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In this paper, we prove that if f(z) = > ;_, (:)akmk is a
polynomial with real zeros only, then the sequence {ax}}_,
satisfies the following inequalities af,;(1 — T —cx)?/ag <
(a2, — aracs2) /(a2 — arrax4) < a2, (1+vT—cn)? /a2,
where ¢ = akak+2/ai+1. This inequality is equivalent to
the higher order Turan inequality. It holds for the coefficients
of the Riemann &-function, the ultraspherical, Laguerre and
Hermite polynomials, and the partition function. Moreover,
as a corollary, for the partition function p(n), we prove that
p(n)? — p(n — 1)p(n + 1) is increasing for n > 55. We also
find that for a positive and log-concave sequence {ax}r>0,
the inequality agy2/ar < (af,q —arart2)/(af —ar—1ar11) <
ag+1/ak—1 is the sufficient condition for both the 2-log-
concavity and the higher order Turdn inequalities of {aj }r>0-
It is easy to verify that if a? > ragt1ak—1, where r > 2, then
the sequence {ay}r>0 satisfies this inequality.
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1. Introduction

In this paper, we give an inequality for the coefficients of real-rooted polynomials,

which is equivalent to the higher order Turdn inequality.
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Theorem 1.1. For a real-rooted polynomial f(z) = Y. _, (})axz®, if arars1(ai —
ak—1ax+1) 7 0, then the inequality

ai+1 2 ai+1 — kAk42 ai+1 2
—2(1—\/1—ck) < <— (1++vV1—c) (1.1)
ay, ap — Okp—10k+1 ay

holds for 1 < k < n — 2, where ¢, = “Z‘;ﬂ This inequality is equivalent to the higher
k+1
order Turdn inequality as follows

4(ai — ap—1ak+1)(ah 1 — arart2) — (akar+1 — ag—1ap42)* > 0. (1.2)

We say a polynomial f(z) = Y p_, apx® is real-rooted, if all its zeros are real. The

2 —ap
inequality (1.1) gives an upper and lower bound for the ratio %
Pa——

Recall that a sequence {ay }r>0 is said to be log-concave if for all k > 1,
ai — ag—10k+1 > 0. (1.3)

Note that for a positive sequence {ax } >0, it is log-concave if and only if the ratio ax11/ax
is decreasing. We also say that the sequence {ay}r>0 satisfies the Turdn inequalities, if
it satisfies the inequality (1.3).

For the sequence {a}r>o satisfying the Turdn inequalities, we consider the higher
order Turdn inequalities as follows. A sequence {aj}r>o is said to satisfy the higher
order Turdn inequalities if for k > 1,

4(ai - akflakJrl)(ain - akak+2) — (akak+1 — ak,lak+2)2 > 0. (1.4)

Recall that a real entire function

0 k
x
v(@) =Y moy (1.5)
k=0
is said to be in the Laguerre-Pdlya class, denoted 1(x) € LP, if it can be represented in
the form
Y(z) = cxMe o +he H(l + & /xy)e "k, (1.6)
k=1

where ¢, 3, r; are real numbers, a > 0, m is a nonnegative integer and Zx;z < 00.
These functions are only ones which are uniform limits of polynomials whose zeros are
real. We refer to [13] and [18] for the background on the theory of the LP class.

For a real entire function ¢(z) = > 7=, fy;f,”g—? in the LP class, the Maclaurin coeffi-
cients 7 satisfy both the Turdn inequalities, proved by Pélya and Schur [17], and the
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higher order Turdn inequalities, proved by Dimitrov [8]. As a corollary, the ultraspheri-
cal, Laguerre and Hermite polynomials satisfy both the Turan inequalities and the higher
order Turén inequalities, see [8].

Since the inequality (1.1) is equivalent to the higher order Turdn inequality, then we
get that for a real entire function ¥ (x) in the LP class, the Maclaurin coefficients satisfy
the inequality (1.1). Consequently, the ultraspherical, Laguerre and Hermite polynomials
satisfy the inequality (1.1).

To prove the higher order Turdn inequalities for the Maclaurin coefficients, Dimitrov
applied a theorem of Marik [14] as follows.

Theorem 1.2. If the real polynomial f(z) =Y j_, axz”/(k!(n — k)!) of degree n > 3 has
only real zeros, then the inequality

4(ai — ag—1ak41)(az 11 — akaks2) — (aparp1 — agp—1ax12)* >0

holds for 1 <k <n—1.

It is well known that the Riemann hypothesis holds if and only if the Riemann &-
function belongs to the LP class. Let ¢ denote the Riemann zeta-function and I" be the
gamma-function. The Riemman ¢-function is defined by

£iz) = (2% = Hn T + )0+ ), (17)
see, for example, Boas [1]. Hence, if the Riemann hypothesis is true, then the Maclaurin
coefficients of the Riemann £-function satisfy both the Turan inequalities and the higher
order Turén inequalities. Csordas, Norfolk and Varga [7] proved that the coefficients of
the Riemann ¢-function satisfy the Turan inequalities, confirming a conjecture of Poly
[16]. Dimitrov and Lucas [9] showed that the coefficients of the Riemann &-function
satisfy the higher order Turdn inequalities without resorting to the Riemann hypothesis.
As a corollary, we conclude that the coefficients of the Riemann £-function satisfy the
inequality (1.1).

For the partition function p(n), Chen, Jia and Wang [4] proved that it satisfies the
higher order Turén inequalities for n > 95. As a corollary, the inequality (1.1) holds for
partition function p(n) for n > 95.

Through the discussion about the lower bound a7, | (1—+/T — ¢;)?/af in the inequality
(1.1), we prove that for the partition function p(n), p(n)? —p(n—1)p(n+1) is increasing
for n > 55.

Go back to the log-concavity of the sequence {ay }r>0. We consider the 2-log-concavity,
which is equivalent to the decreasing property of the ratio % Moreover, we
could define the infinitely log-concave sequence as follows.

Define an operator £ on a sequence {ay }r>0 by L({ak}x>0) = {bx }x>0, where by = a?
and by = a? — ag—_1ak+1. This definition makes sense for finite sequences by regarding
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these as infinite sequences with finitely many nonzero entries. Hence a sequence {ay }x>0
is log-concave if and only if £({ay }x>0) is a nonnegative sequence. We say that a sequence
{ak x>0 is k-log-concave if £7({ax}r>0) is nonnegative for all 0 < j < k. A sequence
{ar}r>0 is infinitely log-concave if it is k-log-concave for all k£ > 1.

The notion of infinite log-concavity was introduced by Boros and Moll [2]. For the
sequence {(})}7_,, they asked whether it is infinitely log-concave. The following result
was independently conjectured by Fisk [10], McNamara-Sagan [15] and Stanley [19], and
proved by Bréndén [3].

Theorem 1.3. If f(x) = Y_}_, arx® is a polynomial with real- and nonpositive zeros only,
then so is

L(f)= Z(ai — Qpg1p_1)T".

k=0

In particular, the sequence {ay}}_, is infinitely log-concave.

It follows immediately that the sequence {(})}_, is infinitely log-concave.
There is also a simple criterion [6,15] that if

a% >rag_1ai+1, forall k>1,

where r > (3 +1/5)/2 ~ 2.62, then the sequence {a}x>o is infinitely log-concave.
We are interested in the connection between the 2-log-concavity and the higher order
Turén inequalities. Based on the inequality (1.1), if we can find sharper bounds /(n) and

2
. a —Qapag
u(n) for the ratio —5*—"—-"*2 such that
A —0k—10k+1

a2 a2 — aga a2
L1 VT —p)? < U(k) < TR ) < SR
k

(1 + 1 — Ck)2,

2 - 2 —
ak ak — Qk—10k+1 a

2 _ 2 _

and for each k > 1, either ikt > u(k + 1) or Lt Ohi 10043 I(k), then the
ap—Qak—10k+1 Ay —OkAk42

sequence {ag }r>0 is 2-log-concave, as well as satisfies the higher order Turdn inequalities.

In Section 3, we will prove the following theorem.

Theorem 1.4. For a log-concave positive sequence {ar}tr>o0, if it satisfies the following
inequalities

2
Ap+2 < Q41 — kK42 < Ap+1

< < ; (1.8)
a ap — Qg—10k41 ~ Gg—1

fork > 1. Then {ay }r>0 is 2-log-concave and satisfies the higher order Turdn inequalities
for k> 1.
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It is easy to verify that the sequence {(})}7_ satisfies inequality (1.8), as well as the
sequence {ay }x>0, which satisfies a? > rajtiag_1, where r > 2.
Finally, in Section 4, we will discuss a problem we will consider in the further work.

2. Main theorem
In this section, we will give the proof of the Theorem 1.1.
Proof. Applying Theorem 1.2, we have
4(af — ag—1ak41)(az 1 — akars2) > (aparp1 — ap—1ap12)>. (2.9)
Multiplying both sides of 1/aja},, and simplifying, we obtain

A(1 - ak_lak+1)(1 _ akak+2) > (1 Ak—10k+1 akak+2)2. (2.10)

2 2 2 2
ag, k11 aj kg1

Substitute ¢, = “27**2 for n = k and n = k — 1, and we get

L
41— cp1)(1 —ex) > (1 — cp1cx)?. (2.11)
Observe that
1—cp1cx=1—cr+cg —cr_1cp =1 —cp+cp(l —cr_1). (2.12)
It follows that
41— cp1)(1 —ex) > (1 — e + (1 — 1)) (2.13)

Since a3 — ag—1ax4+1 # 0, 1 — cx—1 # 0. Multiply both sides of 1/(1 —cx—1)?, and we get

1 1-
= )2 (2.14)

1—cp1 ™ "1 —cp

Set x = (1 —¢)/(1 — ck—1). Then we obtain
2? — (4 — 2c;)x + c; < 0. (2.15)

Immediately we conclude that

4— 2 — (42— 2c1)? — 4c2 cpc itk (42— 2cp)* — 4cj, (2.16)

It leads to the following inequality after simplified

(1-VI—cp)* <z <(1+V1-cp)* (2.17)
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Since
2 2 2
A1 — OkOk+2 Gy 1—cp Ay . (2.18)
= - 7 )
a? —ag—1ap+1  ar l—cu1 add

we reach the inequality (1.1) as we want.
Through the proof above, we can easily get that if agayi1(a; — ak—1ax4+1) # 0, the
inequality (1.1) is equivalent to the higher order Turdn inequality. O

As corollaries, we get the following results.

Corollary 2.1. The inequality (1.1) holds for the ultraspherical, Laguerre and Hermite
polynomials

Corollary 2.2. The inequality (1.1) holds for the coefficients of the Riemann &-function.
Corollary 2.3. The inequality (1.1) holds for the partition function p(n) for n > 95.
Recall that a sequence {ay }r>o is said to be convez if for k > 1,
k41 — A > Qf — Qp—1. (2.19)

2

For the lower bound function I(n) = agfjl (1—+/T=¢,)? in the inequality (1.1), we have

the following result.

Lemma 2.4. For the log-concave, increasing, positive sequence {ax}r>0 which satisfies
the inequality (1.1), if {ax}r>0 is convex, then

Bl T a)? > 1. (2.20)

Proof. Since

a? 1 1
L1 -VT—) = 2 (@1 —ar1 vl = )’ = 2 (ars1 = ajyy — akagi2)®,

ay, k k

we only need to prove that
(akt1 —\/ap,q — apagio)? > ai. (2.21)
For {ax}r>0 is an increasing, positive sequence, it is sufficient to prove that

aj1 — agarta < (arpr — ap)’. (2.22)

Since {ay }x>0 is convex, for k > 0
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(kio — Qa1 > Ayl — Q. (2.23)
Thus
Qkt2 > 2ap41 — Q. (2.24)
It follows that
akapt+2 > ak(2ak41 — ag). (2.25)
Since
a1 — ar(2ap11 — ax) = (ary1 — ax)?, (2.26)

immediately we get the inequality (2.22). O
Combining the Theorem 1.1 and the Lemma 2.4, we get the following theorem.
Theorem 2.5. For the log-concave, increasing, positive sequence {ax}r>0 which satisfies
the inequality (1.1), if {ax}r>0 is convex, then the sequence {af,, — arars2}r>o is in-
creasing.
For the partition function p(n), p(n) satisfies the inequality as follows [11]
2p(n) < p(n+1)+p(n—1). (2.27)

Hence we have the corollary as follows.

Corollary 2.6. For the partition function p(n), p(n)? — p(n — 1)p(n + 1) is increasing for
n > 55.

Proof. Applying the Theorem 2.5 and the Corollary 2.3, we get that for n > 95, p(n)? —

p(n — 1)p(n + 1) is increasing. For 55 < n < 95, we can easily verify that p(n)? — p(n —
1)p(n + 1) is also increasing. O
3. 2-log-concavity

In this section, we will give the proof of the Theorem 1.4.

Proof. Applying the inequalities (1.8), it follows immediately that

2 2

Apyq — QkGK+2 < Q41 < Ay — Ap—10k4+1
2 — - 2

Ay — Okp—10k+1 ak—1 Gy 1 — Gg—20f

(3.28)

for k > 1. Hence {aj }x>0 is 2-log-concave.



J.J.F. Guo / Journal of Number Theory 225 (2021) 294—-309 301

On the other hand, for k > 1, consider the right inequality of (1.8) and we have

2
0 < S ) < Qk+1

< -5 < (3.29)
ai — ap_1ap41 ~ ag—1
Hence
a—1(af 41 — akakt2) < ap1(aj, — ag—1ag41)- (3.30)
Since a1 > 0, multiply both sides of ax41, and we obtain
ap—1ax41(a3 41 — agart2) < ajyq(af — ap—1ax41). (3.31)
It leads to
—Ak_10kAK110k12 < aiazﬂ — 2ai+1ak,1. (3.32)
Thus
—Qk—10kAk+10k+2 + aiaiﬂ < a%aiﬂ — 2ai+1ak,1 + aiaiﬂ,
ie.
ak@p1(akag+1 — Ap_1ap2) < 203, (af — ak—1Q541)- (3.33)

Similarly, for & > 1, consider the left inequality of (1.8) and we get the following inequal-
ity

akap+1(akar41 — Ap—1ak+2) < 203 (g, | — apaki2). (3.34)
Note that {ax}r>0 is log-concave. It is easy to verify that
k11 — Ok—_10k12 > 0. (3.35)
Consequently, combine inequalities (3.33) and (3.34), and we get
ajaj g (akar1 — ap—1ap42)? < dagaj i (af — ap—1ak41)(af g — agarr2).  (3.36)
Hence {a}r>0 satisfies the higher order Turdn inequalities. O

For a log-concave positive sequence {aj}x>0, to prove the inequality (1.8), we need
the following two lemmas.
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Lemma 3.1. For a log-concave positive sequence {ay}r>o0, if the sequence {aZ:1 be>o s

convex, then

2

A1 — Wk+2 - Akt
2 —

ap — Qk—10k+1 Ak—1

for k>1.

Proof. Since {aj}r>0 is log-concave, {aflzl }i>o is decreasing. Then the convexity of

Ak41
o }e>o leads to

a a a a
0> Hht2 Gkl Gke1 Gk
Q41 ag Qg ak—1
i.e.
Ak+1 Ak+2 Qg Ak+1
0< =L A2 < — (3.37)
ag Ak+1 ak—1 ag
Observe that
2 Ak4+1 Af4-2
Ay — OkAkt2 = Qp10k( - —=), (3.38)
ar Ak+1
and
2 Qg Q41
ay — Ag—10ak4+1 = apagp—1( - —). (3.39)
ak—1 Qg
It follows immediately that
2
A1 — AOkOk+2 Af+1
. < g
Ay — Qk—10k+1  Qk—1
Similarly, we have the following lemma.
Lemma 3.2. For a log-concave positive sequence {ai}tr>o0, if the sequence {-*—}1>¢ is

Ak+1
convex, then

2

Opy1 — AkAK4-2 S Qhkt2
2 -

ap — Qp—10k+1 ag

for k>1.
Now we are ready to prove that the sequence {(})}7_, satisfies the inequality (1.8).

Theorem 3.3. The sequence {(})}1_, satisfies the inequality (1.8).
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Proof. It’s easy to prove that

(k + 1> N Z_J_rlf (Z) (3.40)

Since
n—k n—-k+1 n+1 n+1 n—k+1 n—k+2
_ — > = — 41
K 2 EED RS 2 o1 B4
and
k+1_ k _ n+1 S n+1
n—k n—k+1 (nm—knh-k+1) " n—k+1)(n—k+2)
) L1 (3.42)

T n—k+1 n—k+2

we conclude that the sequences {%}}50 and {£EL}n_ - are both convex. Hence the

sequence {(})}7_, satisfies the inequality (1.8). O

Consequently, we have found a sufficient condition for both the 2-log-concavity and
the higher order Turan inequalities of the sequence {(})}7_.

Recall that there is a simple criterion on a nonnegative sequence {ax}72, that guar-
antees infinite log-concavity. Namely

2
ay 2 rag—10k+1,

where r > (3 +/5)/2, for all k& > 1.
For the inequality (1.8), we have the following result.

Theorem 3.4. The positive sequence {ay}72, satisfies the inequality (1.8), if
ap > rag—1a41, (3.43)
where r > 2, for all k > 1.

Proof. Applying the inequality (3.43), we have

Gk > o0kt (3.44)
ap—1 ag
Since a; > 0 for k > 0, we easily get
Tht2 | Gk g0ktl (3.45)
k41 Qk—1 k

Ak+1
(23

Similarly, we can prove that the sequence {

which means the sequence { }e>o is convex.

ak ‘e ala
is al nvex.
T }i>o is also conve O
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Notice that in the proof of Theorem 1.4, we did not apply the Theorem 1.1. In the
last part of this section, we will prove the following result.

Theorem 3.5. For a log-concave positive sequence {ay}r>0, if it satisfies the following
inequalities

2
Af+2 < A1 — AkQk42 Ap+1

< - < ) (3.46)
ap T aF — Qg—1Gk41  Qg—1
for k> 1. Then
ai+1 9 _ Qk42 a%-&-l — AgQk+2 ai+1 2
- VT—e)? < < — <1+ VI—c) (3.47)
Qg Qg Q. — Qkp—10k41 Qg
where ¢, = akak+2/ai+1, fork>1.
Proof. Since
apiq — akaks2 = a1 (1 —cy) (3.48)

and {ax}r>0 is a positive sequence, the inequality (3.46) is equivalent to

Ak42 aiﬂ(l — Ck) < Ap41
ap ~ ai(l—cp-1) T ap—1

)

ie.

].—Ck < 1

c . 3.49
A T ) (3.49)

And the inequality (3.47) is equivalent to

1-vVI—a)?<er < 11_46’“ <(A+vVI—)2 (3.50)

— Ck—1

We aim to prove the inequality (3.50).
First we will prove that

(1 VT=)? < cx. (3.51)
Since {ax }x>0 is a log-concave positive sequence, we have 0 < ¢, < 1. Hence
0<V1I—c, <1 (3.52)
Multiplying /1 — ¢, we get

0<1—cp <V1—c. (3.53)
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Note that ¢, =1 — (1 — ¢x) and we obtain
cr>1—1T—cx>(1—V1—cp) (3.54)
Now we proceed to prove that
1
T <1+ VT =) (3.55)
1—cr1
For 0 < ¢, < \/_ , we have 1 — ¢, > 2= ‘/_. Applying the right inequality of (3.49)
get
3—V5 1
Vo < . (3.56)
2(1 —cp—1) = Ch—1
Hence ¢, < CAnd 1 — g > 2= ? It follows that
1-— Ck 5— \/5
1—cg). 3.57
< 2 ) (357)

Therefore, it is sufficient to prove

5 V5
3_ﬁ<1—ck> (1 +VT=a)

(3.58)
Set t =

lfck

cx = 1 — 12, and inequality (3.58) is equivalent to

57\/32 2
3_7\/575 < (L+1t)2

(3.59)
It is easy to verify that the inequality (3.59) holds for
1
3— 5—14\20—-8 <-(3- 20 — 8v'5). 3.60
R ey SIUE VAN v S

And we can verify that

%(3—\[—\/20—8\/5)§ V5

1
<le-VEry-svE. (6

Consequently, we have finished the proof for the inequality (3.55) for 0 < ¢; <
5—

V5—1
— 2 .
For ‘/; L < ¢, <1, actually we could prove that
1-— Ck 1 2
< §(1+\/1fck).
1l—cpo1 ™ g

(3.62)
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Apply the left inequality of (3.49), multiply 172%, and we get

1
1—cpy < — K, (3.63)
Ck
It follows that
2c; — 1
R (3.64)
Ck
Thus
1 Ck
< ) 3.65
Ch—1 ~ 2¢;—1 ( )
We aim to prove that for ‘/52_1 <cp, <1,
LI Yy (3.66)
QCk -1

Set t =+/1 —ck. Then 0 <t < ‘/52_1, cx = 1 —t2, and inequality (3.66) is equivalent to

1-# < (1+1)% (3.67)
1— 22
Multiplying 1;2;2 with both sides, we get
1—t < (1+1)(1—2t%),
ie.

tt? +t—1)<0. (3.68)

Obviously, the inequality (3.68) holds for ¢ < 71+T‘/5 or 0 <t < \/52_1. Hence we

complete the proof. O

Remarks. In fact, based on the Theorem 3.5, the Theorem 1.4 is a corollary of Theo-

rem 1.1. And in the proof above, for 0 < ¢ < \/52*1, we could not determine whether

L < (1+/T—c)? is true. We ask for an answer to this question.

Ck—1 —

4. Further work

In this section, we want to discuss a problem we will concern in the future work.
For the partition function p(n), Hou and Zhang [12] proved that p(n) is 2-log-concave
for n > 221. The fact inspires us to consider the problem whether we can find a sufficient
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condition, similar to the inequality (1.8), for both the 2-log-concavity and the higher
order Turén inequalities for p(n) for n > 221.

Actually, Chen, Wang and Xie [5] proved that {p(n + 1)/p(n)}n>116 is log-convex.
Hence {p(n + 1)/p(n)}n>116 is convex. Applying Lemma 3.1, then we get that

p(k+1)* — p(k)p(k +2)
p(k)* = p(k = 1)p(k + 1)

p(k+1)
p(k—1)

holds for £ > 116. However, it seems that we can not find an integer N > 0 to make sure

< (4.69)

that the inequality

2
41 — OkOk+42 S Qk+2

2 -
ap — Qp—10k4+1 a

holds for p(k) for k > N.
In deed, set

f(n) = 7 (4.70)
and
; (4.71)

then we can verify that, for 224 < n < 225,

g20(n) < f(n) < gao(n — 1),
for 244 <n < 261,

g21(n) < f(n) < gar(n —1),
for 268 < n < 291,

g22(n) < f(n) < gaa(n — 1),
for 296 < n < 323,

g23(n) < f(n) < gas(n — 1),
for 326 < n < 355,

g2a(n) < f(n) < gaa(n — 1),

for 356 < n < 389,
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g25(n) < f(n) < gas(n — 1),
and for 390 < n < 425,
g26(n) < f(n) < gas(n —1).

Based on the verification above, we guess for any integer n > 326, we can find the
k = k(n) to satisfies the inequality

pint+k+2) _pn+1)?—pm)p(n+2) _pn+k+1)

Pt k) = pm)? —pln— Dp(n+ 1) = pln T k1)’ (4.72)
For k > 3, we can easily prove that
2
p(n+k+1) _p(n+1)>° p(n)p(n +2)
S E— < e <1—\/1+—p(n+1)2 ) : (4.73)
Then if we can prove that
2
p(n+k+2) _ pn+1)> p(n)p(n +2)
sl S ) (1 - \/ SO ) ’ )

we will find the sufficient condition for both the 2-log-concavity and the higher order
Turdn inequalities for p(n) for n > 326.
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