheaf F on X is called a sheaf if any admissible subset U of X and any
admissible covering C of U satisfy:

o If f,g € F(U) are such that f|y = g|y+ for any U’ € C, then f = g.
o For any family (fu/)vec € (F(U'))yrec with

vU,U"eC: fulvnur = forlvnur
there exists an f € F(U) such that f|y = fyr for any U’ € C.

iv) The morphisms between sheaves on X are the morphisms between the underlying
presheaves.

Definition-Proposition 2.5. /8, Proposition 9.2.2.4] Any presheaf F on a Grothendieck
topological space admits a sheafification, i.e., a homomorphism i: F — F' into a sheaf

F' such that any homomorphism F — G into a sheaf G equals poi for a unique morphism
p: F = G.

Definition 2.6. A Grothendieck (graded) ringed space over a ring R is a pair (X, F), where
X is a Grothendieck topological space and F is a sheaf of (graded) R-algebras on X.

Definition 2.7. A morphism (X, F) — (Y, G) of Grothendieck (graded) ringed spaces over

a ring R is a pair (f, f#), where f: X — Y is a morphism of Grothendieck topological
spaces and where f# is a collection of (graded) R-algebra homomorphisms

fE6U) - F(f(U))

compatible with restriction homomorphisms, where U ranges over all admissible subsets
of Y.

2.2. Rigid analytic varieties

Definition 2.8. A C-algebra norm on a C-algebra R is amap |-|: R — R>( which restricts
to the norm on C such that every r, s € R satisfy

o [r|=0&1r=0,
o res[<Ir|-sl,
o |r—s| < max{|r],|s|}.

Definition 2.9. A C-Banach algebra is a C-algebra R together with a C-algebra norm
whose induced topology on R is complete.
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Definition-Proposition 2.10. /8, Proposition 5.1.1.1] For any integer n > 0 the Tate
algebra over C in n variables is the subalgebra T,, of C[[X1,...,X,]] of elements

— § . N 2T ‘e
f - azl,...,zn Xl Xnn

for which |a;,

.....

|f| = i m%x>0|ai1,,..,in|

yersltn 2

is a C-algebra norm on T,, by means of which T,, is a C-Banach algebra.

Definition 2.11. A C-Banach algebra R is called C-affinoid if there exists an integer
n > 0 and a continuous epimorphism 7,, — R.

Definition 2.12.

i) A C-affinoid variety is a pair Sp(R) = (Max(R), R), where R is any C-affinoid
algebra and Max(R) is the mazimal spectrum of R, i.e., the set of maximal ideals of
R equipped with the Zariski topology.

ii) A morphism Sp(S) — Sp(R) of C-affinoid varieties is a pair (o, %), where 0% : R —
S is any C-algebra homomorphism and

o: Max(S) — Max(R),m — (¢7)~(m)
is the induced continuous map.
Definition-Proposition 2.13. /8, Proposition 7.2.2.1]

i) A morphism (i,i%): Sp(R') — Sp(R) is called an open immersion if for any mor-
phism

(o,0™): Sp(S) — Sp(R) with o(Max(S)) C i(Sp(R'))
there exists a unique morphism (1,v%): Sp(S) — Sp(R’) with
(0,0™) = (i,i%) o (1, 97).
In this case, 1 is injective.
it) Any composition of open immersions is an open immersion.
iii) A subset U C Max(R) is called affinoid if it is the image of i of an open immersion

(i,i7): Sp(R') — Sp(R). In this case, U is (uniquely up to unique isomorphism,)
endowed with the structure of C-affinoid variety and we identify U with Sp(R').
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iv) The preimage of any affinoid subset under any morphism between C-affinoid varieties
is an affinoid subset.

Definition-Proposition 2.14. /8, Proposition 9.1.4.2] The following specifies a structure
of Grothendieck topology on any C-affinoid variety Sp(R):

i) A subset X C Max(R) is admissible if it admits a covering C by affinoid subsets of
Max(R) whose preimage under any morphism Sp(S) — Sp(R) has a finite refinement
by affinoid subsets of Max(S). In particular, the union of any finitely many affinoid
subsets of Max(R) is admissible.

it) A covering C of an admissible subset X C Max(R) by admissible subsets is admissible
if its preimage under any morphism Sp(S) — Sp(R) has a finite refinement by
affinoid subsets of Max(.S).

Definition-Proposition 2.15. /8, Proposition 9.2.3.1] Consider any C-affinoid variety
Y = Sp(R). Then there exists a unique sheaf Oy of C-algebras on'Y with Oy (Sp(R')) =
R’ for any affinoid subset Sp(R') C Y and such that for any composition of open im-
merstons

sp(R") Y25 sp(R') X

the restriction homomorphism Oy (Sp(R')) — Oy (Sp(R")) equals j%. In particular, the
pair (Y, Oy) is a Grothendieck ringed space over C.

Definition 2.16. A Grothendieck ringed space (X, O) over C is a rigid analytic variety
over C' if X admits an admissible covering C and any U € C possesses an isomorphism
(U,Olv) = (Y, Oy) of Grothendieck ringed spaces for some C-affinoid variety Y.

As C'is algebraically closed, the elements of any affinoid C-algebra A uniquely give rise
to functions Sp(A) — C (see [8, Section 7.1]). The global sections of any rigid analytic
variety (X, O) over C may thus be viewed as the functions f: X — C whose restriction
to any admissible affinoid subset Sp(A) are induced by elements of A.

Definition 2.17. Any such f: X — C is called regular.

Definition-Proposition 2.18. For any affinoid varieties X,Y
Mor((X, 0x), (Y, 0y)) = Mor(X,Y), (f,/#) = (£, {)

constitutes a bijection by means of which we view the category of C-affinoid varieties as
a full subcategory of the category of rigid analytic varieties over C.
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Proposition 2.19. /8, Theorem 6.2.4.1] For any affinoid algebra A over C the map A —
|C], f > supgespa) |f(2)| is a complete norm on A.

Example 2.20. [8, Example 9.3.4.1] For any finite set S let Ag’rig be the affine rigid
analytic variety over C' whose underlying set is C° and for which the covering by all
closed balls with radius in |C] is admissible affinoid, where any such ball is naturally
isomorphic to Sp(7},), where n = |S|. In the case, where S = {1,...,n} for some integer
n >0, we set A8 = Ag’rig; the natural GL,,(C)-action on it is through rigid analytic
isomorphisms. If V' is a C-vector space of finite dimension n, denote by A?}g the rigid
analytic variety over C' with underlying set V such that one, and hence any, C-linear
isomorphism V' — C™ underlies an isomorphism AL# — Ag’rig .

Example 2.21. [8, Example 9.3.4.3] For any n > 1 the standard projective variety ]P’g’rig
over C is the unique rigid analytic variety over C' whose underlying set is (C"*1\
{0})/C* and such that A" — P2"8, 2 s [(2,1)] is an open immersion and the natural
GL;,+1(C)-action on it is through rigid analytic isomorphisms. If V' is a C-vector space
of finite dimension n+ 1, denote by IP"r/ig the rigid analytic variety over C' with underlying
set (V'\{0})/C* such that one, and hence any, C-linear isomorphism V — C™*! induces
an isomorphism ]P"r/ig — ]P’g’rig .

Proposition 2.22. Let Z be the product of any affine with any projective rigid analytic
variety. Then the intersection of finitely many affinoid subsets of Z is again affinoid.

Proof. Both affine and projective rigid analytic varieties and hence their products are
separated in the sense of [8, Definition 9.6.1.1]. The proposition then holds by [8, Propo-
sition 9.6.1.6]. O

Definition 2.23. [8, Definition 9.5.2.1] A subset Y C X of a rigid analytic variety X is
called analytic if there exists an admissible covering (U;);es of X such that Y NU; is the
zero-locus of finitely many elements in Ox (U;) for all i € I.

Definition 2.24. [8, Section 9.5.3] A morphism f: Y — X between rigid analytic varieties
is a closed immersion if there exists an admissible affinoid covering (U;);cr of X such that
f~Y(U;) is affinoid and such that the ring homomorphism belonging to the restriction
f~YU;) = U; of f is surjective for all i € I.

Definition 2.25. A morphism of rigid analytic varieties is called a locally closed immer-
sion if the underlying map is injective and the induced homomorphisms on stalks are
surjective.

Proposition 2.26. /8, Proposition 9.5.3.5] A morphism f:Y — X of rigid analytic vari-
eties is a closed immersion if and only if
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i) it is a locally closed immersion,
it) its image is an analytic subset of X and
iii) there exists an admissible affinoid covering (X;)icr of X and, for eachi € I, a finite
admissible affinoid covering of f=*(X;).

Proposition 2.27. (Mazimum Modulus Principle) [8, Lemma 9.1.4.6] Consider any affi-
noid algebra A and any f € A. Then there exists ¢ > 0 with |f(x)] < ¢ for any
x € X := Sp(A). Moreover, if f vanishes nowhere on X, then there exists 6 > 0 with
|f(z)] > d for any x € X.

Theorem 2.28. (Bartenwerfer’s Riemann extension theorem) [2, Section 3] Consider any
normal quasi-compact rigid analytic variety Y, any closed subvariety Z C'Y which is
everywhere of positive codimension and any reqular function s: Y \ Z — C. Then the
following are equivalent:

i) s extends uniquely to a regular function Y — C,
it) s extends uniquely to a morphism Y — Alcl“g of Grothendieck topological spaces
whose restriction to Z is reqular,

iii) s is bounded.

Proposition 2.29 (Kisin). For any affinoid algebra A over C, any admissible U C X :=
Sp(A) and any ay,...,a, € A whose common zeroes lie in U exists an € > 0 such that
{reX|V1<i<n:|ax)<e}cCU.

Proof. See [11, after Remark 5.2.9] for Conrad’s short proof via Berkovich spaces. O
2.8. On some quotients of rigid analytic varieties

Consider any group I' of C-linear automorphisms of any rigid analytic variety Y over
C. Let

p:Y =-T\Y

be the quotient morphism, where I'\Y is endowed with the structure of Grothendieck
ringed space induced by the quotient map, that is, a subset (resp. a covering of a subset)
of T'\Y is admissible precisely when its preimage is admissible and the sections on an
admissible subset of T'\Y are the I'-invariant sections on its preimage.

Proposition 2.30. Suppose that Y = Sp(A) is the affinoid variety associated with any
affinoid variety A and suppose that T is finite. Then the subalgebra A¥ C A of T-invariant
elements is affinoid and induces an isomorphism of affinoid varieties

"\ Sp(A) — Sp(AF).
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Moreover, A is a finite AT -module and if A is normal, then so is AL.
Proof. See [21, Thm. 1.3] for the first and [20, Prop. 2.33] for the second part. O
We will use the following generalization of Proposition 2.30.

Proposition 2.31. Suppose that'Y is separated (see [8, Definition 9.6.1.1.]). Consider any
admissible affinoid covering (Y,)n>1 of Y and finite subgroups (I'y)p>1 of T such that

i) V' >n>1:Tp C T AY, C Yo,
it) Vn>1,Vy el v(Y,) =Y,
iit) and any n > 1 admits an n’ > 1 such that Vy € T\ Ty : v(Y,) NY, = 0.

Then (p(Yn)),>, s an admissible covering of T\Y and any p(Y;,) is admissibly covered by
finitely many affinoid varieties. In particular, T\Y is a rigid analytic variety. Moreover,
if Y is normal, then so is T\Y.

Proof. Consider any n > 1 and choose any n’ > n > 1 satisfying the property in iii). Let
I be a set of representatives of I'/T,s. Set

Vyel: Uy == |J (3.
S )

Then the U, are pairwise disjoint and they cover U := p~*(p(Y,)). We claim that U C Y
is admissible and admissibly covered by the U, and, in particular, that p(Y,) C T\Y
is admissible. In order to prove the claim, it is enough, since (Y%)r>1 is an admissible
covering of Y, to check for any & > 1 that U NY}, C Yj is admissible and admissibly
covered by (U, NYy)~er. Consider any such k. Since Y is separated, the intersection of
any finitely many affinoid subsets of Y is again affinoid [8, Proposition 9.6.1.6]. As U, is
the union of finitely many admissible affinoid subsets, thus so is U, N'Y}, for any v € I.
Moreover, iii) provides a k" > 1 such that U, NY}, = 0 for any v € I'\T'ys. Hence UNYy, is
the union of finitely many admissible affinoid subsets and hence an admissible subset of
Y}, and the covering (U, NYj)yer has the finite affinoid, and thus admissible, refinement
(Uy N Yi)yernr,, and is thus itself admissible. This yields the claim.

As T, is finite and acts on the affinoid Y;,s by ii), Proposition 2.30 yields that T,/ \ Y,/
is an affinoid variety and that its admissible subsets are precisely those whose preimages
in Y, are admissible. Let vy € I represent the identity. By i), U,, is the union of finitely
many affinoid subsets of Y,/, and hence quasi-compact, and T',/-invariant. Hence its
image I',/\U,, in T',/\Y, is an admissible quasi-compact subset or, equivalently, the
union of finitely many admissible affinoid subsets. As the U, are pairwise disjoint and
form an admissible covering, the inclusion morphism U,, — U induces an isomorphism
' \U,, — m(Y;,) of Grothendieck ringed spaces. Thus p(Y;,) is indeed admissibly covered
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by finitely many affinoid varieties. Moreover, if Y is normal, then so is Y,,» and hence
I'\Y,s by Proposition 2.30 and hence I',/\U,, and hence p(Y,,).

It remains to be checked that the covering (p(Y,))n>1 of I'\Y is admissible. Using
that (Y%)r>1 is an admissible covering of Y, it suffices to check for any k£ > 1 that
the covering (p~1(p(Yn)) N Yi)n>1 of Yy is admissible. But the latter covering has as
admissible refinement the covering given by the single subset p~!(p(Y%)) N Yy, i.e., by
Y%, and is thus itself admissible. O

2.4. On lattices over admissible coefficient subrings

Suppose that the characteristic of C is finite.

Definition 2.32. A subset S C C' is called strongly discrete if its intersection with every
ball of finite radius is finite.

Definition 2.33. We call a subring A C C an admissible coefficient subring if it is strongly
discrete and if it is a Dedekind domain that is finitely generated over a finite subfield
of C.

Any subring A C C as in the introduction is an admissible coefficient subring and
vice versa (see for instance Harder’s [22, Vol. 2, Sect. 9.1-3]).

Example 2.34. Consider any finite subfield F, C C and any ¢t € C' with [¢| > 1. Then
F,[t] is a polynomial ring over F, and an admissible coefficient subring of C'.

Proof. As the norm of C is non-Archimedean, as |z| = 1 for any 0 # z € F, and as
|t| > 1, any polynomial of degree n > 0 over F, evaluated at ¢ has norm [¢t|™ in C. This
implies both that F,[t] is a polynomial ring and that it is strongly discrete in C. That any
polynomial ring in one variable over a field is a Dedekind domain, is a classical fact. O

Definition 2.35. Consider any admissible coefficient subring A C C and let E be the
completion of its quotient field. A finitely generated projective A-submodule A C C is
an A-lattice if the natural homomorphism A ® 4 £ — C' is injective.

Proposition 2.36. Any A-lattice A C C is strongly discrete.
Proof. See for instance [20, Prop. 2.51]. O

Definition 2.37. Consider any admissible coefficient subring A C C, any projective A-
module A of finite rank d > 0 and any norm |- | on Ag in the sense of Section 4.1, where
E is the completion of the quotient field of A. For any 1 < ¢ < d call

wi(A) == inf{max{|\],..., ||} | A1,..., A € A linearly independent}
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the i-th successive minimum of A. Set pmax(A) 1= pa(A).

Definition-Proposition 2.38. Let A = F,[t] be as in Example 2.3/. Consider any A-module
A and any norm | -| as in Definition 2.37. Then there exists a minimal reduced basis of
A, ie., an ordered basis (A1,...,Aq) of A such that (JA1],...,|Aa]) = (u1(A), ..., pa(A))
and such that

Va € A%: Z a;\i| = 1rglagxd|ai| P
1<i<d
Moreover, |\;| = )i\nf\|)\¢ +t-A| for any A; in any such basis.
€
Proof. Up to the last assertion, this is [7, Theorem 2.2.8]. Consider then any A; in any

minimal reduced basis (A1,...,\,) of A. Any A = Zil:j a; - Aj € A then satisfies as
desired that

|)\7, +t)\| = mgxﬂ(l +t~ai) . )\z|7 |t “aj - /\J|} > |(1 —&-t-ai) . )\1| > |)\z| O
VE)

For any subset S of any normed vector space V set

d(8) ;= inf sl;

this measures the distance of S\ {0} to the origin.

Corollary 2.39. Consider any A =TF,[t], any A and any norm on A® 4 E as in Definition-
Proposition 2.38. Consider any direct summand 0 # L C A. Consider the projection
m:t A = A:=t"'A/A and set L:=t"'L/L C A. Then
max d(7 (@) < fimax(L). (3)
acl

Moreover, choose a minimal reduced basis (Ai,...,\,) of t 1A, Let L' C t71A be the
submodule generated by the \; with |\;| < d(m='(A\ L)). Set I = m(L"). If

maxd(r*({a})) <d(z"'(A\ L)), (4)
a€cl

then T =T and d(t— A\ L) = d(=—1(A\ T)).

Proof. This is directly checked. For details, see [20, Cor. 2.54]. O

Definition-Proposition 2.40. For any strongly discrete subgroup A C C' the formula

ea(T):=T- [] (1 —~ %)

0#£NEA
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defines a morphism ey : Alci“g — Alcl”g that is a surjective homomorphism with kernel
A. Moreover,

1 1

Vee C\A: =y .
exa(c) et A

Proof. This is explained for instance in [13, Chapter 2, Section 1] up to the last part.

The last part follows from logarithmic differentiation using that % expp(T)=1. O

Proposition 2.41. Consider any A-lattice A C C and any 0 # ¢, € C such that |c| < |A|
and |c'| < | + A| for every 0 # A € A. Then

C/

’
c
c

~q~rankﬁrq 1t (A)

< <

o

for any polynomial ring Fy[t] C A over any finite field with q elements.

Proof. Use Definition-Proposition 2.38. For details, see [20, Prop. 2.56]. O
3. On stratifications of rigid analytic varieties by global sections

Consider any reduced rigid analytic variety Z over an algebraically closed complete
non-Archimedean field C' and any finite set S of global sections of an invertible sheaf
on Z. With any T C S and any ¢ € |C*| associate the reduced Zariski open, resp.
admissible, resp. locally closed subvariety

UT):={zeZ|VteT:  t(z) #0} C Z,
U(T,e) = {z cUT) | Vs € S\T, Vte T )g(@‘ <e} CU(T),

OT) == {z €U(T) | Vs € S\ T, VteT:;(z):O}CZ.

This yields a stratification of Z by locally closed subvarieties

z=|Jom).

TCS

3.1. Characterization of the Grothendieck topology

Proposition 3.1. A subset X C Z is admissible if and only if any T C S with Q(T) # 0
satisfies that

i) the subset X NQ(T) C Q(T) is admissible and that
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it) any admissible quasi-compact U C U(T) with UNQ(T) C X admits an € € |C*|
with U NU(T,¢) C X.

Moreover, a covering of an admissible X C Z by admissible subsets is admissible if and
only if its intersection with X N Q(T) is admissible for any T C S.

Proof. This is essentially a formal consequence of Proposition 2.29. For details, see [20,
Proposition 3.1]. O

For the remainder of this section further assume for any Q(7T') # 0 the existence and
choice of a morphism

pr: U(T) — QT) (5)
such that pr|or) = idg(r) and such that
U(O, ) == pr'(0) NU(T,¢)
is quasi-compact for any quasi-compact O C Q(T) and any ¢ € |C*]|.

Example 3.2. Let for example S be a C-basis of the global sections of the first twisting
sheaf of any standard projective space Z over C and let pr be the natural projection for
any ) T C S. Consider for any t € T' C S the isomorphism

S

i: UT) = QT) x A(Cig\T)’rig,q — (pT(Q)v (Z(Q))SES\T) .

Forany 0 #7 C S, any O C Q(T) and any ¢ € |C*]| then

U(0,) = ()i (O x Bz).

teT

In particular, such U(O, ¢) is quasi-compact, resp. affinoid, whenever O is.
Proposition 3.1 may then be reformulated as follows.

Corollary 3.3. Consider any Z, S and morphisms pr as in (5). Let Y C Z be any closed
subvariety. Then a subset X C'Y is admissible if and only if any T C S with Q(T)NY #
satisfies that

i) the subset X N Q(T) C Y NQUT) is admissible and that
it) any admissible quasi-compact O C Q(T) with ONY C X admits an £(0) € |C*]
with U(0,e(0))NY C X.
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Moreover, a covering of an admissible X C'Y by admissible subsets is admissible if and
only if its intersection with X N Q(T') is admissible for any T C S.

Proof. See [20, Cor. 34]. O

Corollary 3.4. Consider any rigid analytic variety R and any integer n > 0. Let Y C
R x AZ"™® be any closed subvariety. Then a subset X CY is admissible if and only if

i) the subset X \ R x {0} C Y \ R x {0} is admissible,
it) the subset X N R x {0} CY N R x {0} is admissible and
iti) for any admissible quasi-compact O C R with O x {0} C X exists an € > 0 such that
(OxB,)NnY C X.

Moreover, a covering of an admissible subset X C'Y by admissible subsets is admissible
if and only if both its intersection with X \ R x {0} and its intersection with X N R x {0}
is admissible.

Proof. See [20, Cor. 3.5]. O

Corollary 3.5. Let R be any separated rigid analytic variety. Consider any admissible
subset X C R x Ag"® and any regular function s: X \ R x {0} — C. Then there exist
unique regular functions s;: X N R x {0} — C such that

s((0,2)) = Z 5:(0,0)2" for any (0,2) € O x B.\ O x {0}

€L

for any admissible affinoid O x {0} C X N R x {0} and any ¢ € |C*| with O x B, C X.
Moreover, the following statements are equivalent:

i) s extends to a regular function X — C.
it) s extends to a morphism X — Alcirig of Grothendieck topological spaces whose re-
striction to X N R x {0} is regular.
iit) Any admissible affinoid O x {0} C XN R x {0} admits ane € |C*| withOx B, C X
and such that s is bounded on O x B, \ O x {0}.
w) Vi<0:s;=0.

Moreover, the extension in i), resp. ii), is unique if it exists.

Proof. Via Corollary 3.4 and Proposition 2.22, the corollary is reduced to the case where
R is affinoid, in which it is Bartenwerfer’s [2, Satz 12]. For details, see [20, Cor 3.6]. O

Proposition 3.6. Let Z and S and the pr be as in Example 5.2. Consider the natural left-
action on Z of any subgroup G of the symmetric group of S. Then for any G-invariant



S. Hdaberli / Journal of Number Theory 219 (2021) 1-92 25

closed subvariety Y C Z the quotient G\Y is a rigid analytic variety and it is normal if
Y is.

Proof. For any 0 # T C S and any r € |C] set

/

L

o(T,r) := {z eQT) |Vt,t' eT: ;

< r} C QT)

and for any further € € |C*| set U(T,r,e) :=U(O(T,r),e) CU(T). By Example 3.2 and
the construction, any such U(T,r,e) is a Gr-invariant admissible affinoid subvariety of
Z, where G denotes the stabilizer of T in G. Fix any 1 > ¢ € |C*|. The construction
yields for any 77 C S with T" ¢ T' ¢ T’ and any g € G that

U(T,e) NU(T',e) =0 and that gU(T,r,e)) =U(g(T),r,e).
Hence the G-invariant subvariety

GU(T,re) = | JU(g(T),re) C Z
geG

is a disjoint union of finitely many admissible affinoids; in particular, it is itself admissible
affinoid. Finally, let C be the covering of Z by the G(U(T,r,¢)) for varying ) #T C S
and r € |C|. Its intersection with any Q(T") # 0 is refined by the admissible covering of
Q(T) by the O(T,r), for varying r, so that it is itself admissible. By Proposition 3.3, thus
C is admissible. In particular, the intersection of C with any G-invariant closed subvariety
Y C Z is an admissible covering by G-invariant affinoids. The proposition then follows
from Proposition 2.30. O

3.2. Stratification and normalization

Consider first a general reduced rigid analytic variety X. We refer to Conrad’s [10]
for the definition of the normalization of X and a proof that it uniquely exists. Conrad
uses it to define the irreducible components of X as the images of the connected com-
ponents under the normalization morphism [10, Def. 2.2.2]. The irreducible components
are then the maximal irreducible Zariski closed subsets of X [10, Thm. 2.2.4.(2)]. If X
is the analytification of an algebraic variety X’ over C, then its normalization, resp. its
irreducible components, are the analytification of the normalization of X', resp. of the
irreducible components of X’ [10, Thm. 2.1.3, resp. 2.3.1].

Denote then by Oz the structure sheaf of Z. Consider the Grothendieck ringed space
(Z, @) z) whose underlying Grothendieck topological space coincides with the one under-
lying (Z,0z) and whose section on any admissible U C Z are precisely the functions
f: U — C that are continuous with respect to the canonical topologies, that are bounded
on any admissible affinoid subset of U and that restrict to regular functions UNQ(T) — C
for any T' C S. Consider the morphism of Grothendieck ringed spaces
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nz: (Z,@Z)—)(Z,Oz) (6)

whose underlying topological morphism is the identity and whose homomorphism
Oz(U) = Oz(U) for any admissible U C Z is the natural injection by means of the
Maximum Modulus Principle, i.e., Proposition 2.27.

Theorem 3.7. Suppose that

i) Z is irreducible,
it) the Zariski open subvariety Q(S) C Z is normal,
iii) Z \ Q(S) is of everywhere positive codimension in Z.
i) any function f: X — C on any admissible X C Z which is continuous with respect
to the canonical topology and restricts to a regular function on X NQ(S) restricts to
a regular function on X NQUT) for any T C S and
v) any z € Z has a fundamental basis of admissible neighborhoods U such that UNQ(S)
is connected and, in particular, non-empty.

Then nz is the normalization morphism in the sense of Conrad [10]. In particular,
(Z,02) is a normal rigid analytic variety.

Proof. Consider the normalization morphism
(n,n#): (Z,03) — (Z,0z).

We shall show that (n,n#) induces an isomorphism

(n,n™): (Z,OZ) —(Z,0y)

whose composition with nz is (n,n*); this will then yield the theorem.

For any T C S let T := nT(T) denote the set of global sections on Z obtained by
pulling back the elements of T by (n,n"). Analogously as for Z and S, this yields a
stratification of Z by reduced locally closed subvarieties Q(T) C Z for various T' C S.
Then Q(T) = n~Y(UT)) for any T C S; let

(np,ni): Q(T) — QUT)

be the morphism induced by (n,n#). Abbreviate Q := Q(S) and Q := Q(S).

We first show that n is bijective. As it underlies a normalization morphism, it is
surjective. We then consider any z € Z and claim that [n~!(2)| = 1. As any normaliza-
tion morphism is finite, n=!(z) is finite. From Proposition 2.29 and the fact that A is
noetherian (see [8, Prop. 6.1.1.3]) then follows that the natural homomorphism

(n.03). — H Oz,

yen—1(2)
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is an isomorphism (for more details see [10, Proof of Thm. 1.1.3] or [20, Lemma 3.9]). It
thus suffices to show that (n.0O3). is integral. As (S) is normal by ii), its irreducible
and its connected subsets coincide. Assumptions v) and ii) thus provide a fundamental
system F of admissible open neighborhoods U C Z of z such that U N is irreducible
or, equivalently, such that Oz (U N Q) is integral. As Q is normal by ii), (ns,n?) is an
isomorphism so that (n.O;)(UNQ) is integral, too, for any U € F. Assumption i) implies
that Z is irreducible. Assumption v) implies that Q # 0 if Z # (. Thus the Zariski open
subvariety Q of the irreducible Z is dense. Consequently, the restriction homomorphism

(nO0z)(U) = (nOz)(UNKQ)

is injective for any U € F so that, in fact, (n.O3)(U) is integral. Since F is a fundamental
system of admissible neighborhoods of z, this implies that (n.03), is indeed integral.
We have thus shown that n is bijective.

Since, furthermore, (n, n) is finite, n is a homeomorphism with respect to the canon-
ical topologies by [8, Lemma 9.5.3.6].

Let us then define nt. Consider first any admissible affinoid U ¢ Z and set U :=
n~=Y(U). Let n™(U) be the composition

Oz(U) = Oz(UNN = 04(UNQ" =5 00NN = 0,4(0),

where (-)® denotes the operator that associates the subalgebra of bounded elements and
where the arrows are defined as follows: The first arrow is the restriction homomorphism;
it is injective since 2 C Z is dense. As (2 is normal, the homomorphism nﬁ(U NQ) is an
isomorphism. The second arrow is the restriction of this isomorphism to the subalgebra
of bounded elements. Finally, we claim that the restriction homomorphism

R:=0;U)—=0;(UNQ) =8

induces an isomorphism onto S?; the last arrow is then defined to be the induced inverse.
As n is finite and U is affinoid, its preimage U is affinoid too by [8, Proposition 9.4.4.1].
The Maximum modulus principle thus yields the boundedness of any element in R and
hence of its image in S. Conversely, any element in S? extends uniquely to an element in
R: Indeed, by normality of U and the Riemann extension theorem (see Theorem 2.28),
this holds true if U7\ Q is of everywhere positive codimension in U. But the latter condition
is guaranteed by iii) since n is finite. This shows the claim and thus finishes the definition
of n™(U).

In fact, n™ (U) is surjective and hence, by the above, an isomorphism. Indeed, consider
any f € Oz(U). As n is a homeomorphism,

fi=fony:U—=C
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is continuous with respect to the canonical topologies. As OZ(U ) is affinoid, the Maxi-
mum Modulus Principle (see Proposition 2.27) yields that f, and hence f, is bounded.
In order to show that f € Oz(U), it remains to be checked that the restriction fr of f
to U NQ(T) is regular for any T' C S. Since fg corresponds to the restriction of f to
U N via the isomorphism Oz (U N Q)Y — Oz(T N Q)Y it is regular. The regularity of
an arbitrary fr then follows from Assumption iv). Hence n*(U) is indeed surjective.

For an arbitrary admissible subset X C Z, the homomorphism n*(X) is then defined
in the natural way by means of the admissible covering of X by all its admissible affinoid
subsets using the sheaf property of O;; by the affinoid case above, it is an isomorphism
as well.

It remains to be shown that n is an isomorphism of Grothendieck topological spaces.
We first consider any T' C S with Q(T") # () and show that (nr, n#) is an isomorphism.
As (n,n*) is finite and a homeomorphism with respect to the canonical topologies,
so is (nT,n#). In order to see that the latter is an isomorphism, it thus suffices, by
Proposition 2.26, to show that n# induces isomorphisms on stalks. Consider any z € Q(T')
and set # := n;'(2). As np is surjective and Q(T) is reduced, the homomorphism on
stalks Oq(7y,. — OQ(T),z is injective. In order to see that it is also surjective, consider
any g € OQ(f% ; and choose, using that n is a h(imeom(frphism, an admissible affinoid
U C U(T) containing z such that g is defined on U N Q(T), where U := n=Y(U). As n is
finite, also U is affinoid. Thus we may and do choose an f € OZ(f]) that restricts to g
on the Zariski closed affinoid subvariety U N Q(T) € U. Let f € Oz(U) correspond to
f under the isomorphism n*(U) discussed above. In particular, f restricts to a regular
function g on U N Q(T). By continuity of n and the construction, then n# (g) = g. This
yields surjectivity of the above map on stalks. We have thus shown that (nr, n;"f) is an
isomorphism.

That n is an isomorphism, then follows from the fact that the preimage under
the finite morphism (n,n#) of any quasi-compact is quasi-compact and from apply-
ing Proposition 3.1 once as stated and once to Z and S replaced by Z and S using that
U(T,e) = n~ " (U(T,e)) for any T C S and any e € |C*|. This finishes the proof. O

4. Quotients of Drinfeld’s period domain by discrete groups

Consider any non-Archimedean local field E. Denote by Op the ring of integers of
E. Choose a prime element m € O and set ¢ := |%| Consider any finite dimensional
E-vector space V # 0. Set G := Autg(V) and PG := PGL(V) = G/E*. Let C be any
algebraically closed complete non-Archimedean valued field containing E as a valued
subfield. Let ]P’{}iég be the projective rigid analytic variety over C' with underlying set

(Home (Ve, €) \ {0})/C*
(see Example 2.21). Drinfeld’s period domain is the PG-invariant subset

rig
Qy C ]P)Vé
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of those C'*-classes [I] of C-linear maps [: Vo — C for which Ker(I) NV = 0.

Most parts of Sections 4.1 and 4.2 may in fact be done more generally when
Home (Ve, O) is replaced by Home(Ve, CF) for any k > 1 but to the cost of additional
complexity in proofs (see [20, Sections 5.1 and 5.2]).

4.1. Admissibility of the period domain
Denote by Ny, the set of norms on V, i.e., of maps v: V — R>( for which
o Ye€ E.YveV:v(e-v)=le| v(v),
o Yu,v' €V:v(v+v) <max{v(v),r(v)},
e YweV:iv(v)=0&0v=0.
Proposition 4.1. [19, Prop. 1.1] Any v € Ny, admits a basis B of V such that

V(ew)wep € E%:v %ew Tw | = r£2§|ew| v(w).
w

The natural action of Ry on R>( induces an action on Ny. Set

) € R N ) ) o= | 20 A

It is directly checked that the induced map p: Rso\ Ny xR\ Ny — R>q is a metric,
i.e, that p(z,y) =1 < x =y and p(x,y) < p(z, 2) - p(z,y) for all z,y,z € Rso\ Ny,

Proposition 4.2. [19, Theorem 2.3] With respect to the metric p, any closed ball in
R\ Ny is compact.

Denote by U, C V the unit ball with respect to any v € Ny,. Denote by Sy, the set of
free Og-submodules m C V of maximal rank. It is naturally acted by E* by dilation.

Definition-Proposition 4.3. For any m € Sy denote by vy, € Ny the norm v — inf{|e| €
|[E*|: v € e-m}; then U,, = m\ mm and for arbitrary v/ € Ny:

maxycy, V(u)

p(V], W) = (7)

mingey, v'(u)

Ym

Proof. This is directly checked. 0O

Consider the map Ay: @y — Rso\ Ny that sends any [I] to the class of the norm
v = (V)]
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Proposition 4.4. (Drinfeld [12, Prop. 6.1]) Let mq,...,m; € Sy. Set

X(e) =M [ €Roo\Ny: ] oW, vm]) <cp | €y

1<s<t

for any 1 < ¢ € |C|. Then Qy C P\r,ig is admissible and any such X(c) C Qp is an
admissible affinoid subset. Moreover, for any unbounded sequence (cp)n>1 in |C| the
covering (X (cn))n>1 of Qy is admissible.

Remark 4.5. In the case where ¢ = 1, the subsequent proof specializes to the one given
by Schneider and Stuhler in [35, Section 1, Proof of Prop. 4], where they denote X (g™)
by Q,, for any positive integer n.

Proof of Proposition 4.4. Set P := P;ig. Set Uy := Vs for any 1 < s < t. Set m :=
[licocims and U =[], Us. Let 1 < c € [C|. For any u € U set

X(eu) =W eP e JT Mu)l > J] maxuer (Uudl) - (8)

1<s<t 1<s<t

From (7) and the fact that V' \ {0} = E* - U, for any 1 < s < ¢ follows that

X(e)= ) X(e,u); (9)

uelU

this is in fact a finite intersection since any X (¢, u) depends only on « mod 7"m for any
n > 1 with ¢"™ > ¢. In order to see that any X(c) is admissible affinoid, it thus suffices,
by Proposition 2.22, to show that any such subset X(c,u) C P is admissible affinoid.
Consider any v € U and for every 1 < s <t the admissible subset

X(ug) :={[l] e P: l(us) # 0} C P

any basis 5 of V containing u, yields the rigid analytic isomorphism

. ).ri 1(v)
- X A(,B\{ub}),rlg .
Yug,B (U’S) - C ’ [l] — l(ug) o

Let X (u) C P be the intersection of the X (us) for every 1 < s < t. Choose any Og-basis
Bs of mg that contains us for every 1 < s < ¢. As any of the maxima in (8) is attained
at an element of such a (s, thus

X(e,u) = m e X(u)|c> H

vElli<ace Bs 1<s<t

(10)
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In particular, for any 1 < s < ¢ then X(c,u) is contained in the affinoid i;slﬁs(Bc),
where B, denotes the closed polydisc of radius ¢ around 0. Denote by X’(¢c,u) C P the
intersection of all z;l 5.(Bc) for all 1 < s < t; it is again affinoid by Proposition 2.22
and satisfies that X (c,u) C X'(c,u) C X (u). In particular, the equality in (10) remains
valid if X (u) is replaced by X'(c,u). Thus X (¢, u) is an admissible affinoid subset of the
admissible affinoid subset X'(c, u) C P and hence itself an admissible affinoid subset of P.
As argued before, thus X (¢) C P is an admissible affinoid subset. Moreover, the covering
(X(q™,u))n>1 of X(u) is admissible as the image of any morphism Z — X (u) from an
affinoid Z is already contained in some X (¢",u) by the Maximum Modulus Principle
(see Proposition 2.27) applied to the composition of ¢ with any of the products in (10).

Consider then any unbounded sequence (¢y)n>1 in |C|. Consider an arbitrary mor-
phism ¢: Z — P from an affinoid variety Z whose image is contained in Q. In order to
show that ©y C P is admissible and admissibly covered by the X (c,), it suffices (see [8,
Prop. 9.1.4.2]) to show that the image of ¢ is already contained in some X (¢, ). Since
Qy C X(u) for any u € U and since (X (¢", u))n>1 is an admissible covering of X (u),
the image of ¢ is contained in X (g™, u) for some n, > 1. Choose such an n, > 1 for
any u € U. By means of the quasi-compactness of U, choose a finite subset Uy C U such
that U is covered by the u + aut iy for all u € Uy. Choose an n > 1 such that ¢,, > q"
for all u € Uy. Any «' € U thus admits an u € Uy for which v’ —u € 7#™+1m and hence

X(cn,u') D X(¢",u') = X (q¢",u) D Im(p).
Hence the image of ¢ is contained in X (¢,) by (9) as desired. O
Corollary 4.6. For any O C Qy the following are equivalent:
i) O is contained in an admissible affinoid subset of Qy.
it) O is contained in an admissible quasi-compact subset of Q.

iti) A\y(O) is bounded.

w) Ik>0:V[],[I'leOVO#z,yeV: !égi’;‘l <k- ‘léigggl‘

Proof. Condition iv) is a reformulation of iii) (cf. Def-Proposition 4.2). The Corollary
then directly follows from Proposition 4.4. O

Corollary 4.7. Consider any O C 2y that is contained in an admissible quasi-compact
subset of Qy and consider any non-empty discrete subset A C V. Then there exists a
finite subset of A in which every [l] € O attains infrea [I(N)].

Proof. As A C V is discrete, [(A) is strongly discrete (see for instance [20, Ex. 2.48 and
Lemma 2.49]). Hence for any [[] € Qy the infimum () := infyea [I(A)] is attained at
some element of A. Assume without loss of generality that O # () and that 0 ¢ A. Choose
any x > 0 satisfying the property in Corollary 4.6, iv) for O. Choose any [lp] € O and
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any Ao € A at which i(lp) is attained. Consider any further [I] € O and any A € A at
which i(l) is attained. Then

()| 1Y)
oOo)] = T =

and hence |lo(A)] < |lo(Xo)|- As lo(A) is strongly discrete and as lg|y is injective, the last
inequality requires A to lie in a finite subset of A that depends only on [ly] and Ay and
k. This yields the corollary. O

Lemma 4.8. Any fiber of Ay is open with respect to the canonical topology.
Proof. Set P := Plr,iég. Let [I] € Qy. By Proposition 4.1, choose a basis 3 of V with

Wpw)wep € B UL D - | | = max|p] - [I(w)] (11)
weS

Choose any wg € 8 for which I(wg) # 0. We further choose an £y > 0 such that for any
0 < e < g the closed ball
< e}

around [{] is contained in €2y, where we use that such balls form a basis of neighborhoods
of [I] € P and that Q) C P is admissible. Consider any 0 < € < g such that

U'(w) I(w)

U'(wo)  I(wo)

Ba,,@([”) = {[l/} cP l/(wo) 7é 0AYw € 6:

Vweﬁ:a<’ (12)

We claim that Ay (B. ([1])) = Ay([l]); this will then directly yield that A,'(A\y([l])) is
indeed open. It suffices to show that

V[ € Bep([l]), Yo € V: ; (13)

indeed, any such [I'] then gives rise to the same class of norms on V as [I]. Consider any
such [I'] and v and write v =3_, 5 1y - w with p,, € E. Then

< o |10 1)
B i _
U(wo)  Uwo)| = wes HV [ T(wo) ~ 1(wo)
(12) l(w) | | i(v)
< . . —
< max || € < rgjlgéc\uwl ‘l(wo) 1e00)

As the norm on C' is non-Archimedean, this yields (13) as desired. O
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4.2. Quotients by discrete subgroups

The natural left G-action on V induces one on each Sy and Ny, for which Sy, —
Ny, m > v, is equivariant. The action of G on Sy, resp. Ny, is compatible with the one
of E*, resp. R, and thus induces an action of PG on E*\ Sy, resp. R~o\ Ny.

Let Iy, be the set of non-empty subsets A = {s1,...,s:} C E*\Sy admitting
my,...,my €Sy such that [m;] = s1,...,[m] = s; and

my D Mg 2D -+ DMy 2 TMy. (14)

The PG-action on E*\ Sy, induces one on Iy.
For any A € Iy, and any 0 < € < 1 set

Vi = €R\Ny | T olv), [om]) < ¢ A¥Iml € Axp(i). [vm]) < p
[m]eA

where ¢/ = ¢l4171~ #5 and ¢ = q i
Proposition 4.9. /712, Proof of Prop. 6.2] Let 0 < e < 1. Then (V{)aer, s a covering of

R0\ Ny such that Vg € PG, A € Ly : g(VX) = V5 and
VA, A ely: VENVR #0e AcCcA'VADA.
Proof. We refer to [20, Beginning of Section 5.2] for details. O

Recall the PG-equivariant map Ay : Qy — Rso\ Ny that sends any [{] to the class of
the norm v — |{(v)|. For any A € Iy, and any 0 < ¢ < 1 set

Ui = A, (V).

Proposition 4.10. [12, Prop. 6.2] Let 0 < € < 1 be rational. Then (UX)acr,, is an admis-
sible affinoid covering of Qy and Vg € PG, A € Iy: g(UR) = Us(a) and

VA, A ey Ui NULA #0 ACA'VADA.

Proof. By Proposition 4.4 and since ¢@ C |C|, any U% is the intersection of finitely many
affinoid subsets of Qy, and is thus, by Proposition 2.22, itself an affinoid subset of y,.
By Proposition 4.9, we are thus reduced to showing that the covering (UX)acr,, of 2y
is admissible. Consider any closed ball B C R\ Ny around any [v,,] for any m € Sy,
set X 1= )\;1 (B). By Proposition 4.4, we are further reduced to showing that the affinoid
X is admissibly covered by the U3 N X or, equivalently, that X is covered by finitely
many of the UX or, equivalently, that B is covered by finitely many of the V. The latter
follows from the quasi-compactness of B guaranteed by Proposition 4.2: Indeed, for any
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A €1y let Vg be defined like V{ upon replacing < by < everywhere. Then Vgl C VAE for
any A € I, and any 0 < ¢’ < €. Hence the open VAE for all A € Iy cover I,(Rsg) as well.
The quasi-compact B is thus covered by finitely many of the Vg and hence by finitely
many of the VX as desired. The remaining assertions of the proposition follow directly
from the discussion preceding it. O

Let I' € PG be any subgroup which is discrete with respect the locally profinite
topology on PG (see e.g. [20, Section 2.4]). Consider the quotient map

pr: QV — F\QV =: Qr

and endow its target with the structure of Grothendieck ringed space which it induces,
that is, a subset (resp. a covering of a subset) of Qr is admissible precisely when its
preimage is admissible and the sections on an admissible subset of Qr are the I'-invariant
sections on its preimage.

Lemma 4.11. The stabilizer {y € T': v(A) = A} of any A €1y, in T is finite.

Proof. The stabilizer {g € PG: g([m]) = [m]} of any [m] € E*\Sy in PG equals
Auto,(m) - E*/E*; its intersection with the discrete T' is thus finite (see for instance
[20, Lemma 2.41]). Now use that any A € Iy, is a finite subset of E*\ Sy. O

Lemma 4.12. For any quasi-compact U, U’ C Qy the set {v € T': U'N~(U) # 0} is finite.

Proof. Consider any rational 0 < € < 1. As the covering (U3 )acr, of Qy is admissible
by Proposition 4.10, any quasi-compact subset of €2y, is covered by finitely many of its
elements. It thus suffices to show for any A, A’ € I, that {y € I': U, Ny(UR) # 0} is
finite. However, this follows via Proposition 4.10 from Lemma 4.11. O

Proposition 4.13. The Grothendieck ringed space Qr is a normal rigid analytic variety
over C and (pr(U3))aer, is an admissible affinoid covering of Qr for any rational
0<ex<l.

Proof. Consider any such €. For any A € Iy, set Ua := UX and

TUs == |J 7(Ua) = pr ' (pr(Ua)).
~el’

From Propositions 2.22 and 4.10 and Lemma 4.12 follows that (Ua' NTUA)ac1,, i & sys-
tem of admissible subsets of Ua/ for any A’ € Iy; it is then in fact an admissible covering
since it is refined by (Ua'NUa)aer,, which is an admissible covering by Proposition 4.10.
As (Uas)avery, is an admissible covering of Qy,, thus (T'Ua) aer,, is an admissible covering
of Qy and, equivalently, (pr(Ua))aer, is an admissible covering of Qp.
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Consider any A € Iy. It remains to be shown that any (pr(Ua)) is an affinoid rigid
analytic variety over C. The covering (7(Ua))~er of [U is admissible since, by Proposi-
tions 2.22 and 4.10 and Lemma 4.12, its intersection with any element of the admissible
covering (Ua/)arer,, of ©y is admissible. Denote by I'a the stabilizer of A in T'; it is
finite by Lemma 4.11. By Proposition 4.10, then v(Ua) = Ua for any v € I'a and
v(Ua)NUp =0 for any v € T'\ T'a. The inclusion Up — I'Up thus induces an isomor-
phism of Grothendieck ringed spaces Ta\Ua — pr(Ua). As Ta\Ua is a normal affinoid
rigid analytic variety over C, thus so is pr(Ua) as desired. O

Proposition 4.14. Consider any w € Qy and denote by T, its stabilizer in I'. Then there
exists a basis of admissible affinoid neighborhoods U of w such that

i) VyeTly,: v(U)=U and
i) Vy e T\ T, : v(U)NU = 0.

Proof. Consider the fiber f := A\};'(Ap(w)). Let S C I be the subset of elements ~ for
which y(f) N f # 0; it is finite by Proposition 4.4 and Lemma 4.12. Using that the
canonical topology on €y is Hausdorff and that f C ) is open by Lemma 4.8, we
choose for any v € S\ I',, an admissible affinoid neighborhood U, C f of w for which
v(U,) NU,, = 0. For any neighborhood U’ of w then

v={ N N ~w)] | N

v’ €ly,veS\I'y RIS

is an neighborhood of w that is contained in U’ and satisfies i) and ii). If such an
U’ is affinoid, then U is the intersection of finitely many affinoid subsets and hence,
by Proposition 2.22, itself affinoid. As the affinoid neighborhoods of w form a basis of
neighborhoods of w, this yields the proposition. 0O

Corollary 4.15. The morphism pr is open with respect to the canonical topologies and, if
I' acts fixed-points free on vy, it induces isomorphisms on the stalks and the stalks on
Qr are then regular.

Example 4.16. Consider any admissible coefficient subring A C C' such that the comple-
tion of its quotient field is E. Consider any projective A-submodule A C V for which

the natural homomorphism A ® 4 F — V is an isomorphism. Let 0 # I C A be an ideal.
Then the kernel of the natural homomorphism

Auta(A) — Aut4 (I~ A\A)

has discrete image in PG and, if I # A, its action on €y, is fixed-point free.
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Proof. As A®4FE — V is an isomorphism, A C V is discrete (see for instance [20, Lemma
2.48]). Hence the image in PG of Aut4(A) is discrete, too (see for instance [20, Example
2.42]). Consider any [I] € Qy and any 7 in the kernel of Auts(A) — Auta(I-1A\A)
with y[l] = [I]. Hence vl = ¢ - for some ¢ € C*. Using Proposition 2.36, choose an
0 # X € A for which |I(A)] is minimal among [[(A)|\ {0}. Then |c-I(A\)| is minimal among
e LA\ {0} As I(A) = c-1(A), thus [[(A)] = [e-1(N)] = [(y)N)] = [L(A) + (v A = V)|
and hence

L TIA =N < 1)

Moreover, Y *A—\ € IA by definition of I'. If I # A, then the smallest non-zero element
of [(IA) is strictly larger than the one of I[(A). In this case, thus y"1A — A = 0 and hence
c-l(A) = (v1)(N) =1(N\) and hence ¢ = 1 and hence vl = [. As l|y is injective, thus v is
the identity as desired. O

4.8. Some connected subsets of Drinfeld’s period domain

Consider any E-subspace W C V and any discrete subset A C V such that ANW
contains a non-zero element. For any O C Qyy and any r € |C] set

UﬂAxLﬂr—@ﬂer[mwjeOAAmfUQMZT~#ﬂ§muKM}.

eA\W

Lemma 4.17. Consider any r € |C| and any admissible O C Qyy. For any admissible
affinoid U C Qy then Uy(A,O,7) N U C U is admissible and, if O is quasi-compact,
quasi-compact. Moreover, Uy(A, O,r) C Qy is admissible.

Proof. Let U C £y be affinoid. We first show that the intersection of

. -
,\elzlxlfw“()\)' =" o;é,\lgnvv“()\”} c

uwyz{meav

with U is a quasi-compact admissible subset of U. Suppose without loss of generality
that A\ W # 0; otherwise U(r) = Qy and then the intersection equals the affinoid U.
Corollary 4.7 provides a finite subset S; C A \ W, respectively So ¢ ANW \ {0}, in
which every [I] € U attains

inf [I(\ tivel inf L(N)].
Jnf I, vespeatively | inf 1Y)

Hence

UrynU=J (M {eU: N =r- 1wl

HES2 AES
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By [8, Prop. 7.2.3.7], thus the subset U (r) U C U is the union of finitely many rational
subdomains and hence quasi-compact admissible as desired.

Consider the morphism 7: Qy — Qw, [l] = [lwe]- Then Uy (A,O,r) N U is the
intersection of the admissible U(r) N U with the admissible 7=(0O) and is thus itself
admissible. Since U was arbitrary, the admissibility of Uy (A, O,r) follows by virtue of
an admissible affinoid covering of 2.

Suppose then that O is quasi-compact. By means of Corollary 4.6, choose an admissi-
ble affinoid O’ C Qyy such that 7(U) C O’ and O C O’. Then 7 restricts to a morphism
U(r)NU — O’ from a quasi-compact to an affinoid variety. By [8, Proposition 7.2.2.4],
the preimage Uy (A, O, r)NU of the affinoid O under this restriction is thus quasi-compact
as desired. O

The following definition and proposition concerning connected varieties is due to Con-
rad [10, Below Theorem 2.1.3] except that we furthermore ask them to be non-empty.

Definition 4.18. A rigid analytic variety X is connected if it is non-empty and if any
admissible covering {U, U’} of X satisfies that

UNnU =0=U=0vU =0.

Proposition 4.19. A non-empty rigid analytic variety X is connected if and only if any
z, 2’ € X admit connected admissible subvarieties X1,...,X, of X such that x € X,
and ' € X, and X; N X141 # 0 for any 1 < i < n; in this case, such X; can in fact be
chosen to be affinoid.

Theorem 4.20. Suppose that A CV is a discrete subgroup such that

A=ANW)BANE -v)® - B (ANE-vg)
N——
#0

for some 0 # v; €V such thatV = WO E -v1®---®E-v,. ThenUy(A, O,r) is connected
for any connected admissible O C Oy and any 1 < r € |C].

We shall prove Theorem 4.20 at the end of this section. First, we apply it: If A C W,
then Uy (A, Qw,r) = Qy for any r € |C|. If dimg(W) = 1, then Qyy is a point and thus
connected. Theorem 4.20 thus specializes to

Corollary 4.21. Drinfeld’s period domain 2y is connected.

Corollary 4.22. The quotient of Drinfeld’s period domain by any discrete subgroup of PG
is irreducible.
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Proof. As such a quotient is a normal rigid analytic variety by Proposition 4.13, it is
irreducible if and only if it is connected (see Conrad [10, Definition 2.2.2]). However, any
quotient of a connected variety is connected. O

The proof below of Theorem 4.20 is inspired by van der Put’s [38, Example 3.5] and
builds on the following results. In the case of Corollary 4.21, it in fact specializes to a
variation of the proof that van der Put outlines there.

Proposition 4.23. (Bosch, Liitkebohmert [9, Corollary 5.11]) Let p: X — Y be a flat
morphism between quasi-compact rigid analytic varieties over C'. Then the image under
p of any admissible quasi-compact subset is admissible quasi-compact.

Corollary 4.24. Consider any flat morphism p: X — Y between quasi-compact rigid
analytic varieties over C. Suppose that Y and every fiber of p is connected. Then X is
connected.

Proof. By assumption, every fiber of p lies in a connected component of X. Thus the
images under p of the connected components of X are disjoint and, by surjectivity of p,
cover Y. By Proposition 4.23, this covering of Y is admissible. The connectedness of Y

then yields that X has only one connected component, i.e., that X is connected. 0O

Definition 4.25. A subset S of the projective line Pé’rig is a closed ball if it is the image
of the closed unit ball of the affine line A;"® under an element of PGLy(C).

Proposition 4.26. A subset S C Pé’rig is a closed ball if and only if it equals
{z€ AG™: |z —c| <|C|} or {z€AZ™: |z —c| > ||JU (PG \AG"®)  (15)
for some 0 # ¢, c e Aé’rig.

Proof. That any subset as in (15) is a closed ball is directly checked. We consider then
any g = (a,b;c,d) € GLy(C) and need to show that

By :={z€ AZ": |az + b <|cz +d|}
is a subset of A5"® of the first kind in (15) if |a| > |c|, resp. of the second if |a| < |c|. If

a =0 or ¢ = 0, this is directly checked. Thus assume that a # 0 # c. Let z € A}jrig and
set 2/ 1= cz+d and p = =% Then az + b= 22/ + p and

zEBgﬁ‘gz/—i-u‘SM\.
c

If |a| < c|, thus z € By < |p| < |Z/|. If |a] > |c|, then
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a , , a , c
25+ u] <1 & |2 4| < 54
C C a

since both sides imply that |u| = |$2'|. From this is directly checked that B, is of the
desired form in both cases. O

Proposition 4.27. Any non-empty intersection of any finitely many closed balls in ]P’é’rig
is connected.

Proof. Consider any such intersection I. The connectedness of Pé’rig

yields the proposi-
tion in the case where I is the intersection over the empty set. Suppose then that I is
contained in a ball. Then the image of I under the transformation by a suitable element
of PGLy(C) is in A5"8. We thus assume without loss of generality that I C A5"®. By
Proposition 4.26 and since any non-empty intersection of finitely many closed balls in
Aérig is again a closed ball, there exist a 0 < k < n—1 and some cg, ¢ ..., Ck, ¢}, € Aérig
such that

T={2cA5"™: |z —co| <|ch| AVI<j<k:|z—¢|> |5}
By [8, Theorem 9.7.2.2], any non-empty such set is connected. 0O

Proof of Theorem 4.20. Let 1 < r € |C| and set U(O) := Uy (A, O, r) for any admissible
O C yy. We shall show that U(O) is connected in the case where O C €y is any
connected admissible and affinoid subset. In particular, ¢(O) is then non-empty for any
non-empty admissible O C €y since the latter can be covered by connected subsets.
Given this affinoid case, the theorem thus directly follows: Indeed, for an arbitrary con-
nected admissible O C Qyy use that any admissible affinoid O’, 0" C O with O'NO" # )
satisfy that U(O")NU(O") =U(O'NO") # B and that, by the affinoid case, both U(O’)
and U(O") are connected if O" and O” are.

Consider thus any connected admissible affinoid O C ). Choose any free Op-
submodule of mg C V of maximal rank such that A N mg # 0 and any v; as in the
theorem and, using that A is discrete, such that

Vi<i<k: [AﬂEvl%():}AﬂOE’UZ#O:AQOETF’UZ} (16)

For any 0 < i < kset m; :==mog®Og-v1 ®---®Op-v; and U; := m; \ mm; and
W; := E - m; and for any linear I: (W;)c — C set

I(u)]. (17)

i (1) := maxyep,
Any Qyy, is admissibly covered by the ascending affinoid subsets

QF = {[] € PGy, | Yu € Us: [l(w)| = |7"| - (D)}

for all n > 1 by Lemma 4.4 and Definition-Proposition 4.3. Consider the morphism
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Di: QWz — QWi—l? [l] = [ll(Wl—l)c]

for any 1 < i < k. Choose any j > 1 for which |7|=7 > r. Define Qf := Qf for any n > 1
and iteratively

VI<i<kVn>i-j: QF:=p, "(Q'7)nar.

Since, by construction, p;(QF) C QF ; for any n > 1 and since the preimage of an
affinoid subset under an affinoid morphism is affinoid by [8, Proposition 7.2.2.4], any
such Q7 C QF is an affinoid subset. Moreover, being cofinal with (2}),,>1, the system
(2" )n>i.; of ascending subsets is an admissible covering of Qyy, for any 0 < i < k. Set

VO<i<kVn>i-j: Y":=Q" Uy, (ANW;,0,r).

3

=:U;(0)

Thus U(O) = Uy (O) is admissibly covered by the ascending subsets Y, for all n > k-j. It
thus suffices to show that Y, is connected for any large enough n. We choose, by means
of Corollary 4.6, any ng > 1 such that O C Q7°. We are reduced to showing that Y is
connected for any 0 < ¢ < k and any n > ng + ¢ - j. We prove this by induction on i. If
1 =0, it follows directly from the assumption on O using that Yj* = O for any n > ny.
Consider then any ¢ > 0 and any n > ng+1i-j and suppose by induction hypothesis that

Y7 is connected. By construction, p; restricts to a morphism

p: Y =Y.

As both Q7 and Q' J are affinoid, Lemma 4.17 yields that both Y;* and Y;" I are quasi-
compact. Being admlbslble subvarieties of standard projective spaces, they are further
regular. Let [I'] € Y;*77. In view of Corollary 4.24, it remains to show that p~'([I]) is
isomorphic to a connected admissible subvariety of P5™. In view of Proposition 4.27,
this follows from the following lemmas.

Lemma 4.28. p~*([I']) # 0.

Proof. Use that |C| contains |7|Q, that |I/(W;_1)]| is the union in |C| of finitely many
translates of |7|Z and that |7|~7 > r in order to choose a linear form I: (W;)c — C such
that

) Uows o =1,
i) [l (U1)| E |C\ \ \l((;/V )|7( )
i) |77 i () = [U(vi)| = e i ().

We show that [I] € p~1([I']). By i), it suffices to show that [I] € Y*. As r > 1, Condition
(#+) implies that |l(v1)| > pi—1(l ) and hence that
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i (1) = maxc{|1(v;)], i1 (")} = [1(vi)], (18)

where the first equality holds true, as p;(l) is attained by an element of any basis of m;,
so for instance of a basis consisting of v; and a basis of m;_1. From ii) it follows, as | - |
is non-Archimedean, that

Ve € E,\Vw' € Wi_1: |l(e-v; +w')| = max{|e] - |I(v;)], [I'(w)|} (19)
As [I') € ', that [I] € QF is equivalent to [I] € QF, i.e., to
Yue U;: [l(u)| > |7|™ - pi(l).

Consider any v € U; and write u = e - v; + w’ for some e € O and some w’ € m;_1. If
w' e U;_1, then

o o Weery ) nas)
) = )] = " ) = 7™ - ().

If w ¢ U;_1, then e € O, as u € Uy; in this case, thus

(19) (18)
W)l = el - [1(vi)| = [U(ve)| =" (D) = [m[" i (D).

Hence [I] € Q. It remains to show that [I] € U;(0), i.e., that

i : > i ! .
VAEANW \W: [I(N)| > O#IUIél/{anH (w)]

Consider any A € ANW,; \ W. Write A =e-v; + X for some e € E and X' € W,;_;. By
assumption on A, both e - v; and X lie in A. If X ¢ W, then

(19) ['1et;—1(0)
| > |I'(\)] > r-  min _ |I'(w)].

(A
‘ ( ) - 0AweANW

If X €W, then e-v; # 0 as A ¢ W; in this case, |e|] > 1 by (16) and hence

(19) () . Anmo#£0 ) ,
| > lel-[l(v)| > r-pa(l') = 7. min |"(w)]>r

1eN) - min
0£weANmMg 0#weANW

| (w)]-
Hence [I] € U;(O). As argued before, thus [I] € p~1([I']) as desired. O

Lemma 4.29. The fiber p~1([l']) is isomorphic to the intersection of finitely many closed
balls of P5"®.



42 S. Hdaberli / Journal of Number Theory 219 (2021) 1-92

Proof. Denote by A the set of C'*-classes of linear forms I: (W;)¢ — C for which
[Hows 1yl = []. Then p~([I']) = U;(0) NQ N A. Choose any 0 # wo € W and consider
the isomorphism

i Z(Ui)
c A ALTE (] - )
¥ C [] Z(U}())

We first show that ¢(QPNA) is a closed ball of P58 and then that so is ¢(Ui(O)NQFNA).
For any [I] € A set

(17)
pi-1(0) == pi—1(Uw,_y)e) = maxueu, , [I(u)].

Choose a finite set of representatives S of U; modulo 7" m;, respectively S’ of (U;\U;_1)

modulo 7" !m;. Using that [I'] € Q' C Q" ; and that u;(1) = max{|l(v;)], i1 (1)}
by the same reason as in (17), then

QPNA={[l] € A|Vue S: |l(u)] > |m"l(v;)| AVu € S": |l(u")| > |7™ =1 (])}.

Write any element u of S (resp. of S’) in the form e, - v; + w,, for some w,, € m;_; and
some (non-zero) e, € Op such that w, € U;_1 or e, € O and set

. / .
Cq 1= — w and Cc = 'ul—l(l ) _ Mz—l(l)

U'(wo)  l(wo) U(wo) — I(wo)

for any [I] € A. Then p(QF N A) equals
1,rig ) n / / n
{z € Ag™®|VueS:ley-z+cy| > 7" - 2| AV €S |ew - 2+ cuw| > 7" - |}

(*)
We may and do assume that e, = 0 for some u € S. For such a u then > defines a closed
ball in Pé’“g which is already contained in Aé“g. By Proposition 4.26, thus ¢(QF N A)
is a closed ball in P4,

Choose then a A\g € ANW for which |[I'(Ag)|= min [I/()\)|. Then
0#AEANW
[N I'(Ao)

Viile A: [l] e Us(O) VA e ANW,\W: ’ (20)

By Corollary 4.7, the affinoid Qf admits a finite subset T C A N W; \ W in which the
infimum of the |I(A)] for all A € ANW; \ W is attained for any [I] € Q7. Choose such a
T. Write any A € T in the form e) - v; + wy for some ey € E and some wy € W;_1 and
set
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for any [I] € A. Then
o M) = eUs;(O) NN A) = {2 € (U NA)|YANET: |ex-v; +cx| =7 |col}

As o(QF N A) is a closed ball of P which is already contained in A58, thus so is
©(p~1([I')) by Proposition 4.26. This yields the lemma. 0O

As argued before Lemmas 4.28 and 4.29, they finish the proof. 0O
4.4. Quotients by discrete subgroups of codimension 1 vector subspaces

Suppose that d := dimg (V) > 2. Consider any E-subspace W C V of codimension 1,
any 0 #w € W, any v € ¥V \ W and any discrete subgroup I' C Autg()) such that any
v € T restricts to the identity on W and satisfies that v(v) —v € W.

If Autg(V) is identified with GL4(E) via the choice of an ordered basis of ¥V whose
first d — 1 vectors are an ordered basis of W, then any v € T" is of the form

id
0 1)
Consider the admissible subvariety £ C P\rjg of those [I] for which [l|y.] € Qw; it is

isomorphic to Qyy x Aé“g via

it €= Oy x ALTE (1] = <[1|WC], %) . (21)

For any O C Qyy and any integer n > 1 set
£(0) =i (O x Alc:rig) and £(0,n) :=i (0 x B,),

where B, C Alclrig denotes the closed ball of radius n around the origin. Thus
(£(0,n))n>1 is an admissible affinoid covering of £(0) for any admissible affinoid
O C Qyy. By construction, I' acts on €. Consider the quotient map

pr: € = T\E

and endow its target with the structure of Grothendieck ringed space induced by pr,
that is, a subset (resp. a covering of a subset) of I'\E is admissible precisely when its
preimage is admissible and the sections on an admissible subset of I'\€ are the I'-invariant
sections on its preimage. Thus pr restricts to the quotient map 2y, — Qr considered in
Section 4.14 and T'\E contains the rigid analytic variety Qr as a Grothendieck ringed
subspace. By Lemma 4.33 below, T'\E is in fact itself a rigid analytic variety.
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Denote by vr C W the image of the injective continuous homomorphism
' =W, vy v, :=7(v) —

it is a discrete subgroup of W as I' is discrete in Autg(V). For any [I] € Qy thus
l(vr) C C is strongly discrete, i.e., its intersection with every ball of finite radius is finite
(see for instance [20, Ex. 2.48 and Lemma 2.49]). Set

el = e _ (v)
i€ &: i) = L0 o (l(w)),

where e€;(yp) AG"® — AGM® is the analytic surjective group homomorphism with kernel

I(vr) defined in Definition-Proposition 2.40. We are thus given a bijective map

er: T\E = Qw x AG"™, pr([1]) = (wel, e([1).

Lemma 4.30. The map e: € — AG 8, [I] — e([l]) is morphism of rigid analytic varieties
over C'.

Proof. Any admissible affinoid covering C of Qyy yields via (21) the admissible affinoid
covering (£(0, n))oec,n>1 of €. Consider any admissible affinoid non-empty O C Qyy and
any integer n > 1. It thus suffices to show that the restriction Y := £(O,n) — C of e is
regular; indeed, if the restriction is regular, its image is contained in an affinoid subvariety
of Aérig by Proposition 2.27 and hence it is a morphism of rigid analytic varieties by [8,
Prop. 9.3.1.1]. Choose any [lo] € O. Set L := vpr C W. Then m lp(L) C C is strongly
discrete. For any integer k£ > 1 thus

Ly :{)\ELZ

is finite and hence the function

ex: Y = C,|l % 1:[( 1;\)

is a finite product of regular functions and thus regular. As the sup-norm on the ring of
regular functions on Y is complete by [8, Theorem 6.2.4.1], it thus suffices to show that
the ey, for all £ > 1 converge uniformly to e. By means of Corollary 4.6, choose a k > 0
such that

l
VI, [1] € 0,50 # 2,y € W: ‘z—

For any k > 1, any A € L\ Ly and any [/] € Y then
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QTP

ey

lo(

£

and, if %% <1, hence ‘1 ~ M1~ 1 and

6y

1- ]I (1-%) g%. (22)

AEL\Ly

Choose a ky > n- k. Using Proposition 2.27 and that Y is affinoid, choose a ¢y > 0 which
bounds eg,. For any k > ko and any [I] € Y thus |ex([I])| = |ex, ([[])| < ¢o and, further
using (22), hence

l(v n-K
ex(ll) = el = lee@l- 1 = ] (1- )] <oy 21
(N k
AEL\ Ly
This shows as desired that the e converge uniformly to e. O

Proposition 4.31. The map er is an isomorphism of rigid analytic varieties. In particular,
it restricts to an open immersion on Q.

In order to prove Proposition 4.31 we need the following lemmas. Since any [I] € Qy,
satisfies that [(v) ¢ I(vr) and hence that e([l]) # 0, Proposition 4.31 will directly yield

Definition-Proposition 4.32. The map

qr: Qr — Qyy X (Aérig \ {O}),pr([l]) = ([”V\}C}7 e(?l]))

1S an open immersion.

Lemma 4.33. Consider any admissible affinoid covering C of Q1. Then

(pr(£(0, n)))OeC,nZl

is an admissible covering of T\E and any pr(£(0,n)) is admissibly covered by finitely
many affinotd varieties. In particular, T\E is a rigid analytic variety.

Proof. The covering (7 (£(0)))oec of T\E is the preimage of C under the natural mor-
phism '\ — Qyy and hence admissible. We consider any admissible affinoid O C Qyy,
set Y := £(0) and Y,, := £(O,n) for any n > 1 and are thus reduced to showing the
claim that T'\Y is admissibly covered by the pr(Y;,) and that each of them is admissibly
covered by finitely many affinoid varieties. In order to prove the claim, we shall apply
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Proposition 2.31 to the following setting: For any n > 1 denote by I';, C I' the subgroup
of those elements 7 such that

<n;

)

V[eo: ‘ll((:))

it is finite as ll((g)) C C is strongly discrete for any [[] € O. Moreover, any Y,, is T'p-

invariant. Furthermore, as Qy, and Aérig are both separated, so is their product and
hence £ and hence the admissible subvariety Y C £. It remains to verify the remaining
Condition iii) of Proposition 2.31; i.e., that any n > 1 admits an n’ > n such that

Vy e\ Ty :y(Yn)NY, =0. (23)
In order to do so, choose, by means of Corollary 4.6, a k > 0 such that

VI,[I'1eONO#£z,yeW: ‘l(y)‘Zn. U'(y)

(z) V()|

Consider any n > 1, choose any n’ >  and consider any v € I'\ I';;. Thus

o~

l/
J'eO: l’((ig)) > n/
which implies that
V[]eO: ‘ll((:}y)) >k-n'>n
and hence that
)| i) | 1)
V[ eY,: ‘l(w) ’l(w)+l(w> >n

or, equivalently, that v(Y,,) NY,, = 0 as desired. O
Lemma 4.34. Any [l] € £ admits a basis of admissible neighborhoods such that v(U)NU =
0 for any U in this basis and any id # v € I' and such that (y(U))~er is an admissible

covering of an admissible subset of £.

Proof. Let [I] € £ and set ly := I|yy,. Associate with any admissible neighborhood O of

<e}

[lo] in Qyy and any € € |C*| the admissible neighborhood

Uw) Il(v)

'w) Hw)

X(0,¢) := {[l’] €& 'lw.] €ON
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of [I] in £. Using that lo(vr) C C' is strongly discrete, we choose an g9 > 0 such that 0
is the only element in lo(vr) whose norm is < eq - [lp(w)|. Moreover, by Lemma 4.8, [lo]
admits an admissible affinoid neighborhood O such that all elements in O induce the
same class of norms on W. Then the X (O, ¢) for all such O and all ¢g > € € |C*| form a
desired basis of admissible neighborhoods of [I]. Indeed, consider any such O and € and
any [I'] € X(0,¢) and v € I" such that ~[l'] € X(O,¢). Then

lo(yv —v) :‘l’(vv—v) :’(v‘ll’)(v) W)  Iv) _ U(v)
lo(w) I'(w) () (w)  Uw)  U(w)  V(w)

so that yv — v = 0. As ~ further restricts to the identity on W, it is the identity as

desired. In order to see that (v(X(O,¢)) cr is an admissible covering of an admissible
subset of £(0), it suffices, as (£(0,n)),>1 is an admissible covering of £(0), to show
for any n > 1 that (y(X(0,¢)) NE(O,n))~er is an admissible covering of an admissible
subset of £(0, n). However, this holds true for any n > 1 since, by Proposition 2.22, the
intersection of the affinoid v(X (O, €)) with the affinoid £(0,n) is again affinoid for any
v € I" and, by (23), empty for all but finitely many vy € I'. O

Lemma 4.35. Consider any admissible O C Qyy and any integer n > 1. Then
er(pr(£(0,n))) D O x B,.

Moreover, if O is affinoid, then there exists an m > 1 with
er(pr(€(0,n))) C O x By,.

Proof. Set £ :=wp. As |- | is non-Archimedean, any [I] € £ satisfies that

_ M (v) +1(N) _ I(v) I(v) +1(N)
1=y 1L = ’ wl M ’ 29
[TV L)L) ]

As I(£) is strongly discrete for any [ € Qp, any z € '\ is represented by some [I] € £
such that |I(v)] < |I(v) 4+ I(A)] for any A € £ and hence, by (24), such that |er(z)| =
le([l)h] > ’ll((;j)) . As er is surjective, this shows the first part. Suppose then that O is

affinoid. By (24), any [I] € € satisfies that

() | W) | _|w) W) | |Hw)
< | S < |2 SRS I St
le(lDI = ‘ I(w H I~ |i(w) H Ww)| |I1(N) (25)
0ANEL 0#AEL
I )] LNTETRSY
Moreover, any [l] € £(O,n) and any A € £ with |[(A)] < [{(v)]| satisfy that ‘ ’ <

(w)
‘ ((”)) < n. By (25), it thus suffices to show that for any [[] € £(O,n) both the number
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of A € £ with ’%‘ < n as well as the normg%‘ for any such A is bounded from above
by a constant depending only on O and n. Since O is affinoid, Corollary 4.6 provides a

x > 0 such that

V[I'),[1] € O,VA € L:

(N ‘
' (w)

From this thus follows the second part as any [I] € O admits only finitely many A € £

with ’11((2\;)) <Kk-nas % C C is strongly discrete. O

(w

Proof of Proposition 4.31. By Lemma 4.33, er is a morphism between reduced rigid
analytic varieties. As argued above, it is bijective. By Proposition 2.26, it thus remains
to be shown that er induces isomorphism on the stalks and that there exists an admissible
affinoid covering of Qyy x Aldrig such that the preimage under er of any of its elements
is a finite union of affinoids. As

d
ia (elf{i{f (T)> =1

the tangent map of er opr at any point is a triangular matrix with only ones on the
diagonal with respect to a suitable basis and thus an isomorphism; thus it induces iso-
morphisms on the stalks (see [34, Part 2, Chapter 3.9, Theorem 2]). By Lemma 4.34,
the quotient morphism pr induces isomorphism on the stalks, too. Hence so does er.
Moreover, the O,, := O x B,, for all admissible affinoid subsets O C Qy, and all n > 1
form an admissible affinoid covering of Q) x Aéirig. Consider any such O, and set
X :=pr(€(0O,n)). By means of Lemma 4.35 choose an m > n with O,, C ep(X) C Oy,.
For any affinoid X’ C X then e;'(0,,) N X’ is the preimage of the affinoid subset O,
under the morphism X’ — O x B,,, between affinoid varieties induced by er and is thus
[8, Proposition 7.2.2.4] itself affinoid. As, by Lemma 4.33, X is admissibly covered by
finitely many such affinoid subvarieties X', the preimage ep'(0O,,) is thus a finite union
of affinoid subsets. As argued before, er is thus an isomorphism. Finally, by Lemma 4.4,
the D-invariant Q) C & is an admissible subvariety. Hence so is Qr C T'\E. Thus the
restriction of er to Qr is an open immersion. O

Proposition 4.36. Let A and A C V be as in Example 4.16 and suppose that b- L C vp
for some 0 #£be A. Let O C Qyy be admissible affinoid. Then

i) any € > 0 admits an r > 0 such that qp_l(O x Be) D pr(Uy (A, O, 1)),
i) any r > 0 admits an € > 0 such that ¢z (O x B.) C pr(Uy (A, O,1)),

where Uy (A, O, r) C Qy is the subset defined before Lemma /4.17.

Proof. Set L:=ANW and £ :=vr C L and U(O,r) :=Uyp(A,O,7) for any r € |C|. As
O is affinoid, Corollary 4.6 provides a x > 0 such that



S. Hdaberli / Journal of Number Theory 219 (2021) 1-92 49

I
1, [l "o : < 2
LI € 0 e W {0 |1 < T (26)
Choose for any [I] € O an 0 # w; € L such that
|{(w)| = infozrer [L(A)]-
using that I(L) is strongly discrete by Proposition 2.36. Then
H(w) I'(w) I'(w)
Vl,l’EO:’ <K- <k
[ ] [ ] l(wl) l’(wl) l/(wl,>
In particular, there exists an s > 0 such that
l(w)
V[l] € O: <s
d ‘l(wl) -

For any [l] € £(0) set w; := wy,, , and choose a v; € A\ L such that

[l[(v)| = infrxea\z [L(A)].

Part i) holds true as for any r € |C*| and any [I] € U(O,r) holds that

el =i - - =

and hence that
: S
5~ [t |- PRGN

Let us then show Part ii). As ﬁ -I(L) is co-compact in [(W) for any [I] € O, there
exists an 7([I]) > 0 such that

I(x—X)
l(wl)

Using (26) and that |I'(w;)| > [I'(wy)| for any [I],[I'] € O, we may and do choose the
r([!]) to be uniformly bounded. As U (O, r) C U(O,r’) for any r > r’' > 0, it thus suffices
to show Part ii) only for any r € |C| such that r > r([l]) for any [I] € O. Consider any
such r. By surjectivity of er, it suffices to find an € > 0 such that

VeeW3XeL: ’ ‘ < r(]1)). (27)

pr(E(0)\U(O,7)) Cer (O x Bi).

By the second part of Lemma 4.35, it thus suffices to find an n > 1 with
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E(0)\U(O,r) C |J 7(E(0,n)). (28)

yel’

Using the assumption, choose 0 # b € A such that b- L C £. Using that A/(A-v+ L)
is a torsion A-module, we further choose a ¢ € A such that ¢- A C A - v+ L. We claim
that any n > max {|c|,|b|} - r satisfies (28). Consider any [I] € £(O) \U(O,r). Then

indeed, if [I] € €4, this follows from the definition of U(O,r) and if [[] ¢ Q, then
l(V) = (W) so that (27) provides for any z € W with {(v;) = I(z) an A € L with

(z—X)
l(wl) ‘ < r so that

[Lon)| < [i(or = A)| = |l(z = M) <7 - |I(wr)].

Let a € A and X € L be such that ¢- v, = a-v+ N. Using (27), choose a A € £ with

(A -\
1(wy)

< |b] - r. Write A = v(v) — v for a unique v € I". Then

v+ 2 4 a2
I(wi)

' (')
(v~ 1) (w)

| < =

- { & 'lm)

12— )
l(wl) |} < max{\c|, |b‘} T

la| [ 1(wi) |’

which yields the claim and hence Part ii). O
5. Compactification of analytic irreducible components

Consider any algebraically closed complete non-Archimedean valued field C' of finite
characteristic, any admissible coefficient subring A C C (see Definition 2.33), any finitely
generated projective A-module A # 0 and any congruence subgroup I' C Aut4(A). Let
E C C be the smallest local field containing A.

Notation 5.1. For any direct summand L C A denote by I'f, resp. I L, the normalizer,
resp. centralizer, of L in T, i.e.,

o I'p:={yeTl: y(L)=L} CT, resp.
o I'pi={yeTlyL: 7] =idr} Cc T, and set
o« I'y = {’y|LEAutA(L):’YEFL}.
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5.1. Grothendieck topology on the pre-quotient

Let Q7 be the set-theoretic disjoint union of all the Q, := Q. for all direct summands
0 # L C A. In this section we endow Q3 with the structure of Grothendieck topological
space whose quotient Q. by some natural I'-action, introduced in the next section, will
be the Grothendieck topological space underlying the desired compactification of Qr.

Definition 5.2. For any subset S C C let d(S) := 07iﬁnfs|s|.
se

Definition 5.3. For any direct summand 0 # L C A and any admissible O C Q2 and any
r € |C| denote by

UA,O,r)
the subset of Q} of all elements [I] with [I] € Qg for some L C L' C A for which

i) [l|r.] € O and
i) (L' L)) > - d((L).

Definition-Proposition 5.4. Endow 2} with the following Grothendieck topology: A subset
Y C QF is admissible if for every direct summand 0 # L C A

i) the subset Y NQp C Qp is admissible and
it) if every affinoid O CY NQyp admits an r € |C| with U(A,O,r) C Y.

Moreover, a covering of an admissible subset of 0} by admissible subsets is admissible
if its intersection with every 1y, is admissible.

Proof. All properties required by Definition 2.2 follow directly from the corresponding
ones of the Grothendieck topological spaces €, and the fact that any admissible covering
of an affinoid subset has a finite subcovering. 0O

Example 5.5. Any subset U(A, O, r) as in Definition 5.3 is admissible.

Proof. Consider any admissible O € Qp and any r € |C|. By Lemma 4.17, the inter-
section of U := U(A,O,r) with any Q. is an admissible subset of Q. for any further
direct summand L C L’ C A. Consider then any affinoid O’ C U N Qp for any such L.
We shall show that U(A,O’,r") C U for some ' € |C|. Using Corollaries 4.6 and 4.7 and
that O’ is affinoid, choose an € > 0 such that

V'] € O d(U(L)) > e d(I'(L)).

Let Z <7’ € |C|and [[] e U(A,O",7") N Qpn» for any L' C L" C A. Then
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d(U(L"\ L)) = min{d({(L"\ L)), d({(L"\ L))}
> min{r’ - d(I(L")),r-d(I(L))} > r-d(I(L)).

As [l|p/] € O' C U, also [l|] € O. Thus [I] € U. Hence U(A,O,r") C U. Hence U is
indeed admissible. O

Corollary 5.6. Consider any admissible Y C Q) and for any direct summand 0 # L C A
an admissible covering Cr, of Y N Qyp, and an ro € |C| for any O € Cr, such that Up :=
U(A,O,rp0) C Y. Then the covering C of Y by all these Ug is admissible.

Proof. By Example 5.5, any Up is an admissible subset of Y. Moreover, the intersection
of C with any boundary component €1y is refined by the admissible C;, and is thus, by
Property vii) of Definition 2.2, itself admissible. Hence C is indeed admissible. O

Corollary 5.7. For any direct summand 0 # L C A, any [I] € Qr and any countable
neighborhood basis (Opn)n>1 of [I] in Qp the system (U(A, On,7n))n>1 @ a countable
neighborhood basis of [l] in 2} for any unbounded sequence {r,}n>1 C |C|.

Proof. This follows directly from Example 5.5 and Definition 5.4, i). O

Corollary 5.8. The canonical topology on 2} is first countable.

Corollary 5.9. Let Y C Q) be admissible. With respect to the canonical topologies, then
a function f: Y — C is continuous if and only if it is sequentially continuous.

5.2. Structure of Grothendieck graded ringed space
For any direct summand 0 # L C A denote by Q, the preimage of Q7 under the
quotient-by-C* morphism Azl%c \ {0} — ]P’fg; it consists precisely of the C-linear maps

l: Le — C for which Ker(l)N Lg = 0.

Definition 5.10. Let Q}‘\ be the set-theoretic disjoint union of all such Q, equipped with
the induced C*-action and the C*-equivariant action of Aut4(A) defined by

Vy € Auta(A), 1€ Qp: (1) =10 (v y)e) € Lyr)-

The induced action of Auts(A) on Q3 is by isomorphism of Grothendieck topological
spaces by

Lemma 5.11. For any U(A,O,r) C Q as in Definition 5.3 holds that
Vy € Aut4(A): y(U(A, O, 1)) =UA,y(O), 7). (29)

Proof. This is directly checked. 0O
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Definition 5.12. Consider the quotient map
pr: Q) = D\Q} = Qf

and endow its target with the structure of Grothendieck topological space which it
induces, that is, a subset (resp. a covering of a subset) of ;. is admissible precisely when
its preimage is admissible.

Remark 5.13. The induced canonical topology on Qf was introduced by Kapranov [25]
in the case, where A is a polynomial ring.

Example 5.14. Consider any direct summand 0 # L C A, any admissible quasi-compact
O C Qp and any 1 < r € |C|. Then the v(U(A,O,r)) for all v € T’ form an admissible
covering of an admissible subset of Q4. In particular, pr(U(A, O, r)) C Qf is admissible.
Moreover, if O is connected, then so is pr(U(A, O, 7)) N Qr C Q.

Proof. Set U := U(A,O,r). Let us show the first assertion. By construction, any v(U)
depends only on v modulo I .- By means of Example 5.5, Lemma 4.17 and any admissible
affinoid covering of any stratum €, it suffices to show for any admissible affinoid subset
O’ of any Q. that v(U)NO’ = () for all but finitely many v € T’ modulo I'z. Thus consider
any such admissible affinoid O’ C Q /. We assume that L' = A and that UNO’ # (; the
general case is directly reduced to this case. Using that O, resp. O, is quasi-compact,
choose a k > 0, resp. ¥ > 0, which satisfies the property in Corollary 4.6, iv) with
respect to O and Lg, resp. O’ and Ag. Choose any basis 8 of Lg that is contained in
L and choose any [I] € UNO'. Choose a A € L such that [I(A\)| = d(I(L)). Consider any
v €T for which v(U) N O’ # 0 and choose any [I'] € v(U) N O’. Choose a X' € yL with
(A =d(l' (L)) 2! d(I'(A)). For any v € 8 then

’l(vv) o l’(vv) RG] AR CT) l’(%)‘
(A |~ (N o) Uy | [ U(NV)
2. |00 ‘(vl)( M| _ 2 ‘l(v) ’ ()
B RICOICESIRICDIEY) N [H=tN)
l

where at ; we have used that [(v)|y1).] € 7(O) as [l|z.] € O and that, as is directly
checked, the constant x also satisfies the property in Corollary 4.6, iv) for v(O) and
(vL)E. Asl(A) is strongly discrete, thus I(v(5)) lies in a finite subset of [(A) that depends
not on . As such a v modulo Iy is uniquely determined by its action on 3, there exists
thus indeed only finitely many v modulo Iy satisfying the above inequality and hence
that v(U)NO’ # (). Moreover, if O is connected, then so is U NQ, by Theorem 4.20 and
hence so is its admissible image pr(U) N Qr = pr(UNQA) CQr. O
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Corollary 5.15. The map pr is open with respect to the canonical topologies.
Proof. This follows from Definition-Proposition 5.4 and Examples 5.5 and 5.14. O

Corollary 5.16. Any point in QFf has a fundamental basis of admissible neighborhoods
whose intersection with Qr is connected and irreducible.

Proof. As Qr is normal by Proposition 4.13, its irreducible and connected subsets
coincide by [10, Definition 2.2.2]. The corollary thus follows from Example 5.14 and
Corollary 5.7 using that any point in any stratum €2;, has a basis of connected admissi-
ble affinoid neighborhoods in 2. O

Example 5.17. Consider any admissible subset X C .. For any direct summand 0 # L C
A choose an admissible affinoid covering Cy, of pr* (X) Ny, and for any O € Cr, an 7o €
|C| for which U(A,O,70) C pp'(X). Then the covering C of X by the pr(U(A, O,70))
for all O in all Cy, is admissible.

Proof. By Example 5.14, any element of C is admissible. Let D be the covering of pi. LX)
defined as the preimage of C under pr. It remains to check that the intersection of D
with any €, is an admissible covering of pj- 1(X ) N Qr. However, by construction, such
an intersection is refined by Cy, and is thus admissible as desired. 0O

Proposition 5.18. Consider any direct summand 0 % L C A, any w € Qp and any ad-
missible affinoid neighborhood O C 0, of w satisfying the properties in Proposition /.14,
i.e., that

VyeTl,:v(0)=0 andVy € T'\ Ty : v(0)N O = 0.

Then there exists o > 0 such that for any ro < r € |C| the subset U, :=U(A, O,r) C Q3
satisfies that

Vy €Ty: y(U,) =U, and ¥y € T\ Ty,: v(U,) N U, = 0.

Proof. From the equality v(U,) = U(A,v(O),r) for all v € T directly follows that
~(U,) = U, for all vy € T, and v(U,.) N U, = P for all v € T';, \ T',,. Using Corollary 4.6
and that O is affinoid, choose for the remaining assertion a x > 0 such that

W) _ ')
i) =" @)

Choose any [lg] € O and let 0 # A\g € L be such that d(Iio(L)) = |lp(Ao)]- For any [I] and
any 0 # X\ € L with d(I(L)) = |I()\)| then

[1(Xo)] <K.|lo(>\0)| p
L) = ()] ~

V[, [I' € O: V0 # x,y € L: |§/<;

(30)
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and, denoting by fimax the last successive minimum (see Definition 2.37),

MmaX(l(L)) (3<0) - UmaX(l(L)) < k2. MmaX(ZO(L))
ai(r)) — [L(Ao)l |lo(Ao)

=:T0.

Let v € T\ I'y and rg < r € |C| and suppose, by contradiction, the existence and
choice of an [I] € v(U,) N U,. Then L' := v(L) ¢ L ¢ L. Choose A € L\ L' with
[TN)] < p = pmax(I(L)) and X € L'\ L with [I(N)] < p/ := pmax(I(L)). If p/ < i, we
get the contradiction that
[Neu-
N[ <@/ <p<r-d(L) < dUL"\ L)) < [IN)].

By symmetry, we also get a contradiction if u < g’ using that p/ < 7o - d(I(L)); the
latter holds true since all [I'] € v(O) satisfy that

pmax(I'(L") = pmax (Y (I)(L)) < 1o - d(yHU)(L)) = 7o - d('(L1)))
and since [l] € v(U,) =U(A,v(O),r). DO

Definition-Proposition 5.19. For any orbit O of the natural T'-action on the set of non-
zero direct summands let

Qo = pr < U QL>

Leo

be equipped with the structure of Grothendieck ringed space turning the natural map
Qp, — Qo into an isomorphism for every L € O. Then a subset X C Qr is admissible
if and only if for every such orbit O:

i) X N Qo C Qo is admissible and
it) every admissible quasi-compact Y C Qo with Y C X admits an r > 0 with

UNY,r):=pr ( U U, prt(Y) N QL,T)> c X.
LeO

Moreover, a covering of an admissible subset X C §f. by admissible subsets is admissible
precisely if its intersection with X N Qo is admissible for every orbit O.

Proof. Consider any X C Qf. For any orbit O the subset X N Qy C Qgp is admissible
if and only if for every L € O the subset pp'(X) N Qy is admissible. Thus i) holds
true for every orbit O if and only if pr'(X) N Qr C Qr is admissible for every direct
summand 0 # L C A. We assume that these equivalent statements hold true. Similarly,
it directly follows that a covering of X by admissible subsets is admissible if and only
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if its intersection with X N Qg is admissible for every such . We are thus reduced to
showing that ii) holds true for every such O if and only if every such L and every affinoid
O C pp*(X) N Qg admit an 7 € |C| for which U(A,O,r) C pp'(X). First assume the
first property and consider any such affinoid O C €1, and denote by O the I'-orbit of L.
For any r € |C| then

pF(u(Aa 0, T)) = U(Ava(O)v T)

is admissible by Example 5.14; in particular, pr(O) C Qg is admissible and, being the
image of O, quasi-compact. Thus ii) provides a desired r € |C|. Conversely assume the
second property and consider any admissible quasi-compact Y C Q5. Choose any L € O
and an admissible affinoid covering Cy, of pr'(Y)) Ny, and for any O € C, an 1o € |C)|
such that U(A,O,rp) C pl?l(X). Then (pr(O))oec, is a covering of Y it is in fact
admissible since any of its elements is admissible by Example 5.14 since the preimage
in Qf, of the covering has the admissible refinement Cp, and is thus itself admissible. By
quasi-compactness of Y, we may thus choose finitely many pr(O1),...,pr(O,) which
cover Y. For any r € |C] greater than the ro, for all 1 <i < n then

UNY,r) C U U(A,pr(0;),r0,) = pr U U, O4,10,) | CX.
1<i<n 1<i<n
This yields the converse direction and finishes the proof. O

Definition-Proposition 5.20. Consider any integer k and any admissible Y C 2 with
preimage Y C Qf\ A function f:Y — C is called weight k regular if

i) Vee C*leY: f(e-l)=c % f(I)

it) and every direct summand 0 # L C A, every admissible affinoid O C Y N Qy and
one, and hence every, 0 # XA € L, admit an r € |C| such that U == U(A,O,r) C Y
and

U~ Gl = f(0)- 10" (31)
is bounded, continuous with respect to the canonical topologies and restricts to a
reqular (see Definition 2.17) function U N Qp — C for every direct summand 0 #

L' C A.

Proof. If for some 0 # A € L the function in (31) is bounded and continuous, then the
same holds true for any such X since for any 0 # A, A\ € L the regular function

Z/I—>C,[l]»—>l
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is continuous and bounded; indeed the function is continuous as it factors through the
continuous restriction morphism Y — O and it is bounded by Proposition 2.27 applied
to the affinoid O. O

Definition-Proposition 5.21. For any admissible X C Qf and any integer k let Of(k)(X)
be the set of I'-invariant weight k regular functions WEI(X) — C, where

ar: Qf — QO =T\Q3;/C*
is the double quotient map. By means of the ring structure on C, then

i) the OL(0)(X) for all admissible subsets X C U together with the natural restriction
homomorphisms form a sheaf OF of rings on QF, called structure sheaf on Qf, and
i) for any integer k the Of(k)(X) for all admissible X C Qf together with the natural
restriction homomorphisms form a sheaf Of(k) of Of-modules on Qf., called k-th
twisting Of--module and
iii) a sheaf Rf of graded Of-algebras on U is formed by the

RA(X) ==Y Of(k)(X)

keZ

for all admissible X C §}f. together with the natural restriction homomorphisms.

In particular, (Qf, OF) (resp. (45, R¥)) is a Grothendieck (graded) ringed space con-
taining the rigid analytic variety Qr as an admissible Grothendieck ringed subspace.

Proof. This is directly checked. O

Proposition 5.22. Consider any admissible X C Qf. Then precomposition with the re-
striction 7' (X) — X of mr induces a bijection to O:(X) from the set On(X) of
functions s: X — C that are continuous with respect to the canonical topologies, that
restrict to a regular function on X N Qg for every I'-orbit O and that are bounded on
U(N,Y,r) for every admissible quasi-compact Y C Qo and every r € |C| for which
UNY,r) C X.

Proof. Consider first any direct summand 0 # L C A in any orbit . As already argued
in the proof of Definition-Proposition 5.19, for any admissible quasi-compact O C L then
pr(0) C Qg is admissible quasi-compact and

prU(A,O,1)) =U(A, pr(O), )

for any r € |C|. Using this, it directly follows that precomposition with 7 defines an
injective map Of(X) — Of(X). On the other hand, consider any f € Of(X). Being C*-
and I'-invariant, it induces a function s: X — C' which, by Corollary 5.15, is continuous
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with respect to the canonical topologies since f is. By construction of the ¢y, moreover,
s restricts stratawise to a regular function since f does. The boundedness property for
s follows from the one of f via the argument at the end of the proof of Definition-
Proposition 5.19. O

Proposition 5.23. For any I'-orbit O =T - L # {0} the composition of the canonical bi-
jection Qp — Qo with the inclusion Qo C Qf is an injective morphism of Grothendieck
ringed spaces whose induced morphisms on stalks are surjective.

Proof. That the composition is a morphism follows directly from Definition-Proposi-
tion 5.19 and Proposition 5.22. By construction, it is injective. It remains to show that it
is surjective on stalks. Let w € . Using Proposition 4.14, choose a basis S of admissible
affinoid neighborhoods O of w in Qf, such that v(O) = O for all v € T',, and v(O)NO =0
for all v € '\ T',,. By Example 5.14 applied to the case A = L, for any O € S the subset
pr, (O) C Qp, is admissible and hence the subset pr(O) C Qg corresponding to pr, (O)
under the isomorphism QF = Qg is admissible. Since S is a basis, the pr(O) for all
O € S are in fact a basis of admissible neighborhoods of pr(w). By Example 5.14 and
Definition-Proposition 5.19, the subsets pr(U(A, O, 7)) C Qf forallO € S and all r € |C]
form a basis of admissible neighborhoods of pr(w) in Qf. Consider any O € S and set
U, :=U(A,O,r) for all r € |C|. Tt thus suffices to show for large enough r € |C| that
every section on pr(O) = pr(U,) N o extends to a section on pr(U,). However, if r is
large enough, then

VyeTly,:v(U,) =U, andVy e T\ Ty,: v(U.)NU. =0

by Proposition 5.18. For such r the maps y(U,) — v(O), [[] = [l|y(1).] for all v € " are
thus the restrictions of a well-defined map

p: U0 = |Jr(0).

yel’ yel

It is directly checked that p is I'-equivariant, continuous with respect to the canonical
topologies and that its restriction to the intersection of its domain with €27/ for any direct
summand 0 # L’ C A is a morphism of rigid analytic varieties. The map pr: pr(U,) —
pr(O) induced by p is then also continuous with respect to the canonical topologies
and restricts to a morphism of rigid analytic varieties pr(U,) N Qo — pr(O) for all
T-orbits O’ # {0}. Under the identification in Proposition 5.22, any regular function
s: pr(0O) — C thus extends to the regular function so pr on pr(U,) using moreover that
s is bounded; in fact, by construction, s may be interpreted as a I'y-invariant regular
function on the affinoid variety O and is thus bounded by Proposition 2.27. This shows
surjectivity on stalks. 0O
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5.3. Fisenstein series

Denote by F' the quotient field of A and by 7: Ap — Ap/A the quotient homomor-
phism. Let a € Ag/A and set L(a) := 7~ 1(a) N L for any direct summand 0 # L C A.
Let k£ be any positive integer. Consider the sum

- 1 ) -
Epor: U= C 1 Y e fle
0#AEL(a)

Proposition 5.24. Ey converges everywhere and, if ' fizes o, is in Of(k)(QF).

Proof. Consider any direct summand 0 # Ly C A, any affinoid O C Qp,, any 0 # Ao €
Ly and any r € |C|. Set U :=U(A, O, r) and consider the sum

E:U = C,[l] = Enax(l) - 1(0)".

We first show via the following lemmas that for every further direct summand Lo C L C
A the sum FE converges to a regular function on Uy, := U N and that F is continuous
with respect to the canonical topologies and bounded.

Lemma 5.25. On every Uy, the sum E converges to a regular function.

Proof. By means of an admissible affinoid covering of any such Uy, it suffices to show
that the restriction Fos of F to every admissible affinoid O’ C Uy, converges to a regular
function. Consider any such O’ C Uy, and choose any [I] € O’. As L(«) C Lg is discrete,
where E is the completion of F', the subset [(L(«)) C C is strongly discrete (see for
instance [20, Ex. 2.48 and Lemma 2.49]) so that for any integer m > 1 the subset

L(a)m C L(«) of those A for which ‘%‘ < m is finite; thus

Eorm: O — C '] = Z F(2)"
’ | FO)F
0#AEL(@)m

is a regular function. As the ring of regular functions on O’ is complete with respect to
the sup-norm by Proposition 2.19, it suffices to show that the Eo: ,, for all m > 1 form
a Cauchy-sequence; indeed, as L(«) is covered by the L(a),, for all m > 1, their limit
must then be Ep.. Applying Corollary 4.6 to the affinoid O’, we choose a x’ > 0 such
that

/(M)
ey

1(Mo)
(A

/ .

/
Vm > 1,V[l'] € O',YA € L(a) \ L(a)m: <

This directly yields that the Eor ,, indeed form a Cauchy-sequence. O

Lemma 5.26. F is continuous with respect to the canonical topologies and bounded.
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Proof. As for continuity, it suffices, by Corollary 5.9, to show that F is sequentially
continuous. Consider thus any [I] € U and any sequence {[l,]}n>1 C U converging to []
and let us show that

Tim B(1.]) = E([]). (32
Let L D Ly, resp. L, D Ly, be such that [I[] € Qp, resp. [I,] € Qr,, for any n > 1. Choose
a fundamental basis of admissible affinoid neighborhoods (O;,),>1 of [I] in Qf, such that
O, D Opgq for all n > 1. Using Corollary 5.7, we choose a sequence {r,}n,>1 C |C|
converging to infinity and an ng > 1 such that [l,,] € U, := U(A, O, ry,) for every
n > ng. The choice of the O,, and the regularity of the restriction Ep, of E to O; by
Lemma 5.25 imply that

Tim B({lalze)) = lim Eo, (ulic]) = Eo, (1) = E(l).
It thus remains to show that E([l,]) — F([ln|r.]) converges to 0 for n — oco. Applying
Corollary 4.7 and Proposition 2.27 to the affinoid Op, we choose an s > 0 such that
[1(Mo)| < s-d(I(L)) for every [I] € Oy. Choose any f € F for which 7~!(a) C f - A. For
any n > ng and any A € L,(«) \ Lo then

O] = Alu(La(@)\Lo) = AL\ o)) 5 7] rad(ta(2) = LT )
For any n > ng, as O; D O,,, thus
k Sk
B - Bl = | S ol o 0

E|= T \k
el ) (If] - 7n)k oo
Thus F is indeed sequentially continuous. In order to see that E is bounded, we use the
preceding calculations in the case, where O; = O and ng = 1 and r; = r, in order to see
that

Sk

Vil e U =U: |E(l]) = Eo([llc Dl = [E() — E(HzoDl < TE
Moreover, as Eo is regular by Lemma 5.25, it is bounded by Proposition 2.27. Thus F
is indeed bounded. O

By Lemma 5.25, the sum E converges everywhere on O. Hence Ej o converges
everywhere on O and thus, as O was arbitrary, on Qj‘\ The construction further yields
that Ep g x(c 1) =c % Ep ox() for any ¢ € C* and any | € Q0 and, if T' fixes «, that
E o1 is T'-invariant. Jointly with Lemmas 5.25 and 5.26, this yields the proposition. O
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5.4. Fourier expansion of weak modular forms

Definition 5.27. For any integer k the sections in Of(k)(Qr) are called weak modular
forms of weight k with respect to T'.

This is a coordinate free version of Basson, Breuer and Pink’s [3, Def. 3.1.7, 3.3.1]
(see Goss’ [17, Cor. 1.40, Prop. 1.43] or see [20, Remark 6.40]).

Suppose that d := rank4(A) > 2. Consider any direct summand L C A of corank
1. Choose any v € A\ L. Denote by I' c T', the subgroup of elements v such that
v(v) — v € L. Thus I is a discrete subgroup of Autg(Ag) of the form considered in
Section 4.4 and

I'— L, ¥ vy =) —v

is a continuous injective group homomorphism. Denote by vy C L its image and set

1

VieQp:u(l) = m.

Let Qp, pp., i be as defined in Section 5.2 upon replacing I' by I.
Definition 5.28. Uy := Q UQp = pr(U(A,Qr,0)).
Choose any 0 # w € L and consider the map

o Lrig (Ure), Ww) -u(l)) i [I] € Qa
q: Up — Qp x A", pp([l]) — {([l],()) e,

Proposition 5.29. The map q is an open immersion of reqular rigid analytic varieties.

Proof. Set V := Agp and W := Lg. Then q restricts to the open immersion gp: Qp —
Oy x (AZ"8\ {0}) provided by Definition-Proposition 4.32. Moreover, by assumption,
I' contains a principal congruence subgroup of some level 0 # (b) C A. But b- L C vy
for any such b. Hence Proposition 4.36 applies and yields, jointly with Corollary 3.4 and
the fact that the restriction gp of ¢ is an open immersion, that ¢ is an isomorphism of
Grothendieck topological spaces onto an admissible subset of 2 x Aérig. Jointly with
Corollary 3.5, this implies that ¢ is an isomorphism of Grothendieck ringed spaces onto
an admissible subvariety of Q;, x AG"¢. O

For any ¢ € |C*| denote by B C Ag"® the closed disc around 0 of radius e.

Corollary 5.30. Any admissible X C Uy and any admissible affinoid O C X N Qy, admit
an € € |C*| such that O x B. C q¢(X).
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Proof. This follows directly from Proposition 5.29 and Corollary 3.4. 0O
For any O C Q, and any € € |C*| set U(O, ) := QN (g o 71)~1(O x Be).

Corollary 5.31. Any admissible X C Uy, any k € Z and any f € Op(k)(X N Q) admit
unique weight k — i@ reqular functions f;: lel(X NQL) — C for alli € Z such that for
every admissible affinoid O x Be C q(X) holds that

VieU(0,e): f() = fillle)ull) (33)
€L

and for which the following are equivalent:

i) Vi<O0:f;=0.

ii) f extends to an element in Opn(k)(X) which restricts to fo on 71'1;1(X NnQyp).

iii) The section |g: WEl(X NQp) = C 1— f(l) ~l(w)k} € Op(0)(XNQy) extends to a
morphism of Grothendieck topological spaces 71'1:1(X) — Alclrig whose restriction to
7r1§1(X N Q) is in Ogay(0)(X NQL).

i) g is bounded on U(O,€) for any admissible affinoid O x B. C q(X).

Proof. Consider any such f. Proposition 5.29 and Corollaries 3.4 and 3.5 yield unique
weight —i regular functions g; €: T HXNQL) — C for all i € Z that satisfy the desired
properties when f is replaced by the section g defined in iii) and k by 0. It is directly
checked that then the

fii 7T1:1(X n QL) —C I gl([”Lc]) . l(w)_k
for all ¢ € Z satisfy the desired properties. 0O

Remark 5.32. By Basson [3, Prop. 3.2.7], any f; is a weak modular form of weight k — i
with respect to some congruence subgroup of Aut(L). For a proof using the notation
here, see [20, Cor. 6.45].

Remark 5.33. In [3, Sections 3.4 and 3.5], Basson computed the Fourier expansion of for
instance the Eisenstein series from Section 5.3.

Remark 5.34. Suppose that I' = I';, and that the action of I on Q4 and the action of Ty,
on €2, are both fixed-point free. From Proposition 5.29 follows that the composition

aUp) T Up - U,

where 7 denotes the natural quotient morphism, induces isomorphisms on stalks. Con-
sequently, Ur is regular. For details see [20, Cor. 6.48].
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6. Compactification of analytic moduli spaces

Let A C C be as in Section 5. Denote by A the profinite completion of A. Con-
sider any finitely generated free A-module M # 0 and any congruence subgroup
K C Aut;(M), ie., K is a subgroup containing the kernel of the natural morphism
Aut ;(M) — Aut o (M/IM) for some ideal 0 # I C A.

6.1. Structure of Grothendieck graded ringed space

Definition 6.1. An A-submodule A C M is called an A-structure of M if the inclusion
induces an A-linear isomorphism A i M.

Proposition 6.2. Any A-structure of M is finitely generated projective.

Proof. As A is a faithfully flat A-algebra, an A-module A is finitely generated if and
only if A 4 is a finitely generated A-module (see for instance [37, Tag 03C4]). Hence A-
structures of M are finitely generated A-modules. Moreover, they are torsion free, since
M is. Now use that A is a Dedekind domain. O

Definition 6.3. Consider any A-structure A of M. Define the natural bijections

i) Qay = Q< {A} = O, (1] A) = [,
i) Qfpy = x{A} = QL (A) = L

Endow Qf A} with the Grothendieck topology for which the first bijection is an isomor-
phism with respect to the topology of Q2 defined in Definition-Proposition 5.4. Endow

Q? A} with the C*-action for which the second bijection is C'*-equivariant.

Definition 6.4. Let Q3,, resp. Qy C Qj,, be the disjoint union of the Grothendieck
topological spaces Q?A}, resp. Qrpy := Qp x {A}, for all A-structures A of M.

Definition 6.5. Let Q’}‘VI, resp. Qa C Q}‘VI, be the disjoint union of the Q’{“A}, resp. Q{A} =
Qa x {A}, for all A-structures A of M.

Lemma 6.6. Consider any A-structure A of M, any direct summand 0 # L C A, any
1 € Qp and any g € Aut 4(M). Then g(A) is an A-structure of M and g(L) is a direct
summand of g(A) and g(1): g(L)c — C, A — 1(g™'A) is in Qyp).

Proof. This is directly checked. O

Consider the C'*-equivariant action of Aut ;(M) on Q}kw given by

Vg € Aut 4(M),Y(I,A) € Q30 g(l,A) = (g9(1), g(A)).
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By construction, for any A-structure A the induced action of Auta(A) C Aut (M)
on Qj\ coincides with the one in Definition 5.10. By construction and the remark before
Lemma 5.11, the induced action of Aut 4 (M) on Q7 is via isomorphisms of Grothendieck
topological spaces.

Definition 6.7. By means of Definition-Proposition 6.6, consider the quotient map
prc: Qy — K\Qy =: Q.

and endow its target with the structure of Grothendieck topological space which it
induces, that is, a subset (resp. a covering of a subset) of Q is admissible precisely
when its preimage is admissible.

Denote by g : Q}‘M — IC\Q}“M/CX = Q% the double quotient map.

Definition-Proposition 6.8. For any admissible X C Q. and any integer k let Ok (k)(X)
be the set of K-invariant functions ' (X) — C whose restriction to mc'(X) N Q?A} is
weight k regular (in the sense of Definition-Proposition 5.20 via Definition 6.3, ii)) for

every A-structure A of M. Then, by means of the ring structure on C,

i) the Ox(X) := O (0)(X) for all admissible subsets X C Q- together with the natural
restriction homomorphisms form a sheaf Ox. of rings on Qf., called structure sheaf
on Q, and

ii) for any integer k the Ok (k)(X) over all admissible X C Q. together with the natural
restriction homomorphisms form a sheaf Ok (k) of O-modules on Q. called k-th
twisting Ox-module and

iii) a sheaf Ry of graded Ox--algebras on S is formed by the

Ric(X) := Y Ok (k)(X)

kEZ
for all admissible X C Q. and the natural restriction homomorphisms.
In particular, (-, OF) (resp. (%, R%)) is a Grothendieck (graded) ringed space.
Proof. This is directly checked. O

Example 6.9. Denote by F the quotient field of A. Consider any « € Mp/M and any
integer £ > 1 and associate with them the map

Ekl,a,k: Q}k\/j — C, (l,A) — EA,%]C(Z),

where Ep o is the Eisenstein series defined in Section 5.3 and where « is viewed in
Ap/A via the natural isomorphism Ap/A = Mp/M. If K fixes «, then
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Erork € Ok (k) ().
Proof. This follows directly from the construction and Proposition 5.24. O

For any A-structure A of M set Kp := {y € Auta(A)| Ix € K: klp = 7}; since
K C Aut 4(M) is a congruence subgroup, so is Ka C Auta(A).

Proposition 6.10. Any complete set S of representatives of the natural K-action on the
set of A-structures of M is finite and the natural maps Q) — QfA} — Q?M} for all
A € S induce an isomorphism of Grothendieck graded ringed spaces

1T, R ) — (@5, Ry) (34)
AesS

which restricts to an isomorphism between normal rigid analytic varieties over C'

T 9%, — o« (35)
AesS

Proof. As K contains a principal congruence subgroup, the first assertion follows from
Corollary 6.20 below whose proof does not depend on this result. That the maps
Qy = Qfyy — Qfy, induce isomorphisms (34) and (35) of Grothendieck (graded)
ringed spaces, follows directly from the construction. Moreover, (g, is a normal rigid
analytic over C for every A € S by Proposition 4.13 and hence so are, as S is finite, both

spaces in (35). O
6.2. Case of principal congruence subgroups

Consider any ideal 0 # I C A and set A := A/I. Associate with any A- or A-module
Q the A-module Q := I~1Q/Q. Suppose that

K = Ker(Aut 4(M) — Aut(M)).

Proposition 6.11. Consider any free direct summand N C M, any A-linear injective
morphism W : N — M onto a free direct summand of M and any ¢ € Autx(M) whose
restriction to N is the map N — M induced by V. Then there exists a o € Aut 4(M)
that induces € and restricts to W.

Proof. By means of the unique prime factorization of the non-zero ideals in the Dedekind
domain A and by the Chinese remainder theorem, it is enough to show the statement
of the proposition for A replaced by the p-adic completion Ap of A at any prime ideal
p C A and for I replaced by any power (pA,)™. In this case, choose a o € Hom , (M, M)
that induces e and restricts to W. Then the determinant of ¢ modulo p™ equals the
determinant of € and is thus a unit. If n > 1, then the determinant of o is thus itself a
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unit since A, is a discrete valuation ring so that ¢ is in fact an automorphism. If n = 0,
then € = 0, so that o may be chosen to further be an automorphism. 0O

Corollary 6.12. The natural morphism Aut 4(M) — Autz(M) is surjective.

Corollary 6.13. Suppose that I C A. Then N — N induces a bijection from the set of
IC-orbits of free direct summands of M to the set of free A-submodules of M.

Proof. Let N, N’ C M be free direct summands with N = N’. As I C A, then

rank 4 (N) = rank;(NN) = rank4(N’) = rank 4(N)

so that N and N’ are A—linearly isomorphic. By Corollary 6.12, the natural homo-
morphism Aut 4(N) — Autz(N) is surjective. Hence there exists an isomorphism
U: N — N’ inducing the identity on N = N’. By Proposition 6.11, such a ¥ extends
to an element in K. This shows injectivity. Consider then any A-submodule X C M. By
means of a basis of M choose a free direct summand M’ C M with

rank4(M’) = rank 4(M') = rank1(X).

Choose an € € Auts(M) with €(M’) = X. Proposition 6.11 then provides a lift o €
Aut ;(M) of . Then o(M’) = X which shows surjectivity. O

We further need the following consequences of Prasad’s theorem [32, Theorem A] on
strong approximation for semi-simple groups over function fields.

Proposition 6.14. Let F' be the quotient field of A. Consider any finitely generated pro-
jective A-module A. Surjective is then the natural homomorphism

SLa(A) := Auta(A) N SLp(Ar) — SLx(A).
Proof. By Prasad’s theorem [32, Theorem A], the subgroup
SLr(Ar) CSL,, (Ag,)
is dense. Since Aut 4(A 4) is open in Aut 4 (A4, ), then also the subgroup
SLa(A) = Aut4(A4) NSLr(Ar) C Aut (A1) NSL, (Mg, ) =SL;i(Ay)
is dense. As, by Proposition 6.11, the natural continuous group homomorphism
SL4(A4) — SLx(A)

with discrete target is surjective, so is its restriction to SL4(A). O
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Corollary 6.15. The determinant induces an isomorphism

o

Aut5(R)/ Auto(A) = A7 /A%, (36)

Corollary 6.16. Consider any finitely generated projective A-module A, any direct sum-
mand L C A, any injective A-linear map : L — A onto a direct summand of A and

any € € Aut(A) with det(e) € A* whose restriction to L is the map L — A induced by
. Then there exists a v € Aut 4(A) that induces € and restricts to 1.

Proof. Using direct complements, choose an extension 7/ € T' := Aut4(A) of 9. Tt is
enough to find a 4" € T restricting to the identity on L and whose induced v € AutK(X)
equals 771 oe€; indeed, v := 7' 0" is then a desired automorphism. We are thus reduced
to the case where 9 is the inclusion, i.e., to showing surjectivity of the natural morphism

C:={yeT:n|y =idr} = C = {e € Autx(A): e|f = idy Adet(c) € A*}.
Choose a direct complement L’ of L in A. Set G := Auta(L'), H := Homu (L', L), G :=
{e € Autx(L'): det(c) € A*} and H := Homz(L’, L). Under the natural isomorphisms

C>~2HxG and C=H xG,

the map C — C restricts to the natural morphism G — G, which is surjective by
Corollary 6.15, and to the natural morphism H — H, which is surjective by projectivity
of I'. Hence C — C is surjective, too. O

Proposition 6.17. Any projective module A of finite rank d > 1 over any Dedekind ring
A admits a unique class [J] € Pic(A) such that A =2 A1 @ J.

Proof. See for instance [28, Theorems 1.32 and 1.39]. O

Corollary 6.18. Consider any finitely generated projective A-modules L and A and any
injective non-surjective A-linear map 7 : L — A. Then there exists an injective A-linear
map L — A onto a direct summand of A which induces 7.

Proof. By the properties of 7, the rank of A is greater than the rank of L. By means of
Proposition 6.17, we thus assume that L is a proper direct summand of A. Using that
L C A, we choose an extension p € SL;(K) of 7. Proposition 6.14 then provides a desired
o € SL4(A) inducing p. O

Corollary 6.19. Consider any direct summands L, L' C A such that L C I'. Then there
exists a v € Ker(Aut4(A)) — Aut(A) for which v(L) C L.

Proof. Using Corollary 6.18, choose an injective A-linear map : L — L’ onto a direct
summand of L’ whose induced map L — T’ is the inclusion. Apply Corollary 6.16 to
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and idy to get an extension of ¥ in Ker(Aut(A)) — Autz(A). Such an extension maps
LtoL. O

Corollary 6.20. Denote by h(A) the class number of A. For any complete set S of repre-
sentatives for the IC-action on the set of A-structures as in Proposition 6.10 then holds
that

18] = h(4) - [4" /4"

Proof. Set K' := Aut ;(M). If any A-structures A, A’ lie in the same K'-orbit, i.e., if
A = K/(A') for some k' € K', then such a &’ restricts to an A-linear isomorphism
A — A. Conversely, any A-linear isomorphism ¢: A’ — A between any A-structures
A, A’ induces an automorphism

MAN PA N 2M

in K'. In the case I = A, the corollary thus follows from Proposition 6.17. Consider
any A-structure A. In the general case, it thus suffices to show that the number n(A) of
K-orbits in the K’-orbit of A equals [A”™/A*|. Set TV := Aut4(A) and let I C I be its
principal congruence subgroup of level I. The orbit K- A, resp. K- A, is then in a natural
bijection with K’/I", resp. K/T. Via the isomorphism A = M induced by A C M, then
as desired

(6.11)

n(A) = |(K'/T)/(K/T)| = (K 7)) (0 /T)| 2 | Aut 5 (31) /(17 T)|
— | Aut(®)/(T'/T)| = | Aut(®) /7] 2 (@) /4*] . ©

Suppose finally that I C A and consider any free A-submodule 0 # W C M. For any
direct summand 0 # N C M view Qy as a disjoint union of the Grothendieck ringed
spaces {(r) for all A-structures L of N. Consider the disjoint union of Grothendieck
ringed spaces

QM7W = H QN

being naturally acted by K; let Qi w be its quotient by K.

Proposition 6.21. For any free direct summand 0 # N C M with N = W the inclusion
Qn C Qpw induces an isomorphism of Grothendieck ringed spaces

Qg = QUew,

where Ky == {r’ € Aut 4(N)| 3x € K: r|n = '}
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Proof. That it induces an injective morphism Qg =~ — Qi w follows directly from the
construction. Surjectivity follows from Corollary 6.13. O

Consider further any A-structure A of M and identify A with M as above. Set T' := Ky

it is the kernel of the natural homomorphism Aut4(A) — Aut4z(A). Consider the disjoint
union of Grothendieck ringed spaces

QA,W = H QL

LCA
L=w

being naturally acted by I'; let Qr w be its quotient by I'.

Proposition 6.22. Suppose that W C V. Then the injections Qr, — Qp, ., [l] = ([I], L) for
all L C A with L = W induce an isomorphism of Grothendieck ringed spaces Qr.w =
Qiew -

Proof. That it induces an injective morphism Qr w — Qi w follows directly from the
construction. Let us show that it is also surjective. Consider any direct summand N C M
with N = W and any A-structure L’ of N. As W C V, Corollary 6.18 provides a direct
summand 0 # L C A such that L = L’ via the canonical inclusions or identifications
L cA=M >N =TI and an A-linear isomorphism p: L — L’ that induces the identity
map L — L’. Proposition 6.11 then provides a x € K that restricts to the tensor product
of p by A and hence restricts to p- Then k() = Q1) = Qs from which surjectivity
follows. O

Following Definition 2.35, a finitely generated projective A-submodule Y C C is an
A-lattice if the natural homomorphism Yz — E - Y is injective. Let d := rank 4;(M). By
a level-I-structure of an A-lattice Y C C of rank d, we mean an A-linear isomorphism
i: M — Y. By an isomorphism from any such (Y,4) to any further such tuple (Y’ i), we
mean an element ¢ € C* such that multiplication by ¢ maps Y onto Y’ and such that
the induced isomorphism Y — Y7 is compatible with the level structures.

For any A-structure A of M identify A with M via the isomorphism induced by the
inclusion A C M. Corollary 6.12 essentially implies

Corollary 6.23. A bijection between Qi and the set of isomorphism classes of A-lattices
in C of rank d with level I-structure is induced by associating with any ([I],A) € Qpr the
class of I(A) C C with level-I-structure 1: M — I(A) induced by .

Proof. It is directly checked for any ([I],A) € Qs that (I(A),l) is an A-lattice with
level-I-structure and that its isomorphism class depends only on its class in €k ;. Con-
sider any ([I], A), ([I'], A") € Qar whose associated isomorphism classes coincide and let us
show the claim that their images in Q) coincide. Without loss of generality, we assume
the representatives 1,1’ to be such that I(A) = I’(A’). Thus also the free A-modules I(A) 4
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and I'(A") 4 of rank d are equal. There exists thus a unique x € Aut 4 (M) whose composi-
tion with the tensor product (I[a) 4 equals (I'[a/) 4 via the isomorphisms A ; = M = A',.
As 1 = U, in fact K € K. This directly yields the claim. Consider then any A-lattice
Y C C of rank d with any level I-structure i: M — Y. Then Y, is a free A-lattice of
rank d and hence isomorphic to M. Further using Corollary 6.12, we choose an A-linear
isomorphism n: M — Y}; inducing i. Then A :=~1(Y) is an A-structure of M. As Y
is an A-lattice, n|s induces an isomorphism A — F - Y and thus extends uniquely to a
C-linear map : Ac — C for which Ker(I)NAg = 0. Thus [I] € Q4 and, by construction,

(I(A),1) = (Y,4) as desired. O
7. Compactifications of algebraic moduli spaces

Let A C C be as in Sections 5 and 6. Denote by F the quotient field of A, by p
the characteristic of F' and by F, the field with p elements. For any 0 # a € A set
deg(a) := dimp,(A/(a)). For any line bundle £ over any scheme S over F, denote by
7: F — EP x + zP the Frobenius homomorphism.

7.1. Pink’s normal compactification

Proposition 7.1. (Drinfeld [12, Proposition 2.1]) Consider any line bundle E over any
field K of characteristic p and any homomorphism

p: A= End(E),a— @, := Z@a,ﬂia
>0

where any @q.; is in the one-dimensional K -vector space I'(Spec(K), Elfpi) and any @aq.o
is the image of a under the structure homomorphism A — K. Then there exists a unique
integer r > 0 such that @, ; = 0 for any i > r - deg(a) and such that ¢, ;.dega) 7 0 for
any 0 # a € A with r - deg(a) > 0.

Definition 7.2. Any ¢ as in Proposition 7.1 with » > 0 is called a Drinfeld A-module over
K of rank r.

Let S be a scheme over F.

Definition 7.3. (Pink [29, Definition 3.1]) A generalized Drinfeld A-module over S is a
pair (E, ) consisting of a line bundle E over S and a ring homomorphism

w: A= End(E),a— ¢, = Z aiT"

with g, € T'(S, El_pi) satisfying the following conditions:
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o The derivative dp: A — g0 is the structure homomorphism A — I'(S, Og).
¢ Over any point s € S the map ¢ defines a Drinfeld A-module of some rank 75 > 1 in
the sense of Definition 7.2.

A generalized Drinfeld A-module is of rank < r if
Va € A,Vi>r-deg(a): pq; = 0.

An isomorphism of generalized Drinfeld A-modules is an isomorphism of line bundles
that is equivariant with respect to the action of A on both sides.

Definition 7.4. (Pink [29, Definition 3.2]) A generalized Drinfeld A-module over S of rank
< r with ry = r everywhere is a Drinfeld A-module of rank r over S.

Lemma 7.5. If S = Spec(R) is affine, then giving a Drinfeld A-module of rank r as in
Definition 7./ is equivalent to giving, as in the introduction, a ring homomorphism

v: A= R{t},a— ¢, = Z aiT"
0<i<d-deg(a)

for which pq,0 = t(a), where v: A — R is the structure morphism, and for which
Pa,d-deg(a) € R* for any 0 #a € A.

Proof. See Pink’s [29, Proposition 3.4 and its proof]. O
Consider any ideal 0 # I C A and any free A/I-module V # 0 of finite rank d.
Notation 7.6. Denote by V the constant group scheme over S with fibers V.

Definition 7.7. A level I structure on a Drinfeld A-module ¢: A — End(FE) of rank d is
an isomorphism of group schemes

V — ﬂ Ker(pg).
acl

Lemma 7.8. Suppose that S = Spec(R) is affine with structure morphism t: A — R and
that I = (t) for some 0 # ¢t € A. Giving a level (t) structure on a Drinfeld A-module ¢
over R is then equivalent to giving, as in the introduction, a map \: V. — R for which

AV \{0}) c R* and

=01 T (1-555) (37)

0#£vEV

for which the induced map X: V — Ker(R 2% R) is an A-linear isomorphism.
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Proof. This is directly checked. For details, see [20, Lemma 8.8]. O

Denote by Xfu Drinfeld’s [12, Section 5] fine moduli space over Spec(F') of Drinfeld
A-modules of rank d with level I structure; it is an irreducible smooth affine algebraic
variety of dimension d — 1 of finite type over Spec(F).

For the remainder of this section consider any congruence subgroup K C Aut 4 (M)
as in Section 6 and suppose that V' = I"*M/M and that K contains the kernel (1) of
AutA(M) — AutA(V).

Definition 7.9. The subgroup K C Aut;(M) is called fine if for some maximal ideal
p C A the image of K in Auts(p~'M /M) is unipotent.

Definition-Proposition 7.10. The natural action of K on level I structures induces an
action on Xfu that factors through the finite group K/KC(I). Denote its quotient by

Xk = (K/KD)N\XG -

If K is fine, then the universal family on X}‘fu descends to a Drinfeld A-module on
Xfx,)c which is called the universal family on Xfuc. Moreover, Xfx,lc and, if IC is fine, its
universal family are, up to a natural isomorphism, independent of the choice of such I.

Proof. See Pink’s [29, (1.1)-(1.3) and Proposition 1.5]. O

Definition 7.11. (Pink [29, Def. 3.9]) A generalized Drinfeld A-module (E, @) over S is
called weakly separating if for any Drinfeld A-module (E’, ¢') over any field L containing
F, at most finitely many fibers of (E, ) over L-valued points of S are isomorphic to

(E',¢").
Theorem 7.12. (Pink [29, Theorem 4.2]) If K is fine, then there exists a normal projective
algebraic variety YA,IC over F' together with an open embedding
d ——d
Xax = Xax

and a weakly separating generalized Drinfeld A-module (E,$) on Yj’,c extending the

. . <d _ , ,
universal family on Xﬁ,c; moreover, such X 4 and (E,9) are unique up to unique
isomorphism.

7.2. Moduli space of A-reciprocal maps

Using that A is finitely generated, choose any 0 # ¢t € A whose divisors

Diva(t) == {a € Alt € (a)} (38)
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generate A. Consider any free A/(t)-module V # 0 of finite rank.
For any ideal a C A consider the a-torsion submodule

To(V):={veV|Vaca:a-v=0}CV.
Set T, (V') := T(4)(V) for any a € A. For any W C V set
W =W\ {0}.

With any invertible sheaf £ on any scheme S associate the graded ring of global
sections

R(S,L) == EPT(S. L"),

n>0

where any I'(S, £™) denotes the space of global sections of L£™.

Definition 7.13. A map V- (S, L) is called fiberwise non-zero, resp. fiberwise injective,
if for any point s € S the composite V. — T'(S,L) — L ®p, k(s) is non-zero, resp.
injective.

Definition 7.14. Consider any invertible sheaf £ on any scheme S over Spec(A). A map
p: V= T(S, L) is A-reciprocal if for all a € Div4(t) and all v,v’ € V:

) a-veV=pw)Wli=a-pa-v)- [ (pv)—pw)),
0£wET, (V)

i) v+ € V= p(v) - p(t)) = plo+0') - (p(v) + p(v))),
iii) and if there exists a ring homomorphism ¢”: A — R(S, £){r} = End(L™!) restrict-
ing to

Diva(t) = R(S, L)[T], ars ¢o(T):=a-T- [ (1-p()-T).
0A4VET, (V)

Consider the polynomial ring Ay, := A[(Y,),cy]- Let Iy, C Ay, be the smallest homo-
geneous ideal for which

oy : V- Ap,v =Y,
induces an A-reciprocal map
pv: V =T(Qv,0q, (1) C Ay /Iy,
where Og,, (1) denotes the first twisting sheaf of Qv := Proj(Ay, /I;,). Denote by

Qv C Qv
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the open subscheme defined as the non-vanishing locus of {py (v)|v € V}.

Proposition 7.15. The scheme Qv , resp. Qy, with the universal family (Og, (1), pv),
resp. (Og, (Dlay,pvia, ), represents the functor which associates with any scheme S
over Spec(A) the set of isomorphism classes of pairs (L, p) consisting of an invertible
sheaf L on S and a fiberwise non-zero, resp. fiberwise injective, A-reciprocal map p: V-

(S, L).

Proof. Denote by Oy (1) the first twisting sheaf of Py := Proj(Ay). By [21, Chapter
2, Theorem 7.1], the scheme Py with the universal family (Oy (1), 0v) represents the
functor which associates with any scheme over Spec(A) the set of isomorphism classes
of pairs (£, p) consisting of an invertible sheaf £ on S and a fiberwise non-zero map
p: vV > I'(S, £). The relations defining Iy, are precisely those that require such a p to
be A-reciprocal. The proposition then follows by construction of Qy and Q). O

Consider any free A/(t)-submodule 0 # W C V. Extending any fiberwise non-zero
A-reciprocal map p: W — (S, L) to V by setting p(v) =0 for any v € V \ W yields
a fiberwise non-zero A-reciprocal map. This defines a closed embedding Qu — Qv
between the moduli schemes by means of which we identify Qw with a closed subscheme

of Qv.

Theorem 7.16.

i) Qv s the disjoint union of the locally closed subschemes Qy for all free A/(t)-
submodules 0 # W C V.

it) Consider the functor which associates with any scheme S over F the set of isomor-
phism classes of triples (E, ¢, \), where E is a line bundle on S and ¢: A — End(E)
is a Drinfeld A-module of rank d over S and X\:' V. — Ker(p(t)) is a level (t)-
structure. Mapping any such (E,p,\) to (L,p), where L is the inverse of the
invertible sheaf on S dual to E and where p: vV — LS, L),v — ﬁ, induces an
isomorphism of functors whose image is the functor in Proposition 7.15 represented
by the pullback Qv r of Qv to F.

Proof. The assertion in ii) is local in S. Consider any ring homomorphism ¢: A — R.
Via Lemma 7.5, giving a Drinfeld A-module ¢ of rank d over R is equivalent to giving
for any a € Div4(t) a polynomial

Pa = Z ‘pa,iTi € R{T}

0<i<d-deg(a)

with ©q,0 = t(a) and @, g.deg(a) € R such that

Diva(t) = R{r},a — ¢q (39)
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extends to a ring homomorphism A — R{7}. Via Lemma 7.8, giving a level (¢)-structure

o

for such ¢ is equivalent to giving an injection A: V' — R for which A(V) C R* and for
which (37) holds and such that

Va € Diva(t): oo A= Aoa and Yv,v" € V:A(v+v") = A(v) + A(V'). (40)
Let a € Diva(t). We claim that any such level (¢) structure satisfies that
T
e =) T T (1-L). (41)
A(v)
0FVET, (V)

Indeed, (40) implies that A(7,(V')) is contained in the set of zeroes of ¢,. As T, (V) is a
free A/a-module of rank d, moreover

NTL(V)] = [Tu(V)] = g 0e5(0) — giose oo,

Hence the left and right hand side of (41) coincide up to an element in R*. This element
must be 1 since the constant coefficient of each side is ¢(a) which is non-zero as R is over
F. This yields the claim. From this characterization of Drinfeld A-modules over R with
level (t) structure, Part ii) is directly deduced.

Consider then any s € Qy with A-reciprocal map

P>V = 0, (1) ® Og, k(s) = K
induced by p. As p® is non-zero by assumption, the ring homomorphism ¢: A — K{r}
induced by p*® does not coincide with the structure homomorphism A — K; as K is a
field, it is thus, by Proposition 7.1 a Drinfeld A-module of some rank 1 < d’ < d. Then
Ker(yy) is a free A/(t)-module scheme of rank d’ (see e.g. [27, Proposition 4.1]). Let

W = {0} U {v € V|p*(v) # 0}. (42)

Properties i) and ii) in Definition 7.14 of p* imply that

W — Ker ), w —
(o) p*(w)
extends to an A-linear isomorphism W — Ker(p;). Hence W C V is a free A/(t)-

submodule of rank d’ and s € Q. By (42), moreover, s ¢ Qy for any other free
non-zero A/(t)-submodule W’ C V. This yields Part i). O

Remark 7.17. Lemma 7.8 and Theorem 7.16,ii) work more generally for schemes S over
Spec(A[3]). Thus already over Spec(A[1]), the scheme Qv is a compactification of Drin-
feld’s moduli scheme of Drinfeld A-modules of rank r with level (¢) structure.
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Proposition 7.18. The pullback of Qv to F is irreducible.

Proof. Property v) in the proof of Theorem 8.14, which does not depend on this propo-
sition, implies that Qy (C) is dense in Qv (C'). Hence the pullback of Qy to F' is dense in
the pullback of Qv to F. That the latter is irreducible, thus follows via Theorem 7.16,ii)
from the irreducibility of Drinfeld’s moduli scheme over F. 0O

Definition 7.19. A subgroup A C Auts(V) is called fine if it has unipotent image in
Aut 4 (T,(V)) for some maximal ideal p C A containing ¢.

Proposition 7.20. Consider any fine subgroup A C Aut4(V') by means of some mazximal
ideal p C A and consider any free A/(t)-submodule 0 = W C V. Then the stabilizer
Aw :={6 € Al S(W) =W} of W in A is a fine subgroup of Auta(W) by means of p
and it has a non-zero fized point in T,(W), and hence in W, under the natural action.

Proof. The first assertion is directly checked. Let us show the second assertion. The
assumption that ¢ € p implies that T, (W) # 0. It then suffices to show that the image
G of Aw in Auty(T,(W)) is a p-group, where p is the characteristic of A. Suppose,
by contradiction, the existence of a non-trivial ¢ € G of order k not divisible by p.
Let x, resp. m, be the characteristic, resp. minimal, polynomial of g over A/p and set
r(X) := X* — 1. Since g is unipotent, x is a power of (X — 1). Moreover, r is separable
since p does not divide k. As m divides both x and r, it thus equals X — 1. This implies
that g is trivial and thus yields a contradiction as desired. O

For any subgroup A C Aut4 (V) view A\Qv (C) with its structure of projective rigid
analytic variety. For any integer k denote by O(k) the analytification of the pullback of
the k-th twisting Og, -module to Qv (C) under Spec(C) — Spec(A4). Pink’s [29, Lemma
4.4 and its proof] inspired

Proposition 7.21. Consider any fine subgroup A C Aut(V) and any integer k. Then the
subsheaf of A-invariants of O(k) is an invertible sheaf on the projective rigid analytic
variety A\Qv (C) and its pullback to Qv (C) is O(k). Moreover, if k > 0, then the
subsheaf of A-invariants of O(k) is ample.

Proof. Let Oa(k) denote the subsheaf of O(k) of A-invariants. For any free A/(t)-
submodule 0 2 W C V consider the Zariski open subset Uy, C Qv defined as the union
of the Q- for all free A/(t)-submodules W C W’ C V. Choose then a 1 > ¢ € |C*].
For any such W consider the admissible subset

Ys

«

U(W,e) := {[(ya)ae‘v/] e Uw(C) | Yae W,V e V\W:

Sa}CQ.

By Theorem 7.16,i) and since Qu (C) C U(W,¢e) for any such W, the rigid analytic
variety @ is covered by the U(W,C) for all such W. As this covering is finite, it is
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admissible. As ¢ < 1, it holds that U(W,e) N U(W’,e) = 0 for any free submodules
W,2W' CcV with W ¢ W' ¢ W. Moreover, g(U(W,¢)) = U(g(W),e) for any such W
and any g € Aut(W). Consequently, any such U(W,¢) is invariant under Ay := { €
A|§(W) = W} and satisfies that 6(U(W,e))NU(W,e) = 0 for any § € A\ Ay . In order
to see that Oa (k) is an invertible sheaf, it thus suffices to show that for any such W the
subsheaf Ow (k) of A -invariants of the restriction of O(k) to U(W,¢) is an invertible
sheaf on Ay \U (W, ¢). Consider such a W. Then Proposition 7.20 provides an 0 # o € W
that is fixed by Ay . For such an « the restriction of the global section (Y,)* to Ow (k)
thus induces a nowhere vanishing global section in the quotient Ay \Ow (k) and hence
yields a trivialization of it as desired. Let F denote the pullback of Oa(k) under the
quotient morphism. Using the above trivialization, it is directly checked that the natural
morphism F — O(k) of O(0)-modules is an isomorphism. By [24, Chapter 2, Proposition
5.12, (c)], Oq, (k) is the inverse image of the k-th twisting sheaf on Proj(Ay) and is
thus [24, Chapter 2, Proposition 5.12,(b) and Theorem 7.6] ample if ¥ > 0. If k¥ > 0,
thus O(k) is ample and, since it is the pullback under the finite quotient map of the
invertible sheaf Oa(k), also Oa(k) is ample by [23, Chapter 1, Proposition 4.4.] via
Kopf’s GAGA-Theorem [26, Satz 5.1]. O

For the remainder of this section consider any congruence subgroup K C Aut 4 (M)
as in Section 6 and suppose that V = t~!M/M and that K contains the kernel
K(t) of Aut (M) — Auta(V) and denote by A the image of K in Auta(V). Let
d :=rank 4 /) (V).

Lemma 7.22. K is fine (in the sense of Definition 7.9) if and only if A is fine.

Proof. Suppose first that K is fine. Choose any maximal ideal p C A such that the image
in Auta(p~'M/M) of K is unipotent. As K D K(t), then ¢ € p. The natural morphism
Ty(V) — p~'M/M is thus an isomorphism which maps the image of A in Auta (7, (V))
onto the image of K in Aut(p~1M/M). In particular, A is fine. The converse direction
follows similarly from a suitable isomorphism as before. 0O

Proposition 7.23. The correspondence in Theorem 7.106,ii) induces an isomorphism be-
tween normal quasi-projective varieties

Xféll,IC — A\QVJ?‘. (43)

Proof. Theorem 7.16,ii) provides an isomorphism Xﬁ K@) Qv r between smooth
quasi-projective varieties which is equivariant with respect to A = IC/K(¢). Its induced
morphism on quotients is thus as desired. O

Denote by Ey the line bundle on @y dual to the minus first twisting Og,,-module
and view ¢V as ring homomorphism A — End(Ey ). Denote by Qv,r, resp. Ev, g, resp.
7Y, the pullback of Qv, resp. Ey, resp. ¢”V, to F. Denote by n: QVp — Qu,r the
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normalization morphism. The action of A on @y induces an action on the projective
variety Q(} r; denote by Q% its quotient viewed as projective algebraic variety.

The following corollary follows from Theorem 7.16,ii) in the case where A = 0 and
then by Pink’s [29, Lemma 4.4 and its proof] in the general case.

Corollary 7.24. Suppose that K and A are fine. Then the pullback of (Ev,r, ) under
n descends to a weakly separating Drinfeld A-module (E7}, ©®) over QR which extends,
via (43), the universal family of the open subscheme A\Qy C Q%.

Proof. Theorem 7.16 implies that (Ev,r, ¢ ) is a weakly separating Drinfeld A-module
over Qv, r that extends the universal family over {2y, p. By construction, it is A-invariant.
Moreover, by means of the normality of 2y, we identify Qy, p with its preimage under
n. Hence also the pullback of (Ev, r, ¢ ) under the finite morphism n is a A-invariant
weakly separating Drinfeld A-module over the projective scheme Q(} r that extends the
universal family over Qv p. By Pink’s [29, Lemma 4.4 and its proof], as A is fine, then
the quotient £} of the pullback of EY; - under n by A is a line bundle over Q{ and the
pullback of (Ey, g, %) descends to a weakly separating Drinfeld A-module (E%, %)
over the projective scheme QX that extends the universal family over A\Qy p. O

Corollary 7.25. Suppose that K and A are fine. Then QR and (EZ,@A) coincide up to

—d —
unique isomorphism with X 4 o and (E,9) from Theorem 7.12.

Proof. This follows from Corollary 7.24 and the uniqueness property in Theorem 7.12. O
8. Comparison of algebraic and analytic compactifications

Let A C C be as in Sections 5, 6, 7. Let 0 # ¢t € A be such that Div4(t) generates A as
in Section 7.2. Consider any free A-module M # 0 of finite rank, set V :=¢t~1M/M and
V := V\{0} and let K be the kernel of the natural homomorphism Aut 4 (M) — Aut4 (V).
Consider the closed subvariety

Q= Qv (C) C P:=Proj(C[(Yy),ep])

provided by Section 7.2 with its structure of reduced rigid analytic variety over C. By
Theorem 7.16,i), @ is stratified by the locally closed subvarieties Qy (C) for all free
A/(t)-submodules 0 # W C V; any Qy (C) is the intersection of the non-vanishing locus
in Q of (Ya)ozaew with the vanishing locus in @ of (Ya)aev\w- Set € := Qy(C). Recall
the Eisenstein series Eq := Eprq,1 for all a € V from Example 6.9.

Theorem 8.1. The (Ey ),y define a morphism of Grothendieck ringed spaces Ey: Q. —
Q which is the normalization morphism (in the sense of Conrad’s [10]) of Q and restricts
to Drinfeld’s isomorphism Qi — € between normal rigid analytic varieties. Moreover,
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the morphism of Grothendieck topological spaces underlying Ei restricts to isomorphisms
between irreducible components.

We prove Theorem 8.1 at the end of this section. We first recall Drinfeld’s correspon-
dence between level structures of A-lattices and level structures of Drinfeld A-modules
as well as the induced isomorphism between moduli spaces.

Theorem 8.2. (Drinfeld [12, Proposition 3.1]) Consider any integer d > 1 and any ideal
0 # I C A. For any A-lattice Y C C of rank d with level I-structure i: (I71/A)4 —
I7YY)Y (see Corollary 6.23) the map

A= C =a-T- 1—
p: A= C{rha— gai=a O H S
£lz]el-1Y/Y
is a Drinfeld module of rank r with level I-structure

(I7PA/A)T = I7Y /Y, 0 = ey (i(v))

satisfying ey o a = @, o ey for any a € A. This induces a bijection from the set of
isomorphism classes of A-lattices in C' of rank d with I-level structure to the set of rank
d Drinfeld A-modules over C with level I-structure.

Proposition 8.3. (Drinfeld [12, Prop. 6.6]) The rule
Qe = Qe A) = [(Ba(l,A) e (44)
defines an isomorphism of rigid analytic varieties over C'.

Proof. By Definition-Proposition 2.40, for any «a € V and any lift & € t71A of a holds
that

V(I,A) € Qur: Eo(l,A) = o (@)

From Proposition 6.23 and Theorem 8.2 applied to the case I = (¢) and from Theo-
rem 7.16,ii) thus follows that the rule in (44) defines a bijective map. For more details,
we refer to [12, Prop. 6.6] or [20, Prop. 9.5]. O

Corollary 8.4. Consider any A-structure A of M, set T := Ky and view Q} as a subspace
of Q% wvia Proposition 6.10. Consider any free A/(t)-submodule 0 # W C V and recall
the rigid analytic variety Qr w defined before Proposition 6.22. Then

Qr.w = Qw(C),mr(l) = [(Eal; A))ae]

defines an isomorphism of rigid analytic varieties.
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Proof. By means of Corollary 6.13, choose a free direct summand N C M such that
t~!N/N = W. By Proposition 8.3,

Qe = Qw(C), 7 (ILL) = [(Bani(, L)) \err)

defines an isomorphism of rigid analytic varieties. It is directly checked that the precom-
position of this isomorphism with the isomorphisms Qr w — Qxcw and Qe w — Qg
provided by Propositions 6.21 and 6.22 defines the desired isomorphism. O

Choose a finite set of representatives {A;};cr of the orbits of the K-action on the set
of A-structures of M and recall from Proposition 6.10 the isomorphism

* *
HQFi — O,
iel

where T; := Kp, for every i € I. For any i € I denote by ; the image of Qr, under
the isomorphism Qx — Q between normal rigid analytic varieties in Proposition 8.3. By
Corollary 4.22, the Qr, are the irreducible components of Qx and hence the 2; are the
irreducible components of ).

Definition 8.5. Set Q; :=Q; U(Q\ Q) C Q for any i € I.
Lemma 8.6. Any Q; C Q is Zariski closed and any $2; C Q; is Zariski open.

Proof. By Proposition 6.10, any Qr, is Zariski closed and open in Qx. Hence any €; is
Zariski closed and open in . As, furthermore, €2 is Zariski open in @, thus any §2; is
Zariski open in @); and any @; is Zariski closed in Q. O

Proposition 8.7. For any i € I the rule

EZ‘S QFZ — Q?ﬁﬂ_l—‘i (l) —> (Ea(lyAi))aEf/

defines an isomorphism of Grothendieck topological spaces which restricts to a map
Qr,w — Qw(C) underlying an isomorphism of rigid analytic varieties for any free
A/(t)-submodule 0 # W C V.

We will prove Proposition 8.7 before Corollary 8.11 after more preparation. How-
ever, we may already see that the rule 7r, (1) — (Eu(l, M) crr
E;: Qf — Q; which restricts to isomorphisms Qr, w — Quw (C) of rigid analytic va-

defines a bijective map

rieties: Indeed, this follows from Corollary 8.4 as well as the facts that @ \ €, resp.
QF. \ Qr,, is the disjoint union the Qu (C) for all such 0 # W C V' by Theorem 7.16,
resp. of the Qr, w by construction.
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Let us recall the content of Proposition 3.3 in the present setup. Consider any subset
T C V and any ¢ € |C*| and associate with it the Zariski open, resp. admissible, resp.
Zariski closed subvariety

UT) == {{(ya)gey] EP |V €T 1 ya #0} C P,
Yo'

UT,e) = {[(ya) yep) EUT) | Vo €V\T, VaeT:

<e} cU(T),

(03

UT) = {[(ya) uey) €UT) | Yo' € VAT, Va T yyi =0} C U(T).
Then Q(T) # 0 < T # (; in this case, denote by pr: U(T) — Q(T) the natural
projection morphism and for any O C Q(7T') set

U0, ¢) = pz'(0) NU(T, ).

Proposition 8.8. Consider any closed subvariety P’ C P. Then a subset X C P’ is
admissible if and only if for any T C V with Q(T) N P’ # 0:

i) the subset X NQ(T) C P' N QT) is admissible and
it) any admissible quasi-compact O C Q(T) with ONP' C X admits an e > 0 such that
UO,e)N P C X.

A covering of an admissible subset X C P’ by admissible subsets is admissible if and
only if its intersection with X NQ(T) is admissible for any T C V.

Proof. The present setup is a special case of Example 3.2. Hence the proposition is an
instance of Proposition 3.3. O

Proposition 8.9. Let T C V. If T = W for some free A/(t)-submodule 0 # W C V', then

o

QTYNQ = Qw (C). Otherwise, UT)NQ = 0. Moreover, QV)NQ; = Q; for any i € I.

Proof. This follows directly from Theorem 7.16,i). The last assertion follows directly
from the definition of the @;. O

For any ¢ € I and any free A/(t)-submodule 0 # W C V denote by Orb(i, W) the
finite set of orbits O of the I';-action on the set of direct summand L C A; for which
t~'L/L = W. In the notation of Definition-Proposition 5.19 and Proposition 6.22, for
any ¢ € I we have a disjoint union

or,w= [ Qo (45)
OeO0rb(i,W)

of rigid analytic varieties and for any Y C Qp, w and any r € |C| we set
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UMY, r) = | UM YNQo, 1) COf. (46)
O€eO0rb(i,W)

Lemma 8.10. Consider any i € I, any free A/(t)-submodule 0 AW C V', any admissible
quasi-compact O C Q(W) and any finite field Fy C A with q elements. Then there exist
e,ro > 0 such that for any ro < r € |C|:

B U0, r T MYy C Y(Ay, B N0),r) € B NU(0, 5))

K3

r
Proof. Using the quasi-compactness of O, choose a ¢ > 1 such that
° ya/
Yy = [(ys) gev] € O, Vo, o € W | S ¢
Choose a basis a1, ..., a; of the Fy[t]-module A and set
C/ = C-INaXx)<i<k |G,1‘
Using [20, Cor. 2.29], choose a § > 0 such that for any [y], [2] € Q(W):
’ 2 Ya! Za!

{Va,a ew: e <5}:>[[y]60<:)[z]60]. (47)

Set ro := max{c, %} Consider any ro < r € |C| and set e := ¢~ "k (M) Get

A:=A; and T :=T; and E := E;. Denote by 7: t " 'A — V the quotient morphism.
Moreover, for any subset S C C set as before

d(S) := infozses |8

Consider any [ € Q%, say | € Qp. Set £ := I(L) and n := rankp, ;(£). Choose an
x; € t71L£\ {0} of minimal norm and let a; := m(I7!(x;)). Proposition 2.41 then yields
for any further 2’ € ¢t='£ which is non-zero modulo £ and of minimal norm in 2’ + L,
with o := 7(I=%(2")), that

’
1|2 an

T

x

I

< (48)

_ ’E (0
Eu(l)

Suppose first that mr(l) € E71(U(O,¢)). Then oy € W; indeed, if o was not in W,
then we could choose an z’ and o as in (48) with o/ € W and apply the assumption

Eq, (1)
that then ‘Eaf(l)

of (48). Consider then any z and o, resp. ) and o, as in (48) such that o} € W,

E

< e < 1 contradicting the fact that |z;| < || via the first inequality

resp. ah ¢ W. The first, resp. second, inequality of (48) then yields that
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’
T2
]

- (49)

/ /
il 22

|20

1 E,, ()
h Ea’l (Z) ‘

<e¢, resp. r"I" < - < ‘ <
‘ ’ Eo/g (l)

g

™

x

and, in particular, that |2)}| < |x4| since r > ¢. We have thus verified condition (4) of
Corollary 2.39 in the following case: Let x1,...,2, € t"1L be a minimal reduced F,[t]-
basis of 7' £ and let L' C A be the F,[t]-submodule generated by the ¢-1~*(z;) for all z;
with |a;] < d := d(I(x—(V \ W)) N L). Then t"'L'/L' = W and d(I(t"'L\ t"'L']) = d
by Corollary 2.39. Hence

d(I(L\ L)) d@E L\ L") d (19

Iy A awy)  gm =" (50)

In fact, L’ C A is an A-submodule and, as such, a direct summand: Indeed, the first
inequality of (49) and the definition of ¢/ and r imply that

VI<j<kl1<i<n: |aj-2;| < |z <r-|o| <d=d(¢ 'L\t 'L))

and thus, as t7'£ is an A-module, that a; - z; € t~'I(L’) for any such i, j. The basis
property of bot the a; and the z; then yields that t~'I(L') C ¢t~'£ and hence L' C
L C A are A-submodules. Moreover, as L' C L and L C A are direct summands as
F,[t]-submodules, the quotient A/L’ is torsion-free as F,[¢t]-module and hence also as
A-module. In particular, A/L’ is a projective A-module. The short exact sequence 0 —
L' - A — A/L' — 0 thus splits; equivalently, the A-submodule L’ C A is a direct
summand.

Set I’ := I|1;,. Let © be the I'-orbit of L’. As argued above, t~'L’/L' = W. Hence
O € Orb(4, W). We claim that E(np(I')) € O and hence, in view of (50), that [I] €
UA, pr (E7H0)) N Qps,7) so that as desired

ar(l) e U(A, E7H0), 7).

For the claim, it suffices, by (47) and since py;, (E(nr(l))) € O, to show that

Va,o € W
For any 8 € W set

1
Es = Eg(l) and Ej := Eg(I') and €5 := Ey — Ejy = > T (51)
Ael(m—Y(B)NL\t—1L")

We then have for any o, o/ € W that

€a’

w Jeets)
E,

(50) 1 1
< ——
T Xy

= o fal 1Bl

T+ A |z <[] €
— | -c = —
r
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and hence as desired that

Ew Ey| |Ew Ea—ew| |8 -5 5
‘EQ_E& ’Ea_Ea e | -5
11% €a’ Ea’ €a CQ 5
=B B BT

This shows the claim and hence the first inclusion stated in the lemma.
Conversely, assume that (1) € U(A, E1(0),r). Thus

[ e U(A,p~ (E7HO) N Q1)

for some L' € O € Orb(ii W). Choose such an L’ and set I" := [[,, € Q. and define Fj,
Ej and eg for any 8 € W as in (51). Using (47) similarly as before, we shall first show
that py, (E(nr(1))) € O. The assumption implies that E(nr(l')) € O and, as r > 1, that
21 € I(t1L). For any a, o/ € W thus follows that

€o 1 1 Jevan ()| | EG,
By vl B v | a ||,
1 z +A’ lz|<|Al €
< = — | -c = —
S T
0#£NEL (L)
and hence that
, , , E;/ [ €q/
Ea/ . Eo/ _ Ea’ _ Eo/ + €a/ _ E’a ) Eéx B E'Il
E.  E, E!,  E,+eq L+ 5
. 2
125 By fa | g
E', E! E r

Hence py;, (E(mr(1))) € O by (47) since E(nr (1)) € O. We finally show that

Ea(l)
Ea/(l)

e

Yo/ € W, Yo e V\ W: ‘ ‘S . (52)

Consider any «, o’ as in (52). Suppose without loss of generality that E,(I) # 0 so that
71 (a)N L # 0. Choose an x € I(7~!(a)) N L) of minimal norm. Then

- |70 wwl =

Hence E(7r (1)) € U(O, £). This establishes the second inclusion. O
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Proof of Proposition 8.7. As argued after Proposition 8.7, it remains to be shown the
claim that F; induces an isomorphism of Grothendieck topologies. From Definition-
Proposition 5.19 follows via (45), that a subset X C €f. is admissible if and only if for
any free A/(t)-submodule 0 # W C V the subset X N Qp, w C Qr; is admissible and
any admissible quasi-compact Y C X N Qp, w admits an r € |C| with U(A;,Y,r) C X.
Moreover, for any such W the admissible quasi-compact subsets of Qy/(C) are precisely
the intersections with Qy (C) of the admissible quasi-compact subsets of Q(W) (see
[20, Cor. 2.30]). As E; restricts to an isomorphism Qr, — Q; and to an isomorphism
Qr,w — Qw(C) for any such W C V by Corollary 8.4, the claim directly follows
from Proposition 8.8 applied to the case P’ = (; jointly with Proposition 8.9 and
Lemma 8.10. O

Corollary 8.11. The Q; for all i € I are the irreducible components of Q. Moreover, §;
is dense in Q; for every i € I.

Proof. By Lemma 8.6, any Q; C @ is Zariski-closed. By Corollary 5.16, any Qr, is dense
in Qf, . By Proposition 8.7, thus any €2; is dense in ();. Consequently, any @; contains the
dense irreducible subset 2; and is thus itself irreducible. Moreover, for any irreducible
Zariski closed subset Y C @ the intersection Y N2 with the Zariski open 2 is irreducible
and thus contained in some §2; by maximality of the irreducible components €2;. Hence
the @; are maximal among the irreducible Zariski closed subsets of () and are thus the
irreducible components. O

Corollary 8.12. Consider any direct summand 0 # W C V and any irreducible component
Y of Qw (C). Then'Y is Zariski locally closed and irreducible subset of Q and its Zariski
closure in Q consists of Y and all Q- (C) for all 0 # W' C W.

Proof. By Corollary 8.11 applied to Q' := Qw (C) instead of @, the closure Z of Y in
Q' isYU(Q'\Qw(C)). By Lemma 8.6, Y C Z is Zariski open. Now use that the closed
embedding Qw — Qv defined before Theorem 7.16 identifies Z with the closure of Y in
@, and that @’ is the union of the Qu/(C) for all 0 £ W' C W. O

Let ¢ € I. Consider the Grothendieck ringed space (Q;, @Qi) whose underlying
Grothendieck topological space coincides with the one underlying (Q;, Og,) and whose
sections on any admissible U C @Q); are the functions f: U — C' that are continuous with
respect to the canonical topologies, that are bounded on any admissible affinoid subset
of U and that restrict to regular functions UNQy (C) — C for any free (A/t)-submodule
0 # W C V. Denote by

ng,: (Qza @Ql) - (Qi7 OQL)

the morphism of Grothendieck ringed spaces whose underlying morphism of Grothendieck
topological spaces is the identity and whose homomorphism Og,(U) — Og,(U) for any
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admissible U C @; is the natural injection by means of the Maximum Modulus Principle,
i.e., Proposition 2.27.

Corollary 8.13. The isomorphism E; of Grothendieck topological spaces yields an isomor-
phism

of Grothendieck ringed spaces, where the homomorphisms on sections are given by pre-
composition with E;.

Proof. This directly follows from Proposition 5.22 and the construction of @Qi via Propo-
sition 8.7, Corollary 8.4, Lemma 8.10 and (45). O

Theorem 8.14. The morphism ng, is the normalization of Q;.

Proof of Theorems 8.1 and 8.14. By means of the isomorphism in Corollary 8.13, we
identify (Q , Or,) with (Qs, Og,) and are reduced to showing that ng, is the normal-
ization morphism for @;. Set Z := @Q;. We want to apply Theorem 3.7 to the present
case, i.e., where the global sections S on Z are the restrictions to Z of the Y, for all
a e V. Let us verify its conditions:

i) Z is irreducible,

iit) Z\ Q(S) is of everywhere positive codimension in Z.

)
ii) the Zariski open subvariety ©(S) C Z is normal,
)
iv)

any function f: X — C on any admissible X C Z which is continuous with respect
to the canonical topology and restricts to a regular function on X N Q(S) restricts
to a regular function on X NQ(T) for any T' C S and

v) any z € Z has a fundamental basis of admissible neighborhoods U such that UN§(.S)

is connected and, in particular, non-empty.

Condition i) follows from Corollary 8.11. Normality of Q(S) = Q(V) N Z = Q; follows
from Theorem 4.13 via Theorem 8.3; this yields ii). By Proposition 8.3, Example 4.16
and Corollary 4.15, moreover, Qu (C) is everywhere of dimension rank 4 ;) (W) — 1 for
any free A/(t)-submodule 0 # W C V. Via Proposition 8.9, thus follows that Z\ Q(S) is
of everywhere positive codimension which yields iii). As for Assumption iv), consider any
admissible X C Z and any function f: X — C which is continuous with respect to the
canonical topologies and which restricts to a regular function on X ﬁQ(V) The regularity
of the restriction of f to X NQ(W) for an arbitrary free A/(t)-submodule 0 # W C V
then follows from Proposition 5.31 by descending induction on the rank of W. Taking
Proposition 8.9 again into account, this yields Condition iv). Finally, Corollary 5.16
provides Condition v). We may thus apply Theorem 3.7 which concludes the proof. O
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Corollary 8.15. Let i € I and set T :=T;. Consider any T'-orbit O =T - L # {0} of direct
summands of A;. With respect to the Zariski topology, the subset Qo C Qf is irreducible,
locally closed and its closure is the union of all Qr.pr for all 0 £ L' C L.

Proof. Choose any L € O and set W := t~'L/L C V. The image Y of Qo under E;
is an irreducible component of Qyu (C) by Corollary 8.4 and (45). By Corollary 8.12,
Y is Zariski locally closed and its closure Z is the union of Y and all Q- (C) for all
0 # W' C W. As E; is bijective, Qg is the preimage of Y and thus a Zariski locally closed
irreducible subset in Q. The closure of Qo in Qf is E; *(Z) since E; is bijective and
since, being a normalization morphism, F; finite and thus [8, Prop. 9.6.2.5 and 9.6.3.3]
sends Zariski closed subsets to Zariski closed subsets. However, E; *(Z) is the union of
Qo and the Qg for all T-orbits O’ =T - L' with 0 # ¢t~ 1L'/L’ C W by Corollary 8.4.
The corollary now follows from Corollary 6.19. O

9. Consequences of the comparison

Let A C C be as in Sections 5, 6, 7, 8. Consider any congruence subgroup K C
Aut 4(M) as in Section 6. Choose 0 # t € A such that K contains the kernel IC(t) of
the natural homomorphism Aut (M) — Auta(V), where V := t~'M/M, and, using
that A is finitely generated, such that Div4(t) generates A as in Section 7.2. Identify
A = K/K(t) with the image of K in Aut4(V). Let @ := Qv (C) and Q := Qv (C) be as
in Section 8.

Theorem 9.1. The normalization morphism Exy in Theorem 8.1 is A-equivariant and
the induced morphism Ex: Q& — A\Q is the normalization morphism of A\Q and
restricts to Drinfeld’s isomorphism Qx — A\Q between normal rigid analytic varieties.
Moreover, the morphism of Grothendieck topological spaces underlying Ex restricts to
isomorphisms between irreducible components.

Proof. By construction, Ejx ) is A-equivariant and thus induces a morphism Ejc: Q. —
A\Q between their quotients. From Theorem 8.1 follows via Képf’s GAGA-theorem [26,
Satz 5.1] that the quotient Q. of Q,*C(t) by the finite group A is a normal projective rigid
analytic variety since Q,*C(t) is. Moreover, Ei is finite since Ey () is. Moreover, as Ex )
restricts to an isomorphism Q) — €, also Ex restricts to an isomorphism Qx — A\Q
between their quotients. Furthermore, Corollary 5.16 yields via Proposition 6.10 that
both the Zariski closed complement of A\Q in A\Q and its preimage in Q} are nowhere
dense. By [10, Theorem 2.1.2], thus E is indeed the normalization morphism. Moreover,
as the Grothendieck topological space on each side of Ex is the quotient by A of the
respective side of Ey (), the last assertion, too, follows from Theorem 8.1. O

Choose any complete set S of representatives of the natural [C-action on the set of
A-structures of M and recall the isomorphism
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[T R ) — (%, Ry) (53)
AesS

of Grothendieck graded ringed spaces provided by Proposition 6.10.

Corollary 9.2. Q% is a normal projective rigid analytic variety over C whose irreducible
components are, via (53), the Qf  forall A€S.

Proof. By [10, Theorem 2.1.3], the analytification functor commutes with the normal-
ization functor. From Theorem 9.1 thus follows that Qj is a normal projective rigid
analytic variety. Moreover, via (53), the Q*EA are admissible subsets of Q% and pairwise
disjoint. It thus suffices to show that each of them is irreducible. Consider any A € S.
Then the admissible subvariety {3~ C Q% is irreducible by Proposition 4.13 and dense
by Corollary 5.16. Thus Q—A is itself 1rredu01ble as desired. O

Consider any finitely generated projective A-module A # 0 and any congruence sub-
group I' C Aut4(A). For the remainder we consider the following special case of M,
t, K, S so that we may interpret A as an element of S and I' to be K,: Assume that
M = A ®4 A; then A is an A-structure of M. Using that I' C Aut4(A) is a congruence
subgroup, assume that 0 # ¢ € A is such that Div 4(¢) generates A and that furthermore
I contains the kernel of Aut4(A) — Auta(t~1A/A). Identify t *A/A with V =t~ M/M
via the isomorphism induced by the inclusion A C M. Assume that K is the preimage in
Aut 4 (M) of the image of I" in Aut (V). Assume finally that S contains A. In this case
indeed T' = KCu.

Corollary 9.3. The Grothendieck ringed space (4, OF) is an integral normal projective
rigid analytic variety over C containing Qr as a dense admissible subvariety.

Proof. Cororollary 9.2 yields the first part and Corollary 5.16 the second. O

The subgroup I' C Aut4(A) is called fine if its image in Aut4(A/pA) is unipotent for
some maximal ideal p C A.

Corollary 9.4. Suppose that T' is fine and let k > 0 be any integer. Denote by E the
restriction of Ex to Qf and by Y its image. Let Oy (k) be the pullback under Y C
A\Qv (C) of the invertible sheaf from Proposition 7.21. Then the morphism

E~Y(Oy (k) ®p-1(0y) OF = Op(k) (54)

induced by E from the inverse image under E of Oy (k) to Of(k) is an isomorphism
and the natural morphism (Of:(k))¥ — Ox(k - k') is an isomorphism for any k' > 0.
Consequently, if k > 1, then Of(k) is an ample invertible Of-module.
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Proof. The morphism of Grothendieck topological spaces underlying E is an isomor-
phism by Theorem 9.1. Thus

E7H Oy (k))(X') = Oy (k)(E(X")) (55)

for any admissible X’ C Q. Moreover, by construction of Of, any nowhere vanishing
section in Or(k)(X’) is a basis for Or(k)|x: over Or|xs for any admissible X' C Qf.
Using that Oy (k) is invertible, choose any admissible covering C of Y such that any
Y’ € C admits a nowhere vanishing section in Oy (k)(Y’) which is a basis of Oy (k)|y-
over Oy |y. Let Y’ € C and set X' := E~1(Y”). Using (55) and that E sends any nowhere
vanishing section in Oy (k)(Y”’) to a nowhere vanishing section in Or(k)(X"), it is directly
checked that (54) restricts to an isomorphism on X’. As the preimage of C under FE
is an admissible covering, this yields the first part. The second part holds true since
moreover, by [24, Chapter 2, Prop. 5.12], the natural morphism Oy(k)k/ — Oy (k- k)
is an isomorphism for any &’ > 0 and since the formation of tensor products and inverse
images are compatible.

Suppose that & > 1. As Oy (k) is ample invertible by Proposition 7.21, so is its
inverse image under the finite morphism F by [23, Ch. 1, Prop. 4.4] using that E is the
analytification of the algebraic normalization of ¥ by [10, Thm. 2.1.3]. Hence Of(k) is
ample invertible by the isomorphism (54). O

Corollary 9.5. The C-algebra Ry (Q) is finitely generated with OF(Q2f) = C and Qf s
the analytification of Proj(RE(25)).

Proof. By Kopf’s GAGA-theorems [26, Satze 4.7 und 5.1] and Corollaries 9.3 and 9.4,
the variety Qf. is the analytification of some normal integral projective algebraic variety
X and, if T is fine, the ample invertible sheaf Of(k) is the analytification of an ample
invertible sheaf £ on X for any k > 0, and the global sections on Of (k) are naturally
isomorphic to the ones of L. If T' is fine, thus Of(Qf) = C and the corollary follows
using the isomorphisms (0% (k))* — Ox(k - k') for all k, k' > 0 as well as the fact (see
[29, Theorem 5.7]) that the ring of sections in all powers of £; is a finitely generated
normal integral domain and that its Proj is X.

Via the choice of a fine normal subgroup I" C T, the general case is reduced to the
previous case using that by Noether’s theorem (see [36, Theorem 2.3.1]) the subring of
invariants Ri(Qf) C R () with respect to the C-linear action by the finite group
T'/T’ is again finitely generated. O

Definition 9.6. For any integer k£ > 0 a weak modular form f € Of(k)(Q2r) (see Defini-
tion 5.27) is called a modular form if the negatively indexed coefficients of the Fourier

expansions at all direct summands 0 # L C A of co-rank 1 all vanish; denote by
Mr (k) C Of(k)(Qr) the C-subspace of modular forms of weight k. Set
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MF = ZMr(k)

k>0

Proposition 9.7. The restriction homomorphism RE(QE) — RE(Qr) is injective with
image Mr.

Proof. Let Qf\Q be the union of the p for all direct summands 0 # L C A with
rank 4 (L) > rank4(A) — 1 and consider the admissible subset

Q52 = pr(Q52) € Q.

Corollary 5.31 applied to the various such L yields that the restriction homomorphism
Ry (Q5%) — Ry (Qr) is injective with image Myp. We claim that, moreover, the restriction
morphism

RE(QF) = RE(QF?)

is bijective. Consider IV := WA C T'. By construction of Q;,Q and € as well as
of Of, and Of,, the claim is directly reduced to showing the claim in the case I' = I".
Thus assume that I' = I”. By the Riemann extension theorem [2, Satz 10], the restriction
morphism is bijective if Q is normal and if Q:\Q? C O is Zariski-closed of codimension
< 2. From Corollary 9.3 follows the normality of {f.. The image of Qf. under Ex is then
an irreducible component @Q; of (). We are thus reduced to showing that the image
U of Q& \ Q5% C Qf under the isomorphism E;: (Qf, 0f) — (Qi, Og,) provided by
Corollary 8.13 is Zariski-closed in ); and of codimension < 2. By Corollary 8.4, the
image U is the union of the Qu (C) for all free direct summands 0 # W C V with
rank 4/ (W) < rank 4,4 (V) — 2. By Theorem 7.16,i), equivalently, U is the union of
the Qw (C) C Q; for all such W. For any such W, moreover, Qyw (C) is Zariski-closed in
Qv (C) and hence Zariski-closed in (); with respect to Og, and thus also with respect
to @Qi- Being a finite union of Zariski-closed subsets, hence U itself is Zariski-closed.
Moreover, by Theorem 7.16, ii), for any direct summand 0 # W C V the dimension
of any irreducible component of Qu (C) equals rank 4, (W) — 1. Hence U C Q; is
Zariski-closed of codimension < 2. O

We finally summarize, respectively conclude, the following results about the analytic
Satake compactification of Qr.

Theorem 9.8. (Analytic Satake compactification)

i) The Grothendieck ringed space (05, OF) is an integral normal projective rigid ana-
lytic variety over C' containing Qr as a dense admissible subvariety.

i) If for some mazimal ideal p C A the image of T in Auta(A/pA) is unipotent, Of (k)
is ample invertible for any k > 1.
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iii) For any k > 0 the restriction morphism Of(k)(Q5) — Or(k)(Qr) is injective and
its image is the space of modular forms Mr(k).

i) The graded C-algebra Mr := 3, .o Mr(k) is finitely generated with Mr(0) = C
and Q. is the analytification of Pro_j(/\/lp). Moreover, Mr (k) is a finite dimensional
vector space over C for any k > 0.

v) Consider any T-orbit O = T - L # {0}. With respect to the Zariski topology, the
subset Qo C Q. is irreducible, locally closed and its closure is the union of all Qr.p/
for all direct summands 0 # L' C L.

vi) Consider any direct summand 0 # L C A and set O := T -L and T := {y €
Auta(L) | Iy € T: 5| =+'}. The composition of the canonical bijection Tp\Qp —
Qo with the inclusion Qo C Qf is a locally closed immersion (in the sense of
Definition 2.25) of rigid analytic varieties.

Proof. Part i) is Corollary 9.3. Part ii) is the last statement of Corollary 9.4. Part
iii) is equivalent to Proposition 9.7. The first statement of Part iv) is a combination
of Corollary 9.5 and Proposition 9.7 and the second statement follows from the first by
induction on k. Part v) is Corollary 8.15 in the case where I' equals I := Ker(Aut4(A) —
Aut4(V)). In general, the action of the finite group I'/T” on QF, yields a finite morphism
7w QF — QF (see [20, Corollary 9.23] for details). As = is finite (and in fact the quotient
by a finite group), it maps Zariski closed (resp. open) subsets to Zariski closed (resp.
open) subsets. Thus Qp = Qr.;, = 7(Qr..1) is locally closed and irreducible and the
closure of 0y in §f is the image under 7 of the closure of Qp..; in QFf,. Since the
closure of Qrv.p, is the union of the Qr.;/ for all 0 # L’ C L by Corollary 8.15 and since
m(Qrr.1r) = Qr.r, the closure of Qr.7, is the union of the Qr.z. for all 0 # L’ C L. This
shows part v). Finally, Qf , resp. QF, is a rigid analytic variety by Proposition 4.13,
resp. part i). Part vi) then follows from Proposition 5.23. O
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